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—
N=4 SYM theory.

* N=4 SYM - one may hope that this theory is exactly solvable.
* Physical content - resembles perturbative part of QCD (massless QED without

running of the coupling). Tree amplitudes identical to QCD.

* The correlation functions in this theory can be studied in the weak and strong
regimes ( via AdS/CFT).

* The computation of anomalous dimensions of local operators in N=4 SYM in
planar limit can be reduced to the problem of solving some integrable system.

* There are numerous results for perturbative expansions of amplitudes (S-
matrix) with some results valid in all orders of PT (BDS ansatz for 4,5 points,
collinear OPE).

 Some perturbative results for generalisations of amplitudes (form factors)
with arbitrary number of on-shell states.

* N=4 SYM is perfect theoretical laboratory development and tests of new
ideas, methods and representations for D=4 gauge theories
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—
N=4 SYM theory.

Why we know so much about N=4 SYM now ?
* Proper variables - helicity spinors:

Rev. in p(z) (O-'u)aap(l) A()X(Z) Aa < SL(Q C)

BernDixonKosower 96 @ @

e ANDNY) = (ij) = \/(pz + ;)2 = \f55€7, gy € R (i) = [if]

e and momentum twistors:
X2

« p2
Z]\[ _ /\7, aa)\ pl X3
T Iua luz at
' x1 Hoges ~10
. . . p3
P =t —at &
X5 p4 x4
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N=4 SYM theory.

Why we know so much about N=4 SYM now ?

* Colour decomposition: Rev. in BernDixonKosower 96

AP () = " (PN Y Trlo(T.. 1) Ay (o (p ) + O(L/N.)

oESH /Zn

BrittoCachazoFengWitten 05

J*1

 And BCFW recursion:
Py = AoAw Ao = A T FAR
AwA®) Ay 7 Aw) + 2A0)

p(/ﬂ)
1 k) a

Also other methods which relies on general analytical properties of

amplitudes (and the “on-shell” objects) rather then on some Lagrangian
formulation et.s.

L. Bork Dubna 2017



—
N=4 SYM theory.

 Representation where all properties of amplitudes are manifest

* Relations between different BCFW representations.

Example:
AéVMHV ANMHV
W - [17273747 5]+[17 27 31 576] + [1,3,4,576] /(;MHV = P([1,2’3,4,5]+[1,2,3, 5,6] +[1,3,4,5,6])
° 6
0*({a, b, ¢, d)x. + cycl.
la,b, ¢, d, ] = ({a,b, ¢, d)x. + cycl.)

C A B C D
(a,b,c,d){b,c,d,e){c,d,e,a){d,e,a,b)le a,b,c) (nJo k1) = eapcp 225 2y Z,
* Yangian invariance of tree level amplitudes.

* Absence of spurious poles in amplitudes represented via BCFW recursion.
* Relation between coefficients before master integrals (leading singularities).
« ets.
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Integral over Grassmannian for amplitudes.

One of such remarkable ideas is representations of amplitudes and leading singularities in N=4

SYM in terms of Grassmannian integral and development of on-shell diagram formalism and
geometrical interpretation (“amplituhidron”):

On shell information about external particles

) Jexney 0 (C’ : 5\‘5 o4 (C - ﬁ¢) 5(”_”“)X2’(C'\lf)\)
LulT] :/FVOI[GL(k)] 1---k)---(n—1n---k—2)(nl---k—1)

Hodges ~08 A}Zfbe = Lfb [Ftree]; C - Cl =1
Arkani Hamed et-al 09 /

Vd
C - is nXk matrix - a point in Grassmannian

Arkani Hammed et-al 12

This is multidimensional integral over multiple complex variables, which can be computed by
residues. Different choices of integration contour gives different BCFW representations for tree
amplitudes and leading singularities to all loop order (!). Also this is the most general form of
rational Yangian invariant. And do not forget about twistor strings!
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About leading singularities ...

1-loop example. Roughly speaking leading singularities are coefficients before master
integrals in loop corrections to the amplitudes.

pictures

l-loop example: from th 0907.5418

Z o\(k-ﬁ(n_k_ﬂ'c g‘f (C ,‘:L) y

(12..%)...(W2..k-2)
X

x
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- |
Grassmannian integral, on shell diagrams

and (decorated) permutations.

~ )
akCy 1 2( ) (” )
) Cu) Cam | X
/Vol[GL(k WA e H Z e ; o There is one to one
correspondence between
. X blng(SQ <ZCM1>- y the following objects:
/Arkani Hammed et-al 12 ?icwrti 1212.5605
( 1 2 \ rom .
é )
. : /123456
: IR
. ) 5320614
\_ J \_ J
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- |
Grassmannian integral, on shell diagrams

and (decorated) permutations.

doy d . .
Aso({h, M, mi}) / N 292 5 )\1 +a1A3) 52 (A2+a2A3) x 62 (Ag + au )1 + agha) X
X 5 (m + a1773) o (m2 + aams) ,
~ dBy d - - .
Az 1({ i, Aiymi}) = ;11 5522 0% (A1 + Bi)A3) 62 (Ao + BaAs) x 67 ()\3 + 1A + [32)\2) X

x 0% (n3 + Bim + Bame) .
4 1 2 )

Arkani Hammed et-al 12

picture 6 3

from th 1212.5605
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- |
Grassmannian integral, on shell top-cell

diagram.

 Every Grassmannian integral can be reduced to:

§oE§ I § () DIC) - A ACHS)
1J Jfe Ja

* On shell diagrams are equivalent after:

3. 4 3. 4 3 4
3><434
2" 1 201
2 T 27 1 20
a)

b)

3 1 3 1
2 1 2 1

» Top-cell for NMHV_5 Arkani Hammed et-al 12




Grassmannian integral and form factors.

* Ingeneralitis likely that:
Z/ Jhxnt2 | 5kx2 (C’ : 5\) slx4 (C - 1) §(n+2—k)x2 (CL : ,\)

OF Re ®),
n+2 Vol[GL(k) g (1---k)--(n—1n---k—2)(nl---k—1)
Wilhelm, Frassek,
Form factort’"ee be rolltree], C- ct=1 Meidinger.

« For example for stress tensor operator with light like momenta: Nandan

15
k+1 n+1xk Rea™®
QU Z/‘;ZZGLC‘” egM S, i —1,q,7,...,m) +
ol| n+1 Brandhuber&Co
n ,(k
r Vol[GL(k)] Ml...Mn+1 S
k+1 :
R (kk+23.. 134 Lii42.  k+2)
Reg; - <q1>(13 3—1]+1 n+1 +Z .]—1j+1...n+1)

nn+13...k)
(In3...k) ’
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Gauge invariant off-shell amplitudes -

Willson line form factors.

e One can consider the following interesting objects.

c 1T 1 c Zg >
Wy (k) = /d4a:e "Tr {@t P exp {E /_oo ds p- Ap(z + sp)tb] }

K
=~

ki-(q) = k' — 2(g)p"  with x(q) = . nd ¢ =0
wey— _Elpltlal s lalyel o (alkle] . (plFlg]
(e =5 [pq] 2 (gp) t (ap) [pq]

-
Apin(L...om,(m+1)*...(n+m)*) =
g (K1, €155 25 kmy €ms Co[Wort (k1) - - Wort™ (kngm ) |0)

DPm+1

J

Lipatov Hammeren Kotko ...
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- |
Gauge invariant off-shell amplitudes -

Willson line form factors.

By the way itis also possible to consider:

Agsn (17...07) = O (k1) ... Wy (K)|0)

|
I
Nk
Q
=
»Q000., =
Sk
5
g

Hammeren Kotko ~14

1
}i = E [(kl — kz)“3g”1“2 + (k2 _ k3)ﬂlgu2#3 + (kg _ kl)uzgﬂsm] '
3 2
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Gauge invariant off-shell amplitudes -

Willson line form factors.

e Also version of BCFW recursion exists:

ki — [ig]z (elylg] w7 Gl

NN R ] o el B IR e 0t %)
k5 (2) = K5 — ze! = z;(pi)p; 2" ] 5 i
o * . n—2 n—1
=2 h 1=2

Kotko, Hammeren ~14
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Gauge invariant off-shell amplitudes -

Willson line form factors.

 Examples of answers: Kotko, Hammeren, Bork, Onishchenko ~14, 16

4
1 (3p> . kisrelated to total helicity of
r* (12)(23)(3p) (p1) on shell particles:
total h. = m+2n -2k
[3p]4 m is the number of on-shell particles
n is the number of off-shell once.
[12][23](3p][p1]

A;,3+1(1+2+3_4*) =

* —0— * 1

e b1 (p|3 + 4]2]3 1 (3|1 + 2|p)°
A (1208 45 = o 3| BalpE, (12 + 314] = (12)(23) [4plp? (L[ + 314]

<p1p2 > 3 [p2p3] 3
K1k3 (D2|k1|p2) (p2|k1|ps] (1 |ks|p2]
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]
. what if ?

e “Minimal off-shell amplitude"

Aso. (17,2 H [54 (k + /\2)\2 + )\3/\3)58(/\2?7717 + a2 + A3f)3)
2a1(1529) = onA (p2)(23)(3p)

A=1

n+1 n+ 2

* Replace set of vertexes in
proper on-shell diagram
— with “Minimal off-shell
amplitude”.

* Or modify integrand such that:

1

Qn+2[Ftree] §r—>e£ ¥ Ln—l—l [Ftree] T O( )
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Conjecture and examples.

Qﬁ+2 ] = /F

with

éi — )‘ia
é’i — 5"&'7
Qi — ﬁ’ia

1)

dkFx(m+2) P §kx2 (Cl ) i) gk x4 (Cl ) ﬁ) §(n+2—k)x2 (C/_L ) A)
Vol[GL(E)] V(- k) (nt1--k—2)(n+21--k—
Ep) (n+21---k—1)
Reg = 1l k=)
1 = ]-7 . N, é'n,—i—l — )‘pa é’n—i—Q — f
3 (€lk 5 (p|k
7’:17' -, An e\ An — T T
=" (ép) =T (ép)
1=1,...n, Nn+1 = Tp, @H—Z = 0.
k
[ Ak n+1 Qn—|—2 [Fk TL-I-Q]j
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Conjecture and examples.

One can work also in momentum twistor variables:
%
Ak,n+1

k
A;,n—i—l Whn42 [Fk,n+2] 3

§ d(k—2)x(n+2)D 1 54(k—2)|4(k—2)(D . Z)

r| = |
Wnsall] /FVol[GL(k—Q)]lJrgi(nzrl??k162)2)(1 L k=2) ... (n+2 ... k-3

 Examples:

e ) / d>C"  (512)8°(C"- N)o°(C - )d*(C™ - )
3L kx| Vol[GL(3)] (412) (123)(234)(345)(451)(512)
100 dy=rg cs=15) . ilklp) . lilkIE K
C'=10 10 = % Chs = % 5l = %7 = %7 5] = @
0 0 1 &= [i—g] Cos = % k* = K"k, klp) = Ip]k".
x 4 K> 4 [PZ]
A3341=0"(p1 +p2+ps+ k)[ 1p][p3][32][21] H5 (77z )
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- |
Conjecture and examples.

Qk 7] = {&p) / d>6C" (612) &5(C"- N)6¥(C - 7)d*(C™ - )
I ke Jr VOI[GL(3)] (512) (123)(234)(345)(456)(561)(612)

4 5[T135)

= {1} + {3} + {5} = 454, (172737475")

i3 ig e

e One can work also in momentum twistor variables:

A*
3 — _ 118441
wi o[ Toae] = e 6 [13456] + - (: >: g;ggg; [12356] + [12345] = a5

(p1) (3456)

 Closed solution:
n—+2

Aj
Woyoll3nte] = — Wpy2l3n2] Z Glli—14ij—1j].
A2,n+1 i<j
= ! de;,=11if g 2
cn+2—1+<p£> TiTintd) ,and ¢; =11 3 <n+ 2.

(pl) (i—1 i n+1 n+2)
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What about multiple Willson line operators?

Apin(L...om,(m+1)"...(n+m)*) =
(K1, €1,C15 -+ 5 kmy €my Cn| Wpr T (k1) - - - Wort™ (Kngm) |0)

Pm+1

 From general considerations possible answer may look like:

Qk r dk:x (m+2n)CrR .
— . X
m+2n[ ] /I‘ VOI[GL(IC)] €g (m + ) y T T ’I’L)
5k><2 (C )\) 5k><4 (C ﬂ) 5(m+2n k)x2 (CJ_ )\)
X
1---k)---(m--m+k-1)(m+1---m+k)---(m+2n---k—1)
é’i:)‘ia 7;:1,...77?,, ém-}—Zj—l :Aij m—|—2] g]: ]: 1,...n,
% 5 : 3 (&lkmas 3 (pj|km
)\i:)\ia 7’:17"'m7 Am —1 — ) Am T T T e\ _19' n,
- ST (g T EY i)
n; =", t=1,...m, Qm+2j—1 Zﬁpj; l_~2m+2j =0, j=1,...n,

* But what about Reg. function ?
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- |
What about multiple Willson line operators?

 From general considerations possible answer may look like:

Qk r dkx (m+2n)CR .
= . X
m+2n[ ] /1'“V01[GL(I€)] €g (m+ ’ 7m+n)
5kx2 (C )\) 5k><4 (C ﬂ) 5(m+2n k)x2 (CL )\)
X
1---k)y---(m---m+k-1)(m+1---m+k)---(m+2n---k—1)
él — )\1,7 1 = ]-7 . m, ém—}-2j—1 — )\pjy m—|—2_7 fj) .] — 17
- - ~ (&l kmtj T (pjlkm+j
)‘i:)‘za 7':]-7 - m, Amy2j—1 = ) Am42j = T T e 0\ _17'
=~ ST gpyy T FY (&ipj)
0 =", t=1,...m, Nmi2j—1="p,, Dm+2i = 0, J=1,
e n N
Reg.(m+1,..., m+n) = HReg(j+m),
j=1
D 29 27 +1 27+ k—1
Reg.(j+m): <§J€J> (..]‘l’m ]‘l" +m ]‘1" ‘|—m)
9 K (27 —1+4+m 2]+1+m---2]+k—1+m))
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What about multiple Willson line operators?

Different verifications of the given above formula was performed. (-/
gn*gn*) arbitrary number of + gluons and g"*,gM* etc. It is working!!

Some examples:
)53><4 (C . l_i) 52><2 (CL . é)

§3%2 (C . é
)(234)(345) (451) (512)

d3><5C
Q. , = / Reg.(2)Reg.(3) 123

Vol[GL(3)]

Reg.(2) = <p;§2> 812;, Reg.(3) = <p2§3> Ei;i

o* H o4 03 _ <p2€2><p3§3> [P2p3] "32 K3 <P2§2> <p3§3>_3
iy i - Oy, e kks  [1pa|K5(p2e) ~ ka3 (pade)  K3k3(pals) ~t [psl]k3(psés)
1 [P2p3]3

T kaks [1pa][psl]
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What about multiple Willson line operators?

* Most exiting once. Correlation function <WWW>:

5 d3x6C 3 | §3%2 (C . é) §3%4 (C . ﬁ) §3%2 (CL . é)

Yorell] = / Vol[GL(3)] qReg'(z) (123)(234)(345)(456)(561)(612)
with

_ (p1&y) (234) (p2&2) (456) _ (p3&s) (612)

Reg.(1) = =0 qaay 9B = 77 3ey 11998 = 757 51y
(1} = (P1&1) (P262) (P3E3) (p1D2)° [P2ps) k32 K5 (D2€2) % (ps€s) ~°
K1KakK3 ksks(P3€s) ~2(p1&1) KRS (P262) ~2 (D2 k1 |p2) (D] k1 D3] (D1 | ks |p2]
1 <p1p2 > 3 [P2p3] 3

KiK3 <p2|k1 ’p2] (pZ\k1|p3] <P1V€3|p2] .

[ 11 (‘98; Qorsll1as] = {1} + {3} + {5} = A3 0+3(91>92a939

77pj
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What about multiple Willson line operators?

* Closed solutions:

_ O, = i — 167 — 14]
A;,m+2(917---7ﬂm7(m+1)*7(m+2)*) wm+4[ ¢ ] ch[ G 1] .7]

1<J

ci; = 0, if there are no m + 3 among 7 — 1,%,5 — 1, 7.

Cm+3j = 0, k=3 is related to total helicity of
C: _ 1 on shell particles:
pmEs 1 & Pm+18mi1) (Li—lim+2) 7 total h. = m+2n -2k
(Pm+1Pm+2) (li—1lim+3)

m is the number of on-shell particles

Cimad = 1 n is the number of off-shell once.
LMt 1+ (Pm+t2€m+y2) (li—1lim+3) ~’
(Pm421)  (i—lim+3m+4)
B 1 1
Cmt2mtd = 1 4 {pmt1&msr) (Im+lm+3m+4) ¢ + (Pm+28m+2) _(Im+1m+2m+3)

(Pm+1Pm+2) (Im+1m+2m-+4) (Pm+421)  (m+1m+2m—+3m+4)
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What about multiple Willson line operators?

* What we have left behind: Relation to integrable systems.

L (ni)
Si(n,i—1,1) = .
= L) = e T 1)
1 A,
S_(n,i—1,1) = 3(54(17.,2_.[1'i — 1] + mi[ni — 1] + ni—1[in])

(ni — 1][i — 17][in|
The subtleties

sub. — R(U)nl R(O)n:n—l)((s2 </\n) ) with (pseudo)vacuum
state for form factors.

o Form factors

sup. = R(0),1R(0)15.X0%(N\,)0* (1,,). | (in general) are

eigenvectors of Tr(M)

while amplitudes

are eigenvectors of M.

[z
Rys(u) :/_i_lltf.l'])[—:(p1X2)]~ (B.146)

(Si(nln —1))"X

S_(nln—1)X

Where R’s are R-matrixes of gl(4|4) spin chain
(Chicerin,Derkachov,Krichner,Staudacher et.all 13-14):

i~

Where x; = (\;, /0N, 8/0n;) and p, = (9/0N;, —Ni, —n;). L(u) matrix is given by
L(u) =ul+x® p, (B.147)
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N
Conclusions.

* The set of variables and methods which initially was
associated with on-shell scattering amplitudes can be
successfully applied to all type of gauge invariant objects
in N=4 SYM ???

e Twistor string description ?

* Proper description in terms of integrable system.

 More loops/legs !!

 Chern-Simons theory generalisation.
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N
Twistor String theory origins of Grassmannian

representation.
Let’s consider the following

1 _ _
SZ—/W-ﬁZ—Z-ﬁw—I—aZ-W
27 N

worldsheet model:

“ambiTwistor string theory”

Where our lambda’s are :
- (8 T
now worldsheet fields: 4 = ()‘aa Hy X ) e T

~ N ~ * Masson&Co
W=(u,Ax)eT -
Then one can define the ( ) (1404.6219v2) ~14
following vertex operators:

ds, - - <
V, = / i (52|N()\a — SaA|Na — sax)e"’S“[“ Aal T ¢,

Sa

. / 05052 Ry — sad)eise (AR 7 4

Sa
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R
Twistor String theory origins of Grassmannian

representation.

Then one can consider the

correlation function of .A = <V1 .« . VkaH .« . Vn>

vertex operators:

n k
1 ds, do o ~
= -2 0% (Ai—siA

NAKMHV no
amplitude in H 52|N()\p — Sp)\((fp), Mp — pr(ap)).
N=4SYM. 4

In fact here are whole family of twistor string theories with correlation of the
form: Witten ~04

2n—4 4|4 * Bercovits ~04
/E d”* ¢ p(¢) | | 0" (O (Cr)WVa) Vascon&Co ~13
(87
Which are related to tree amplitudes in N=4 SYM and in N=8 SUGRA.

[ ]
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