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Conformal field theories (CFT)
Extrema of the RG flow Critical phenomena

AdS/CFT  
correspondence



CFT data

2.OPE coefficients (structure constants)

1.Spectrum of primary operators: 

To define a CFT we need to specify:

(�Oprimary , ⇢primary)

Conformal  
dimension Representation



Numerics, 
conformal 
bootstrap

�

J

“Heavy” operators

Q, n

Large-“quantum  
numbers“   
expansion

� = J + ...

large-spin J  
expansion

Regge limit:

�Oprimary � 1

� ⇠ (Q,n)
d

d�1

This talk is about 1/Q and 1/n semiclassical expansions



Why semiclassical?
Bohr’s correspondence principle: 

Behaviour of systems described by quantum 
theory reproduces classical physics in the limit of 

large quantum numbers (Q,n)

Classical theory is easier to solve



1) Global U(1) symmetry with         
(electric) charge Q 

Composite operators charged under the symmetry 

Example:   scalar primaries

�

Q(x) = �(x)⇥ �(x)⇥ �(x)⇥ ....| {z }
Q times

The operators �

Q
(x) and

¯

�

Q
(x) carry U(1) charge +Q(�Q)

�

Q(x)

L = @µ�̄@
µ�+

�

4

�
�̄�

�2

�

n(x) = [�(x)�̄(x)]n/2

In general, you can also construct uncharged (singlet) operators2)

Accessed via 1/Q and 1/n expansions respectively



EFT: Higgs SMEFT

µ
d

dµ
ci ⇠ �ci

LH = @µH
†@µH � �H(HH†)2 +

X

i

ciOi

Requires knowledge of anomalous  
dimensions for the operators.  

Our results apply outside of CFT

Outside of the  
CFT limit:

�

n(x) = [�(x)�̄(x)]n/2 for n=4: Higgs quartic (HH†)2

for n=2: Higgs mass HH†

(HH†)3for n=6: Higgs sextic 
…… 

uncharged operators

(charged operators do not  
enter in the  Lagrangian)



Semiclassical expansion

S = S(�0) +
1

2
(�� �0)

2S00(�0) + . . .

S =

Z
d

4
x L(�, @�)For a given model with action:

Solves equation of motion  
for a classical system

In d=4-ℇ there is an IR WF fixed point at

Template example: O(N) model

�⇤ ⇠ ✏

N + 8
+ · · ·

L =
1

2
(@�a)

2 � �

4
(�a�a)

2 , a = 1, . . . , N



In the double scaling limit 

�k is (k+1)-loop correction to the saddle point equation

We will compute            and         ��1 �0

Goal :        compute ��Q ⌘ Q

✓
d� 2

2

◆
+ ��Q

h�̄Q(xf )�
Q(xi)iCFT =

1

|xf � xi|2��Q

CFT limit:

� ! 0 Q ! 1 �Q = fixed

conformal dimensions take the form:

�Q =
X

k=�1

�k(�Q)

Qk



• Weyl map and operator/state correspondence

⌧f � ⌧i ⌘ T h�̄Q(xf )�
Q(xi)icyl

T!1
= Ne

�E�QT



Massless 
Goldstones

Massive 
modes

Charge density ⇢ ⇠ Q

Rd�1
sets the UV scale ⇤UV ⇠ ⇢

1
d�1 ⇠ Q

1
d�1

R

For Q � 1 : ⇤UV � ⇤IR ⇠ 1

R

0

Large charge EFT for CFT

Basic picture

⇤IR ⇠ 1

R
⇤UV ⇠ ⇢

1
d�1

Write Weyl-invariant EFT for the Goldstone    
(with conformal weight=0)  : 

�

LEFT = c1 (@µ�g
µ⌫@⌫�)

d/2 + c2 (@µ�g
µ⌫@⌫�)

d�2
2 R+ · · ·



� = �iµ⌧

↵1 =
c1(d� 1)⌦d�1

(c1d⌦d�1)
d

d�1

Q

Rd�1⌦d�1
= j0 = ⇢ = i

@L

@�̇
= c1dµ

d�1

Chemical 
potential

�Q =
EQ

R
⇠ LEFT |�=�iµ⌧ ⇠ µd = ↵1Q

d
d�1 + · · ·

µR ⇠ Q
1

d�1

Seff = c1

Z
d

d
x

p
�g

"
(@µ�g

µ⌫
@⌫�)

d/2 + c2 (@µ�g
µ⌫
@⌫�)

d�2
2 R+ · · ·

#



L = @µ�̄@
µ�+

�

4

�
�̄�

�2
Consider model with U(1) global symmetry

In d=4-ℇ there is an IR WF fixed point

�⇤ =
3

10
✏+ · · ·

Scyl =

Z
d

d
x

p
�g

⇣
gµ⌫@

µ
�̄@

⌫
�+m

2
�̄�+

�

4
(�̄�)2

⌘
Weyl map the theory to the cylinder:

m2 =
�
d�2
2R

�2
stemming from the coupling to Ricci scalar



S = S(�0) +
1

2
(�� �0)

2S00(�0) + . . .Classical solution:

� =
⇢p
2
ei�

⇢ = f � = �iµ⌧

µ2 �m2 =
�

4
f2 µf2 =

Q

Rd�1⌦d�1

Stationary solution:

m2 =
�
d�2
2R

�2

Z
d

d�1
x j0(x) = Q jµ(x) = �̄@µ�� �@µ�̄

i@µ(⇢
2gµ⌫@⌫�) = 0

e.o.m for ⇢ e.o.m for �charge-fixing

Seff =

Z T/2

�T/2
d⌧

Z
d⌦d�1
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2
(d⇢)2 +

1

2
⇢2(d�)2 +

m2

2
⇢2 +

�

16
⇢4
!



EFT regimes: charged operators

Solve:

µ2 �m2 =
�

4
f2 µf2 =

Q

Rd�1⌦d�1

�Q ⌧ 1

�Q � 1

µR = 1 +
�Q

16⇡2
+ · · ·

µR =
(�Q)1/3

2⇡2/3
+ · · ·

violating µ ⇠ Q
1

d�1

� ⇠ ✏ ⌧ 1

µ(µ2 �m2) =
�Q

4Rd�1⌦d�1

m2|d=4 =
1

R2



SeffR = E�1R = ��1

4��1 =
32/3

�
x+

p
�3 + x

2
�1/3

31/3 +
�
x+

p
�3 + x

2
�2/3 +

31/3
⇣
31/3 +

�
x+

p
�3 + x

2
�2/3⌘

�
x+

p
�3 + x

2
�1/3

x ⌘ 6�Q

Resums infinite number of  
Feynman diagrams

�Q ⌧ 1

�Q � 1
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�⇤
= Q

h
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⇣ �⇤Q

16⇡2

⌘
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h3
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8⇡2

⌘4/3
+

1
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⇣�⇤Q

8⇡2

⌘2/3
+ · · ·

i

{Q-
legs

.

.



⇢ = f + r(x) � = �iµ⌧ +
⇡(x)p
2f

S = S(�0) +
1

2
(�� �0)

2S00(�0) + . . .Leading quantum 
correction:

S(2) =

Z T/2

�T/2
d⌧

Z
d⌦d�1

⇣1
2
(@r)2 +

1

2
(@⇡)2 � 2iµr@⌧⇡ + (µ2 �m2)2

⌘

!2
±(`) = J2

l + 3µ2 �m2 ±
q
4J2

l µ
2 + (3µ2 �m2)2

J2
l = `(`+ d� 2)/R2

 One relativistic (Type I) Goldstone boson (the conformal mode=phonon) 
and one massive state and their excitations



�0 =
R

2

1X

`=0

n`

⇥
!+(`) + !�(`)

⇤

�0 = �3�⇤Q

(4⇡)2
+

�2
⇤Q

2

2(4⇡)4
+ · · ·

�0 = [↵+

5

24

log

⇣�⇤Q

8⇡2

⌘4/3
] + [� � 5

36

log

⇣�⇤Q

8⇡2

⌘2/3
] + · · ·

�Q ⌧ 1 :

�Q � 1 :

Energy= sum of zero point energies

The MSbar renormalized result in the limiting cases reads: 



EFT regimes

Massless 
 phonon

µ controls the gap of the 
massive radial mode

µ ⇠ ⇤IR ⇠ 1

R µ ⇠ ⇤UV ⇠ ⇢
1

d�10

�Q ⌧ 1

�Q � 1

µR = 1 +
�Q

16⇡2
+ · · ·

µR =
(�Q)1/3

2⇡2/3
+ · · ·

!2
±(`) = J2

l + 3µ2 �m2 ±
q
4J2

l µ
2 + (3µ2 �m2)2

!� (!+)�Q⌧1

µ ⇠ ⇤IR ⇠ 1

R µ ⇠ ⇤UV ⇠ ⇢
1

d�10

(!+)�Q�1!�



EFT regimes: charged operators

�Q ⌧ 1

�Q � 1

µR = 1 +
�Q

16⇡2
+ · · ·

µR =
(�Q)1/3

2⇡2/3
+ · · ·

� ! 0 Q ! 1 �Q = fixed

Superfluid interacts with  
light radial mode

Radial mode decouples

<<1

>>1

so violates µ ⇠ Q
1

d�1

� ⇠ ✏ ⌧ 1

�Q = 0Free theory: �Q =
d� 2

2
Q

Also valid for CFT with moduli space: �Q ⇠ Q (in SUSY BPS states)



CFT with moduli space + potential            
for the radial mode

V

⇢

(exact flat direction)
�Q ⇠ Q

(violates large charge  
prediction due to  

extra small parameter)

�Q = ↵1Q
d

d�1 + · · ·

V ⇠ ��4

⇢

�Q ⇠ d� 2

2
Q+ k1Q+ k2Q

2 + ....



We can fix Wilson coefficients by fitting to the lattice computation. 
Then we compare to the large charge prediction

Large charge limit in d=3:  LO+NLO

NLO result is closer to  
the Monte-Carlo 

�Q = Q
d

d�1

h
↵1 + ↵2Q

�2
d�1 + ↵3Q

�4
d�1 + . . .

i
+Q0

h
�0 + �1Q

�2
d�1 + . . .

i
+O

⇣
Q� d

d�1

⌘

�Q ' c3/2Q
3/2 + c1/2Q

1/2 � 0.0937 + c�1/2Q
�1/2 +O �

Q�1
�

Orlando et al. 1707.00711



(Un)charged            operators: (Real) complex scalar

� =
⇢p
2
ei�

⇢ = f � = �iµ⌧

Classical solutions:

d2⇢

dt2
+m2⇢+ �⇢3 = 0

Charged Uncharged

�@2⇢+ (m2 + (@�)2)⇢+
�⇢3

4
= 0

�

n(x)

⇢(t) =
p
nx0 cn(!t|)

m2 =
�
d�2
2R

�2

E.O.M:

�0

time-independent  
superfluid solution

time-dependent  
periodic solution

Seff =

Z T/2

�T/2
d⌧

Z
d⌦d�1

 
1

2
(d⇢)2 +

1

2
⇢2(d�)2 +

m2

2
⇢2 +

�

16
⇢4
!



⇢ = f � = �iµ⌧

Charged Uncharged

4��1 =
32/3

�
x+

p
�3 + x

2
�1/3

31/3 +
�
x+

p
�3 + x

2
�2/3 +

31/3
⇣
31/3 +

�
x+

p
�3 + x

2
�2/3⌘

�
x+

p
�3 + x

2
�1/3

µ(µ2 �m2) =
�Q

4Rd�1⌦d�1

2⇡2

Z T

0

✓
d⇢

dt

◆2

dt = 2⇡n

K(), E() elliptic integrals of 1st and 2nd kind

��1 =
2⇡2 (1� )

�n (1� 2)2

⇢(t) =
p
nx0 cn(!t|)

�n =
8⇡

3(1� 2)3/2
[(2� 1)E() + (1� )K()]

T = 4K()/!

Plug the solution into the action:

Z
d

d�1
x j0(x) = Q jµ(x) = �̄@µ�� �@µ�̄

µ2 �m2 =
�

4
f2 µf2 =

Q

Rd�1⌦d�1

�@2⇢+ (m2 + (@�)2)⇢+
�⇢3

4
= 0

Quantization conditions

x = 6�⇤Q

|{z}
VS3



4��1 =
32/3

�
x+

p
�3 + x

2
�1/3

31/3 +
�
x+

p
�3 + x

2
�2/3 +

31/3
⇣
31/3 +

�
x+

p
�3 + x

2
�2/3⌘

�
x+

p
�3 + x

2
�1/3

x = 6�⇤Q
Weak coupling limit

��1

�⇤
= Q

h
1 +

1

2

⇣ �⇤Q

16⇡2

⌘
� 1

2

⇣ �⇤Q

16⇡2

⌘2
+ · · ·

i

Classical computation 
resums infinite 

number of  leading 
Feynman diagrams

Strong coupling limit

��1

�⇤
=

8⇡2

�⇤

h3
4

⇣�⇤Q

8⇡2

⌘4/3
+

1

2

⇣�⇤Q

8⇡2

⌘2/3
+ · · ·

i

EFT matching:  Large quantum number expansion

��1 = n


1 +

3�n

16⇡2
� 17�2n2

256⇡4
+O �

�3n3
��

��1 =
2⇡2 (1� )

�n (1� 2)2

��1 =

 
3�
�
3
4

�

25/4�
�
1
4

�
!4/3

�1/3n4/3 +O
⇣
n2/3��1/3

⌘

�Q ⌧ 1

�Q � 1

�n ⌧ 1

�n � 1

� ⇠ (Q,n)
d

d�1

{Q-
legs

.

.



⇢ = f + r(x) � = �iµ⌧ +
⇡(x)p
2f

S = S(�0) +
1

2
(�� �0)

2S00(�0) + . . .Leading quantum 
correction:

!2
±(`) = J2

l + 3µ2 �m2 ±
q
4J2

l µ
2 + (3µ2 �m2)2

J2
l = `(`+ d� 2)/R2

 One relativistic Goldstone boson 
(the conformal mode=phonon) and 
one massive state

S(2) =

Z T/2

�T/2
d⌧

Z
d⌦d�1


1

2
(@r)2 +

1

2
(@⇡)2 � 2iµ r@⌧⇡ + (µ2 �m2)r2

�

�0 =
R

2

1X

`=0

n`

⇥
!+(`) + !�(`)

⇤

Energy= (divergent) sum of zero point energies

 Solution is periodic. During the period 
there instances when v(t) is small/large 
so radial mode becomes light/heavy

�0 =
R

2⌧

1X

`=0

nl(ql +
1

2
)⌫l

L2 =
1

2
⌘O2⌘

O2 = �@2
t +�Sd�1 � µ2 � 3� ⇢2(t)

� = ⇢(t) + ⌘(~x, t)
⇢(t) =

p
nx0 cn(!t|)

!`⌧ = ⌫`

Lame operator:



Renormalized result: weak coupling limit

Classical computation resums infinite number of subleading Feynman diagrams

Strong coupling limit

EFT matching:  Large quantum number expansion

�Q ⌧ 1

�0 = �3�⇤Q

(4⇡)2
+

�2
⇤Q

2

2(4⇡)4
+ · · ·

�Q = Q
d

d�1

h
↵1 + ↵2Q

�2
d�1 + ↵3Q

�4
d�1 + . . .

i
+Q0

h
�0 + �1Q

�2
d�1 + . . .

i
+O

⇣
Q� d

d�1

⌘

+…

�n ⌧ 1

�q`
0 =

1X

`=1

q``� 2

 
2 +

1X

`=1

(`� 1)q`
`+ 1

!
n�⇤
(4⇡)2



Weakly coupled CFT 
(Perturbative asymptotic)



��Q ⌘ Q

✓
d� 2

2

◆
+ ��Q

��Q = Q
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16⇡2

(Q� 1)

2
�

✓
�⇤

16⇡2

◆2 2Q2 � 2Q� 1

4

#
+ · · ·

= ��1 +�0 + · · ·

Charged operators perturbative LO+NLO result 

Perfect agreement for coloured terms with diagrammatics

Our results are valid for any     just as Feynman diagrams do 
not know about fixed point

�

2-loops

⇠ �Q2 ⇠ �2Q3 ⇠ �3Q4

{Q-
legs



Overlap of two expansions

3-loop2-loop1-loop

��1

�0

�2

….

….

….

….

...

Q2�0

Q�0

Q3�2
0

Q2�2
0

Q�2
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Q4�3
0

Q3�3
0

Q2�3
0

Q�3
0



�n,{q`} = n+
1X

`=1

q``+
1
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1X
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(`� 1)q`
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n+O(n0)
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17n3 �

 
67 + 3

1X
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(`� 1)
�
17`4 + 78`3 + 135`2 + 98`+ 12

�
q`

`(`+ 1)3(`+ 2)

!
n2 +O(n, n0)

#
✏2 +O(✏3)

Neutral operators perturbative LO+NLO result

one-loop 
perturbative  

results

ql

4� 2� 0

Exciting l=2 and l=3  
mode once

Exciting l=2  
mode twice

Exciting mode-L
adds L derivatives 

to the operator 

5� 3� 1



@4�n

@2⇤�n

⇤2�n
NLO

LO

NNLO

@5�n

@3⇤�n

@⇤2�n
NLO

-7/18

-8/18

3/18

Spectroscopy
of composite operators
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Neutral operators to NLO

hydrogen atom
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NLO

LO

NNLO
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@3⇤�n
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NLO

-7/18
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• In a generic scalar QFT, I showed how to 
semiclassically compute anomalous dimensions for 
neutral and charged operators     

• Large order behaviour of the series (resurgence) 

• Higher correlation functions 

• Condensed matter applications (3d Ising, for example) 

• Test dualities between different CFTs in their charged sectors 

• Phenomenology: Multi-particle (a.k.a. Higgsplosion) 

• Add Yukawa and gauge interactions towards full Higgs SMEFT 

• …………

Other directions/aspects



Thank you!
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Double scaling limit….

� ! 0 Q ! 1 �Q = fixed

Superfluid interacts with  
light radial mode

Radial mode decouples 
and we write EFT for phonon

<<1

>>1

EFT :  Large quantum number expansion

�Q = Q
d

d�1

h
↵1 + ↵2Q

�2
d�1 + ↵3Q

�4
d�1 + . . .

i
+Q0

h
�0 + �1Q

�2
d�1 + . . .

i
+O

⇣
Q� d

d�1

⌘

Now, let’s discuss deeper full LO+NLO perturbative results…


