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Motivation

Maximal SYM

D=4 N=4
D=6 N=2
D=8 N=1
D=10 N=1

Partial or total cancellation of UV divergences 
(all bubble and triangle diagrams cancel)
First UV divergent diagrams at D=4+6/L
Conformal or dual conformal symmetry
Common structure of the integrands

2

 Ber
n,	
  D

ixon
	
  &C

o	
  10

 Ark
ani-­‐

Ham
med

	
  12 Dru
mm

ond
,	
  He

nn,	
  
	
  

Kor
che

msk
y,	
  S

oka
tche

v	
  10

Object: Helicity Amplitudes on mass shell 
with arbitrary number of legs and loops

The case: Planar limit Nc ! 1, g2YM ! 0 and g2YMNc - fixed

The aim: to get all loop (exact) result



UV & IR Divergences
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• No UV divergences in all loops
• IR & Collinear Divs on shell

IR & Collinear Divs in dimensional regularization Cusp anom dim



UV & IR Divergences

D=6 N=2

4

Toy model for gravity

• No IR & Collinear  divergences in all loops
• UV Divs starting from L=6/(D-4)=3 loops

[g2] ⇠ 1

M2

N=(1,1)
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UV & IR Divergences

D=6 N=2

4

Toy model for gravity

• No IR & Collinear  divergences in all loops
• UV Divs starting from L=6/(D-4)=3 loops

[g2] ⇠ 1

M2

D=8 N=1 • No IR & Collinear  divergences in all loops
• UV Divs starting from L=[6/(D-4)]=1 loops

D=10 N=1 • No IR & Collinear  divergences in all loops
• UV Divs starting from L=6/(D-4)=1 loops
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Compactification on a torus of higher dim maximal SYM theories  
gives lower dimensional maximal SYM theories



Colour decomposition
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Aa1...an
n (p�1

1 . . . p�n
n ) =

X

�2Sn/Zn

Tr[�(T a1 . . . T an)]An(�(p
�1
1 . . . p�n

n )) +O(1/Nc)

Colour ordered amplitude

Nc ! 1, g2YM ! 0 and g2YMNc - fixedPlanar	
  Limit

T1 = Tr(Ta1Ta2Ta3Ta4)+Tr(Ta1Ta4Ta3Ta2),  
T2 = Tr(Ta1Ta2Ta4Ta3)+Tr(Ta1Ta3Ta4Ta2), 
T3 = Tr(Ta1Ta4Ta2Ta3)+Tr(Ta1Ta3Ta2Ta4)

A4(l),phys.(1,2,3,4) = T1A4(0)(1,2,3,4)M(l)(s,t)  + T2A4(0)(1,2,4,3)M(l)(s,u) + T3A4(0)(1,4,2,3)M(l)(t,u). 

Four-­‐point	
  amplitude

This	
  is	
  what	
  we	
  calculate

Tree	
  level	
  amplitude	
  usually	
  has	
  a	
  simple	
  universal	
  form	
  propor4onal	
  to	
  the	
  
delta	
  func4on	
  (conserva4on	
  of	
  momenta),	
  in	
  SUSY	
  case	
  -­‐	
  conserva4on	
  of	
  
supercharge	
  in	
  on	
  shell	
  momentum	
  superspace



Spinor helicity formalism
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Momentum

Spinor helicity formalism in D=4 and in D=6
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Spinor helicity formalism
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Momentum

Cheung,	
  O’Connell	
  09,	
  
Bern&Co	
  10

pµ, p2 = 0, µ = 0, ..., 5

pAB = pµ(�
µ)AB , pAB = pµ(�̄µ)
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a , pAB = �̃ȧ

A�̃Bȧ
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.
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Spinor helicity formalism in D=4 and in D=6

*
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  is	
  no	
  longer	
  conserved	
  in	
  D=6!

pµ, p2 = 0, µ = 0, ..., 3

±!

∓! ±!

A(0)
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Perturbation Expansion for the 
Amplitudes for any D 

A4/A
tree
4 1

2

4

15

60

No bubbles
No Triangles

Universal expansion for any D in maximal SYM due to

First UV div at 
L=[6/(D-4)] loops

IR finite

7
Dual conformal invariance

Т. Dennen Yu-yin Huang 10 ,
S.Caron-Huot D.O'Connell 10 
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Perturbation Expansion for the Amplitudes

Leading Divergences
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The master integrals with leading divergences up to four loops 

D=6 N=2

Everything was checked also numerically!
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The diagrams with  the 
substitution s<->t are not 

shown



Leading Divergences from Generalized 
«Renormalization Group»
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• In renormalizable theories the leading divergences can be found 
from the 1-loop term due to the renormalization group, in particular, 
for a single coupling theory the coefficient of            in n loops in 
given by

1/✏n

a(n)n = (a(1)1 )n
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from the 1-loop term due to the renormalization group, in particular, 
for a single coupling theory the coefficient of            in n loops in 
given by

1/✏n

• In non-renormalizable theories the leading divergences can be also 
found from 1-loop due to locality and R-operation
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X
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Table 1: The leading poles of the diagrams up to 4-loops for D = 6, 8 and 10

MI I
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graph term numerical exact

I
(4)
1 s0 t0 0 0

I
(4)
2 s0 t0 0.0416652(17) 1/24

I
(4)
3 s0 t0 0.0208328(7) 1/48

graph term numerical exact

I
(4)
1 s3 �209.997(5) �210

I
(4)
2

s4 -6.6661(10) -20/3
s3t 0.888900(24) 8/9
s2t2 -0.1111105(7) -1/9

I
(4)
3

s4 -20.4765(8) -430/21
s3t 0.444420(25) 4/9
s2t2 -0.0555541(10) -1/18

Table 3: The numerical values for some sample 4-loop graphs in D = 6 (left) and D = 8
(right). The values shown in the right table are multiplied by 6!5!4!3!.

6 Summary of the leading pole evaluation in various
dimensions

We summarize here the results of calculation of the leading poles in various dimensions.

6.1 D = 6 N = (1, 1) SYM

Summarizing one has for the leading poles (L.P.) [13]

L.P. = 2stg4

g2
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s2 + st+ t2

36✏2
+ g6

s3 + 2
5s

2t+ 2
5st

2 + t3

216✏3

�
(97)

The leading powers of s ant t remind the geometrical progression while for the mixed
ones there are too few terms to make any guess. If taking the geometrical progression
seriously, one gets

1X

n=1

✓
g2s

6✏

◆
n

=
g

2
s

6✏

1� g

2
s

6✏

, (98)

which looks precisely like the D=4 Yang-Mills theory with the replacement g2 ! gss and
in the limit when ✏ ! +0 tends to �1 when s < 0 and to 1 when s > 0. A natural
question arises whether one can prove eq.(98) to be correct. For this purpose consider the
sequence of diagrams appearing in the loop expansion (53).

We start with the infinite sequence of diagrams originating from the graph I
(3)
2 by

adding the boxes to the left and to the right. This gives us the diagrams I(4)2 , I
(4)
3 , I

(5)
1 , I

(5)
2 ,

etc. Performing the R0-operation and looking for the surviving one loop diagrams one can
notice that they can stand either on the left or right edge of the diagram or in the middle.
But the tennis court subgraph, I(3)2 , can be present only once since it is a three-loop block
and if it stands twice the order of the pole drops by two. And the diagrams containing
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    might be similar to a gauge theory in D=4

Existence of a fixed point  does not contradict the equation 

✏ ! +0

⌃(s, t,1) + ⌃(t, s,1) = �1


