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Conformal field theories (CFT

Extrema of the RG flow Critical phenomena

[ A

Figure 5: Theories on the critical surface flow (dashed lines) to a critical point in the IR
Turning on relevant operators drives the theory away from the critical surface (solid lines),

with flow lines focussing on the (red) trajectory emanating from the critical point.
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CFT data

To define a CFT we need to specity:

1.Spectrum of primary operators: (Ao, ;mary s Porimary)

| T

Conformal

. . Representation
dimension

2.0OPE coefficients (structure constants)



“Heavy” operators A Large-“quantum

Opri > 1 numbers”
A expansion
Regge limit: .. T A~ (@)
A=J+ .. T o
large-spin J
expansion

J

This talk is about 1/Q and 1/n semiclassical expansions



Why semiclassical?

Bohrs correspondence principle:

Behaviour of systems described by guantum
theory reproduces classical physics in the limit of
large quantum numbers (Q,n)

Classical theory is easier to solve



Example: scalar primaries ¢%(x)

A

1) Global U(1) symmetry with L= 08,0080+ 2 ($¢)2
= d, y

(electric) charge Q

The operators ¢%(z) and ¢@(z) carry U(1) charge + Q(—Q)

Composite operators charged under the symmetry

0% (z) = ¢(z) x P(x) X P(x) x ....
() times

2) In general, you can also construct uncharged (singlet) operators

8"(x) = [B(x)B(x)]"?

Accessed via 1/Q and 1/n expansions respectively



Qutside of the
CFT limit: EFT: Higgs SMEFT

Ly =0,H'0"H — A\g(HH')? +) " ¢;0;

d Requires knowledge of anomalous
,u . Ci A ’YC . dimensions for the operators.
d,u ¢ Our results apply outside of CFT

uncharged operators for n=2: Higgs mass HH'
0" (x) = [p(z)p(z)]/? for n=4: Higgs quartic (HH')?
(charged operators do not for n=6: Higgs sextic (HH')?

enter in the Lagrangian)



For a given model with action: S = /d4$ L(¢,00)

Semiclassical expansion

S = S(60) + 5(6 — 60)S"(60) + ..

|

Solves equation of motion
for a classical system

Template example: O(N) model

_Ligs 2 2 _
[’_2(8¢CL) 4(¢a¢a) y CL—l,...,N

€

A : : : Ay ~ R
In d=4-¢ there is an IR WF fixed point at N+ 38




1

T — x;

CET limit:

@Q(xfWQ(xi»CFT —

|2A¢Q

d— 2
Goal : compute  Age = Q( 5 ) T V@

In the double scaling limit A —=0 @ — \Q = fixed

conformal dimensions take the form:

Z A, )\Q

—1

Ay is (k+1)-loop correction to the saddle point equation

We will compute A_; and Ay



® Weyl map and operator/state correspondence

Working at the WF fixed point we can map the theory to the cylinder.

R 5 R x S9-1, r = Re™/R
&

The eigenvalues of the dilation charge, i.e. the scaling dimensions,
become the energy spectrum on the cylinder.

Eso = Dgo/R

State-operator correspondence:
States and operators are in 1-to-1 correspondence.

Tr—Ti =1 (% (7)) ey T2 Ne FoeT



Basic picture

Qﬂ

sets the UV scale Ayy ~ pﬁ ~ =5

Charge density p ~ Fd1

1
Ber @ > 1. AUV>>AIRNE

1

0 R

Iﬁ
e ERE Large charge EFT for CFT VS

modes

Goldstones

Write Weyl-invariant EFT for the Goldstone X
(with conformal weight=0)

d—2
Lerr = c1 (0uxg" 0uX)Y? + 2 (Ouxg""0,x) 2 R+ ---



d—2

Seff = C1 /ddCE\/ g (0uxg" 0, x)Y? + ca (8,xg" D) T R+ ---

. Q | oL o
X = U7 * =Jo=p=1=- =cC1d
Chemical Rd_lﬂd_l /0 g aX LR
potential
b
* I[LR ~J Q d—1
E _d
AQ — ?Q NLEFT‘X:—’L,U,T N//Ld :Oé]_Qd_l _I—...
ay = Cl(d — 1)Qd_1

(Cl dﬂd_l) %




Consider model with U(1) global symmetry

L = 0,,90" ¢

In d=4-¢ there is an IR WF fixed point

3
A= e,
T

Weyl map the theory to the cylinder:

3 I
S = [ 1oy =g (9,050 6 + m2 30 + 5 (60)°)

_ o9\ 2
m2 — (dQ—RZ) stemming from the coupling to Ricci scalar



T/2 1 1 m?2 A
ff = d A0 | Z(do)2 & = p2(dv)? 4 2, N 4
Seff /_m T/ dl(Q(p)+2p(x) R

Stationary solution: p=r X = —IUT
/dd_lx jo(z) = Q Ju(x) = ¢0,9 — ¢0,¢

_ Q
RI-1Q),_4

A
e —m® =7 f° pf? i0,(p°g"" By x) = 0

e.0.m for p charge-fixing e.o.m for X



EFT regimes: charged operators

AQ) A~e<k 1
o [ ) L] 1
violating g ~ Qa1




SeffR —F {R=A_4

32/3 (¢ 4 VB35 7)) /P 3 (31/3+ (x4 v/—3- :132)2/3)
315+ (v+ V3122 (z+vV—3+a2) "

4A 1 =

r = 6Q
A_l i 1 1
= Q[i+5(553) 5 (5e)
Ay Q<1 Q_ T3 2\ 1672 2\ 1672
Resums infinite number of .
Feynman diagrams Ie%-s{ >®C>< %& %

A_jre=1 81213 (A*Q>4/3 1 ()\*Q)WS
A, A\ 14\ 872 2\ 872




Leading quantum B 1 . .
correction: 5= 5(¢o) +5(¢ = d0)"5"(¢o) + . ..

p=[f+r(z) X = —iuT A V3

(2) T/ 1 o, 1 2 : 2 2\ 2
S — dr dﬂd_1(§(ar) +5(0m)? = 2iprd,m + (1 = m ))

T/2

One relativistic (Type I) Goldstone boson (the conformal mode=phonon)
and one massive state and their excitations

w?_(é) _ Jl2 3#2 o m2 + \/4Jl2,u2 (3M2 _ m2)2

JP =0l +d—2)/R



Energy= sum of zero point energies

Ay — g S e[ () + w_(0)]
=0

The MSbar renormalized result in the limiting cases reads:

3AQ  A2Q?

AQ <1 Ay = ()2 T 2(4m)!

AQ >1 0 Ag=|a+ %log (;\*752)4/3] + |8 — —log (*T>2/3] ...



EFT regimes

WH(0) = I + 3% — m? &\ [AT2u2 + (32 — m?)’

0 poedin g p~ Agy ~ pa

W— (Wi )re«1
M controls the gap of the

Massless massive radial mode
phonon

1

0 pe~ A~ p o~ Agy ~ p7
A\ 1/3
w_ \O>1 pr=9 7 (Wi )r@>1

I 2m2/3



EFT regimes: charged operators

AQ

AQ < 1 pR =1+ 25 4 A~e< 1
d So violates MNQﬁ
_ Q)
)\Q > 1 IUR_ 27_‘_2/3 -

<<1 Superfluid interacts with

light radial mode
A — 0 () — o© AQ) = fixed

o~

>>1 Radial mode decouples

Free theory: AQ =0 Ag =

Also valid for CFT with moduli space: Ag ~ @) (in SUSY BPS states)



CFT with moduli space + potential V' ~ \¢*
for the radial mode p

\ ;

d

— 2
(violates large e&

prediction due to

extra small parameter)

/// g
Ag ~

(exact flat direction)

AQ:alQm+...



Large charge limit in d=3: LO+NLO

AQ:Q% {a1+a2Qd%21+&3Qd_—i+"‘] +Q’ {Bo—l-ﬁle_——Ql—l—..-] —I-O(Q_%)

AQ ~ Cg/QQS/Q + Cl/QQl/Z — 0.0937 + C_1/2Q_1/2 + O (Q_l)

We can fix Wilson coetfticients by fitting to the lattice computation.
Then we compare to the large charge prediction

Orlando et al. 1707.00711

16

C3/2 C1/2
Monte-Carlo [18] || 0.337(3) | 0.27(4) ol
e-expansion: LO 0.47 0.79 10 |
e-expansion: NLO 0.42 0.04 S s
|
* NLO result is closer to | _
the Monte-Carlo e AT
2 4 6 8 10 12



(Un)charged ¢"(x) operators: (Real) complex scalar

P i 9
¢ = EQ% m? = (M)

T/2 1 1 o m? A
Seff = / dT/de 1| 5(dp)* + 507 (@) + 0" + o0

T/2

Classical solutions:

Charged Uncharged
2 2 2 Ap° . d’p

—0°p—+ (m~ 4+ (0x)")p 1 i =0 E.O.M: T3 - m2p 4+ Ap° =0
p=171 X = —UUT b p(t) = vVnxgcn(wt|k)

time-independent
superfluid solution

time-dependent
periodic solution




Charged Uncharged
2 2 2 | )\pg —
~Oo o+ (0" T =0 p(t) = vVnxoen(wt|k)
p=1r X = 7T

T 2
272 (@> dt =2mn T =4K(k)/w
0

~—~ dt
Vs
)\ Q S ¢
2 _ 2 — Zf2 9
po—m 4f wf R0, 8
'», _ P B - _
A T s 2wy (26 = 1)&(r) + (1 = K)K(k)
2 20\ ¢
p(p” —m*) = =5
= K(k),E(k) elliptic integrals of 1st and 2nd kind

Plug the solution into the action:

1 2
32/3 (33—|—\/—37—|—332)1/3 +31/3 (31/3+($+\/T4-:102)2/3) | A o 27‘- Y (1 - K))
31/3 4 (2 + V=3 1 a2)""° (x+v—3+22)"" | —1 = AN, (1 _ 2/%)2
xr = 6.0

4A_ =




Weak coupling limit

xr = 6A.0Q)
PR A e Vo ) B (3% + (z + V=31 22)"") A 2m%k (1 — k)
BTN e A = = T (1 —2k)?
A_q 1/ 2.0 L/ AQ\2 3an  17)\*n?
oA AL ] | :
X Q1+ 5(55:2) ~ 2 (Tem) Aar=n |1 55— Gger T O )
AQ < 1 n < 1

Classical computation
resums infinite { >®C><
number of |eading legs

Feynman diagrams

Strong coupling limit

S SR Lk,

872 82




Leading quantum ¢ _ g(4.) + l(gb — $0)°58" (¢g) + . ..
correction: .

p=[f+r(x) X = —iut + % p(t) = vVnxgen(wt|lk) ¢ = p(t) +n(Z,t)
T/2 1
52 = T//2 dT/de_1 [%(87“)2 + %(87?)2 — 2iprd,m + (u* — mQ)rzl L2 — 5770277

will) =Jf +3u* —m* £ \/4Jl2u2 + (3u2 — m?2)2 Lame operator:

2 2 Oy = —0? + Aga—1 — pu% — 3\ p(¢)
Jf=0l+d—-2)/R 2 ¢ Sd—-1 — [ p
One relativistic Goldstone boson Solution is periodic. During the period
(the conformal mode=phonon) and there instances when v(t) is small/large
one massive state so radial mode becomes light/heavy

Energy= (divergent) sum of zero point energies
WyT — Uy

o R <« 1
A(): ang[er(é)—l—w_(f)} AO — E%nl(ql_Fi)Vl
¢=0 —



Renormalized result: weak coupling limit

AQ < 1 | An < 1
3N Q) A2 ()? = (L—=1gqe\ n).
Ag = — . - AL = 0—2(2+
O = T2 T 2mt T P ;q‘e ; (+1 | (4m)
o+

Classical computation resums infinite number of subleading Feynman diagrams

Strong coupling limit

EFT matching: Large quantum number expansion




Weakly coupled CFT
(Perturbative asymptotic)



Charged operators perturbative LO+NLO result

d— 2
AqbQEQ( 5 >—|—’Y¢Q :A_1—|—AO_|_...

2-loops Q )\* (Q — 1) )\* 2 2@2 — 2@ — 1'
169 =X 162 2 1672 A

Pertect agreement for coloured terms with diagrammatics

N )\QQ N )\2@3 -~ )\3@4

Our results are valid for any A just as Feynman diagrams do
not know about fixed point



Overlap of two expansions

1-loop

2-loop 3-loop
Q5 QA5
QX Q°X5
QNG Q*X5

QN



Neutral operators perturbative LO+NLO result

— il — (£ —1)q, _
A — Ej “n2=212 Ej 0
n{qg) =N+ Qg€+6 n ( +£:1 1 >n+0(n) €

(=1
1 (€ —1) (170* +780% + 13502 + 980 +12) g \ o | o 5
1 _
324[77?, <67+3; 112 n®+0(n,n")| e+ O(e’)
q
Integers Operators Anomalous dimension 7y
0 o n>1 n n6—l & — n(17n? 3237n+47) 2 4 0(6 )
. O¢,2 82¢", n>2 | (2=26nth, 4 o(e2)
Exciting mode-L S8 gn g o ,
adds L derivatives %3 o' n23 s ¢tOE) one-loop
" n—2)(5n—1 -
to the operator Sa | 0", n>2 | B=REDey O() perturbative
5 n?—7n—
85 | ®¢", n>3 | 35In=2e 4 O(?) results
Exciting [=2 32 —Tn—
mode tg\g/vice 0'9" n24 | BSp=itet O()
20¢ 2 (’)2Cl¢", n>4 3n2—7n—4€ + (’)(52)
4PH2D0 | - *
026", n>4 | 20 4 O(e2)

Exciting 1=2 and =3 Pt n>5 | W=I=We 4 O(e2)
mode once B2 +0¢3 | 930", n > 5 | 2=8n=10¢ 4 0(¢2)

5 &, 3 D 1 002%™, n>5 3"2‘2"‘46+0(€2)

1




Spectroscopy
of composite operators

Integers Operators Anomalous dimension 7~
Sz | 02", n>2 ("‘2)1(3““)5 +O(2)
d¢.3 Fo™, n>3 %e + O(€?)
8p.4 d¢n, n>2 | B=A0n-D ey O(e2)
S5 | P¢", n>3 | InlTn=2e 4 O(e2)

84¢n’ n>4 3n? —17'8n—l2€+ 0(62)

202 | 82047, n >4 | TInmde L O(e2)
DZ¢n’ n>4 "(3" 7) +O(€2)

6545"', n>5 3n? —18811—206 + 0(62)

0g2 +0¢3 | 0300™, n>5 3n’ ‘8" 0¢ + O(e?)

00%¢™, n > 5 3n’ ‘8" dn"—fn—de 1+ O(e?)

3/18
LO 7/18
NLO
L8188 T
NLO




Neutral operators to NLO

B 1 2 — 14 0
An’{qe}_n+2q€€+6 n 2(2—|—Z 1 )n+0(n) €
/—1 i /=1 -
| (£ —1) (170* +786% + 13502 + 98¢ +12) qr \ o | 2 3
324 {m : (6”3; ((e+1)3(L+2) oo
o ._2}?"3 3/18
3}) ~Sm e — . <.
' 172 : LO .. -7/18 64 qbn
s, P A S _— 2 n
NLO 0o
L n
n=1 ——— ¢
" _ NNLO
erfine .. - °
Coulomb g::fcture Isﬁi?[b ?Silfﬁl:]g - -8/18 0 3¢n
NLO ?

hydrogen atom




Other directions/aspects

* [n a generic scalar QFT, | showed how to
semiclassically compute anomalous dimensions for
neutral and charged operators

® | arge order behaviour of the series (resurgence)

® Higher correlation functions

® Condensed matter applications (3d Ising, for example)

® Test dualities between different CFTs in their charged sectors
® Phenomenology: Multi-particle (a.k.a. Higgsplosion)

® Add Yukawa and gauge interactions towards full Higgs SMEFT



Thank you!
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EFT : Large quantum number expansion

Double scaling limit....

<< Superfluid interacts with
light radial mode

\ Radial mode decouples

>>1 and we write EFT for phonon

A— 0 ) — o0 AQ) = fixed

Now, let’s discuss deeper full LO+NLO perturbative results...



