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Ýïèãðàô

Âûñîêîòî÷íûå èçìåðåíèÿ âñåãäà ïðèâëåêàëè ìåíÿ êàê îäíà èç

ñàìûõ êðàñèâûõ ñòîðîí ôèçèêè. Ïîÿâëåíèå âñå áîëåå

ñîâåðøåííûõ èíñòðóìåíòîâ äëÿ èçìåðåíèÿ ïîçâîëÿåò

çàãëÿíóòü â íåèçâåäàííûå îáëàñòè.

Precision measurements have always appealed to me as one of the

most beautiful aspects of physics. With better measuring tools,

one can look where no one has looked before.

Pasion for Precision

Nobel Lecture by T.W. Hänsch
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Ñòàöèîíàðíîå óðàâíåíèå Øðåäèíãåðà äëÿ êóëîíîâñêîé çàäà÷è òðåõ
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Óðàâíåíèå Øðåäèíãåðà â ñôåðîèäàëüíûõ êîîðäèíàòàõ

Óðàâíåíèå Øðåäèíãåðà â ñôåðîèäàëüíûõ êîîðäèíàòàõ:

J∑
m′=µ(λ)

∑
t′∈{s,a}

(
H tt′

mm′ − δmm′δtt′E
)
F t′
m′ = 0, m = µλ, . . . , J, t ∈ {s, a}.

Îïåðàòîðû H tt′
mm′ îïðåäåëÿþòñÿ ñëåäóþùèì îáðàçîì:

Hss
mm = Haa

mm =
1

2µ12

{
− ∂2

∂R2
− 2

∂

∂R
+

2

R2(ξ2−η2)

[
(ξ2−1)ξ

(
R

∂2

∂R∂ξ
+

∂

∂ξ

)
+(1−η2)η

(
R

∂2

∂R∂η
+

∂

∂η

)]
+

1

4

(
ξ2+η2−1+κ2

)
P2

m +
J(J+1)−2m2

R2

}
+

1

2µ3
P2

m + V (R, ξ, η),

Hsa
mm = Has

mm =
κ

2µ12

{
2

R2(ξ2−η2)

[
(ξ2−1)η

(
R

∂2

∂R∂ξ
+

∂

∂ξ

)
+(1−η2)ξ

(
R

∂2

∂R∂η
+

∂

∂η

)]
+
ξη

2
P2

m

}
,

Êîðîáîâ Êâàíòîâàÿ çàäà÷à òðåõ òåë



Ïåðâûå îïûòû
NRQED è êâàíòîâàÿ çàäà÷à òðåõ òåë

Ôóíäàìåíòàëüíûå ôèçè÷åñêèå êîíñòàíòû

Ìþîííûé êàòàëèç: 1985-1995
Àíòèïðîòîííûé ãåëèé
Êâàíòîâàÿ çàäà÷à òðåõ òåë ðåøåíà?

ïðîäîëæåíèå

Hss
m,m±1 = Haa

m,m±1 =
1

2µ12R2

[
ξη

ρ
(m ± 1)± L,

]
Hsa

m,m±1 = Has
m,m±1 =

κ

2µ12R2

[
m ± 1

ρ
± ρ

ξ2−η2

(
ξ
∂

∂ξ
− η ∂

∂η

)]
,

Hmm′ = 0, ïðè |m −m′| ≥ 2.

Çäåñü

P2

m =
4

R2(ξ2 − η2)

[
m2(ξ2−η2)

ρ2
− ∂

∂ξ
(ξ2−1) ∂

∂ξ
− ∂

∂η
(1−η2) ∂

∂η

]
,

L =
ρ

ξ2 − η2

[
η
∂

∂ξ
− ξ ∂

∂η

]
,

V (R, ξ, η) =
Z1Z2

R
+ 2

Z2Z3(ξ + η) + Z1Z3(ξ − η)
R(ξ2 − η2) .

Êîðîáîâ Êâàíòîâàÿ çàäà÷à òðåõ òåë



Ïåðâûå îïûòû
NRQED è êâàíòîâàÿ çàäà÷à òðåõ òåë

Ôóíäàìåíòàëüíûå ôèçè÷åñêèå êîíñòàíòû

Ìþîííûé êàòàëèç: 1985-1995
Àíòèïðîòîííûé ãåëèé
Êâàíòîâàÿ çàäà÷à òðåõ òåë ðåøåíà?

Ñëàáîñâÿçàííûå ñîñòîÿíèÿ ìþîííûõ ìîëåêóë

Êîðîáîâ Êâàíòîâàÿ çàäà÷à òðåõ òåë



Ïåðâûå îïûòû
NRQED è êâàíòîâàÿ çàäà÷à òðåõ òåë

Ôóíäàìåíòàëüíûå ôèçè÷åñêèå êîíñòàíòû

Ìþîííûé êàòàëèç: 1985-1995
Àíòèïðîòîííûé ãåëèé
Êâàíòîâàÿ çàäà÷à òðåõ òåë ðåøåíà?

äî 1986 ãîäà

Nonrelativistic energy (in eV) of the weakly
bound ddµ(11) molecular ion.

year N Enr

Vinitsky et al 1980 adiab −1.91(5)
Gocheva et al 1984 adiab −1.956
Frolov, Efros 1985 350 −1.97112
Hara, Ishihara 1986 380 −1.955
Korobov 1986 1286 −1.97465

Nonrelativistic energy (in eV) of the weakly
bound dtµ(11) molecular ion.

year N Enr

Vinitsky et al 1980 adiab −0.64(5)
Gocheva et al 1984 adiab −0.656
Frolov, Efros 1985 400 −0.60719
Hu 1986 500 −0.628
Korobov 1986 1495 −0.65889
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ïîñëå 1986 ãîäà
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êîíôåðåíöèÿ 1995 ãîäà â Äóáíå
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Ðåçþìå �Physics World� � òåîðèÿ åñòü!
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Êâàíòîâàÿ çàäà÷à òðåõ òåë ðåøåíà?

2000 ãîä
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Ýêñïîíåíöèàëüíîå ðàçëîæåíèå

V.I. Korobov, Phys. Rev. A, 61 064503 (2000).

Ýêñïîíåíöèàëüíîå ðàçëîæåíèå:

Ψ(r1, r2) =
∑

l1+l2=L
Y l1l2
LM (r̂1, r̂2)GLπ

l1l2(r1, r2, r12),

GLπ
l1l2(r1, r2, r12) =

∑
n

Cn e
−αnr1−βnr2−γnr12 ,

ãäå L = L, èëè L + 1, â çàâèñèìîñòè îò ïðîñòðàíñòâåííîé ÷åòíîñòè
ñîñòîÿíèÿ, à ïàðàìåòðû â ýêñïîíåíòå ãåíåðèðóþòñÿ
ïñåâäîñëó÷àéíûì îáðàçîì.

Â èçâåñòíîå ðàçëîæåíèå ìû äîáàâèëè ìíîãîñëîéíîñòü è

êîìïëåêñíîñòü ïàðàìåòðîâ âàðèàöèîííîé ôóíêöèè è ïîëó÷èëîñü...
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Îñíîâíîå ñîñòîÿíèå H+
2

Äëÿ ýòîãî ñëó÷àÿ îñîáîå çíà÷åíèå èìååò âêëþ÷åíèå â ðàçëîæåíèå
êîìïëåêñíûõ ýêñïîíåíò.

N E (a.u.)
ýêñïîíåíö. ðàçëîæåíèå 1600 −0.597139063123405047

1800 −0.5971390631234050655
2000 −0.5971390631234050710
2200 −0.5971390631234050740

ýêñòðàïîëÿöèÿ −0.597139063123405076(2)
Ãðåìî, Äåëàíäå è Áèëëè 31746 −0.597139063123
Ðåáàíå è Ôèëèíñêèé −0.59713906312340
Ìîññ −0.5971390631234

Ìàññà ïðîòîíà ôèêñèðóåòñÿ: mp = 1836.152701me .
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Àíòèïðîòîííûé ãåëèé è ñëàáîñâÿçàííîå ñîñòîÿíèå â H+
2

Àòîì àíòèïðîòîííîãî ãåëèÿ: ïîëíûé îðáèòàëüíûé ìîìåíò ðàâåí
35(!), ñîñòîÿíèå ëåæèò âûøå ïîðîãà ñóùåñòâåííîãî (íåïðåðûâíîãî)
ñïåêòðà ñèñòåìû.

ñèñòåìà E
4He+p̄ (L=35, v =0) ÝÐ −2.98402095449725(1)

Y. Kino −2.98402094

H+
2

(L=0, v =19) ÝÐ −0.499731230655812(2)
R. Moss −0.49973123063

Ïîñëåäíèé ïðèìåð � âû÷èñëåíèå ìàêñèìàëüíîãî âèáðàöèîííîãî
ñîñòîÿíèÿ (L = 0) äëÿ ìîëåêóëû H+

2
. Âîëíîâàÿ ôóíêöèÿ ýòîãî

ñîñòîÿíèÿ èìååò 19 óçëîâ(!), à ýíåðãèÿ ñâÿçè ðàâíà 3.39094× 10−6

àòîìíûõ åäèíèö, ÷òî íà ïÿòü ïîðÿäêîâ ìåíüøå ÷åì ýíåðãèÿ ñâÿçè
îñíîâíîãî ñîñòîÿíèÿ.
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Îñíîâíîå ñîñòîÿíèÿ àòîìà ãåëèÿ

Ýêñïîíåíöèàëüíûé áàçèñ1.

N E (a.u.)
ýêñïîíåíö. ðàçëîæåíèå 3800 −2.9037243770341195983111421

4200 −2.9037243770341195983111540
4600 −2.9037243770341195983111572
5200 −2.9037243770341195983111587

ýêñòðàïîëÿöèÿ −2.9037243770341195983111594(4)
Ôðàíêîâñêè è Ïåêåðèñ 246 −2.9037243770326
Ãîëäìàí 8066 −2.903724377034119594

1V. Korobov, Phys. Rev. A 66, 024501 (2002).
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Ìþîííûé êàòàëèç: 1985-1995
Àíòèïðîòîííûé ãåëèé
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Ýêçîòèêà: Hedµ è ìåòîä CCR
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Êâàíòîâàÿ çàäà÷à òðåõ òåë ðåøåíà?

È íàêîíåö...

Íåðåëÿòèâèñòñêàÿ ýíåðãèÿ îñíîâíîãî ñîñòîÿíèÿ àòîìà ãåëèÿ

E (1S) = −2.90372 43770 34119 59831 11592 45194 40443

Íåðåëÿòèâèñòñêàÿ ýíåðãèÿ îñíîâíîãî ñîñòîÿíèÿ ìîëåêóëÿðíîãî èîíà
H+
2

E (0, 0) = −0.59713 90631 23405 07483 41340 96017

Íåðåëÿòèâèñòñêàÿ ýíåðãèÿ èîíà H−

E (1S) = −0.52775 10165 44377 19659 08145 66747 57760
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NRQED. Ââåäåíèå
Ëýìáîâñêèé ñäâèã è ëîãàðèôì Áåòå

NRQED è êâàíòîâàÿ çàäà÷à

òðåõ òåë
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Èíòåðëþäèÿ

2000 ãîä
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Êîíôåðåíöèÿ Hydrogen II
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Äæîí Ãàðâàðä èç ×àðëüçòàóíà
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NRQED. Ââåäåíèå.
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NRQED

Energy expansion in NRQED

Physical energies (frequencies) are calculated as follows:

E (α, β) = E0 + α2Erel + α3E
(3)
QED + α4E

(4)
QED + . . .

+ +
...

α2E
(fs)
rel α3βE

(3)
QED rec

...

Here:
α ≈ 1/137 � �ne structure constant,
β = me/M ∼ 10−3 � electron-nuclear mass ratio.
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Êîíöåïöèÿ íåðåëÿòèâèñòñêîé ÊÝÄ (NRQED)

ÊÝÄ

LQED = ψ̄ [(i∂ − e A) γ −m]ψ − 1

4
FµνF

µν ,

⇓
Íåðåëÿòèâèñòñêàÿ ÊÝÄ

LNRQED

⇓
Ýôôåêòèâíûé Ãàìèëüòîíèàí

He� =
∑
i

P2

i

2mi
+ e2

∑
j>i

ZiZj

rij
+ higher order corrections

(Çäåñü Pi = pi + eA)
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Ëàãðàíæèàí íåðåëÿòèâèñòñêîé ÊÝÄ

Ëàãðàíæèàí NRQED2 ñòðîèòñÿ èç íåðåëÿòèâèñòñêèõ ïîëåé ψ äëÿ
÷àñòèö âõîäÿùèõ â ñèñòåìó: ñêàëÿðíûõ äëÿ ñêàëÿðíûõ ÷àñòèö,
ñïèíîðîâ Ïàóëè äëÿ ÷àñòèö ñî ñïèíîì 1/2 è ò.ä.

Ôîòîí ñ íåîáõîäèìîñòüþ ÿâëÿåòñÿ ðåëÿòèâèñòñêèì è îïðåäåëÿåòñÿ
òàêèì æå îáðàçîì, êàê è â ÊÝÄ.

Ëàãðàíæèàí èíâàðèàíòåí îòíîñèòåëüíî ïðåîáðàçîâàíèé Ãàëèëåÿ, à
òàêæå äîëæåí ñîõðàíÿòü òå æå ñèììåòðèè, ÷òî è ëàãðàíæèàí ÊÝÄ:
êàëèáðîâî÷íóþ èíâàðèàíòíîñòü, ñîõðàíåíèå ÷åòíîñòè, îáðàùåíèå
âðåìåíè è ýðìèòîâîñòü.

2W.E. Caswell and G.P. Lepage, Phys. Lett. B 167, 437 (1986); T. Kinoshita and
M. Nio, Phys. Rev. D 53, 4909 (1996).
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NRQED. Ââåäåíèå
Ëýìáîâñêèé ñäâèã è ëîãàðèôì Áåòå

Ïðèìåðû îñíîâíûõ âçàèìîäåéñòâèé â NRQED. Âåðøèíû.

Êóëîí "äèïîëüíîå" A2

e −e
[
p
′+p

2m

]
−e2

[
δij

2m

]
p p′ p p′ p p′

Äàðâèí Ôåðìè ñïèí�îðáèòà
−e
[

1

8m2

]
k2 e

[
i
2m

]
(k×σ) e

[
i

4m2

]
(p′×p) · σ

p p′ p p′ p p′

Çäåñü k = p′−p � ïåðåäàííûé èìïóëüñ ÷àñòèöû.
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Ëýìáîâñêèé ñäâèã è ëîãàðèôì Áåòå
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NRQED. Ââåäåíèå
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Ëýìáîâñêèé ñäâèã

Âïåðâûå îáíàðóæåí â ýêñïåðèìåíòå Ëýìáà-Ðåçåðôîðäàa, êàê ìàëîå
ðàñùåïëåíèå 2S1/2 è 2P1/2 óðîâíåé (∼ 1058 ÌÃö).

Ïåðâîå ïðîñòîå îáúÿñíåíèå ýòîãî ÿâëåíèÿ â íåðåëÿòèâèñòñêîì ïðè-
áëèæåíèè äàíî Áåòåb. Îí ïîêàçàë, ÷òî ýòîò ýôôåêò îïðåäåëÿåòñÿ âçà-
èìîäåéñòâèåì ýëåêòðîíà ñ ýëåêòðîìàãíèòíûì âàêóóìîì (ñîáñòâåííàÿ
ýíåðãèÿ ñâÿçàííîãî ýëåêòðîíà) è âïåðâûå ïîêàçàë, ÷òî ëèíåéíî ðàñ-
õîäÿùèéñÿ ÷ëåí äîëæåí áûòü àññîöèèðîâàí ñ ýëåêòðîìàãíèòíîé ïå-
ðåíîðìèðîâêîé ìàññû.

∆Ese =
2α3

3πm2

∫ K

0

k dk

〈
p

1

E0−H−k
p

〉
ãäå k � ýíåðãèÿ ôîòîíà.

aW.E. Lamb, R.C. Retherford, Phys. Rev. 72, 241 (1947).
bH.A. Bethe, Phys. Rev. 72, 339 (1947)
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Ëýìáîâñêèé ñäâèã

Âû÷èòàÿ ëèíåéíî ðàñõîäÿùóþñÿ ÷àñòü
[
− 2α3

3π

〈
p2
〉
K
]
, ñâÿçàííóþ ñ

ïåðåíîðìèðîâêîé ìàññû

∆E ′se =
2α3

3πm2

∫ K

0

k dk
∑
n

|pn0|2(E0−Em)

E0−En−k

è èíòåãðèðóÿ ïî k , ïîëó÷àåì

∆E ′se =
2α3

3πm2

∑
n

|pn0|2(E0−Em) ln

[
K

|E0−En|

]
≈ 1040 MHz
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Àòîì ãåëèÿ.

Ðàñ÷åòû ëîãàðèôìà Áåòå ðàçíûõ ëåò äëÿ îñíîâíîãî ñîñòîÿíèÿ àòîìà
ãåëèÿ ïî ñîñòîÿíèþ íà íà÷àëî 1999 ãîäà.

Êàáèð, Ñîëïèòåð (1953) 4.39(20)
Øâàðö, (1961) 4.370(4)
Áåéêåð è äð., (1993) 4.37012
Áàòüÿ, Äðàõìàí, (1998) 4.367
Êîðîáîâ, Êîðîáîâ 4.370 157 9(5)
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Ìåòîä Ãîëäìàíà-Äðåéêà

β(1S) = 4.370 160 218(3).
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Â íàñòîÿùèé ìîìåíò ëîãàðèôì Áåòå äëÿ îñíîâíîãî ñîñòîÿíèÿ àòîìà
ãåëèÿ:

β(1S) = 4.370 160 223 070(1)

À äëÿ îñíîâíîãî ñîñòîÿíèÿ èîíà âîäîðîäà H+
2
:

β(L=0, v =0) = 3.012 230 335(1)
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Àíòèïðîòîííûé ãåëèé
Ïðîòîííûé ðàäèóñ è ñâÿçàííûå ñ íèì êîíñòàíòû
Ñïåêòðîñêîïèÿ èîíîâ H+

2
è HD+

Ôóíäàìåíòàëüíûå

ôèçè÷åñêèå êîíñòàíòû
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Àíòèïðîòîííûé ãåëèé
Ïðîòîííûé ðàäèóñ è ñâÿçàííûå ñ íèì êîíñòàíòû
Ñïåêòðîñêîïèÿ èîíîâ H+

2
è HD+

Àíòèïðîòîííûé ãåëèé. Ïðîäîëæåíèå

èñòîðèè...
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Àíòèïðîòîííûé ãåëèé
Ïðîòîííûé ðàäèóñ è ñâÿçàííûå ñ íèì êîíñòàíòû
Ñïåêòðîñêîïèÿ èîíîâ H+

2
è HD+

Àíòèïðîòîííûé ãåëèé. Ýêñïåðèìåíò 2010 ãîäà.

[M. Hori et al. Nature 475, 484 (2011)]

Ar (e) = 0.000 548 579 909 1(7) [1.4×10−9]
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Àíòèïðîòîííûé ãåëèé
Ïðîòîííûé ðàäèóñ è ñâÿçàííûå ñ íèì êîíñòàíòû
Ñïåêòðîñêîïèÿ èîíîâ H+

2
è HD+

Àíòèïðîòîííûé ãåëèé â ðîññèéñêèõ íîâîñòÿõ
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Àíòèïðîòîííûé ãåëèé
Ïðîòîííûé ðàäèóñ è ñâÿçàííûå ñ íèì êîíñòàíòû
Ñïåêòðîñêîïèÿ èîíîâ H+

2
è HD+

Ñîâðåìåííûé ñòàòóñ. Òåîðèÿ.

∆Enr = 2 145 088 265.34
∆Eα2 = −39 349.33
∆Eα3 = 5 857.84
∆Eα4 = 92.97
∆Eα5 = −8.25(2)
∆Eα6 = −0.10(10)

∆Etotal = 2 145 054 858.50(10)

Transition (33, 32)→ (31, 30) (in MHz).
CODATA10 recommended values of constants.

Along with the sensitivity of this transition to a change of µ ≡ mp̄/me ,
this sets a limit on the fractional precision in determination of mass ratio

∆µ

µ
= 3.6 · 10−11
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Ñîâðåìåííûé ñòàòóñ. Ýêñïåðèìåíò

Masaki Hori et al. Science 354, 610 (2016)

mp̄/me = 1836.152 6734(15) [8×10−10]
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Fundamental constants

Proton charge radius
R. Pohl, et al. Nature 466, 213 (2010)

rp = 0.84184(67) [8×10−4]

Atomic mass of electron
S. Sturm, et al. Nature 506, 467 (2014)

me = 0.000 548 579 909 067(14)(9)(2) [3×10−11]

Rydberg constant:
CODATA-14

R∞ = 10 973 731.568 508(65) m−1 [5.9×10−12]
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Fundamental transitions in H+
2
and HD+ (in MHz).

CODATA14 recommended values of constants.

H+
2

HD+

∆Enr 65 687 511.0470 57 349 439.9524
∆Eα2 1091.0399 958.1514
∆Eα3 −276.5450 −242.1263
∆Eα4 −1.9523 −1.7091
∆Eα5 0.1218(1) 0.1151(1)
∆Eα6 −0.0025(5) −0.0022(4)

∆Etot 65 688 323.7091(5) 57 350 154.3814(4)

The error bars in transition frequency set a limit on the fractional
precision in determination of mass ratio to

∆µ

µ
= 1.5 · 10−11
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RMS radius of proton

The proton rms charge radius uncertainty as is de�ned in the CODATA14
adjustment contributes to the fractional uncertainty at the level of
∼5 · 10−12 for the transition frequency. While the muon hydrogen
"charge radius"moves the spectral line blue shifted by 3 kHz that
corresponds to a relative shift of 5 · 10−11.
In case if we use the "muon hydrogen"adjusted Rydberg constant along
with the muon charge radius then we get a shift of 1.1 kHz, which is still
feasible for detection.

Precision spectroscopy of the hydrogen molecular ions H+
2
and/or HD+

allows to discriminate the "muon" charge radius and the CODATA value.
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