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Wilson lines

W =

〈
P exp

[
ig

∫
C

dxµAµ(x)

]〉
Aµ(x) = Aa

µ(x)t
a
R

R — some representation of the color group

x0

x W (x, x0) = W (x, xN−1) · · ·W (x2, x1)W (x1, x0)

Aµ(x) → U(x)Aµ(x)U
−1(x) +

i

g
(∂µU(x))U−1(x)

W (xi+1, xi) → U(xi+1)W (xi+1, xi)U
−1(xi)

W (x, x0) → U(x)W (x, x0)U
−1(x0)

φ+(x)W (x, x0)φ
′(x0) = inv



W0 = ZW (αs(µ), a(µ))W (µ)

IR divergences of a scattering amplitude can be found in
the eikonal approximation. It turns the amplitude to a
product of straight semi-infinite Wilson lines along its
external momenta. However, it introduces UV divergences
which were absent in the original amplitude. These UV
divergences are equal to the IR divergences of the
amplitude with the opposite sign.



HQET

▶ QED: Bloch, Nordsieck (1937)

▶ Wilson lines: Gervais, Neveu (1980); Aref’eva (1980)

▶ HQET: (1990)

QCD with nf flavors plus a single heavy colored particle
(R)
P = Mv + p, p ≪ M , pi ≪ M , mi ≪ M

L = h∗
v0iD0 · vhv0 + LQCD

[∑
i

h∗
vi0

iD0 · vihvi0

]

At the leading order in 1/M the heavy-particle spin does
not interact with gluons and can be freely rotated (heavy
quark symmetry). Moreover, it can be switched off
(superflavor symmetry).



Renormalization

p
= iSh0(p · v) Sh0(ω) =

1

ω
µ a

= ig0v
µtaR

hv0 = Z
1/2
h (αs(µ), a(µ))hv(µ)

ω = iSh(ω) Sh(ω) =
1

ω − Σh(ω)

log
Sh(ω)

Sh0(ω)
= logZh +O(ε0)

γh(αs(µ)) =
d logZh(αs(µ), a(µ))

d log µ

Zh does not depend on ω



Coordinate space

0 x = θ(x · v)δ(x⊥)

v rest frame δ(x⃗ )Sh0(x
0), iSh0(t) = θ(t)

x y
= x y ×

〈
P exp

[
ig0

∫ y

x

dxµA
aµ
0 (x)taR

]〉
v rest frame Sh(t) = Sh0(t)W (t)

W (t) =

〈
P exp

[
ig0

∫ t

0

dt vµA
aµ
0 (vt)ta

]〉
logW (t) = logZh +O(ε0)

Zh does not depend on t



Cusp

φ

v

v′

J0 = h∗
v′0hv0 = ZJ(αs(µ), φ)J(µ) coshφ = v · v′

Γ(αs(µ), φ) =
d logZJ(αs(µ), φ)

d log µ

Dependence of the Isgur–Wise function on µ
1/ε IR divergence of massive QCD form factors



Renormalization

V (ω, ω′, φ) = 1 + Λ(ω, ω′, φ)

log V (ω, ω′, φ) = logZJ(φ)− logZh +O(ε0)

φ = 0: Ward identity

Λ(ω, ω′, 0) = −Σh(ω)− Σh(ω
′)

ω − ω′

V (ω, ω′, 0) =
S−1
h (ω)− S−1

h (ω′)

ω − ω′

log V (ω, ω′, 0) = − logZh +O(ε0) ZJ(αs, 0) = 1

Γ(αs, 0) = 0



Coordinate space

⟨hv′0(x
′)J0(0)h

∗
v0(x)⟩ = (δ-functions)×W (t, t′, φ)

logW (t, t′, φ) = logZJ(φ) + logZh +O(ε0)

φ = 0: W (t, t′, 0) = W (t+ t′), ZJ(0) = 1



φ → 0

Γ(αs, φ) =
∞∑
n=1

Bn(αs)φ
2n

B1(αs) — Bremsstrahlung function
A classical pointlike charge + free electromagnetic field

∆E = 2πB1(α)

∫ +∞

−∞
dt (−a2(t))

B1(α) =
α

3π

Also in N = 4 SYM Correa, Henn, Maldacena, Sever (2012)



φ → ∞

Γ(αs, φ) = K(αs)φ+O(φ0)

K — light-like cusp anomalous dimension
Related to renormalization of Wilson lines with light-like
segments: Korchemskaya, Korchemsky (1992)

x
y

x2 = y2 = 0

d logW

d log µ
+ 2K(αs)

[
log(µ2(x · y) + i0) + log(−µ2(x · y) + i0)

]
+ γ(αs) = 0



In SCET many anomalous dimensions have log parts with
the coefficient K(αs) plus non-log parts

The DGLAP kernels P (x) have singularities at x → 1:
δ(1− x), 1/(1− x)+ plus weaker ones like logn(1− x)
The coefficient of 1/(1− x)+ is K(αs)
Similarly, the coefficient of 1/(x− y)+ in the ERBL kernels
V (x, y) is K(αs)

IR 1/ε2 divergences of form factor of massless particles
are also determined by K(αs)



Z = Zh

∏
ZJ(φi)

φi ∼ 1/N

logZ: N contributions ∼ 1/N2 each

UV — small distances, any smooth line is straight
The only UV divergence — residual mass Σh(0)
Linear ⇒ 0



Exponentiation
QED nf = 0
0 < t1 < t2 < t, 0 < t′1 < t′2 < t

0 tt1 t2
× 0 tt′1 t′2

= + +

+ + +

0 t
= exp

0 t
W (t) = ew(t)

w = logZh +O(ε0)

γh(α) = 2(a− 3)
α

4π



QED nf ̸= 0

= exp

[
+ + · · ·

]
W = exp

[
w2 + w4 + · · ·

]
× = · · ·+ + · · ·



Nonabelian exponentiation

×

= · · ·+ + + · · ·

is a web, but is not

− =

= +



Color factors

Tr taRt
b
R = TRδ

ab taRt
a
R = CR1R NR = Tr1R

dRR′ =
dabcdR dabcdR′

NR

dabcdR = Tr t
(a
R t

b
Rt

c
Rt

d)
R

Tr taRt
a
R = CRNR = TRNA ⇒ CR =

TRNA

NR

e. g. CA = TA

γh, Γ without nf :

1 loop CR

2 loops CRCA

3 loops CRC
2
A

4 loops CRC
3
A, dRA

At least 1 quark loop (nf ) — anything
Up to 3 loops — Casimir scaling
4 loops — dRA, dRFnf



1 loop ∣∣∣∣ +

∣∣∣∣2 + ∫ ∣∣∣∣ +

∣∣∣∣2 = 1

Classical electrodynamics (Landau, Lifshitz; Jackson)

dE =
e2

2π2
(φ cothφ− 1) dω

In any frame!∫
d4k δ(k2)δ(k · v − ω)

(k · v1)(k · v2)
does not depend on v

In textbooks

φ cothφ− 1 =
1

2u
log

1 + u

1− u
− 1 u = tanhφ



Dim. reg.

dE = C(ε, φ)
e2ω−2ε

2π2
(φ cothφ− 1) dω C(0, φ) = 1

Photon emission probability dE/ω

F = 1− C(ε)

2

∫ ∞

λ

e2

2π2
(φ cothφ− 1)

dω

ω1+2ε

= 1− 2
α

4πε
(φ cothφ− 1 +O(ε))

Γ = 4
α

4π
(φ cothφ− 1)



2 loops

γh
▶ Aoyama (1982) — wrong!

▶ Knauss, Scharhorst (1984) (nf = 0)

▶ Broadhurst, Gray, Schilcher (1991) (Zos
Q )

▶ Ji, Musolf (1991); Broadhurst, Grozin (1991) (HQET)



2 loops

Γ(φ)

▶ Knauss, Scharhorst (1984) (nf = 0)
complicated double and triple integrals

▶ Korchemsky, Radyushkin
Yad. Fiz. (1986), Phys. Lett. B (1986),
Nucl. Phys. B (1987) Referee: nobody will ever need
this; now 789 citations
3 single integrals

▶ Kilian, Manakos, Mannel (1993)

▶ Grozin (2004) 2 integrals via Li2,3
▶ Kidonakis (2009) (only Li2,3)



3 loops

γh
▶ Melnikov, van Ritbergen (2000) (Zos

Q )

▶ Chetyrkin, Grozin (2003) (HQET)

K

▶ Moch, Vermaseren, Vogt (2004) (DGLAP)

▶ Moch, Vermaseren, Vogt (2005) (form factors)

Γ(φ)
Grozin, Henn, Korchemsky, Marquard (2015–16)

K(αs) = 4CRA

Γ(αs, φ) = Ω(A,φ)

= CR

[
Ω1(φ)A+ CAΩA(φ)A

2 + C2
AΩAA(φ)A

3 + · · ·
]



CRCATFnf



4 loops

color example γh φ ≪ 1 Γ(φ) 1L φ ≫ 1

CR(TFnf )
3 [1] [2,3] ✓

CRCF (TFnf )
2 [4,5] [4,5] ✓ [4,5,6]

CRCA(TFnf )
2 [7,8] [8] + [6,9,10]

CRC
2
FTFnf [11] [11] ✓

CRCFCATFnf [8] [8] + [12,8,13]

CRC
2
ATFnf [8] [8] − [12,13]

dRFnf [14] [14,8] [15] − [16,17]

CRC
3
A [18] [18] [12,13]

dRA [18] [18] [12,13]
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[15] R.Brüser, C.Dlapa, J.M.Henn, K.Yan, PRL 126
(2021) 021601
[16] R.N. Lee, A.V. Smirnov, V.A. Smirnov,
M. Steinhauser, JHEP 02 (2019) 172
[17] J.M.Henn, T. Peraro, M. Stahlhofen, P.Wasser, PRL
122 (2019) 201602
[18] A.G.Grozin, R.N. Lee, A. F. Pikelner, JHEP 11 (2022)
094



Conjecture

+ CRCA(TFnf )
2 3 terms at φ → 0 and φ → ∞

known

+ CRCFCATFnf 2 terms at φ → 0 known;
φ → ∞ was known numerically. Analytical
expression was predicted and later confirmed.

− CRC
2
ATFnf 2 terms at φ → 0

Brüser, Grozin, Henn, Stahlhofen (2019)

− dRFnf

A = · · ·+ dRF

CR

nf

(
αs

4π

)4

+ · · ·

Grozin, Henn, Stahlhofen (2017)



A sad story
A.G.Grozin, R.N. Lee, A.V. Smirnov, V.A. Smirnov,
M. Steinhauser (2019–20)

a1 a2

b1 b2

c1 c2



Sector in b2: DEs cannot be reduced to ε form



γh

▶ Generate diagrams (qgraf)

▶ Partial fractioning ⇒ 19 topologies





10–12 Grozin, Henn, Stahlhofen (2017)
1 Brüser, Grozin, Henn, Stahlhofen (2019)

all Lee, Pikelner (2023)

54 master integrals









▶ 13 recursively 1-loop
▶ 10 3F2(1) Beneke, Braun (1994); Grozin (2000, 2004)

1 reduces to Γ functions
▶ all: Lee, Pikelner (2023) DRA, ε exlansions



γh − γq

γh, γq at L loops: up to aL

γh − γq (R = F ):

▶ up to 2 loops — gauge invariant
▶ 3 loops — up to a
▶ 4 loops — up to a2 (γq — more color structures)

QED

▶ γh — only 1 loop gauge dependent (c-webs)
▶ γq — only 1 loop gauge dependent (LKF)

Grozin (2010)

γh − γq gauge invariant to all orders

The same for Zos
Q



Heavy-quark field: QCD/HQET matching

Q(µ) = z(µ)hv(µ)

z(µ) =
Zh(α

(nl)
s (µ), a(nl)(µ))Zos

Q (g
(nf )
0 , a

(nf )
0 )

ZQ(α
(nf )
s (µ), a(nf )(µ))Zos

h (g
(nl)
0 , a

(nl)
0 )

= finite

Zos
h (g

(nl)
0 , a

(nl)
0 ) = 1

Zos
Q (g

(nf )
0 , a

(nf )
0 ) at 4 loops: 1/ε4 . . . 1/ε all known

analytically
z(µ) — the same pattern of a dependence



Γ(φ) at φ ≪ 1

v′ = v + δv δv = v(coshφ− 1) + n sinhφ

v · n = 0 n2 = −1

Expand in δv and average over n direction in the
(d− 1)-dimensional subspace orthogonal to v



Γ(φ) = 4
αs

4π
(φ cothφ− 1)

{
CR +

αs

4π

[
CA() + TFnf ()

]
+ CR

(
αs

4π

)2[
C2

A() + CATFnf () + CFTFnf () + (TFnf )
2()

]
+

(
αs

4π

)3[
CRC

3
A() + dRA() + CRC

2
ATFnf ()

+ CRCFCATFnf () + CRC
2
FTFnf () + dRFnf ()

+ CRCA(TFnf )
2() + CRCF (TFnf )

2() + CR(TFnf )
3()

]}
+ φ4

(
αs

4π

)2{
CRCA() + CRCA

αs

4π

[
CA() + TFnf ()

]
+

(
αs

4π

)2[
CRC

3
A() + dRA() + CRC

2
ATFnf ()

+ CRCFCATFnf () + dRFnf () + CRCA(TFnf )
2()

]}
+O(φ6, α5

s)



N = 4 SYM
Supersymmetric cusp ϑ = 0
SU(Nc), Nc → ∞
▶ B1 exactly in Ncαs

Correa, Henn, Maldacena, Sever (2012)
▶

Γ =
∞∑

L=1

ΓL

(
Ncαs

2π

)L

ΓL =
L∑

n=1

ΓLn tanh
n φ

2

ΓL known to L = 4
Henn, Huber (2013)

Arbitrary group B1

Fiol, Martinez-Montoya, Fukelman (2019)

▶ ΓL1 O(φ): weight 2(L− 1), homogeneous
▶ ΓL1 O(φ3), ΓL2 O(φ2): lower weights,

non-homogeneous



Γ =
αs

2π
φ tanh

φ

2

{
CR − 1

6
CRCAπαs +

1

24
CRC

2
A(παs)

2

−
(

5

24
CRC

3
A − dRA

5

)
(παs)

3

18

}
+

Ncαsφ
4

2π

{
1

6
− 3

2
ζ3
Ncαs

2π
+

(
45

4
ζ5 +

2

3
π2ζ3 −

2

45
π4

)(
Ncαs

2π

)2}
+O(φ6, α5

s)

Maximal transcendentality: Kotikov, Lipatov (2003);
Kotikov, Lipatov, Onishchenko, Velizhanin (2004)



Euclidean ϕ = π − δ

Γ(π − δ) =
r V (r)

δ
=

q⃗ 2V (q⃗ )

4πδ

at 2 loops: Kilian, Mannel, Ohl (1993)

Conformal symmetry

ds2 = dx2
0 + dx⃗ 2

x0 = r cos δ x⃗ = rn⃗ sin δ ds2 = dr2 + r2(dδ2 + sin2 δ dn⃗ 2)

δ ≪ 1 r = ey0 y⃗ = δn⃗ ds2 = e2y0
(
dy20 + dy⃗ 2

)
conformally flat



Conformal symmetry

xUV
0

xIR
0

⇒

yUV
0

yIR0

logW = Γ log
xIR
0

xUV
0

= V (y⃗ )
(
yIR0 − yUV

0

)
Γ(π − δ) =

yV (y)

δ
V (y) =

const

y

Γ(π − δ) =
q⃗ 2V (q⃗ )

4πδ
V (q⃗ ) =

const

q⃗ 2

N = 4 SYM checked up to 3 loops



Conformal anomaly

4π∆(αs(|q⃗ |)) =
[
δ Γ(αs(|q⃗ |), π − δ)

]
δ→0

− q⃗ 2V (αs(|q⃗ |), q⃗ )
4π

∆(αs) =
4

27
β0CR(47CA − 28TFnf )

(
αs

4π

)3

+O(α4
s)

vanishes when β0 = 0.



Conjecture (like the Crewther–Broadhurst–Kataev relation)

∆(αs) = β(αs)C(αs)

C(αs) =
4

27
CR(47CA − 28TFnf )

(
αs

4π

)2

+ 4CR

[
?C2

A −
(
5ζ3 +

π4

6
− 79

648

)
CATFnf

+
2

3

(
19ζ3 +

π4

10
− 1711

48

)
CFTFnf

+
8

9

(
ζ3 +

58

27

)
(TFnf )

2

](
αs

4π

)3

+O(α4
s)

Brüser, Grozin, Henn, Stahlhofen (2019)



▶ CFα
2
s, C

2
Fα

3
s vanish

▶ Known Γfff ⇒ (TFnf )
2α3

s in C ⇒ ΓAff at δ → 0 —
agrees with the conjecture

▶ Known ΓFff ⇒ CFTFnfα
3
s in C ⇒ ΓFAf at δ → 0 —

agrees with the conjecture
▶ Conjectured ΓAff at δ → 0 ⇒ CATFnfα

3
s in C

▶ No dFFnfα
4
s in ∆ — not explicitely checked yet



Kataev, Molokoedov (2022) conjectured

C(αs) =
∞∑
n=0

Cn(αs)
[
β(αs)

]n
Cn(αs) don’t contain TFnf

An arbitrary series

C(αs) =
∞∑
n=0

Pn(TFnf )

(
αs

4π

)n+1

(∗)

can be written in this form
▶ In P1 express TFnf via

β(αs)−
∞∑
n=1

βn

(
αs

4π

)n+1

(βn≥1 is a polynomial in TFnf of degree n)
and update P≥2(TFnf ) by incorporating this sum

▶ Repeat for P2 and so on



At the N -th step, 3 kinds of terms appear:

▶
[
β(αs)

]m
with coefficients not containing β≥1

(m ∈ [0, N ]); these terms become a part of the final
result.

▶
[
β(αs)

]m
times some series having the form (*)

(m ∈ [1, N − 1]); for these series, we call the algorithm
recursively.

▶ terms without β(αs) containing β≥1; they are absorbed
into P≥N+1(TFnf ).



Logarithmic term

CRC
3
Aα

4
s log(δ)/δ in Γ(π − δ)

similar to 3-loop log(µr) term in V (r)

r⃗ = 0⃗

r⃗ = u⃗t

0 t1 t2 T

Coulomb gauge

V (q⃗ ) = −CF
g20
q⃗ 2

V (r⃗ ) = −CFκ0
g20
4π

1

r1−2ε

▶ Ultrasoft t1 ∼ t2 ∼ t2 − t1: Coulomb q ∼ 1/(ut1,2),
transverse k ∼ 1/t1,2 ≪ q

▶ Soft t2 − t1 ∼ ut1,2: k ∼ 1/(t2 − t1) ∼ q



Ultrasoft: neglect k

q

q

a1

a2

0
i
a = faa1a2g30

2qi

(q⃗ 2)2

r⃗

0

i = ifaa1a2κ0
g30
4π

ri

r1−2ε

The ratio of W with/without transverse gluon
1 +Rus +Rsoft

Rus =

∫ T

0

dt2

∫ t2

0

dt1K(t1, t2)

K(t1, t2) =
1

4
CFC

2
Aκ

2
0

g60
(4π)2

ri1
r1−2ε
1

rj2
r1−2ε
2

×Dij(v(t2 − t1)) exp

[
−i

∫ t2

t1

dt∆V (ut)

]



∆V (r) = Vo(r)− V (r) Vo(r) : V (r) with CF → CF − CA/2

Dij(vt) = 8(i/2)2ε
Γ(2− ε)

3− 2ε

t−2+2ε

(4π)2−ε
δij

K(t1, t2) =
2

3
CFC

2
Aκ1

g60
(4π)4

u4εt2ε1 t2ε2 (t2 − t1)
−2+2ε

× exp

[
− i

4
CAκ0

g20
4π

t2ε2 − t2ε1
εu1−2ε

]
1 Coulomg gluon between t1 and t2

K(1)(t1, t2) = − i

6
CFC

3
Aκ2

g80
(4π)5

t2ε1 t2ε2 (t2ε2 − t2ε1 )(t2 − t1)
−2+2ε

εu1−6ε

R(1)
us = − i

48
CFC

3
Aκ3

g80
(4π)5

T 8ε

ε2u1−6ε



Soft t2 − t1 ∼ ut1,2 ≪ t1,2

V
(1)
soft(r) = cCFC

3
A

g80
r1−8ε

R
(1)
soft = −i

∫ T

0

dt V
(1)
soft(ut) = −icCFC

3
A

g80T
8ε

8εu1−8ε

R(1) = R
(1)
us +R

(1)
soft: 1/ε

2 cancels

R(1) = − i

48
CFC

3
A

g80T
8ε

(4π)5
κ3u

6ε − κ4u
8ε

ε2u

=
i

24
CFC

3
A

α4
s(µ)(µT )

8ε

4π

log u+ const

εu

∆Γ = − i

3
CFC

3
A

α4
s

4π

log u+ const

u



To Euclidean φE = π + iφM , φM = u

∆Γ(π − δ) = −1

3
CFC

3
A

α4
s

4π

log δ + const

δ

Grozin, Stahlhofen (2018)



Abelian structures: 2-leg c-web
Set S of color structures

1. the contributions of the color structures CR × S to
bare logW are given by 2-leg c-webs only

2. no color factor C ̸∈ S being multiplied by a color
factor in Zα can produce a color factor C ′ ∈ S

Dµν
S (k) =

∞∑
L=0

d
(L)
S Dµν

L (k)AL
0 A0 = e−γε e20

(4π)d/2

Dµν
L (k) =

1

(−k2)1+Lε

(
gµν +

kµkν

−k2

)
Dµν

L−1(x) =
i

(4π)d/2
Γ(1− u)

Γ(2 + u− ε)

21−2u

(−x2)1−u

×
[
(1 + 2(u− ε))gµν − 2(1− u)

xµxν

−x2

]
u = Lε



HQET field

Coordinate space

0 t
=

0 t
× wS(t)

wS(τ) =
∞∑

L=1

d
(L−1)
S wL

[
A0(τ/2)

2εeγε
]L

Momentum space

ω ω = ω × w̃S(ω)

w̃S(ω) =
∞∑

L=1

d
(L−1)
S w̃L

[
A0(−2ω)−2ε

]L



Cusp

(logW (t, t′, φ))S = wS(t, t
′, φ)

=

0

−vt v′t′
+

0

−vt v′t′
+

0

−vt v′t′

wS(t, t
′, φ)− wS(t, t

′, 0) =

0

−vt v′t′
− 0−vt vt′

0

−vt v′t′
−vt1 v′t2 =

0

−vt v′t′
× VS(t, t

′, φ)

VS(τ, τ
′, φ) =

∞∑
L=1

d
(L−1)
S VL(τ

′/τ, φ)
[
A0(ττ

′/4)εeγε
]L

VL(1, φ) via 2F1 Grozin (2018)



Momentum space

ω ω′
= ω ω′ × ṼS(ω, ω

′, φ)

ṼS(ω, ω
′, φ) =

ω ω′
=

∞∑
L=1

d
(L−1)
S ṼL(ω

′/ω, φ)
[
A0(4ωω

′)−ε
]L

ṼL(1, φ) via 2F1 Grozin, Kotikov (2011)



Potential

logW = −iV (r⃗ )T

0 r⃗

T

VS(q⃗ ) = −(4π)d/2eγε
∞∑

L=1

d
(L−1)
S

(q⃗ 2)1+(L−1)ε
AL

0



Leading large β0

S = {(TFnf )
L, L ≥ 0}

QED b = β0
α

4π
∼ 1 1/β0 ≪ 1

⇒ Π0(k
2) = Π0A0(−k2)−ε ∼ 1 Π0 = β0

D(ε)

ε

d logZα(b)

d log b
= − b

ε+ b
Zα(b) =

1

1 + b/ε



HQET field

d
(L)
S = ΠL

0 k2 = (−2ω)2

w̃(ω) =
1

β0

∞∑
L=1

f̃(ε, Lε)

L

[
Π0(k

2)
]L

+O
(

1

β2
0

)
=

1

β0

∞∑
L=1

f̃(ε, Lε)

L

(
b

ε+ b

)L

+O
(

1

β2
0

)
µ = (−2ω)D(ε)−1/(2ε) → (−2ω)e−5/6

f̃(ε, u) =
uw̃L

D(ε)
=

∞∑
n=0

∞∑
m=0

f̃nmε
num

zh1(b) = − 1

β0

∞∑
n=0

f̃n0
n+ 1

(−b)n+1 +O
(

1

β2
0

)
γh(b) = −2

b

β0

f̃(−b, 0) +O
(

1

β2
0

)



Coordinate space

w(τ) =
1

β0

∞∑
L=1

f(ε, Lε)

L

[
Π0(k

2)eγε
]L

+O
(

1

β2
0

)
(k2 = (2/τ)2)

f(ε, u) =
uwL

D(ε)
µ =

2

τ
e−γD(ε)1/(2ε) → 2

τ
e−γ−5/6

w(τ) =
1

β0

∞∑
L=1

f(ε, Lε)

L

(
b

ε+ b

)L

+O
(

1

β2
0

)
f(−b, 0) = f̃(−b, 0)

γh(b) = −6
b

β0

γ0(b) +O
(

1

β2
0

)
γ0(b) =

(
1 + 2

3
b
)2
Γ(2 + 2b)

(1 + b)2Γ3(1 + b)Γ(1− b)

Broadhurst, Grozin (1994)



Cusp

˜̄V (ω, ω, φ) = Ṽ (1, φ)− Ṽ (1, 0)

=
1

β0

∞∑
L=1

f̃(ε, Lε, φ)

L

[
Π0(k

2)]L +O
(

1

β2
0

)
=

1

β0

∞∑
L=1

f̃(ε, Lε, φ)

L

(
b

ε+ b

)L

+O
(

1

β2
0

)
Γ(b, φ) = 4(φ cothφ− 1)

b

β0

Γ0(b) +O
(

1

β2
0

)
Γ0(b) = f̂(−b) =

(
1 + 2

3
b
)
Γ(2 + 2b)

(1 + b)Γ3(1 + b)Γ(1− b)

Gracey (1994); Beneke, Braun (1995)
coordinate space — similar



Potential

µ = |q⃗ | V (q⃗ ) = − (4π)d/2eγε

β0D(ε)(q⃗ 2)1−ε
εS

S =
∞∑

L=1

g(ε, Lε)

(
b

ε+ b

)L

=
b

ε

∞∑
n=0

n! g0nb
n +O(ε0)

g(ε, u) = D(ε)u/ε =
∞∑

n,m=0

gnmε
num

g(0, u) = e
5
3
u g0n =

1

n!

(
5

3

)n

V (q⃗ ) = −(4π)2

q⃗ 2

b

β0

V0(b) +O
(

1

β2
0

)
V0(b) =

1

1− 5
3
b

C =
b2

β0

C0(b) +O
(

1

β2
0

)
C0(b) =

V0(b)− Γ0(b)

b2



Next-to-leading large β0

S = {CF (TFnf )
L−1, L ≥ 2}

+ 2 +

⇒ Π0(k
2) +

Π1(k
2)

β0

+O
(

1

β2
0

)
Π1(k

2) = 3ε
∞∑

L=2

F (ε, Lε)

L
Π0(k

2)L

3F2(1) Kotikov (1995); Broadhurst, Gracey, Kreymer (1996)

β(b) = b+
b2

β0

B1(b) +O
(

1

β2
0

)
B1(b) = 3

∞∑
n=0

Fn0(−b)n

n+ 1

Palanques-Mestre, Pascual (1984)



HQET field

w̃(ω) =
1

β0

∞∑
L=1

f̃(ε, Lε)

L

(
b

ε+ b

)L

×
[
1 + L

Zα1

β0

+
3ε

β0

L−1∑
L′=2

L− L′

L′ F (ε, L′ε)

]
+O

(
1

β3
0

)
γh(b) = −6

[
b

β0

γ0(b)−
b3

β2
0

γ1(b)

]
+O

(
1

β3
0

)
γ1(b) up to b5 (8 loops) — Fnm up to n+m = 6 (ζ5,3, but
cancels in F51 + F42 + F33 + F24 + F15). Grozin (2016)



Cusp

Γ(b, φ) = 4(φ cotφ− 1)

[
b

β0

Γ0(b)−
b3

β2
0

Γ1(b)

]
+O

(
1

β3
0

)
Γ1(b) up to b5 (8 loops), the same combination of Fnm with
n+m = 6 — ζ5,3 cancels. Grozin (2016)



Potential

V (q⃗ ) = −(4π)2

β0q⃗ 2
ε

∞∑
L=1

g(ε, Lε)

(
b

ε+ b

)L

×
[
1 + L

Zα1

β0

+
3ε

β0

L−1∑
L′=2

L− L′

L′ F (ε, L′ε)

]
+O

(
1

β3
0

)
V (q⃗ ) = −(4π)2

q⃗ 2

[
b

β0

V0(b)−
b3

β2
0

V1(b)

]
+O

(
1

β3
0

)
V1(b) contains only g0n, Fn0, F0m — Γ ⇒ ζn
Highest weights: 3,3,5,5,7,7

C =
b2

β0

C0(b)−
b3

β2
0

C1(b) +O
(

1

β3
0

)



Abelian (TFnf)
1

S = {1} ∪ {CL−1
L TFnf , L ≥ 1}

ΠL−1 = Π̃L−1nf + (n>1
f terms)

Dµν(k) = Dµν
0 (k) + nf

∞∑
L=1

Π̃L−1D
µν
L (k)AL

0 + (n>1
f terms)



Π̃L−1 =
β̄L−1

Lε
+ Π̄L−1 +O(ε)

β̄0 = −4

3
β̄1 = −4 β̄2 = 2 β̄3 = 46

Gorishnii, Kataev, Larin, Surguladze (1991)

Π̄0 = −20

9
Π̄1 = 16ζ3 −

55

3

Π̄2 = −2

(
80ζ5 −

148

3
ζ3 −

143

9

)
Π̄3 = 2240ζ7 − 1960ζ5 − 104ζ3 +

31

3
Ruijl, Ueda, Vermaseren, Vogt (2017)



HQET field

w̃(ω) = w̃1A0(−2ω)−2ε + nf

∞∑
L=2

Π̃L−2w̃L

[
A0(−2ω)−2ε

]L
+ (n>1

f terms) + (w>2 legs terms)

w̃L =
3

Lε
+

1

L
+ 3 +O(ε)

Zα = 1− nf

ε

∞∑
L=1

β̄L−1

L

(
α

4π

)L

+ (n>1
f terms)

γh = −2CR
αs

4π

[
3 + TFnf

αs

4π

∞∑
L=0

(3Π̄L − β̄L)

(
CF

αs

4π

)L]
+ · · ·

coordinate space similar. Grozin (2018)



Cusp

˜̄V (φ) = −2
φ cothφ− 1

Lε
+ V (φ) +O(ε)

V (φ) = V (−φ) does not depend on L ⇒ β̄L−2 cancels

Γ(φ) = 4CR(φ cothφ− 1)
αs

4π

[
1 + TFnf

αs

4π

∞∑
L=0

Π̄L

(
CF

αs

4π

)L]
+ · · ·

coordinate space similar. Grozin (2018)
Potential

V (q⃗ ) = −CR
4παs

q⃗ 2

[
1 + TFnf

αs

4π

∞∑
L=0

Π̄L

(
CF

αs

4π

)L]
+ · · ·

∆: CL−1
F TFnf absent to all orders ⇒

C(αs): CRC
L−1
F αL

s absent to all orders



2 more 5-loop terms

We considered CRC
L−n−1
F (TFnf )

nαL
s

The only missing 5-loop term CRC
2
F (TFnf )

2α5
s

S = {1, TFnf , CFTFnf , C
2
FTFnf , C

2
F (TFnf )

2}

d̄FFn
2
f d̄FF =

dabcdF dabcdF

NA

S = {d̄FFn
2
f}



CR × 1

TFnf

(TFnf )
2

(TFnf )
3

(TFnf )
4

CFTFnf

CF (TFnf )
2

CF (TFnf )
3

C2
F (TFnf )

2

C2
FTFnf

C3
FTFnf

αs α2
s α3

s α4
s α5

s

Lβ0

NLβ0

(TFnf )
1



γh, Γ(φ), V

▶ Lβ0 from time immemorable
▶ NLβ0 Grozin (2016)
▶ CRC

L−2
F TFnfα

L
s Grozin (2018–19)

▶ CRC
2
F (TFnf )

2α5
s

▶

CR
dabcdF dabcdF

NA

n2
fα

5
s



C(αs)

▶ CR(TFnf )
3α4

s in Γ(δ → 0) ⇒ CR(TFnf )
2α3

s in C ⇒
CRCA(TFnf )

2α4
s in Γ(δ → 0) agrees with the conjecture

▶ CRCF (TFnf )
2α4

s in Γ(δ → 0) ⇒ CRCFTFnfα
3
s in C ⇒

CRCFCATFnfα
4
s in Γ(δ → 0) agrees with the

conjecture
▶ CRCATFnfα

3
s in C follows from conjectured

CRCA(TFnf )
2α4

s in Γ(δ → 0)
▶ dRFnfα

4
s cancels in ∆

▶ CRC
L−2
F TFnfα

L
s cancel in ∆ ∀L

▶ CRd
abcd
F dabcdF /NAn

2
fα

5
s cancel in ∆

▶ CRC
2
F (TFnf )

2α5
s in Γ(δ → 0) ⇒ CRC

2
FTFnfα

4
s in C



CR ×

TFnf

(TFnf )
2

(TFnf )
3

CF

CFTFnf

CF (TFnf )
2

C2
F

C2
FTFnf

C3
F

α2
s α3

s α4
s

Lβ0

NLβ0

0



Conclusion

▶ γh is known to 4 loops
▶ Γ(φ) is known to 4 loops up to φ4 (for some color

structures, up to φ6)
▶ K is known up to 4 loops
▶ dRFnfα

4
s in Γ(φ) is known

▶ CRCA(TFnf )
2α4

s, CRCFCATFnfα
4
s are known from the

conjecture
▶ CRC

2
ATFnfα

4
s, CRC

3
Aα

4
s, dRAα

4
s are not known

▶ CRC
2
F (TFnf )

2α5
s, CRd

abcd
F dabcdF /NAn

2
fα

5
s are known in

γh, Γ at 5 loops and in V at 4 loops
▶ CR(TFnf )

L−1αL
s in γh, Γ, V are known ∀L

▶ CRCF (TFnf )
L−2αL

s in γh, Γ, V are known, in principle,
∀L

▶ CRC
L−2
F TFnfα

L
s in γh, Γ, V are known up to L = 5



▶ How to formulate the conjecture consistently beyond
Casimir scaling? Why does it work for CRCATFnfα

3
s,

CRCA(TFnf )
2α4

s, CRCFCATFnfα
4
s? Why does it fail

for CRC
2
ATFnfα

4
s, dRFnfα

4
s?

▶ Why are Zos
Q , γh − γq, z gauge-nivariant up to 2 loops,

linear in a at 3 loops, and quadratic in a at 4 loops?
Does it continue at higher loops?

▶ In Zos
Q at 4 loops all coefficients of ε−n are known

analytically (some ε0 coefficients are still only known
numerically)

▶ Principle of maximal transcendentality works for the
Bremsstrahlung function and light-like K up to 4 loops

▶ Why does it work? Is the maximum-weight part of γh
related to renormalization of an end of a Wilson line in
N = 4 SYM?



▶ How to define ∆ consistently, in spite of log δ terms?
How to sum highest powers of log δ in δ Γ(π − δ)?
What if we sum over the number of Coulomb
exchanges? Is ∆(αs) = β(αs)C(αs)? Is it possibly to
calculate C(αs) (or ∆(αs)) more directly?


