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The foundation:

 Local Quantum Field Theory obeying the requirements of causality, unitarity 
and analyticity has a remarkable property:  after applying the R-operation all 
UV divergent structures are local in coordinate space or are at most 
polynomial in momentum space (Bogoliubov-Parasiuk theorem).

 This is true for any local QFT irrespectively of its renormalizablility or 
non-renormalizablility

 Quantum field theory is formulated for all types of interactions 
independently on renormalizability

 R-operation equally works for NR theories and leads to local counter 
terms resulting in finite amplitudes

 All these statements lead to relations between the subsequent orders 
of PT resulting in the RG equations which aimed on the summation of 
infinite series of PT for the asymptotics of the Green functions, 
amplitudes, potential, etc
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RG = (1�K)R0G

Renormalization

Bogoliubov-parasiuk Hepp-Zimmermann  R-operation
<latexit sha1_base64="DV1B6NdmvUugifh+/Qf3T33YmNw=">AAACBnicbVDLSsNAFJ3UV62vqEsRBotQF5ZEpLoRii7qRqhiH9CEMJlM26EzSZiZCCV05cZfceNCEbd+gzv/xmmbhbYeuHA4517uvcePGZXKsr6N3MLi0vJKfrWwtr6xuWVu7zRllAhMGjhikWj7SBJGQ9JQVDHSjgVB3Gek5Q+uxn7rgQhJo/BeDWPictQLaZdipLTkmft3NXjhxCIKvNTpIc6RR0ewZB/fePSo5plFq2xNAOeJnZEiyFD3zC8niHDCSagwQ1J2bCtWboqEopiRUcFJJIkRHqAe6WgaIk6km07eGMFDrQSwGwldoYIT9fdEiriUQ+7rTo5UX856Y/E/r5Oo7rmb0jBOFAnxdFE3YVBFcJwJDKggWLGhJggLqm+FuI8EwkonV9Ah2LMvz5PmSdmulCu3p8XqZRZHHuyBA1ACNjgDVXAN6qABMHgEz+AVvBlPxovxbnxMW3NGNrML/sD4/AH2HJeI</latexit>

RG =
Y

�i

(1�Mi)G
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G
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Mi

- Graph

- divergent subgraph

- subtraction operator

Incomplete R-operation
K-operation extracts the 

singular part

<latexit sha1_base64="G0DtEtWM/lSPqIHgkryysQrP4iw="></latexit>

R0 = 1�
X

�

KR0� +
X

�,�0

KR0�KR0�0 � ...;

A.N.Vasiliev,  Green Book

R-operation is equivalent to the introduction of the counterterms into the Lagrangian

L ) L+�L

Bogolyubov-Parasiuk Theorem:   In any local quantum field theory after subtracting 
the UV divergences in subgraphs the resulting counterterms are always local in 
coordinate space or at most are polynomials of external momenta in momentum 
space  in each order of perturbation theory 



BPHZ  R-operation

n loops n-1 loops

1 loop1 loop 
counter 

term

n-1 loop 
counter 

term

+ +…+=
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R0 n loops
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+
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+

C(n)
n�1(µ

2)(n�1)✏
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+ ...+

C(n)
1 (µ2)✏
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+ lower pole terms,

terms appear after subtraction of (n-k) loop counter terms  
<latexit sha1_base64="ewZwOxDgEe0Q9WhZ2xv8le9uE8A=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXsquSPVY6sVjBfsh7VqyabYNTbJLkhXK0l/hxYMiXv053vw3pu0etPXBwOO9GWbmBTFn2rjut5NbW9/Y3MpvF3Z29/YPiodHLR0litAmiXikOgHWlDNJm4YZTjuxolgEnLaD8c3Mbz9RpVkk780kpr7AQ8lCRrCx0kO9P35My/J82i+W3Io7B1olXkZKkKHRL371BhFJBJWGcKx113Nj46dYGUY4nRZ6iaYxJmM8pF1LJRZU++n84Ck6s8oAhZGyJQ2aq78nUiy0nojAdgpsRnrZm4n/ed3EhNd+ymScGCrJYlGYcGQiNPseDZiixPCJJZgoZm9FZIQVJsZmVLAheMsvr5LWRcWrVqp3l6VaPYsjDydwCmXw4ApqcAsNaAIBAc/wCm+Ocl6cd+dj0Zpzsplj+APn8wcmC5AA</latexit>

B(n)
k
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C(n)
k
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k
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(µ2)k✏

- dimensional regularization
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d = 4� 2✏



BPHZ  R-operation

Bogoliubov-Parasiuk Theorem:

R0Gn is local, i.e. terms like logk µ2/✏m should cancel for any k and m

(Locality)
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• Due to locality all higher order divergences are related to the lower ones
<latexit sha1_base64="A5Iv1S9M70GH3Sjv/ZXu5fPDCmk="></latexit>
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✓
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◆
,
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✓
3

n
C(n)

3 +
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◆
.
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k
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k
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+ · · ·

!
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n
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One loop

One and two loops

One, two and 
three loops

One loop

One and two loops

One, two and 
three loops
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The Local Counter Terms 

Consequence:

The leading divergences are governed by 1 loop diagrams!

Leading divergences:

SubLeading divergences:

Coefficients of 
<latexit sha1_base64="PPwyKyhfHy3JYcE3IME5bKbqLY4=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbBU90VRY9FLx4r2A/oriWbpm1oNglJVihL/4YXD4p49c9489+YtnvQ1gcDj/dmmJkXK86M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqaa0AaRXOp2jA3lTNCGZZbTttIUJzGnrXh0O/VbT1QbJsWDHSsaJXggWJ8RbJ0UBmchVYZxKR5Ft1zxq/4MaJkEOalAjnq3/BX2JEkTKizh2JhO4CsbZVhbRjidlMLUUIXJCA9ox1GBE2qibHbzBJ04pYf6UrsSFs3U3xMZTowZJ7HrTLAdmkVvKv7ndVLbv44yJlRqqSDzRf2UIyvRNADUY5oSy8eOYKKZuxWRIdaYWBdTyYUQLL68TJrn1eCy6t9fVGo3eRxFOIJjOIUArqAGd1CHBhBQ8Ayv8Oal3ov37n3MWwtePnMIf+B9/gCzwJF4</latexit>

1/✏n

The sub leading divergences are governed by 2 loop diagrams!

Coefficients of 
<latexit sha1_base64="oDZHKLDsNTGi6l2hTdMpeBvZDdg=">AAAB+XicbVBNSwMxEM3Wr1q/Vj16CRbBi3VXFD0WvXisYD+gXUs2nW1Ds8mSZAtl6T/x4kERr/4Tb/4b03YP2vpg4PHeDDPzwoQzbTzv2ymsrK6tbxQ3S1vbO7t77v5BQ8tUUahTyaVqhUQDZwLqhhkOrUQBiUMOzXB4N/WbI1CaSfFoxgkEMekLFjFKjJW6ruufdyDRjEvxlIkzf9J1y17FmwEvEz8nZZSj1nW/Oj1J0xiEoZxo3fa9xAQZUYZRDpNSJ9WQEDokfWhbKkgMOshml0/wiVV6OJLKljB4pv6eyEis9TgObWdMzEAvelPxP6+dmugmyJhIUgOCzhdFKcdG4mkMuMcUUMPHlhCqmL0V0wFRhBobVsmG4C++vEwaFxX/quI9XJart3kcRXSEjtEp8tE1qqJ7VEN1RNEIPaNX9OZkzovz7nzMWwtOPnOI/sD5/AHaHpMn</latexit>
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B(n)0

n =

✓
2

n(n� 1)
B(n)

2 +
2

n
B(n)

1

◆
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n =
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1

n

Coefficient of the leading logarithms
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logn µ2
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Coefficient of subleading logarithms
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<latexit sha1_base64="EjrNsYmT0CV9lOOx6UNapnHCJ9o=">AAAB+XicbVC7SgNBFJ2Nr7i+Vi0VGQyCjWE3RbQM2lgmYB6Q3YTZySQZMjO7zMwGwpLSv7CxUMTWJt9h5zf4E04ehSYeuHA4517uvSeMGVXadb+szNr6xuZWdtve2d3bP3AOj2oqSiQmVRyxSDZCpAijglQ11Yw0YkkQDxmph4O7qV8fEqloJB70KCYBRz1BuxQjbaS249g+i3qtVFx5Y58nrULbybl5dwa4SrwFyZVOJ5Xvx7NJue18+p0IJ5wIjRlSqum5sQ5SJDXFjIxtP1EkRniAeqRpqECcqCCdXT6GF0bpwG4kTQkNZ+rviRRxpUY8NJ0c6b5a9qbif14z0d2bIKUiTjQReL6omzCoIziNAXaoJFizkSEIS2puhbiPJMLahGWbELzll1dJrZD3ivlixaRxC+bIghNwDi6BB65BCdyDMqgCDIbgCbyAVyu1nq03633emrEWM8fgD6yPH2bslpU=</latexit>

logn�1 µ2

One loop

One and two loops
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  These recurrence relations can be promoted to the RG equations for the scattering 
amplitudes, effective potential, etc  which sum up the leading divergences (logarithms)  
and to find out the high energy/field behaviour 

The Recurrence Relations

 These properties allow one to write down the recurrence relations connecting the 
subsequent orders of the counterterms and to evaluate them algebraically without 
calculating the diagrams. This can be done in renormalizable and non-renormalizable 
theories. The difference is a more complicated structure of these relations in NR case.

Leading divergences:



Increasing power of momentum

<latexit sha1_base64="SM3nocizR643v/mY95qBFnxsefo="></latexit>

�L1 ⇠ �2(s+ t+ u)�4(
1

✏
+ c11)

<latexit sha1_base64="ULmX5uIv13EyXE6VgReTv13oLUg="></latexit>

�L1 ⇠ �2@2�2�2(
1

✏
+ c11),

Loop Expansion (non-renormalizable case)

UV divergences 
within dim reg 

<latexit sha1_base64="L/f+FT+WdL9IAYqkKUyKoyeeKIQ=">AAAB73icbVDLTgJBEOzFF+IL9ehlIjHxRHYNQY9ELx4xkUcCK5kdemHC7Ow6M2tCCD/hxYPGePV3vPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzcxvPaHSPJb3ZpygH9GB5CFn1Fip3U2G/KHSq/aKJbfszkFWiZeREmSo94pf3X7M0gilYYJq3fHcxPgTqgxnAqeFbqoxoWxEB9ixVNIItT+Z3zslZ1bpkzBWtqQhc/X3xIRGWo+jwHZG1Az1sjcT//M6qQmv/AmXSWpQssWiMBXExGT2POlzhcyIsSWUKW5vJWxIFWXGRlSwIXjLL6+S5kXZq5Yrd5VS7TqLIw8ncArn4MEl1OAW6tAABgKe4RXenEfnxXl3PhatOSebOYY/cD5/AHG5j5c=</latexit>

�4
6

Momentum space

Coordinate space

Joint institute for nuclear research

Increasing power of fields



• Maximally supersymmetric gauge theory in D=6,8,10 dimensions  SYM

• Scalar field theory in D=4,6,8,10 dimensions  

•  Four-fermion interaction in D=4

• Supersymmetric Wess-Zumino model with quartic superpotential  in 
D=4            

Examples:

D

<latexit sha1_base64="Bau9oWS6bEdjOgjo5tvEF4KbogE=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hd0Q1GNQDx4jmAcka5id9CZDZmfXmVkhhPyEFw+KePV3vPk3TpI9aGJBQ1HVTXdXkAiujet+Oyura+sbm7mt/PbO7t5+4eCwoeNUMayzWMSqFVCNgkusG24EthKFNAoENoPh9dRvPqHSPJb3ZpSgH9G+5CFn1Fip1UkG/KHSvekWim7JnYEsEy8jRchQ6xa+Or2YpRFKwwTVuu25ifHHVBnOBE7ynVRjQtmQ9rFtqaQRan88u3dCTq3SI2GsbElDZurviTGNtB5Fge2MqBnoRW8q/ue1UxNe+mMuk9SgZPNFYSqIicn0edLjCpkRI0soU9zeStiAKsqMjShvQ/AWX14mjXLJOy+V7yrF6lUWRw6O4QTOwIMLqMIt1KAODAQ8wyu8OY/Oi/PufMxbV5xs5gj+wPn8AYZNj6M=</latexit>

�4
D

<latexit sha1_base64="ai+ZaZiHREXtvXAXUiKpOcpHh00=">AAAB73icbVDLTgJBEOzFF+IL9ehlIjHxRHYJUY9ELx4xkUcCK5kdZmHC7Ow602tCCD/hxYPGePV3vPk3DrAHBSvppFLVne6uIJHCoOt+O7m19Y3Nrfx2YWd3b/+geHjUNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbmZ+64lrI2J1j+OE+xEdKBEKRtFK7W59KB6qvWqvWHLL7hxklXgZKUGGeq/41e3HLI24QiapMR3PTdCfUI2CST4tdFPDE8pGdMA7lioaceNP5vdOyZlV+iSMtS2FZK7+npjQyJhxFNjOiOLQLHsz8T+vk2J45U+ESlLkii0WhakkGJPZ86QvNGcox5ZQpoW9lbAh1ZShjahgQ/CWX14lzUrZuyhX7qql2nUWRx5O4BTOwYNLqMEt1KEBDCQ8wyu8OY/Oi/PufCxac042cwx/4Hz+ADzNj3M=</latexit>

�4
4



SYM_D
S-channel

D=6 N=2
Sn(s, t) Tn(s, t) Tn(s, t) = Sn(t, s)

t0 = t(x� y)� sy

S3 = �s/3, T3 = �t/3

T-channel

nSn(s, t) = �2s

Z 1

0
dx

Z x

0
dy (Sn�1(s, t

0) + Tn�1(s, t
0))

n � 4

Exact all-loop recurrence relation

D=8 N=1
Sn(s, t) Tn(s, t) Tn(s, t) = Sn(t, s)

S1 =
1

12
, T1 =

1

12

nSn(s, t) = �2s2
Z 1

0
dx

Z x

0
dy y(1� x) (Sn�1(s, t

0) + Tn�1(s, t
0))|t0=tx+yu

+ s4
Z 1

0
dx x2(1� x)2

n�2X

k=1

2k�2X

p=0

1

p!(p+ 2)!

dp

dt0p
(Sk(s, t

0) + Tk(s, t
0))⇥

⇥ dp

dt0p
(Sn�1�k(s, t

0) + Tn�1�k(s, t
0))|t0=�sx (tsx(1� x))p

S-channel T-channel

Bork,Kazakov,Kompaneets,Vlasenko, 13

Borlakov,,Kazakov,Tolkachev,Vlasenko, 15

Exact all-loop recurrence relation

11
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Effective Potential in Scalar Theory 

Is the sum of all vacuum 1PI diagrams

Shown are UV divergent vacuum diagrams in arbitrary scalar theory up to three loops 
<latexit sha1_base64="W9nUnsGiBnHtSaFuhUzy6AnnHgo=">AAACEHicbVDLSsNAFJ3UV62vqks3g0WsC0MiUt0Uim5cVrAPaNIwmU7SoZNJmJkIJfQT3Pgrblwo4talO//GaZuFVg9cOJxzL/fe4yeMSmVZX0ZhaXllda24XtrY3NreKe/utWWcCkxaOGax6PpIEkY5aSmqGOkmgqDIZ6Tjj66nfueeCEljfqfGCXEjFHIaUIyUlrzycdvLSBBM6qEj08jLeN2a9B3KAzWG1dPwpM9h2+Mm9MoVy7RmgH+JnZMKyNH0yp/OIMZpRLjCDEnZs61EuRkSimJGJiUnlSRBeIRC0tOUo4hIN5s9NIFHWhnAIBa6uIIz9edEhiIpx5GvOyOkhnLRm4r/eb1UBZduRnmSKsLxfFGQMqhiOE0HDqggWLGxJggLqm+FeIgEwkpnWNIh2Isv/yXtM9OumbXb80rjKo+jCA7AIagCG1yABrgBTdACGDyAJ/ACXo1H49l4M97nrQUjn9kHv2B8fAP+9Jvn</latexit>

Veff = g
1X

n=0

(�g)nVn.

<latexit sha1_base64="g/tw2rJzQumARuu0NefGKVA8/8I="></latexit>

L =
1

2
(@µ�)

2 � gV0(�)

<latexit sha1_base64="UTayeau2W9KX7dqJzNQb2bSuUoI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEWo9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0x5kGIazQbniVt0FyDrxclKBHM1B+as/jFkaoTRMUK17npsYP6PKcCZwVuqnGhPKJnSEPUsljVD72eLcGbmwypCEsbIlDVmovycyGmk9jQLbGVEz1qveXPzP66UmvPEzLpPUoGTLRWEqiInJ/Hcy5AqZEVNLKFPc3krYmCrKjE2oZEPwVl9eJ+2rqler1h6uK43bPI4inME5XIIHdWjAPTShBQwm8Ayv8OYkzovz7nwsWwtOPnMKf+B8/gByUI+p</latexit>

Veff

<latexit sha1_base64="pi4HLnd/zQHD8kM7w9p6sCyl1bA=">AAACFXicbVDLSsNAFJ34rPUVdelmsAgVpCShqMuiG5cV7AOaNEwmk3bo5OHMpFBCf8KNv+LGhSJuBXf+jZM2C209cLmHc+5l5h4vYVRIw/jWVlbX1jc2S1vl7Z3dvX394LAt4pRj0sIxi3nXQ4IwGpGWpJKRbsIJCj1GOt7oJvc7Y8IFjaN7OUmIE6JBRAOKkVSSq5+PXatqJ0N6ZpOHlI6hHXCEM79vtV1jbkwzP+99a+rqFaNmzACXiVmQCijQdPUv249xGpJIYoaE6JlGIp0McUkxI9OynQqSIDxCA9JTNEIhEU42u2oKT5XiwyDmqiIJZ+rvjQyFQkxCT02GSA7FopeL/3m9VAZXTkajJJUkwvOHgpRBGcM8IuhTTrBkE0UQ5lT9FeIhUrFIFWRZhWAunrxM2lbNvKjV7+qVxnURRwkcgxNQBSa4BA1wC5qgBTB4BM/gFbxpT9qL9q59zEdXtGLnCPyB9vkDQZOeRw==</latexit>

v2(�) ⌘
d2V0(�)

d�2

<latexit sha1_base64="UdzNR2ls8Aa+DDRMA9zPaWv2fFE=">AAACAnicbVBNS8NAEN34WetX1ZN4WSyCp5pIUY9FLx4r2A9o2rLZTNqlm03c3RRKKF78K148KOLVX+HNf+O2zUFbHww83pthZp4Xc6a0bX9bS8srq2vruY385tb2zm5hb7+uokRSqNGIR7LpEQWcCahppjk0Ywkk9Dg0vMHNxG8MQSoWiXs9iqEdkp5gAaNEG6lbOBx2hQsPCRtivyNwvWuf+W7cZx3jFe2SPQVeJE5GiihDtVv4cv2IJiEITTlRquXYsW6nRGpGOYzzbqIgJnRAetAyVJAQVDudvjDGJ0bxcRBJU0Ljqfp7IiWhUqPQM50h0X01703E/7xWooOrdspEnGgQdLYoSDjWEZ7kgX0mgWo+MoRQycytmPaJJFSb1PImBGf+5UVSPy85F6XyXblYuc7iyKEjdIxOkYMuUQXdoiqqIYoe0TN6RW/Wk/VivVsfs9YlK5s5QH9gff4AYBGWyA==</latexit>

vn ⌘ dnV0/d�
n
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Recurrence relations for the leading poles for effective potential 

Action of R’-operation on divergent diagram

<latexit sha1_base64="pd6CG+fgXjPa9TrI/+SvifD5VxY=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYJUY9ELx4xyiOBDZkdemHC7OxmZpaEED7BiweN8eoXefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWju7nfGqPSPJZPZpKgH9GB5CFn1Fjpcdyr9Iolt+wuQNaJl5ESZKj3il/dfszSCKVhgmrd8dzE+FOqDGcCZ4VuqjGhbEQH2LFU0gi1P12cOiMXVumTMFa2pCEL9ffElEZaT6LAdkbUDPWqNxf/8zqpCW/8KZdJalCy5aIwFcTEZP436XOFzIiJJZQpbm8lbEgVZcamU7AheKsvr5NmpexdlasP1VLtNosjD2dwDpfgwTXU4B7q0AAGA3iGV3hzhPPivDsfy9ack82cwh84nz8NFo2o</latexit>v2

Kazakov, Iakhibbaev, Tolkachev  22

<latexit sha1_base64="CWS7H/QoiquzQjvTyKYF7mn59Ko=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCF0tSpHos2oPHCvYD2hA22227dLMJuxulxP4ULx4U8eov8ea/cdvmoK0PBh7vzTAzL4g5U9pxvq3c2vrG5lZ+u7Czu7d/YBcPWypKJKFNEvFIdgKsKGeCNjXTnHZiSXEYcNoOxjczv/1ApWKRuNeTmHohHgo2YARrI/l2se5XenXKNUYtPxXn7tS3S07ZmQOtEjcjJcjQ8O2vXj8iSUiFJhwr1XWdWHsplpoRTqeFXqJojMkYD2nXUIFDqrx0fvoUnRqljwaRNCU0mqu/J1IcKjUJA9MZYj1Sy95M/M/rJnpw5aVMxImmgiwWDRKOdIRmOaA+k5RoPjEEE8nMrYiMsMREm7QKJgR3+eVV0qqU3Wq5endRql1nceThGE7gDFy4hBrcQgOaQOARnuEV3qwn68V6tz4WrTkrmzmCP7A+fwDNF5MU</latexit>

D2�Vn�1
<latexit sha1_base64="gkLGMS5Y+xU8JgiapZ24Sfx62m0=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEInkpSpHos2oPHCvYD2hA220m7dLMJuxuhhv4SLx4U8epP8ea/cdvmoK0PBh7vzTAzL0g4U9pxvq3CxubW9k5xt7S3f3BYto+OOypOJYU2jXksewFRwJmAtmaaQy+RQKKAQzeY3M797iNIxWLxoKcJeBEZCRYySrSRfLvc9GuDJnBNcMfPJjPfrjhVZwG8TtycVFCOlm9/DYYxTSMQmnKiVN91Eu1lRGpGOcxKg1RBQuiEjKBvqCARKC9bHD7D50YZ4jCWpoTGC/X3REYipaZRYDojosdq1ZuL/3n9VIfXXsZEkmoQdLkoTDnWMZ6ngIdMAtV8agihkplbMR0TSag2WZVMCO7qy+ukU6u69Wr9/rLSuMnjKKJTdIYukIuuUAPdoRZqI4pS9Ixe0Zv1ZL1Y79bHsrVg5TMn6A+szx/lhJKf</latexit>

D2�Vk

<latexit sha1_base64="VUNzxGWt4O/MFpMfrRjnaqsk0FU="></latexit>

n�Vn =
1

2
v2D2�Vn�1 +

1

4

n�2X

k=1

D2�VkD2�Vn�1�k, n � 2
<latexit sha1_base64="UqbzI+XeCyAP3QWBxBIqHDyHvtU=">AAACAnicbVDLSgNBEJyNrxhfq57Ey2AQPIXdEKIXIagHjxHMA7LrMjuZTYbMPpjpDYQQvPgrXjwo4tWv8ObfOEn2oIkFDUVVN91dfiK4Asv6NnIrq2vrG/nNwtb2zu6euX/QVHEqKWvQWMSy7RPFBI9YAzgI1k4kI6EvWMsfXE/91pBJxePoHkYJc0PSi3jAKQEteeaRc8MEENz07EsnkIRiu4KHXvmh7JlFq2TNgJeJnZEiylD3zC+nG9M0ZBFQQZTq2FYC7phI4FSwScFJFUsIHZAe62gakZApdzx7YYJPtdLFQSx1RYBn6u+JMQmVGoW+7gwJ9NWiNxX/8zopBBfumEdJCiyi80VBKjDEeJoH7nLJKIiRJoRKrm/FtE90EKBTK+gQ7MWXl0mzXLKrpepdpVi7yuLIo2N0gs6Qjc5RDd2iOmogih7RM3pFb8aT8WK8Gx/z1pyRzRyiPzA+fwBB65Vt</latexit>

�V1 =
1

4
v22

<latexit sha1_base64="WRRCK7SFo6kDgoi2wdsBtER2ncw="></latexit>

n�Vn =
1

4

n�1X

k=0

D2�VkD2�Vn�1�k, n � 1, �V0 = V0

<latexit sha1_base64="029B6SPRgNh97hzdtxhVTo7wUvM=">AAACAXicbZDLSsNAFIYn9VbjLepGcDNYBDeWpIvajVhU0GUFe4Emhslk0g6dXJiZiCXUja/ixoUibn0K3bnyVZxeFtr6w8DHf87hzPm9hFEhTfNLy83NLywu5Zf1ldW19Q1jc6sh4pRjUscxi3nLQ4IwGpG6pJKRVsIJCj1Gml7vbFhv3hIuaBxdy35CnBB1IhpQjKSyXGNHP3dLx3bAEc78m9Ig8+2kSxW4RsEsmiPBWbAmUKiefH/cHVYuaq7xafsxTkMSScyQEG3LTKSTIS4pZmSg26kgCcI91CFthREKiXCy0QUDuK8cHwYxVy+ScOT+nshQKEQ/9FRniGRXTNeG5n+1diqDipPRKEklifB4UZAyKGM4jAP6lBMsWV8Bwpyqv0LcRSoNqULTVQjW9Mmz0CgVrXKxfKXSOAVj5cEu2AMHwAJHoAouQQ3UAQb34BE8gxftQXvSXrW3cWtOm8xsgz/S3n8Aw6SZfg==</latexit>

D2 =
d2

d�2

+



From Recurrence Relation to the RG Equation 

This is the generalized RG equation valid in any  (even non-renormalizable) theory!

• This is the general recurrence relation that reflects the locality of counter terms in any theory 
• In renormalizable theories A_n is a constant and this relation  is reduced to the algebraic one
• In non-renormalizable theories  for the scattering amplitudes A_n depends on kinematics and 

one has to integrate through the one loop diagrams
• For the effective potential A_n depends on the fields and one has to differentiate

Taking  the sum one can transform the recurrence relation

into RG equation

X

n

An(�z)n = A(z)

<latexit sha1_base64="MqQ3bOeh3YCF1doClDktKfTI2dg=">AAACC3icbVDLSgMxFM3UV62vUZduQovgxjJTELsRiy50WcE+oFNLJpNpQ5OZIcmIdZi9G3/FjQtF3PoBunPlr5g+QG09cOHknHvJvceNGJXKsj6NzNz8wuJSdjm3srq2vmFubtVlGAtMajhkoWi6SBJGA1JTVDHSjARB3GWk4fZPh37jmghJw+BSDSLS5qgbUJ9ipLTUMfOOLxBOvDTxblN49PNyWNh1eHxVSjtmwSpaI8BZYk9IoXL89X6zXz6rdswPxwtxzEmgMENStmwrUu0ECUUxI2nOiSWJEO6jLmlpGiBOZDsZ3ZLCXa140A+FrkDBkfp7IkFcygF3dSdHqienvaH4n9eKlV9uJzSIYkUCPP7IjxlUIRwGAz0qCFZsoAnCgupdIe4hHYfS8eV0CPb0ybOkXiraB0XrQqdxAsbIgh2QB3vABoegAs5BFdQABnfgATyBZ+PeeDRejNdxa8aYzGyDPzDevgF5gp71</latexit>

d

dz
=

d

d logµ2

14

<latexit sha1_base64="BgZFbYRnrwuy6iyhpm6X1EfijDY=">AAACHHicbZBLS8NAEMc39VXrq+rRy2IRKmJJqlQvQtWLxwr2AU0om82mXbp5sLsR2tAP4sWv4sWDIl48CH4bN2kQbR0Y+PGfGWbmb4eMCqnrX1puYXFpeSW/Wlhb39jcKm7vtEQQcUyaOGAB79hIEEZ90pRUMtIJOUGezUjbHl4n9fY94YIG/p0chcTyUN+nLsVIKqlXPDFdjnDsXJbHh5PYGU8ujqsm9SVMhCP4g2YgqUdEyr1iSa/oacB5MDIogSwaveKH6QQ48ogvMUNCdA09lFaMuKSYkUnBjAQJER6iPukq9JHaZMXpcxN4oBQHugFXqY5J1d8TMfKEGHm26vSQHIjZWiL+V+tG0j23YuqHkSQ+ni5yIwZlABOnoEM5wZKNFCDMqboV4gFSbknlZ0GZYMy+PA+tasWoVWq3p6X6VWZHHuyBfVAGBjgDdXADGqAJMHgAT+AFvGqP2rP2pr1PW3NaNrML/oT2+Q00K5+Q</latexit>

dA(z)

dz
= �2

Z
A(z) +

Z
A(z)⌦A(z)<latexit sha1_base64="WXL/N+uZ4pa1foqln113pUKyBmI=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BPXhMwDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mHGCfkQHkoecUWOl+l2vWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rw2p9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6UvUq5Ur8sVW+yOPJwAqdwDh5cQRXuoQYNYIDwDK/w5jw6L86787FozTnZzDH8gfP5A5r7jNM=</latexit>

D
<latexit sha1_base64="WXL/N+uZ4pa1foqln113pUKyBmI=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BPXhMwDwgWcLspDcZMzu7zMwKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mHGCfkQHkoecUWOl+l2vWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rw2p9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6UvUq5Ur8sVW+yOPJwAqdwDh5cQRXuoQYNYIDwDK/w5jw6L86787FozTnZzDH8gfP5A5r7jNM=</latexit>

D



D=6 N=2

d

dz
⌃(s, t, z) = s� 2

z
⌃(s, t, z) + 2s

Z 1

0
dx

Z x

0
dy (⌃(s, t0, z) + ⌃(t0, s, z))|t0=xt+yu

<latexit sha1_base64="L4iBcufaVLrOPN2cnHdRHfzkw9Q="></latexit>

⌃(s, t, z) = z�2
1X

n=3

(�z)nSn(s, t)

<latexit sha1_base64="m9tIEhJuquhUBQdoR4Fjll/eTgU="></latexit>

⌃(s, t, z) =
1X

n=1

(�z)nSn(s, t)D=8 N=1

d

dz
⌃(s, t, z) = � 1

12
+ 2s2

Z 1

0
dx

Z x

0
dy y(1� x) (⌃(s, t0, z) + ⌃(t0, s, z))|t0=tx+yu

�s4
Z 1

0
dx x2(1� x)2

1X

p=0

1

p!(p+ 2)!
(
dp

dt0p
(⌃(s, t0, z) + ⌃(t0, s, z))|t0=�sx)

2 (tsx(1� x))p.

RG Equation

SYM_D

Linear equation

Non-linear equation
15



16

RG pole equation for arbitrary potential

<latexit sha1_base64="U7Qnadr7OidgHwQr+mhlhECiEtc=">AAACFnicbVDLSsNAFJ3UV62vqEs3g0Woi5akFHUjFHXhsqJthSaWyWTSDp08mJkINeQr3Pgrblwo4lbc+TdO0yy09cCFwzn3cu89TsSokIbxrRUWFpeWV4qrpbX1jc0tfXunI8KYY9LGIQv5rYMEYTQgbUklI7cRJ8h3GOk6o/OJ370nXNAwuJHjiNg+GgTUoxhJJfX1KrQ8jnDiQuuaDnyUJu5DelrNRGg2YOWiX8+tw7t6Xy8bNSMDnCdmTsogR6uvf1luiGOfBBIzJETPNCJpJ4hLihlJS1YsSITwCA1IT9EA+UTYSfZWCg+U4kIv5KoCCTP190SCfCHGvqM6fSSHYtabiP95vVh6J3ZCgyiWJMDTRV7MoAzhJCPoUk6wZGNFEOZU3QrxEKlEpEqypEIwZ1+eJ516zTyqNa4a5eZZHkcR7IF9UAEmOAZNcAlaoA0weATP4BW8aU/ai/aufUxbC1o+swv+QPv8AfVPnVc=</latexit>

d⌃

dz
= �1

4
(D2⌃)

2
<latexit sha1_base64="TlI+IrcgDqBHZ7X1UdtnJ4YWKLU=">AAACAXicbZDLSgMxFIYz9VbrbdSN4CZYhApSZqSoG6HoxmVFe4HOMGTSTBuaZIYkI5ShbnwVNy4UcetbuPNtTKddaPWHwMd/zuHk/GHCqNKO82UVFhaXlleKq6W19Y3NLXt7p6XiVGLSxDGLZSdEijAqSFNTzUgnkQTxkJF2OLya1Nv3RCoaizs9SojPUV/QiGKkjRXYe94t7XNUcY69ZECPLlqBU8kpsMtO1ckF/4I7gzKYqRHYn14vxiknQmOGlOq6TqL9DElNMSPjkpcqkiA8RH3SNSgQJ8rP8gvG8NA4PRjF0jyhYe7+nMgQV2rEQ9PJkR6o+drE/K/WTXV07mdUJKkmAk8XRSmDOoaTOGCPSoI1GxlAWFLzV4gHSCKsTWglE4I7f/JfaJ1U3dNq7aZWrl/O4iiCfXAAKsAFZ6AOrkEDNAEGD+AJvIBX69F6tt6s92lrwZrN7IJfsj6+AfK+lUs=</latexit>

⌃(0,�) = V0(�)

<latexit sha1_base64="4aRIF6EAeZG4Dx+j6EuxgGvGBHU="></latexit>

Veff (g,�) = g⌃(z,�)|z!� g

16⇡2 log gv2/µ2 .

<latexit sha1_base64="cDE1ZcWl67SsW3i6SCfEAtAbEkE=">AAAB+nicbVBNS8NAEN3Ur1q/Wj16WSyCp5JIUS9C0YvHCvYDmlA220m7dLMJuxulxv4ULx4U8eov8ea/cdPmoK0PBh7vzTAzz485U9q2v63Cyura+kZxs7S1vbO7V67st1WUSAotGvFIdn2igDMBLc00h24sgYQ+h44/vs78zj1IxSJxpycxeCEZChYwSrSR+uXK46UbSELx0IVYMZ5pVbtmz4CXiZOTKsrR7Je/3EFEkxCEppwo1XPsWHspkZpRDtOSmyiICR2TIfQMFSQE5aWz06f42CgDHETSlNB4pv6eSEmo1CT0TWdI9Egtepn4n9dLdHDhpUzEiQZB54uChGMd4SwHPGASqOYTQwiVzNyK6YiYJLRJq2RCcBZfXibt05pzVqvf1quNqzyOIjpER+gEOegcNdANaqIWougBPaNX9GY9WS/Wu/Uxby1Y+cwB+gPr8wcZ35Pq</latexit>

z =
g

✏

RG pole equation

Effective potential

<latexit sha1_base64="pi4HLnd/zQHD8kM7w9p6sCyl1bA=">AAACFXicbVDLSsNAFJ34rPUVdelmsAgVpCShqMuiG5cV7AOaNEwmk3bo5OHMpFBCf8KNv+LGhSJuBXf+jZM2C209cLmHc+5l5h4vYVRIw/jWVlbX1jc2S1vl7Z3dvX394LAt4pRj0sIxi3nXQ4IwGpGWpJKRbsIJCj1GOt7oJvc7Y8IFjaN7OUmIE6JBRAOKkVSSq5+PXatqJ0N6ZpOHlI6hHXCEM79vtV1jbkwzP+99a+rqFaNmzACXiVmQCijQdPUv249xGpJIYoaE6JlGIp0McUkxI9OynQqSIDxCA9JTNEIhEU42u2oKT5XiwyDmqiIJZ+rvjQyFQkxCT02GSA7FopeL/3m9VAZXTkajJJUkwvOHgpRBGcM8IuhTTrBkE0UQ5lT9FeIhUrFIFWRZhWAunrxM2lbNvKjV7+qVxnURRwkcgxNQBSa4BA1wC5qgBTB4BM/gFbxpT9qL9q59zEdXtGLnCPyB9vkDQZOeRw==</latexit>

v2(�) ⌘
d2V0(�)

d�2

This a non-linear partial differential equation!

Kazakov, Iakhibbaev, Tolkachev  22

JHEP  v 2304 (2023) 128 

<latexit sha1_base64="WnQvzt0/VDJacQ/3ZqVJOExfIJM="></latexit>

⌃(z,�) =
1X

n=0

(�z)n�Vn(�)



RG Equations in Subleading Order
Scattering Amplitude

<latexit sha1_base64="vwRFIwQ35kclxEwxVq4XqpKheD4="></latexit>

d2S2(s, t, z)

dz2
= s

d

dz
(S1 + T1)⌦ (S2 + T2)

+s2(S1 + T1)⌦ (S2 + T2)⌦ (S1 + T1)

+s(S1 + T1)⌦⌦(S1 + T1)

<latexit sha1_base64="gF4sNN4YcREBCusChoYxuRf3G6o=">AAACG3icbVBNS8NAEN3Ur1q/oh69LBahopSkKHoRRC8eK22t0JSw2WzapZsPdidCDf0fXvwrXjwo4knw4L9xW3Oo1QcDj/dmmJnnJYIrsKwvozA3v7C4VFwurayurW+Ym1s3Kk4lZS0ai1jeekQxwSPWAg6C3SaSkdATrO0NLsd++45JxeOoCcOEdUPSi3jAKQEtuWbNCSShmd9wK+oQDu/3R5l/PzpTuNJw7YOma+87MfCQTQmuWbaq1gT4L7FzUkY56q754fgxTUMWARVEqY5tJdDNiAROBRuVnFSxhNAB6bGOphHR67rZ5LcR3tOKj4NY6ooAT9TpiYyESg1DT3eGBPpq1huL/3mdFILTbsajJAUW0Z9FQSowxHgcFPa5ZBTEUBNCJde3YtonOizQcZZ0CPbsy3/JTa1qH1et66Py+UUeRxHtoF1UQTY6QefoCtVRC1H0gJ7QC3o1Ho1n4814/2ktGPnMNvoF4/MbH9ue7A==</latexit>

dS(s, t, z)

dz
= s(S1 + T1)⌦ (S1 + T1) Coefficients of 

<latexit sha1_base64="PPwyKyhfHy3JYcE3IME5bKbqLY4=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbBU90VRY9FLx4r2A/oriWbpm1oNglJVihL/4YXD4p49c9489+YtnvQ1gcDj/dmmJkXK86M9f1vr7Cyura+UdwsbW3v7O6V9w+aRqaa0AaRXOp2jA3lTNCGZZbTttIUJzGnrXh0O/VbT1QbJsWDHSsaJXggWJ8RbJ0UBmchVYZxKR5Ft1zxq/4MaJkEOalAjnq3/BX2JEkTKizh2JhO4CsbZVhbRjidlMLUUIXJCA9ox1GBE2qibHbzBJ04pYf6UrsSFs3U3xMZTowZJ7HrTLAdmkVvKv7ndVLbv44yJlRqqSDzRf2UIyvRNADUY5oSy8eOYKKZuxWRIdaYWBdTyYUQLL68TJrn1eCy6t9fVGo3eRxFOIJjOIUArqAGd1CHBhBQ8Ayv8Oal3ov37n3MWwtePnMIf+B9/gCzwJF4</latexit>

1/✏n

Coefficients of 

<latexit sha1_base64="oDZHKLDsNTGi6l2hTdMpeBvZDdg=">AAAB+XicbVBNSwMxEM3Wr1q/Vj16CRbBi3VXFD0WvXisYD+gXUs2nW1Ds8mSZAtl6T/x4kERr/4Tb/4b03YP2vpg4PHeDDPzwoQzbTzv2ymsrK6tbxQ3S1vbO7t77v5BQ8tUUahTyaVqhUQDZwLqhhkOrUQBiUMOzXB4N/WbI1CaSfFoxgkEMekLFjFKjJW6ruufdyDRjEvxlIkzf9J1y17FmwEvEz8nZZSj1nW/Oj1J0xiEoZxo3fa9xAQZUYZRDpNSJ9WQEDokfWhbKkgMOshml0/wiVV6OJLKljB4pv6eyEis9TgObWdMzEAvelPxP6+dmugmyJhIUgOCzhdFKcdG4mkMuMcUUMPHlhCqmL0V0wFRhBobVsmG4C++vEwaFxX/quI9XJart3kcRXSEjtEp8tE1qqJ7VEN1RNEIPaNX9OZkzovz7nzMWwtOPnOI/sD5/AHaHpMn</latexit>

1/✏n�1

 Equation for the subleading order function as well as for all the 
subsequent orders is always  linear!
 This seems to be in contradiction with the usual RG equation but is not!



RG Equations in Subleading Order
Effective potential

Contribution to 

<latexit sha1_base64="C2lva3vVQQ/wJuNHQ5JXe5xLk3g="></latexit>

B(n)0

n =

✓
2

n(n� 1)
B(n)

2 +
2

n
B(n)

1

◆

<latexit sha1_base64="E6dzcsfq7rpAxa9x3MftGUWkRE8=">AAAB8XicbVC7SgNBFL0bX3F9RS21GAxCbMKuRRRsQmwsI5gHSdYwOztJhszOLjOzQljyDTY2ForY6tfY+TdOHoUmHrhwOOde7r3HjzlT2nG+rczK6tr6RnbT3tre2d3L7R/UVZRIQmsk4pFs+lhRzgStaaY5bcaS4tDntOEPryd+44FKxSJxp0cx9ULcF6zHCNZGatmVrnufFsTZuJvLO0VnCrRM3DnJl/OPV0Hr+LPazX11gogkIRWacKxU23Vi7aVYakY4HdudRNEYkyHu07ahAodUeen04jE6NUqAepE0JTSaqr8nUhwqNQp90xliPVCL3kT8z2snunfppUzEiaaCzBb1Eo50hCbvo4BJSjQfGYKJZOZWRAZYYqJNSLYJwV18eZnUz4tuqVi6NWlUYIYsHMEJFMCFCyjDDVShBgQEPMELvFrKerberPdZa8aazxzCH1gfP6Dekok=</latexit>

B(n)
1

<latexit sha1_base64="YG+7z+hJlGNd0XXc9ObmQ91O7pg=">AAAB8XicbVC7SgNBFL3rM66vqKUWg0GITdhNEQWbEBvLCOZBkjXMTmaTIbOzy8ysEJZ8g42NhSK2+jV2/o2TR6GJBy4czrmXe+/xY86Udpxva2V1bX1jM7Nlb+/s7u1nDw7rKkokoTUS8Ug2fawoZ4LWNNOcNmNJcehz2vCH1xO/8UClYpG406OYeiHuCxYwgrWRWnalW7xP8+J83M3mnIIzBVom7pzkyrnHq17r5LPazX51ehFJQio04ViptuvE2kux1IxwOrY7iaIxJkPcp21DBQ6p8tLpxWN0ZpQeCiJpSmg0VX9PpDhUahT6pjPEeqAWvYn4n9dOdHDppUzEiaaCzBYFCUc6QpP3UY9JSjQfGYKJZOZWRAZYYqJNSLYJwV18eZnUiwW3VCjdmjQqMEMGjuEU8uDCBZThBqpQAwICnuAFXi1lPVtv1vusdcWazxzBH1gfP6Jokoo=</latexit>

B(n)
2Contribution to 

Contribution to kinetic term 

See talk by R. Iakhibbaev



RG Equations in Subleading Order
Effective potential - leading order

- subleading order

<latexit sha1_base64="OjuatSQXHrsi54nOOYV37HBwWAU=">AAACFXicbZDLSgMxFIYz9VbrrerSTbAILrTMCGJ3FhV0WcFeoDMOmTTThmYyY5IplqEv4cZXceNCEbeiO1e+ipm2iLb+EPj4zzlJzu9FjEplmp9GZmZ2bn4hu5hbWl5ZXcuvb9RkGAtMqjhkoWh4SBJGOakqqhhpRIKgwGOk7nVP03q9R4SkIb9S/Yg4AWpz6lOMlLbc/N6Zy21yE9MetH2BcGJHSCiK2DUf/DC0ow7VhpsvmEVzKDgN1hgK5eOv99v90nnFzX/YrRDHAeEKMyRl0zIj5STprZiRQc6OJYkQ7qI2aWrkKCDSSYZbDeCOdlrQD4U+XMGh+3siQYGU/cDTnQFSHTlZS83/as1Y+SUnoTyKFeF49JAfM6hCmEYEW1QQrFhfA8KC6r9C3EE6HKWDzOkQrMmVp6F2ULQOi+alTuMEjJQFW2Ab7AILHIEyuAAVUAUY3IEH8ASejXvj0XgxXketGWM8swn+yHj7BmUXozw=</latexit>

Dn ⌘ @n

@�n

 Equation for the subleading order function as well as for all the 
subsequent orders is always  linear!
 This seems to be in contradiction with the usual RG equation which is 
non-linear, however, the proper form of the usual RG equation is also 
linear!!

<latexit sha1_base64="osDlXBaIDLFw9/T/Enxpelf+Ciw="></latexit>

@2⌃B

@z2
= �2

1

4

@

@z

n
2D2⌃AD2⌃B � (D2⌃A)

2 D2⌃G

o
�

�2

⇢
1

8
(D3⌃A)

2D2⌃B � 2
1

8
(D3⌃A)

2D2⌃AD2⌃B + 2
1

8
D3⌃AD3⌃BD2⌃A+

+2
1

8
D3⌃AD3⌃BD2⌃A � 1

8
(D3⌃A)

2D2⌃A +
1

8
(D2⌃A)

2D4⌃B�

�2
1

8
(D2⌃A)

2D4⌃AD2⌃G + 2
1

8
D2⌃AD2⌃BD4⌃A

�

<latexit sha1_base64="vWUkiYn6bjSOg5ZswSBk1wDqFcg=">AAAB8HicbVC7SgNBFL0bXzG+ooKNzWAQrMKuRbSMsbFM0DwkCWF2MpsMmZldZmaFsOQrbCwUsRX8C7/AzsZvcTax0MQDFw7n3Mu99/gRZ9q47qeTWVpeWV3Lruc2Nre2d/K7ew0dxorQOgl5qFo+1pQzSeuGGU5bkaJY+Jw2/dFl6jfvqNIslDdmHNGuwAPJAkawsdJt55oNBO5d5Hr5glt0p0CLxPshhfJB7Yu9Vd6rvfxHpx+SWFBpCMdatz03Mt0EK8MIp5NcJ9Y0wmSEB7RtqcSC6m4yPXiCjq3SR0GobEmDpurviQQLrcfCt50Cm6Ge91LxP68dm+C8mzAZxYZKMlsUxByZEKXfoz5TlBg+tgQTxeytiAyxwsTYjNIQvPmXF0njtOiViqWaTaMCM2ThEI7gBDw4gzJcQRXqQEDAPTzCk6OcB+fZeZm1ZpyfmX34A+f1G8YGk3M=</latexit>

⌃A
<latexit sha1_base64="6dm28q1Y9M5AOYPIzeov8UJkDkw=">AAAB8HicbVC7SgNBFL0bXzG+ooKNzWAQrMKuRbQMsbFM0DwkCWF2MpsMmZldZmaFsOQrbCwUsRX8C7/AzsZvcTZJoYkHLhzOuZd77/EjzrRx3S8ns7K6tr6R3cxtbe/s7uX3Dxo6jBWhdRLyULV8rClnktYNM5y2IkWx8Dlt+qOr1G/eU6VZKG/NOKJdgQeSBYxgY6W7zg0bCNyr5Hr5glt0p0DLxJuTQvmo9s3eKx/VXv6z0w9JLKg0hGOt254bmW6ClWGE00muE2saYTLCA9q2VGJBdTeZHjxBp1bpoyBUtqRBU/X3RIKF1mPh206BzVAveqn4n9eOTXDZTZiMYkMlmS0KYo5MiNLvUZ8pSgwfW4KJYvZWRIZYYWJsRmkI3uLLy6RxXvRKxVLNplGBGbJwDCdwBh5cQBmuoQp1ICDgAZ7g2VHOo/PivM5aM8585hD+wHn7AceLk3Q=</latexit>

⌃B
<latexit sha1_base64="L7EKsbdyuLw1s/XWdq/2jnjwSaI=">AAAB8HicbVC7SgNBFL0bXzG+ooKNzWAQrMKuRbQMsdAyQfOQZAmzk9lkyMzsMjMrhCVfYWOhiK3gX/gFdjZ+i5PEQhMPXDiccy/33hPEnGnjup9OZml5ZXUtu57b2Nza3snv7jV0lChC6yTikWoFWFPOJK0bZjhtxYpiEXDaDIYXE795R5Vmkbwxo5j6AvclCxnBxkq3nWvWF7h7mevmC27RnQItEu+HFMoHtS/2VnmvdvMfnV5EEkGlIRxr3fbc2PgpVoYRTse5TqJpjMkQ92nbUokF1X46PXiMjq3SQ2GkbEmDpurviRQLrUcisJ0Cm4Ge9ybif147MeG5nzIZJ4ZKMlsUJhyZCE2+Rz2mKDF8ZAkmitlbERlghYmxGU1C8OZfXiSN06JXKpZqNo0KzJCFQziCE/DgDMpwBVWoAwEB9/AIT45yHpxn52XWmnF+ZvbhD5zXb88kk3k=</latexit>

⌃G - kinetic term

<latexit sha1_base64="UvHxlYuK8yNOU1qKQP4h5Hd1STk="></latexit>

@2⌃G

@z2
=

1

12
(D3⌃A)

2

<latexit sha1_base64="Viv0QFnJKlVUjLdDWlgy658hZ9M=">AAACJ3icbVDLSgMxFM3UV62vUZdugkWoC8tMKdWNUh8LlxXtAzrjkEkzbWjmQZIR6jB/48ZfcSOoiC79E9OHqNUDgcM553JzjxsxKqRhvGuZmdm5+YXsYm5peWV1TV/faIgw5pjUcchC3nKRIIwGpC6pZKQVcYJ8l5Gm2z8d+s0bwgUNgys5iIjto25APYqRVJKjH1keRzixIsQlRQxal7TrI+c4/ZZu08O9UQqaZVg4c0pfmd3rkqPnjaIxAvxLzAnJgwlqjv5kdUIc+ySQmCEh2qYRSTsZrsKMpDkrFiRCuI+6pK1ogHwi7GR0Zwp3lNKBXsjVCyQcqT8nEuQLMfBdlfSR7Ilpbyj+57Vj6R3YCQ2iWJIAjxd5MYMyhMPSYIdygiUbKIIwp+qvEPeQqkSqanOqBHP65L+kUSqalWLlopyvnkzqyIItsA0KwAT7oArOQQ3UAQZ34AE8gxftXnvUXrW3cTSjTWY2wS9oH59ZPKTt</latexit>

@⌃A

@z
= �1

4
(D2⌃A)

2



RG Equations for the Logarithms

Coefficient of the leading logarithms
<latexit sha1_base64="ZpbWkdrRP9LC6F5QYBYVSFABmYY=">AAAB9HicbVC7SgNBFJ2Nr7i+opaKDAbBKuymiJZBG8sEzAOymzA7mU2GzMyuM7OBsKT0G2wsFLG1znfY+Q3+hJNHoYkHLhzOuZd77wliRpV2nC8rs7a+sbmV3bZ3dvf2D3KHR3UVJRKTGo5YJJsBUoRRQWqaakaasSSIB4w0gsHt1G8MiVQ0Evd6FBOfo56gIcVIG8m3PRb12gJ6PGkXO7m8U3BmgKvEXZB8+XRS/X48m1Q6uU+vG+GEE6ExQ0q1XCfWfoqkppiRse0lisQID1CPtAwViBPlp7Ojx/DCKF0YRtKU0HCm/p5IEVdqxAPTyZHuq2VvKv7ntRIdXvspFXGiicDzRWHCoI7gNAHYpZJgzUaGICypuRXiPpIIa5OTbUJwl19eJfViwS0VSlWTxg2YIwtOwDm4BC64AmVwByqgBjB4AE/gBbxaQ+vZerPe560ZazFzDP7A+vgBmqaVEA==</latexit>

logn µ2

<latexit sha1_base64="/q6YY2FaUzFBsTf1UyknAVJ0EhE="></latexit>

Ā(n)
n = A(n)

n = (�1)n+1A
(n)
1

n
Coefficient of subleading logarithms

<latexit sha1_base64="+gTDpKBuqoXbDg0drU36lE2f1Ks="></latexit>

B̄(n)
n = (�1)n

✓
2

n� 1
B(n)

2 +B(n)
1

◆

<latexit sha1_base64="EjrNsYmT0CV9lOOx6UNapnHCJ9o=">AAAB+XicbVC7SgNBFJ2Nr7i+Vi0VGQyCjWE3RbQM2lgmYB6Q3YTZySQZMjO7zMwGwpLSv7CxUMTWJt9h5zf4E04ehSYeuHA4517uvSeMGVXadb+szNr6xuZWdtve2d3bP3AOj2oqSiQmVRyxSDZCpAijglQ11Yw0YkkQDxmph4O7qV8fEqloJB70KCYBRz1BuxQjbaS249g+i3qtVFx5Y58nrULbybl5dwa4SrwFyZVOJ5Xvx7NJue18+p0IJ5wIjRlSqum5sQ5SJDXFjIxtP1EkRniAeqRpqECcqCCdXT6GF0bpwG4kTQkNZ+rviRRxpUY8NJ0c6b5a9qbif14z0d2bIKUiTjQReL6omzCoIziNAXaoJFizkSEIS2puhbiPJMLahGWbELzll1dJrZD3ivlixaRxC+bIghNwDi6BB65BCdyDMqgCDIbgCbyAVyu1nq03633emrEWM8fgD6yPH2bslpU=</latexit>

logn�1 µ2

 Differential equation for the logarithms in all orders are always  linear!
 They contain the known rhs which is calculated from higher order linear 
differential equation

<latexit sha1_base64="z6Jmbkx0Pc7UtGEhiG9wvwwOqX8="></latexit>

C̄(n)
n = (�1)n�1

✓
3

n� 2
C(n)

3 + 2C(n)
2 +

n� 1

2
C(n)

1

◆
Coefficient of subsubleading logarithms
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Recurrence Relations for the Scattering Amplitude
<latexit sha1_base64="B8nG53lCZgpRo2OhXiAP7kvF3zE="></latexit>

nSn(s, t, u) =� 4s

Z 1

0
dx

n�1X

k=0

kX

p=0

[s(�s� u)]p[x(1� x)]p+1

p!(p+ 1)!(p+ 2)�1
⇥

⇥ dpAk(s,�s� u0, u0)

du0p
dpAn�1�k(s,�s� u0, u0)

du0p |u0!�sx
<latexit sha1_base64="csCdoxB7FsPDXlYOVJTSae9X3sA="></latexit>

nTn(s, t, u) =� 4t

Z 1

0
dx

n�1X

k=0

kX

p=0

[t(�t� u)]p[x(1� x)]p+1

p!(p+ 1)!(p+ 2)�1
⇥

⇥ dpAk(�t� u0, t, u0)

du0p
dpAn�1�k(�t� u0, t, u0)

du0p |u0!�tx
<latexit sha1_base64="kil/i7xclAHzSxK+sRIEf2KxjN0="></latexit>

nUn(s, t, u) = 4u

Z 1

0
dx

n�1X

k=0

kX

p=0

[u(�s� u)]p[x(1� x)]p+1

p!(p+ 1)!(p+ 3)�1
⇥

⇥ dpAk(s0,�s0 � u, u)

ds0p
dpAn�1�k(s0,�s0 � u, u)

ds0p
|s0!�ux

+ 4u

Z 1

0
dx

n�1X

k=0

kX

p=0

[u(�t� u)]p[x(1� x)]p+1

p!(p+ 1)!(p+ 3)�1
⇥

⇥ dpAk(�t0 � u, t0, u)

dt0p
dpAn�1�k(�t0 � u, t0, u)

dt0p
|t0!�ux

<latexit sha1_base64="YMeAoQqSBq/YNgHhAbY5tlitLdY=">AAACF3icbZBPS8MwGMZT/875r+rRS3AIE0dpRaYXYerF48R1G2xjpFm6haVpSVJhlH0LL34VLx4U8ao3v43ZVqZuPhD45Xnfl+R9vIhRqWz7y1hYXFpeWc2sZdc3Nre2zZ3dqgxjgYmLQxaKuockYZQTV1HFSD0SBAUeIzWvfz2q1+6JkDTkFTWISCtAXU59ipHSVtu04GWb52VBFeIjeAHvppfjyg+6U2ybOduyx4Lz4KSQA6nKbfOz2QlxHBCuMENSNhw7Uq0ECUUxI8NsM5YkQriPuqShkaOAyFYy3msID7XTgX4o9OEKjt3fEwkKpBwEnu4MkOrJ2drI/K/WiJV/3kooj2JFOJ485McMqhCOQoIdKghWbKABYUH1XyHuIYGw0lFmdQjO7MrzUD2xnKJVvD3Nla7SODJgHxyAPHDAGSiBG1AGLsDgATyBF/BqPBrPxpvxPmldMNKZPfBHxsc3yD2b+g==</latexit>

An(s, t, u) = Sn(s, t, u) + Tn(s, t, u) + Un(s, t, u)



RG Equation for the Scattering Amplitude
<latexit sha1_base64="SjtH3/gu9pisCDt7+CSdCn/X84w=">AAACFHicbVDLSgMxFM34rPVVdekmWIQWa5kRUTdC1Y1LBVsLnbZk0owNzWSG5I4wDv0IN/6KGxeKuHXhzr8xbWfh60DgcM653NzjRYJrsO1Pa2p6ZnZuPreQX1xaXlktrK03dBgryuo0FKFqekQzwSWrAwfBmpFiJPAEu/YGZyP/+pYpzUN5BUnE2gG5kdznlICRuoWdk5KuQCUuH7s6DrqpPLaHHZdLHxJ80pWZWdq9K3dMumhX7THwX+JkpIgyXHQLH24vpHHAJFBBtG45dgTtlCjgVLBh3o01iwgdkBvWMlSSgOl2Oj5qiLeN0sN+qMyTgMfq94mUBFongWeSAYG+/u2NxP+8Vgz+UTvlMoqBSTpZ5McCQ4hHDeEeV4yCSAwhVHHzV0z7RBEKpse8KcH5ffJf0tirOgfVg8v9Yu00qyOHNtEWKiEHHaIaOkcXqI4oukeP6Bm9WA/Wk/VqvU2iU1Y2s4F+wHr/Ao4ZnKU=</latexit>

A(s, t, u) =
1X

n=0

An(s, t, u)(�z)n

<latexit sha1_base64="Sb0J81Sm3h/NlsFyIZAsD1CQ8k0=">AAACDXicbVDLSgMxFM34rPU16tJNsApubGeKVDdC0UVdtmAf0JmWTJq2oZlkSDJCHfoDbvwVNy4UcevenX9j+lho64HA4Zx7uTkniBhV2nG+raXlldW19dRGenNre2fX3tuvKRFLTKpYMCEbAVKEUU6qmmpGGpEkKAwYqQeDm7FfvydSUcHv9DAifoh6nHYpRtpIbfv44aqU80ikKBMcelrAM1iCHhO9pNLK57wwbuVHbTvjZJ0J4CJxZyQDZii37S+vI3AcEq4xQ0o1XSfSfoKkppiRUdqLFYkQHqAeaRrKUUiUn0zSjOCJUTqwK6R5XMOJ+nsjQaFSwzAwkyHSfTXvjcX/vGasu5d+QnkUa8Lx9FA3ZtCEHlcDO1QSrNnQEIQlNX+FuI8kwtoUmDYluPORF0ktn3UL2ULlPFO8ntWRAofgCJwCF1yAIrgFZVAFGDyCZ/AK3qwn68V6tz6mo0vWbOcA/IH1+QMETppI</latexit>

z = G/✏ ! �G logQ2/µ2

 With the help of this equation one can find the asymptotic behaviour of 
the amplitude in the high energy regime 

<latexit sha1_base64="D5tBSWXjz8VS7MET2U+0sCaCWi0=">AAACC3icbVDLSgMxFM34rPVVdekmtAiuykyR6rIogssK9gGdWjJppg1NMkNyRxhK9278FTcuFHHrD7jzb0ynXWjrgXAP59zLzT1BLLgB1/12VlbX1jc2c1v57Z3dvf3CwWHTRImmrEEjEel2QAwTXLEGcBCsHWtGZCBYKxhdTf3WA9OGR+oO0ph1JRkoHnJKwEq9QtH4hksMOCvJrFzfV7APEfa5CiHtFUpu2c2Al4k3JyU0R71X+PL7EU0kU0AFMabjuTF0x0QDp4JN8n5iWEzoiAxYx1JFJDPdcXbLBJ9YpY/DSNunAGfq74kxkcakMrCdksDQLHpT8T+vk0B40R1zFSfAFJ0tChOB7Z3TYHCfa0ZBpJYQqrn9K6ZDogkFG1/ehuAtnrxMmpWyVy1Xb89Ktct5HDl0jIroFHnoHNXQDaqjBqLoET2jV/TmPDkvzrvzMWtdceYzR+gPnM8fDMGZzw==</latexit>

s ⇠ t ⇠ u ⇠ E2 ! 1

<latexit sha1_base64="f4u3zxmn080xqVuyx6CbasIxSvo="></latexit>

� dA(s, t, u)

dz
=

=�4s

Z 1

0
dx

1X

p=0

[s(�s� u)]p[x(1� x)]p+1

p!(p+ 1)!(p+ 2)�1

✓
dpA(s,�s� u0, u0)

du0p

◆2

� 4t

Z 1

0
dx

1X

p=0

[t(�t� u)]p[x(1� x)]p+1

p!(p+ 1)!(p+ 2)�1

✓
dpA(�t� u0, t, u0)

du0p

◆2

+4u

Z 1

0
dx

1X

p=0

[u(�s� u)]p[x(1� x)]p+1

p!(p+ 1)!(p+ 3)�1

✓
dpA(s0,�s0 � u, u)

ds0p

◆2

+4u

Z 1

0
dx

1X

p=0

[u(�t� u)]p[x(1� x)]p+1

p!(p+ 1)!(p+ 3)�1

✓
dpA(�t0 � u, t0, u)

dt0p

◆2



Numerical Solution of RG Equation for the Scattering Amplitude
<latexit sha1_base64="2fTiWd0HpIUtpnG5e9kr6vG35aM=">AAACFnicbVDLSgMxFM3UV62vqks3wSK4sGWmSHVTKErBZQX7gE4tmTTThmYyQ3JHKKVf4cZfceNCEbfizr8xbWehrQcCh3Pu5eYcLxJcg21/W6mV1bX1jfRmZmt7Z3cvu3/Q0GGsKKvTUISq5RHNBJesDhwEa0WKkcATrOkNr6d+84EpzUN5B6OIdQLSl9znlICRutm8Llfvi2fYxVCOy3ns+opQ7BRxolZdCLHLpQ+jDMbdbM4u2DPgZeIkJIcS1LrZL7cX0jhgEqggWrcdO4LOmCjgVLBJxo01iwgdkj5rGypJwHRnPIs1wSdG6WE/VOZJwDP198aYBFqPAs9MBgQGetGbiv957Rj8y86YyygGJun8kB8LbKJOO8I9rhgFMTKEUMXNXzEdEFMMmCYzpgRnMfIyaRQLTqlQuj3PVa6SOtLoCB2jU+SgC1RBN6iG6oiiR/SMXtGb9WS9WO/Wx3w0ZSU7h+gPrM8fVEebIQ==</latexit>

s = E2, t = u = �1

2
E2, E ! 1

<latexit sha1_base64="EjCdQCuBY+uE0wzNC+srVunJne0="></latexit>

Amplitude

ATree
= A(E2, G logE2/µ2)

<latexit sha1_base64="Lzh4Ru5BT5L3UB5hhxhDFPxuaNo=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseqF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1Bqw8GHu/NMDMvSKQw6LpfTmFldW19o7hZ2tre2d0r7x+0TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfjm5nffuTaiFg94CThfkSHSoSCUbTS/RXplytu1Z2D/CVeTiqQo9Evf/YGMUsjrpBJakzXcxP0M6pRMMmnpV5qeELZmA5511JFI278bH7plJxYZUDCWNtSSObqz4mMRsZMosB2RhRHZtmbif953RTDSz8TKkmRK7ZYFKaSYExmb5OB0JyhnFhCmRb2VsJGVFOGNpySDcFbfvkvaZ1VvVq1dndeqV/ncRThCI7hFDy4gDrcQgOawCCEJ3iBV2fsPDtvzvuiteDkM4fwC87HN+wUjPo=</latexit>

A

<latexit sha1_base64="Nuo73s0vDvkb+2bs3i1jiR6eH28=">AAAB9XicbZDLSgMxFIbPeK31VnXpJlgEV2WmSHVZFNFlBXuBdloyaaYNzSRDklFK6Xu4caGIW9/FnW9jpp2Ftv4Q+PjPOZyTP4g508Z1v52V1bX1jc3cVn57Z3dvv3Bw2NAyUYTWieRStQKsKWeC1g0znLZiRXEUcNoMRtdpvflIlWZSPJhxTP0IDwQLGcHGWt1bdNMtow6XgxR6haJbcmdCy+BlUIRMtV7hq9OXJImoMIRjrdueGxt/gpVhhNNpvpNoGmMywgPatihwRLU/mV09RafW6aNQKvuEQTP398QER1qPo8B2RtgM9WItNf+rtRMTXvoTJuLEUEHmi8KEIyNRGgHqM0WJ4WMLmChmb0VkiBUmxgaVtyF4i19ehka55FVKlfvzYvUqiyMHx3ACZ+DBBVThDmpQBwIKnuEV3pwn58V5dz7mrStONnMEf+R8/gAjapEA</latexit>

GE2 logE2

NA - numerical solution

AA - geom progression

<latexit sha1_base64="OanP3EtkeTczncBz67fF2YZ1XNY=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBFclaRIdVkV0WWFvqCNYTK9aYdOHsxMhBDqr7hxoYhbP8Sdf+O0zUJbD1w4nHMv997jxZxJZVnfxsrq2vrGZmGruL2zu7dvHhy2ZZQICi0a8Uh0PSKBsxBaiikO3VgACTwOHW98PfU7jyAki8KmSmNwAjIMmc8oUVpyzdKlmzUFwAT3JQvwLb55qLpm2apYM+BlYuekjHI0XPOrP4hoEkCoKCdS9mwrVk5GhGKUw6TYTyTEhI7JEHqahiQA6WSz4yf4RCsD7EdCV6jwTP09kZFAyjTwdGdA1EguelPxP6+XKP/CyVgYJwpCOl/kJxyrCE+TwAMmgCqeakKoYPpWTEdEEKp0XkUdgr348jJpVyt2rVK7PyvXr/I4CugIHaNTZKNzVEd3qIFaiKIUPaNX9GY8GS/Gu/Exb10x8pkS+gPj8wcKN5O9</latexit>

ATree ⇠ GE2
<latexit sha1_base64="OPeWNOXlnHv6iCOURSpWnUwdMg4=">AAACBXicbVDLSgMxFM3UV62vUZe6CBbBVZkpUl1WRXRZwbZCZyyZNNOGZpIhyQhlmI0bf8WNC0Xc+g/u/BvTdhbaeuByD+fcS3JPEDOqtON8W4WFxaXlleJqaW19Y3PL3t5pKZFITJpYMCHvAqQIo5w0NdWM3MWSoChgpB0ML8Z++4FIRQW/1aOY+BHqcxpSjLSRuvb+madoBL1QIpy6WXp1eV/1mOhD07OuXXYqzgRwnrg5KYMcja795fUETiLCNWZIqY7rxNpPkdQUM5KVvESRGOEh6pOOoRxFRPnp5IoMHhqlB0MhTXENJ+rvjRRFSo2iwExGSA/UrDcW//M6iQ5P/ZTyONGE4+lDYcKgFnAcCexRSbBmI0MQltT8FeIBMoFoE1zJhODOnjxPWtWKW6vUbo7L9fM8jiLYAwfgCLjgBNTBNWiAJsDgETyDV/BmPVkv1rv1MR0tWPnOLvgD6/MH+I2XnA==</latexit>

A ⇠ 1

GE2 logE2

<latexit sha1_base64="VhzaH+anITnE5f4KSSPiEyYQMoo=">AAACEXicbVDLSgNBEJz1GeMr6tHLYBByCrtBohchUQSPEfKCbAyzk95kyMzuMjMrhGV/wYu/4sWDIl69efNvnDwOmljQUFR1093lRZwpbdvf1srq2vrGZmYru72zu7efOzhsqjCWFBo05KFse0QBZwE0NNMc2pEEIjwOLW90PfFbDyAVC4O6HkfQFWQQMJ9Roo3UyxWqIsKXuNpL6hIgxVXsKiaw60tCEydNXB4O8M19Ke3l8nbRngIvE2dO8miOWi/35fZDGgsINOVEqY5jR7qbEKkZ5ZBm3VhBROiIDKBjaEAEqG4y/SjFp0bpYz+UpgKNp+rviYQIpcbCM52C6KFa9Cbif14n1v5FN2FBFGsI6GyRH3OsQzyJB/eZBKr52BBCJTO3YjokJgxtQsyaEJzFl5dJs1R0ysXy3Vm+cjWPI4OO0QkqIAedowq6RTXUQBQ9omf0it6sJ+vFerc+Zq0r1nzmCP2B9fkDHgmb+w==</latexit>

Amp = ATreeA ⇠ 1

logE2

Asymptotic freedom !!
Just like in the SM

Borlakov, Kazakov, 25



-attractor Inflaton Potential 

<latexit sha1_base64="3dYh2rtAWgOkZVoa/jLD6VRngio="></latexit>

S =

Z
d4x

p
�g

"
M2

Pl

2
R(g) +

1

2

@µ�@µ�

1� �2

6↵

� V (�)

#

<latexit sha1_base64="p8p/9/HKwyplcn5S2Nz+A1DJNK8="></latexit>

� =
p
6↵ tanh

✓
'p
6↵

◆

<latexit sha1_base64="S1rZDw2Y930ZhZKvs4hTBTm3Db4="></latexit>

S =

Z
d4x

p
�g


M2

Pl

2
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1

2
@µ'@

µ'� V

✓p
6↵ tanh

✓
'p
6↵

◆◆�
.

<latexit sha1_base64="Nx6LabHAQXxWKpISCjOs4JRgy+I="></latexit>

gVT (') = g tanhn
✓

'p
6↵MPl

◆

<latexit sha1_base64="LN/IUMhRUIYtffon8f17KWClfJg=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUCbbTbt2sxt2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemHCmjed9O4W19Y3NreJ2aWd3b/+gfHjU0jJVhDaJ5FJ1QtSUM0GbhhlOO4miGIectsPx7cxvP1GlmRQPZpLQIMahYBEjaKzU6iFPRtgvV7yqN4e7SvycVCBHo1/+6g0kSWMqDOGoddf3EhNkqAwjnE5LvVTTBMkYh7RrqcCY6iCbXzt1z6wycCOpbAnjztXfExnGWk/i0HbGaEZ62ZuJ/3nd1ETXQcZEkhoqyGJRlHLXSHf2ujtgihLDJ5YgUcze6pIRKiTGBlSyIfjLL6+S1kXVr1Vr95eV+k0eRxFO4BTOwYcrqMMdNKAJBB7hGV7hzZHOi/PufCxaC04+cwx/4Hz+AI8TjyM=</latexit>↵

Inflaton action with hyperbolic geometry

<latexit sha1_base64="Wz32X9J/ZbLY9GZ3/cr9SSV9bwk=">AAACKHicbVDLSgMxFM34rPVVdekmWAQ31hmR6kYsunFZwdpCp5Y7acYJzczEJCOUYT7Hjb/iRkSRbv0SM3UEXwcCJ+fce5N7PMGZ0rY9tqamZ2bn5ksL5cWl5ZXVytr6lYoTSWiLxDyWHQ8U5SyiLc00px0hKYQep21veJb77TsqFYujSz0StBfCTcR8RkAbqV85cQVIzYBjVwRsz1W3UqfOrutLIGkuXe9n5l53gYsAsuz4q969A2nsfqVq1+wJ8F/iFKSKCjT7lWd3EJMkpJEmHJTqOrbQvTQfSjjNym6iqAAyhBvaNTSCkKpeOlk0w9tGGWA/luZEGk/U7x0phEqNQs9UhqAD9dvLxf+8bqL9o17KIpFoGpHPh/yEYx3jPDU8YJISzUeGAJHM/BWTAExG2mRbNiE4v1f+S672a069Vr84qDZOizhKaBNtoR3koEPUQOeoiVqIoHv0iF7Qq/VgPVlv1vizdMoqejbQD1jvHzFup1Q=</latexit>

@�/

r
1� �2

1� 6↵
= @'

Transition to the standard kinetic term

Inflaton action of       -attractor model

<latexit sha1_base64="LN/IUMhRUIYtffon8f17KWClfJg=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUCbbTbt2sxt2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemHCmjed9O4W19Y3NreJ2aWd3b/+gfHjU0jJVhDaJ5FJ1QtSUM0GbhhlOO4miGIectsPx7cxvP1GlmRQPZpLQIMahYBEjaKzU6iFPRtgvV7yqN4e7SvycVCBHo1/+6g0kSWMqDOGoddf3EhNkqAwjnE5LvVTTBMkYh7RrqcCY6iCbXzt1z6wycCOpbAnjztXfExnGWk/i0HbGaEZ62ZuJ/3nd1ETXQcZEkhoqyGJRlHLXSHf2ujtgihLDJ5YgUcze6pIRKiTGBlSyIfjLL6+S1kXVr1Vr95eV+k0eRxFO4BTOwYcrqMMdNKAJBB7hGV7hzZHOi/PufCxaC04+cwx/4Hz+AI8TjyM=</latexit>↵

T- model

n=2         
<latexit sha1_base64="P5uTVhnDiNW6LSz/zb4pEApYqlI=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKewGiR6DXjxGzAuSJcxOOsmQ2dllZlYISz7BiwdFvPpF3vwbJ8keNLGgoajqprsriAXXxnW/ndzG5tb2Tn63sLd/cHhUPD5p6ShRDJssEpHqBFSj4BKbhhuBnVghDQOB7WByN/fbT6g0j2TDTGP0QzqSfMgZNVZ6bPQr/WLJLbsLkHXiZaQEGer94ldvELEkRGmYoFp3PTc2fkqV4UzgrNBLNMaUTegIu5ZKGqL208WpM3JhlQEZRsqWNGSh/p5Iaaj1NAxsZ0jNWK96c/E/r5uY4Y2fchknBiVbLhomgpiIzP8mA66QGTG1hDLF7a2EjamizNh0CjYEb/XlddKqlL1qufpwVardZnHk4QzO4RI8uIYa3EMdmsBgBM/wCm+OcF6cd+dj2ZpzsplT+APn8wfZ342I</latexit>

T2 - model

Kallosh, Linde 13
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RG Equation for the T-model Effective potential

<latexit sha1_base64="k3OynfcAgfldUOYshdi3udv6q98="></latexit>

x = z/M4
Pl y = tanhn('/

p
6↵MPl)

<latexit sha1_base64="yL6dn8mU6+t2B349dOYHJvjv34M="></latexit>

⌃(z/M4
Pl, tanh

n('/
p
6↵MPl)) ⌘ S(x, y)

<latexit sha1_base64="BNidmdP8lmxxpCRFl7GsqN/PWGI="></latexit>

Sx = �
n2y2�

4
n

�
y2/n � 1

�2

144↵2

⇣⇣
y2/n + n

⇣
y2/n � 1

⌘
+ 1

⌘
Sy + ny

⇣
y2/n � 1

⌘
Syy

⌘2

<latexit sha1_base64="jPSc36FHybcW5Jf/cpJRHyi9OqI=">AAACDnicbZDLSgMxFIYzXmu9jbp0EyyFFsowI1LdFIpuXFZqL9AOQybNtKGZC0lGHIb6Am58FTcuFHHr2p1vYzrtQlt/CHz5zzkk53cjRoU0zW9tZXVtfWMzt5Xf3tnd29cPDtsijDkmLRyykHddJAijAWlJKhnpRpwg32Wk446vpvXOHeGChsGtTCJi+2gYUI9iJJXl6MVmyawk5VpSgQ+wWbqvWOWalbGTJpPZ3TQcvWAaZia4DNYcCmCuhqN/9Qchjn0SSMyQED3LjKSdIi4pZmSS78eCRAiP0ZD0FAbIJ8JOs3UmsKicAfRCrk4gYeb+nkiRL0Tiu6rTR3IkFmtT879aL5behZ3SIIolCfDsIS9mUIZwmg0cUE6wZIkChDlVf4V4hDjCUiWYVyFYiysvQ/vUsKpG9easUL+cx5EDx+AElIAFzkEdXIMGaAEMHsEzeAVv2pP2or1rH7PWFW0+cwT+SPv8AW9ul/Y=</latexit>

S(0, y) = y, S(x, 1) = 1, Sy(x, 1) = 0.

<latexit sha1_base64="XPA29tZpSlgTRAjGj41QBJz4/3Y="></latexit>

Sx = � (y � 1)2 ((3y � 1)Sy + 2(y � 1)ySyy)
2

36↵2

Dimensionless variables

<latexit sha1_base64="U7Qnadr7OidgHwQr+mhlhECiEtc=">AAACFnicbVDLSsNAFJ3UV62vqEs3g0Woi5akFHUjFHXhsqJthSaWyWTSDp08mJkINeQr3Pgrblwo4lbc+TdO0yy09cCFwzn3cu89TsSokIbxrRUWFpeWV4qrpbX1jc0tfXunI8KYY9LGIQv5rYMEYTQgbUklI7cRJ8h3GOk6o/OJ370nXNAwuJHjiNg+GgTUoxhJJfX1KrQ8jnDiQuuaDnyUJu5DelrNRGg2YOWiX8+tw7t6Xy8bNSMDnCdmTsogR6uvf1luiGOfBBIzJETPNCJpJ4hLihlJS1YsSITwCA1IT9EA+UTYSfZWCg+U4kIv5KoCCTP190SCfCHGvqM6fSSHYtabiP95vVh6J3ZCgyiWJMDTRV7MoAzhJCPoUk6wZGNFEOZU3QrxEKlEpEqypEIwZ1+eJ516zTyqNa4a5eZZHkcR7IF9UAEmOAZNcAlaoA0weATP4BW8aU/ai/aufUxbC1o+swv+QPv8AfVPnVc=</latexit>

d⌃

dz
= �1

4
(D2⌃)

2

Boundary conditions

This is a nonlinear partial differential equation!

n=2 case
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Numerical Solution for  - model 
<latexit sha1_base64="P5uTVhnDiNW6LSz/zb4pEApYqlI=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKewGiR6DXjxGzAuSJcxOOsmQ2dllZlYISz7BiwdFvPpF3vwbJ8keNLGgoajqprsriAXXxnW/ndzG5tb2Tn63sLd/cHhUPD5p6ShRDJssEpHqBFSj4BKbhhuBnVghDQOB7WByN/fbT6g0j2TDTGP0QzqSfMgZNVZ6bPQr/WLJLbsLkHXiZaQEGer94ldvELEkRGmYoFp3PTc2fkqV4UzgrNBLNMaUTegIu5ZKGqL208WpM3JhlQEZRsqWNGSh/p5Iaaj1NAxsZ0jNWK96c/E/r5uY4Y2fchknBiVbLhomgpiIzP8mA66QGTG1hDLF7a2EjamizNh0CjYEb/XlddKqlL1qufpwVardZnHk4QzO4RI8uIYa3EMdmsBgBM/wCm+OcF6cd+dj2ZpzsplT+APn8wfZ342I</latexit>

T2

• Peak at the origin 
• Additional minima

<latexit sha1_base64="4aRIF6EAeZG4Dx+j6EuxgGvGBHU="></latexit>

Veff (g,�) = g⌃(z,�)|z!� g

16⇡2 log gv2/µ2 .
<latexit sha1_base64="pi4HLnd/zQHD8kM7w9p6sCyl1bA=">AAACFXicbVDLSsNAFJ34rPUVdelmsAgVpCShqMuiG5cV7AOaNEwmk3bo5OHMpFBCf8KNv+LGhSJuBXf+jZM2C209cLmHc+5l5h4vYVRIw/jWVlbX1jc2S1vl7Z3dvX394LAt4pRj0sIxi3nXQ4IwGpGWpJKRbsIJCj1GOt7oJvc7Y8IFjaN7OUmIE6JBRAOKkVSSq5+PXatqJ0N6ZpOHlI6hHXCEM79vtV1jbkwzP+99a+rqFaNmzACXiVmQCijQdPUv249xGpJIYoaE6JlGIp0McUkxI9OynQqSIDxCA9JTNEIhEU42u2oKT5XiwyDmqiIJZ+rvjQyFQkxCT02GSA7FopeL/3m9VAZXTkajJJUkwvOHgpRBGcM8IuhTTrBkE0UQ5lT9FeIhUrFIFWRZhWAunrxM2lbNvKjV7+qVxnURRwkcgxNQBSa4BA1wC5qgBTB4BM/gFbxpT9qL9q59zEdXtGLnCPyB9vkDQZOeRw==</latexit>

v2(�) ⌘
d2V0(�)

d�2

<latexit sha1_base64="GUvJPMVDBMQx1FTeznoSAQWSxMI=">AAAB+XicbVBNSwMxEJ2tX7V+rXr0EiyCp7IrRb0IRS8eK9gPaGvJptk2NMkuSbZQlv0nXjwo4tV/4s1/Y9ruQVsfDDzem2FmXhBzpo3nfTuFtfWNza3idmlnd2//wD08auooUYQ2SMQj1Q6wppxJ2jDMcNqOFcUi4LQVjO9mfmtClWaRfDTTmPYEHkoWMoKNlfqu2w0VJukwS8VTNbvxvb5b9ireHGiV+DkpQ4563/3qDiKSCCoN4Vjrju/FppdiZRjhNCt1E01jTMZ4SDuWSiyo7qXzyzN0ZpUBCiNlSxo0V39PpFhoPRWB7RTYjPSyNxP/8zqJCa97KZNxYqgki0VhwpGJ0CwGNGCKEsOnlmCimL0VkRG2URgbVsmG4C+/vEqaFxX/slJ9qJZrt3kcRTiBUzgHH66gBvdQhwYQmMAzvMKbkzovzrvzsWgtOPnMMfyB8/kDAESTQA==</latexit> g

m4
= 10

<latexit sha1_base64="6B3x0kZkNOswRsBdXPlSqEklkAY=">AAAB+XicbVDLSgNBEOyNrxhfqx69DAbBU9iV+LgIQS8eI5gHJGuYncwmgzOzy8xsICz5Ey8eFPHqn3jzb5wke9DEgoaiqpvurjDhTBvP+3YKK6tr6xvFzdLW9s7unrt/0NRxqghtkJjHqh1iTTmTtGGY4bSdKIpFyGkrfLqd+q0RVZrF8sGMExoIPJAsYgQbK/VctxspTLLBJBOP1cn1uddzy17FmwEtEz8nZchR77lf3X5MUkGlIRxr3fG9xAQZVoYRTielbqppgskTHtCOpRILqoNsdvkEnVilj6JY2ZIGzdTfExkWWo9FaDsFNkO96E3F/7xOaqKrIGMySQ2VZL4oSjkyMZrGgPpMUWL42BJMFLO3IjLENgpjwyrZEPzFl5dJ86ziX1Sq99Vy7SaPowhHcAyn4MMl1OAO6tAAAiN4hld4czLnxXl3PuatBSefOYQ/cD5/AAZYk0Q=</latexit> g

m4
= 50

One-loop
One-loop

RG summed

RG summed

<latexit sha1_base64="gnpEn7C1V2SRXTZapKHE+lyBiIw=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaLUDc1KUXdCEU3LivYBzQxTKaTZOhkEmYmQgnd+CtuXCji1s9w5984bbPQ6oELh3Pu5d57/JRRqSzryygtLa+srpXXKxubW9s75u5eVyaZwKSDE5aIvo8kYZSTjqKKkX4qCIp9Rnr+6Hrq9x6IkDThd2qcEjdGIacBxUhpyTMPQtj1rMsQOgrx6L5Rc9KInsYnnlm16tYM8C+xC1IFBdqe+ekME5zFhCvMkJQD20qVmyOhKGZkUnEySVKERygkA005iol089kDE3islSEMEqGLKzhTf07kKJZyHPu6M0YqkoveVPzPG2QquHBzytNMEY7ni4KMQZXAaRpwSAXBio01QVhQfSvEERIIK51ZRYdgL778l3Qbdfus3rxtVltXRRxlcAiOQA3Y4By0wA1ogw7AYAKewAt4NR6NZ+PNeJ+3loxiZh/8gvHxDUAxlOs=</latexit>

gV0 = g tanh2(�/m)

Kazakov, Iakhibbaev, Tolkachev  23

ArXiv:  2308.03872
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Lift of the Potential at the Minima - Origin of the Cosmological Constant

Comparison of the classical T2-model 
potential (blue dashed line), the one-
loop correction (orange dashed line), 
and the RG summed potential (black 
solid line) for 

<latexit sha1_base64="yq4Jf7lm2CD/jfgzaL+SmQCWnrA=">AAAB/nicbVBNS8NAEJ34WetXVDx5WSyCBymJSPXgoejFg0IF+wFNCJvttl26m4TdjVBCwb/ixYMiXv0d3vw3btsctPXBwOO9GWbmhQlnSjvOt7WwuLS8slpYK65vbG5t2zu7DRWnktA6iXksWyFWlLOI1jXTnLYSSbEIOW2Gg+ux33ykUrE4etDDhPoC9yLWZQRrIwX2fs9TTCD3BHkiRZfoLshqt6PALjllZwI0T9yclCBHLbC/vE5MUkEjTThWqu06ifYzLDUjnI6KXqpogskA92jb0AgLqvxscv4IHRmlg7qxNBVpNFF/T2RYKDUUoekUWPfVrDcW//Paqe5e+BmLklTTiEwXdVOOdIzGWaAOk5RoPjQEE8nMrYj0scREm8SKJgR39uV50jgtu5Vy5f6sVL3K4yjAARzCMbhwDlW4gRrUgUAGz/AKb9aT9WK9Wx/T1gUrn9mDP7A+fwDhj5Qr</latexit>

g ⇠ 1, µ < MPL

T2-model potential: variation of   .  
The classical potential (blue dashed 
line), the RG summed potential (solid 
lines) for                           

<latexit sha1_base64="oZBV4eOBJ+uIX/fyi9Xt61PsQh4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BLx4jmgckS5idzCZD5rHMzAphySd48aCIV7/Im3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LRThIaCjyULGYEWyc99ETaL1f8qj8HWiVBTiqQo9Evf/UGiqSCSks4NqYb+IkNM6wtI5xOS73U0ASTMR7SrqMSC2rCbH7qFJ05ZYBipV1Ji+bq74kMC2MmInKdAtuRWfZm4n9eN7XxdZgxmaSWSrJYFKccWYVmf6MB05RYPnEEE83crYiMsMbEunRKLoRg+eVV0rqoBrVq7f6yUr/J4yjCCZzCOQRwBXW4gwY0gcAQnuEV3jzuvXjv3seiteDlM8fwB97nD2DwjeE=</latexit>µ

<latexit sha1_base64="s2A0ONTv3zMm6Bb7BSQ9vjYtauU=">AAAB9HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EooVF0MZGiGA+IDnC3mYvWbK7d9ndC4Qjv8PGQhFbf4yd/8ZNcoUmPhh4vDfDzLwg5kwb1/12cmvrG5tb+e3Czu7e/kHx8Kiho0QRWicRj1QrwJpyJmndMMNpK1YUi4DTZjC8m/nNMVWaRfLJTGLqC9yXLGQEGyv5HZGgG/TQTWt8irrFklt250CrxMtICTLUusWvTi8iiaDSEI61bntubPwUK8MIp9NCJ9E0xmSI+7RtqcSCaj+dHz1FZ1bpoTBStqRBc/X3RIqF1hMR2E6BzUAvezPxP6+dmPDaT5mME0MlWSwKE45MhGYJoB5TlBg+sQQTxeytiAywwsTYnAo2BG/55VXSuCh7lXLl8bJUvc3iyMMJnMI5eHAFVbiHGtSBwAie4RXenLHz4rw7H4vWnJPNHMMfOJ8/cMqRQQ==</latexit>

µ < MPl
<latexit sha1_base64="zLAT5gT+/p1k2ar+LdlTJbUsg08=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSyCq5KIVJdFN26ECvYBTQiT6aQdOjMJ8xBq6Je4caGIWz/FnX/jtM1CWw9cOJxzL/feE2eMKu15305pbX1jc6u8XdnZ3duvugeHHZUaiUkbpyyVvRgpwqggbU01I71MEsRjRrrx+Gbmdx+JVDQVD3qSkZCjoaAJxUhbKXKrATcwYAzeRXmLTWHk1ry6NwdcJX5BaqBAK3K/gkGKDSdCY4aU6vtepsMcSU0xI9NKYBTJEB6jIelbKhAnKsznh0/hqVUGMEmlLaHhXP09kSOu1ITHtpMjPVLL3kz8z+sbnVyFORWZ0UTgxaLEMKhTOEsBDqgkWLOJJQhLam+FeIQkwtpmVbEh+Msvr5LOed1v1Bv3F7XmdRFHGRyDE3AGfHAJmuAWtEAbYGDAM3gFb86T8+K8Ox+L1pJTzByBP3A+fwC2F5J+</latexit>

µ ⌧ MPl
<latexit sha1_base64="IYM3wPbe6IRONZFq7+2+YGtZKZg=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKeyKRE8S9OJFiGAekF3C7GSSDJmZXeYhhCW/4cWDIl79GW/+jZNkDxotaCiquunuilPOtPH9L6+wsrq2vlHcLG1t7+zulfcPWjqxitAmSXiiOjHWlDNJm4YZTjupoljEnLbj8c3Mbz9SpVkiH8wkpZHAQ8kGjGDjpDAUFl2hu17W4NNeueJX/TnQXxLkpAI5Gr3yZ9hPiBVUGsKx1t3AT02UYWUY4XRaCq2mKSZjPKRdRyUWVEfZ/OYpOnFKHw0S5UoaNFd/TmRYaD0RsesU2Iz0sjcT//O61gwuo4zJ1BoqyWLRwHJkEjQLAPWZosTwiSOYKOZuRWSEFSbGxVRyIQTLL/8lrbNqUKvW7s8r9es8jiIcwTGcQgAXUIdbaEATCKTwBC/w6lnv2Xvz3hetBS+fOYRf8D6+ARpMkRk=</latexit>

µ > MPl

black line,     red line,       green line
<latexit sha1_base64="e5oQForNCOz4CHhRAwXF/w4ZtWk=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBg5SkSPVSKHrxWMF+QBPKZrtpl242YXdTKKH/xIsHRbz6T7z5b9y2OWjrg4HHezPMzAsSzpR2nG+rsLG5tb1T3C3t7R8cHtnHJ20Vp5LQFol5LLsBVpQzQVuaaU67iaQ4CjjtBOP7ud+ZUKlYLJ70NKF+hIeChYxgbaS+bQ/r1SvkIQ/zZIRR3e3bZafiLIDWiZuTMuRo9u0vbxCTNKJCE46V6rlOov0MS80Ip7OSlyqaYDLGQ9ozVOCIKj9bXD5DF0YZoDCWpoRGC/X3RIYjpaZRYDojrEdq1ZuL/3m9VIe3fsZEkmoqyHJRmHKkYzSPAQ2YpETzqSGYSGZuRWSEJSbahFUyIbirL6+TdrXi1iq1x+ty4y6PowhncA6X4MINNOABmtACAhN4hld4szLrxXq3PpatBSufOYU/sD5/AN88keQ=</latexit>

g = 2, ↵ = 1

Kazakov, Iakhibbaev, Tolkachev, Filippov  24,25

ArXiv:  2405.18818
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Resume

 The UV divergences in non-renormalizable theories are local and can be 
removed by local counter terms like in renormalizable ones

 Based on locality of the counter terms due to the Bogoliubov-Parasiuk  
theorem one can construct the recurrence relations for the leading, 
subleasing, etc divergences in all loops divergences starting from one-, 
two-, three-, etc loop diagrams

 The recurrence relations can be converted into the generalized RG 
equations just like in renormalizable theories

 The RG equations allow one to sum up the leading (subleading, etc) 
divergences in all loops and define the high-energy/field  behaviour

 The RG equations for the subleading poles, etc are always linear 
differential equation of increasing order

 The RG equations for logarithms are always first order  differential 
equation with known rhs


