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� ¡μÉ  ¶μ¸¢ÖÐ¥´  ¶μ¤·μ¡´μ³Ê ¨§²μ¦¥´¨Õ É¥μ·¨¨ ´¥°É·¨´´ÒÌ μ¸Í¨²²ÖÍ¨° ¢ · ³-
± Ì ±¢ ´Éμ¢μ-¶μ²¥¢μ° É¥μ·¨¨ ¢μ§³ÊÐ¥´¨° ¸ ·¥²ÖÉ¨¢¨¸É¸±¨³¨ ¢μ²´μ¢Ò³¨ ¶ ±¥É ³¨ ¢
± Î¥¸É¢¥  ¸¨³¶ÉμÉ¨Î¥¸±¨ ¸¢μ¡μ¤´ÒÌ in- ¨ out-¸μ¸ÉμÖ´¨°. � §· ¡μÉ ´ Ëμ·³ ²¨§³ ±μ¢ -
·¨ ´É´μ£μ ¢μ²´μ¢μ£μ ¶ ±¥É . ”μ·³ ²¨§³ ¶·¨³¥´¥´ ¤²Ö ¢ÒÎ¨¸²¥´¨Ö ¢¥·μÖÉ´μ¸É¨ ¢§ ¨-
³μ¤¥°¸É¢¨Ö ¢μ²´μ¢ÒÌ ¶ ±¥Éμ¢, · ¸¸¥¨¢ ÕÐ¨Ì¸Ö ¤·Ê£ ´  ¤·Ê£¥ ¸ ´¥´Ê²¥¢Ò³ ¶·¨Í¥²Ó´Ò³
¶ · ³¥É·μ³. ‚ÒÎ¨¸²¥´μ £¥μ³¥É·¨Î¥¸±μ¥ ¶μ¤ ¢²¥´¨¥ ¢¥·μÖÉ´μ¸É¨ ¢§ ¨³μ¤¥°¸É¢¨Ö ¢μ²-
´μ¢ÒÌ ¶ ±¥Éμ¢ ¤²Ö ´¥±μ²²¨´¥ ·´ÒÌ ¸Éμ²±´μ¢¥´¨°. ‘Ëμ·³Ê²¨·μ¢ ´Ò ¶· ¢¨²  ”¥°´-
³ ´  ¤²Ö · ¸¸¥Ö´¨Ö ¢μ²´μ¢ÒÌ ¶ ±¥Éμ¢, ¨ ¢ÒÎ¨¸²¥´  ¤¨ £· ³³  ¤μ¸É ÉμÎ´μ μ¡Ð¥£μ
¢¨¤  ¸ ³ ±·μ¸±μ¶¨Î¥¸±¨ · §´¥¸¥´´Ò³¨ ¢¥·Ï¨´ ³¨ Å ®¨¸ÉμÎ´¨±μ³¯ ¨ ®¤¥É¥±Éμ·μ³¯.
‚ ¶·μ¸É· ´¸É¢¥´´μ-¢·¥³¥´´ÒÌ μ¡² ¸ÉÖÌ ¢¡²¨§¨ ÔÉ¨Ì ¢¥·Ï¨´ ·μ¦¤ ÕÉ¸Ö § ·Ö¦¥´´Ò¥
²¥¶Éμ´Ò Å �±α ¢ ®¨¸ÉμÎ´¨±¥¯ ¨ �∓β ¢ ®¤¥É¥±Éμ·¥¯. �¥°É·¨´μ · ¸¸³ É·¨¢ ¥É¸Ö ± ±
¢¨·ÉÊ ²Ó´ Ö Î ¸É¨Í  (¶·μ¶ £ Éμ·), ¸μ¥¤¨´ÖÕÐ Ö ¢¥·Ï¨´Ò ³ ±·μ¤¨ £· ³³Ò. � §· -
¡μÉ ´ ±μ··¥±É´Ò° ³¥Éμ¤ ³ ±·μ¸±μ¶¨Î¥¸±μ£μ Ê¸·¥¤´¥´¨Ö, ¶·¨³¥´¥´¨¥ ±μÉμ·μ£μ ¶μ-
§¢μ²¨²μ ¶μ²ÊÎ¨ÉÓ Ëμ·³Ê²Ê ¤²Ö Î¨¸²  ¸μ¡ÒÉ¨°, ¸μμÉ¢¥É¸É¢ÊÕÐ¥£μ ³ ±·μ¸±μ¶¨Î¥¸±μ°
Ë¥°´³ ´μ¢¸±μ° ¤¨ £· ³³¥. �μ²ÊÎ¥´μ μ¡μ¡Ð¥´¨¥ ¸É ´¤ ·É´μ° ±¢ ´Éμ¢μ-³¥Ì ´¨Î¥¸±μ°
¢¥·μÖÉ´μ¸É¨ ´¥°É·¨´´ÒÌ Ë²¥°¢μ·´ÒÌ ¶¥·¥Ìμ¤μ¢ ¸ ÊÎ¥Éμ³ ¶·μ¤μ²Ó´μ° ¤¨¸¶¥·¸¨¨ ÔË-
Ë¥±É¨¢´μ£μ ¢μ²´μ¢μ£μ ¶ ±¥É  ´¥°É·¨´μ ¨ ±μ´¥Î´ÒÌ ¢·¥³¥´´ÒÌ ¨´É¥·¢ ²μ¢  ±É¨¢´μ¸É¨
®¨¸ÉμÎ´¨± ¯ ¨ ®¤¥É¥±Éμ· ¯. �·¥¤¸± § ´ ·Ö¤ ´μ¢ÒÌ ¶μÉ¥´Í¨ ²Ó´μ ´ ¡²Õ¤ ¥³ÒÌ ÔË-
Ë¥±Éμ¢ ¢ Ö¢²¥´¨¨ ´¥°É·¨´´ÒÌ μ¸Í¨²²ÖÍ¨°.

The article is devoted to a detailed presentation of the theory of neutrino oscillations
within the framework of quantum ˇeld perturbation theory with relativistic wave packets
as asymptotically free external in- and out-states. A formalism of covariant wave packet
is developed and applied to calculate the probability of interaction of wave packets scat-
tered on each other with a nonzero impact parameter. The geometric suppression of the
probability of interaction of wave packets for noncollinear collisions is calculated. Feyn-
man rules for the wave packet scattering are formulated and a rather general diagram
with macroscopically separated vertices (called ©sourceª and ©detectorª) is calculated. In
the space-time regions around these vertices, the charged leptons are born Å �±α in the
©sourceª and �∓β in the ©detectorª. A neutrino is treated as a virtual particle (propagator)
connecting the vertices of the macrodiagram. A proper method of macroscopic averaging
is developed, the application of which makes it possible to derive a formula for the number
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of events, corresponding to the macroscopic Feynman diagram. A generalization of the
standard quantum-mechanical probability of neutrino 	avor transitions is obtained taking
into account the longitudinal dispersion of the effective wave packet of neutrinos and ˇnite
time intervals of activity of the ©sourceª and ©detectorª. A number of new and potentially
measurable effects in the neutrino oscillation phenomenon are predicted.

PACS: 13.15.+g; 14.60.Pq; 14.60.St

‚‚…„…�ˆ…

�¥°É·¨´μ Å ²¥£±¨° Ë¥·³¨μ´ ¸ ´Ê²¥¢Ò³ Ô²¥±É·¨Î¥¸±¨³ § ·Ö¤μ³, ÊÎ ¸É-
¢ÊÕÐ¨° ¢ ¸² ¡ÒÌ ¢§ ¨³μ¤¥°¸É¢¨ÖÌ. �É  Î ¸É¨Í  ¡Ò²  ¶·¥¤²μ¦¥´  ‚.� Ê²¨
¢ 1930 £. ¤²Ö ¸¶ ¸¥´¨Ö § ±μ´  ¸μÌ· ´¥´¨Ö Ô´¥·£¨¨ ¨ μ¡ÑÖ¸´¥´¨Ö ®´¥¶· ¢¨²Ó-
´μ°¯ ¸É É¨¸É¨±¨ ¢ Ö¤¥·´ÒÌ β-· ¸¶ ¤ Ì ¨ ¢¸±μ·¥ ¡Ò²  ¨¸¶μ²Ó§μ¢ ´  �.”¥·³¨
¶·¨ ¶μ¸É·μ¥´¨¨ ¶¥·¢μ° ±μ²¨Î¥¸É¢¥´´μ° É¥μ·¨¨ β-· ¸¶ ¤  [1] ¢ ¶· ¢¨²Ó´μ³
¶·¥¤¶μ²μ¦¥´¨¨, ÎÉμ ´¥°É·¨´μ ´¥ Ö¢²Ö¥É¸Ö ¸μ¸É ¢´μ° Î ¸ÉÓÕ Ö¤·  (± ± ¸Î¨É ²
� Ê²¨),   ·μ¦¤ ¥É¸Ö ¶·¨ ¥£μ · ¸¶ ¤¥ ¢³¥¸É¥ ¸ β-Î ¸É¨Í¥°∗. ‘ É¥Ì ¶μ· ¡Ò²¨
μ¡´ ·Ê¦¥´Ò É·¨  ·μ³ É  (Ë²¥°¢μ· ) ´¥°É·¨´μ να = (νe, νμ, ντ ),  ¸¸μÍ¨¨·Ê-
¥³Ò¥ ¸ ¸μμÉ¢¥É¸É¢ÊÕÐ¨³¨ § ·Ö¦¥´´Ò³¨ ²¥¶Éμ´ ³¨ �α = (e, μ, τ): ·μ¦¤¥´¨¥
²¥¶Éμ´  �+

α ¢ ¶·μÍ¥¸¸¥ ¸² ¡μ£μ ¢§ ¨³μ¤¥°¸É¢¨Ö ¢¸¥£¤  ¸μ¶·μ¢μ¦¤ ¥É¸Ö ·μ¦¤¥-
´¨¥³ ´¥°É·¨´μ να Éμ£μ ¦¥ Ë²¥°¢μ·  α, ÎÉμ ³μ¦´μ ¸Ëμ·³Ê²¨·μ¢ ÉÓ ± ± § ±μ´
¸μÌ· ´¥´¨Ö ²¥¶Éμ´´μ£μ Î¨¸²  Lα.

�μ  ´ ²μ£¨¨ ¸ μ¸Í¨²²ÖÍ¨Ö³¨ ´¥°É· ²Ó´ÒÌ ± μ´μ¢ K0 ↔ K
0


.�μ´É¥-
±μ·¢μ ¶·¥¤¶μ²μ¦¨² ¸ÊÐ¥¸É¢μ¢ ´¨¥ μ¸Í¨²²ÖÍ¨°  ·μ³ É  ´¥°É·¨´μ [4, 5] ¥Ð¥
¢ ±μ´Í¥ 1950-Ì ££. �É  ¤μ£ ¤±  ¡Ò²  Ê¡¥¤¨É¥²Ó´μ ¶μ¤É¢¥·¦¤¥´  ¢ Ô±¸¶¥·¨-
³¥´É Ì ¸ ¸μ²´¥Î´Ò³¨ [6Ä8],  É³μ¸Ë¥·´Ò³¨ [9, 10], Ê¸±μ·¨É¥²Ó´Ò³¨ [10, 11]
¨ ·¥ ±Éμ·´Ò³¨ [12Ä15] ´¥°É·¨´μ ¨  ´É¨´¥°É·¨´μ. �¥°É·¨´´Ò¥ μ¸Í¨²²ÖÍ¨¨,
¨²¨ Ë²¥°¢μ·´Ò¥ ¶¥·¥Ìμ¤Ò, Å ÔÉμ ±¢ ´Éμ¢μ¥ Ö¢²¥´¨¥ ±¢ §¨¶¥·¨μ¤¨Î¥¸±μ£μ
¨§³¥´¥´¨Ö Ë²¥°¢μ·  ´¥°É·¨´μ να ↔ νβ ¸μ ¢·¥³¥´¥³. �·¨·μ¤  ÔÉμ£μ Ö¢²¥´¨Ö,
´ ·ÊÏ ÕÐ¥£μ ¸μÌ· ´¥´¨¥ ²¥¶Éμ´´ÒÌ Î¨¸¥², μ¡ÑÖ¸´Ö¥É¸Ö ´¥Ô±¢¨¢ ²¥´É´μ¸ÉÓÕ
¸μ¡¸É¢¥´´ÒÌ ¸μ¸ÉμÖ´¨° ´¥°É·¨´μ ¸ μ¶·¥¤¥²¥´´Ò³ Ë²¥°¢μ·μ³ |να〉 ¨ ¸μ¸Éμ-
Ö´¨° ¸ μ¶·¥¤¥²¥´´Ò³¨ ³ ¸¸ ³¨ |νk〉 (k = 1, 2, 3), ´¥´Ê²¥¢μ° · §´¨Í¥° ³ ¸¸
¶μ¸²¥¤´¨Ì ¨ £¨¶μÉ¥§μ° μ Éμ³, ÎÉμ ¢ ¶·μÍ¥¸¸ Ì ¸² ¡μ£μ ¢§ ¨³μ¤¥°¸É¢¨Ö ´¥°-
É·¨´μ ÊÎ ¸É¢Ê¥É ± ± ±μ£¥·¥´É´ Ö ¸Ê¶¥·¶μ§¨Í¨Ö ³ ¸¸μ¢ÒÌ ¸μ¸ÉμÖ´¨°

|να〉 =
3∑

k=1

V ∗
αk|νk〉. (1)

‡¤¥¸Ó Vαk Å Ô²¥³¥´É Ê´¨É ·´μ° ¢ ±ÊÊ³´μ° ³ É·¨ÍÒ ¸³¥Ï¨¢ ´¨Ö, ´ §Ò¢ -
¥³μ° É ±¦¥ ³ É·¨Í¥° �μ´É¥±μ·¢μÄŒ ±¨Ä� ± £ ¢ÒÄ‘ ± ÉÒ (�Œ�‘) [5, 16].
‚·¥³¥´´� Ö Ô¢μ²ÕÍ¨Ö ¸μ¸ÉμÖ´¨Ö (1) ¶·¨¢μ¤¨É ± μ¸Í¨²²ÖÉμ·´μ° § ¢¨¸¨³μ¸É¨

∗‡´ ³¥´¨Éμ¥ ¶¨¸Ó³μ � Ê²¨ μ¶Ê¡²¨±μ¢ ´μ ¢ [2] ¸ ±μ³³¥´É ·¨Ö³¨ ¨ ¨´É¥·¥¸´Ò³¨ ¨¸Éμ·¨-
Î¥¸±¨³¨ ¶μ¤·μ¡´μ¸ÉÖ³¨. �·¥¤¢ ·¨É¥²Ó´μ¥ ¸μμ¡Ð¥´¨¥ ”¥·³¨ ¡Ò²μ μ¶Ê¡²¨±μ¢ ´μ ¢ 1933 £. [3].
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¢¥·μÖÉ´μ¸É¨ μ¡´ ·Ê¦¥´¨Ö ´¥°É·¨´μ ¢ ¸μ¸ÉμÖ´¨¨ ¸ μ¶·¥¤¥²¥´´Ò³ Ë²¥°¢μ-
·μ³ β ¸¶Ê¸ÉÖ ¢·¥³Ö t ¶μ¸²¥ ·μ¦¤¥´¨Ö ¸μ¸ÉμÖ´¨Ö |να〉. �·μ¸É¥°Ï Ö ±¢ ´Éμ¢μ-
³¥Ì ´¨Î¥¸± Ö É¥μ·¨Ö μ¸Í¨²²ÖÍ¨°, μ¸´μ¢ ´´ Ö ´  ¶²μ¸±μ¢μ²´μ¢μ³ ¶·¨¡²¨¦¥-
´¨¨, ¡Ò²  ¢¶¥·¢Ò¥ ¸Ëμ·³Ê²¨·μ¢ ´  ¢ · ¡μÉ¥ ‚. ƒ·¨¡μ¢  ¨ 
.�μ´É¥±μ·¢μ [17].
�É  É¥μ·¨Ö μ± § ²  ¡μ²ÓÏμ¥ ¢²¨Ö´¨¥ ´  ¨¸¸²¥¤μ¢ ´¨Ö ¢ μ¡² ¸É¨ ´¥°É·¨´´μ°
Ë¨§¨±¨ ¨ · §¢¨¢ ² ¸Ó ¢ ¶μ¸²¥¤ÊÕÐ¨¥ £μ¤Ò ³´μ£¨³¨  ¢Éμ· ³¨ (¸³., ´ ¶·¨-
³¥·, [18Ä20] ¨ μ¡§μ·Ò [21Ä31], μ¡¸ÉμÖÉ¥²Ó´μ μÉ· ¦ ÕÐ¨¥ · §¢¨É¨¥ Ô±¸¶¥-
·¨³¥´É  ¨ Ë¥´μ³¥´μ²μ£¨¨ ´¥°É·¨´´ÒÌ μ¸Í¨²²ÖÍ¨° ¢ ¢ ±ÊÊ³¥ ¨ ¢¥Ð¥¸É¢¥,  
É ±¦¥ ³´μ£μÎ¨¸²¥´´Ò¥ ³¥Ì ´¨§³Ò £¥´¥· Í¨¨ ³ ¸¸ ¨ ¸³¥Ï¨¢ ´¨Ö ´¥°É·¨´μ,
±μÉμ·Ò¥ ¢ ¤ ´´μ° · ¡μÉ¥ ´¥ · ¸¸³ É·¨¢ ÕÉ¸Ö).

�¥¸³μÉ·Ö ´  Î·¥§¢ÒÎ °´μ Ê¸¶¥Ï´μ¥ ¶·¨³¥´¥´¨¥ ¶·¨ μ¶¨¸ ´¨¨ Ô±¸¶¥-
·¨³¥´É ²Ó´ÒÌ ¤ ´´ÒÌ, ¶²μ¸±μ¢μ²´μ¢μ¥ ¶·¨¡²¨¦¥´¨¥ ´¥ ¸ ³μ¸μ£² ¸μ¢ ´´μ
¨ ¶·¨¢μ¤¨É ± ·Ö¤Ê ¶ · ¤μ±¸μ¢, μ¡¸Ê¦¤ ¢Ï¨Ì¸Ö ¢ ³´μ£μÎ¨¸²¥´´ÒÌ · ¡μÉ Ì.
‡¤¥¸Ó ³Ò Ê± ¦¥³ μ¡Ï¨·´Ò°, ´μ ¡¥§Ê¸²μ¢´μ ´¥ ¨¸Î¥·¶Ò¢ ÕÐ¨° ¸¶¨¸μ± · -
¡μÉ [32Ä65], ¨³¥ÕÐ¨Ì ¶·Ö³μ¥ μÉ´μÏ¥´¨¥ ± ¶·¥¤³¥ÉÊ ¤ ´´μ° ¸É ÉÓ¨. ‘¨¸É¥-
³ É¨Î¥¸±μ¥ ¨§²μ¦¥´¨¥ ¸ ³μ° É¥μ·¨¨, ¥¥ ±·¨É¨±Ê, μ¡μ¡Ð¥´¨Ö ¨ ¤ ²Ó´¥°Ï¨¥
¸¸Ò²±¨ ³μ¦´μ ´ °É¨, ´ ¶·¨³¥·, ¢ ³μ´μ£· Ë¨¨ [66].

‚ · ¡μÉ Ì [67Ä72] ¡Ò²  Ê± § ´  ´¥μ¡Ìμ¤¨³μ¸ÉÓ μ¶¨¸ ´¨Ö ´¥°É·¨´´ÒÌ
μ¸Í¨²²ÖÍ¨° ¢ · ³± Ì ³μ¤¥²¨ ¸ ´¥°É·¨´´Ò³¨ ¢μ²´μ¢Ò³¨ ¶ ±¥É ³¨ (¸³. É ±-
¦¥ [63, 66, 73Ä79]). ‚μ²´μ¢μ° ¶ ±¥É (‚�) Å ÔÉμ ±μ£¥·¥´É´ Ö ¸Ê¶¥·¶μ§¨Í¨Ö
¢μ²´ ¸ ¨³¶Ê²Ó¸ ³¨, · ¸¶·¥¤¥²¥´´Ò³¨ ¢μ±·Ê£ ´ ¨¡μ²¥¥ ¢¥·μÖÉ´μ£μ §´ Î¥´¨Ö ¸
μ¶·¥¤¥²¥´´μ° ®Ï¨·¨´μ°¯ ¨²¨ ¤¨¸¶¥·¸¨¥°. ‚� ²μ± ²¨§μ¢ ´ ¢ ¨³¶Ê²Ó¸´μ³ ¨
±μ´Ë¨£Ê· Í¨μ´´μ³ ¶·μ¸É· ´¸É¢ Ì. ’¥μ·¨Ö ´¥°É·¨´´ÒÌ μ¸Í¨²²ÖÍ¨° ¢ ³μ¤¥²¨
¸ ‚� ¶μ³μ£ ¥É ·¥Ï¨ÉÓ ´¥±μÉμ·Ò¥ ¶ · ¤μ±¸Ò ¶²μ¸±μ¢μ²´μ¢μ£μ ¶·¨¡²¨¦¥´¨Ö ¨
¶·¥¤¸± §Ò¢ ¥É ·Ö¤ ´μ¢ÒÌ Ö¢²¥´¨°. �μ¸²¥ ¶¨μ´¥·¸±¨Ì · ¡μÉ [67Ä72] · §¢¨É¨¥
É¥μ·¨¨ μ¸Í¨²²ÖÍ¨° ¢ ³μ¤¥²¨ ¸ ‚� ¶·μ¨¸Ìμ¤¨²μ ¢ μ¸´μ¢´μ³ ¢ ¤¢ÊÌ ¢ ·¨ ´-
É Ì. ‚ ¶¥·¢μ³ Ëμ·³ ²¨§³ · §¢¨¢ ²¸Ö ¢ · ³± Ì ·¥²ÖÉ¨¢¨¸É¸±μ° ±¢ ´Éμ¢μ°
³¥Ì ´¨±¨ ¨ ¶μ¸ÉÊ²¨·μ¢ ²¸Ö ¢¨¤ ¢μ²´μ¢μ° ËÊ´±Í¨¨ ´¥°É·¨´μ (¸³., ´ ¶·¨-
³¥·, [45, 66, 80]). ‚ ¢Éμ·μ³ ¨¸¶μ²Ó§μ¢ ²¸Ö  ¶¶ · É ±¢ ´Éμ¢μ° É¥μ·¨¨ ¶μ²Ö
(Š’�) ¸ ¢μ²´μ¢Ò³¨ ¶ ±¥É ³¨ ¤²Ö ¢¸¥Ì Î ¸É¨Í, ÊÎ ¸É¢ÊÕÐ¨Ì ¢ ¶·μÍ¥¸¸ Ì ·μ-
¦¤¥´¨Ö ¨ ¤¥É¥±É¨·μ¢ ´¨Ö ´¥°É·¨´μ, ±·μ³¥ ¸μ¡¸É¢¥´´μ ´¥°É·¨´μ, ±μÉμ·μ¥ · ¸-
¸³ É·¨¢ ¥É¸Ö ± ± ¢¨·ÉÊ ²Ó´ Ö Î ¸É¨Í  [32Ä48, 51Ä58, 60Ä65]. ‚¨¤ ¢μ²´μ¢μ£μ
¶ ±¥É  ´¥°É·¨´μ ¢ ÔÉμ° ¶ · ¤¨£³¥ ¸²¥¤Ê¥É ¨§ Ëμ·³ ²¨§³ . ‚ μ¡μ¨Ì ¶μ¤Ìμ-
¤ Ì ¶·¥¤¸± §Ò¢ ÕÉ¸Ö ´μ¢Ò¥ ¶μÉ¥´Í¨ ²Ó´μ ´ ¡²Õ¤ ¥³Ò¥ ÔËË¥±ÉÒ, ¢ μ¸´μ¢´μ³
¸¢Ö§ ´´Ò¥ ¸ ¶μÉ¥·¥° ±μ£¥·¥´É´μ¸É¨. ˆ´É¥·¥¸ ± ¨¸¸²¥¤μ¢ ´¨Õ ¤¥±μ£¥·¥´É´μ-
¸É¨ ¢ ´¥°É·¨´´ÒÌ μ¸Í¨²²ÖÍ¨ÖÌ ¢ ¶μ¸²¥¤´¨¥ £μ¤Ò §´ Î¨É¥²Ó´μ ¢μ§·μ¸ ¢ ¸¢Ö§¨ ¸
´μ¢Ò³¨ ¤¥°¸É¢ÊÕÐ¨³¨ ¨ ¶² ´¨·Ê¥³Ò³¨ Ô±¸¶¥·¨³¥´É ³¨, ¶μÉ¥´Í¨ ²Ó´μ ÎÊ¢-
¸É¢¨É¥²Ó´Ò³¨ ± ÔÉ¨³ ÔËË¥±É ³ [81Ä95].

�¸´μ¢´μ° Í¥²ÓÕ ¤ ´´μ° · ¡μÉÒ Ö¢²Ö¥É¸Ö ¶μ¤·μ¡´μ¥ ¨ ¸¨¸É¥³ É¨Î¥¸±μ¥
¨§ÊÎ¥´¨¥ É¥μ·¨¨ ¢ ±ÊÊ³´ÒÌ ´¥°É·¨´´ÒÌ μ¸Í¨²²ÖÍ¨° ¢ · ³± Ì É¥μ·¨¨ ¢μ§³Ê-
Ð¥´¨° Š’� ¸ ·¥²ÖÉ¨¢¨¸É¸±¨³¨ ‚� ¢ ± Î¥¸É¢¥ ¢´¥Ï´¨Ì in- ¨ out-¸μ¸ÉμÖ´¨°,
±μ´Í¥´É·¨·μ¢ ´´μ ¨§²μ¦¥´´μ° ¢ ´ Ï¨Ì ¶·¥¤Ò¤ÊÐ¨Ì · ¡μÉ Ì [57,58,96]. ŒÒ
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´ Î´¥³ ¸ ±· É±μ£μ · ¸¸³μÉ·¥´¨Ö ¸É ´¤ ·É´μ° ±¢ ´Éμ¢μ-³¥Ì ´¨Î¥¸±μ° É¥μ·¨¨
´¥°É·¨´´ÒÌ μ¸Í¨²²ÖÍ¨° ¢ ¶²μ¸±μ¢μ²´μ¢μ³ ¶·¨¡²¨¦¥´¨¨. �Éμ³Ê ¶μ¸¢ÖÐ¥´
· §¤. 1. Š ± Ê¦¥ £μ¢μ·¨²μ¸Ó, ±¢ ´Éμ¢μ-³¥Ì ´¨Î¥¸± Ö É¥μ·¨Ö ´¥°É·¨´´ÒÌ μ¸-
Í¨²²ÖÍ¨° ¢ ¶²μ¸±μ¢μ²´μ¢μ³ ¶·¨¡²¨¦¥´¨¨ ´¥¶μ²´  ¨ ¶·μÉ¨¢μ·¥Î¨¢ . ‚ ¶. 1.3
μ¡¸Ê¦¤ ÕÉ¸Ö μ¸´μ¢´Ò¥ ¶·¨Î¨´Ò É ±μ£μ ¶μ²μ¦¥´¨Ö ¤¥².

— ¸ÉÓ ¶·μ¡²¥³ ¶²μ¸±μ¢μ²´μ¢μ£μ ¶·¨¡²¨¦¥´¨Ö ·¥Ï ¥É¸Ö ¢ ³μ¤¥²¨ ¸ ¢μ²-
´μ¢Ò³ ¶ ±¥Éμ³. ‘μμÉ¢¥É¸É¢ÊÕÐ¥° É¥μ·¨¨ ¶μ¸¢ÖÐ¥´ · §¤. 2. �μ¢Ò³ ¢ ´¥°
Ö¢²Ö¥É¸Ö ÊÎ¥É · ¸¶²Ò¢ ´¨Ö ‚�,   É ±¦¥ ¶·μÍ¥¤Ê·  ³ ±·μ¸±μ¶¨Î¥¸±μ£μ Ê¸·¥¤-
´¥´¨Ö, ±μÉμ· Ö ¶μ§¢μ²Ö¥É ±μ··¥±É´μ ¶μ²ÊÎ¨ÉÓ Ëμ·³Ê²Ê ¤²Ö ¢¥·μÖÉ´μ¸É¨ μ¸-
Í¨²²ÖÍ¨°.

�¸´μ¢´ Ö Î ¸ÉÓ · ¡μÉÒ ¶μ¸¢ÖÐ¥´  ¶μ¸É·μ¥´¨Õ É¥μ·¨¨ μ¸Í¨²²ÖÍ¨° ´¥°-
É·¨´μ ¢ · ³± Ì ±¢ ´Éμ¢μ° É¥μ·¨¨ ¶μ²Ö. Šμ´Í¥¶ÉÊ ²Ó´μ ³¥Ì ´¨§³ ´¥°É·¨´-
´ÒÌ μ¸Í¨²²ÖÍ¨° ¢ · ³± Ì Š’� Å ÔÉμ ¸²¥¤¸É¢¨¥ ¨´É¥·Ë¥·¥´Í¨¨ ³ ±·μ¸±μ-
¶¨Î¥¸±¨Ì Ë¥°´³ ´μ¢¸±¨Ì ¤¨ £· ³³ ¸ νi (i = 1, 2, 3) ¢ ¶·μ³¥¦ÊÉμÎ´μ³ ¸μ¸Éμ-
Ö´¨¨. �¥·¥Î¨¸²¨³ μ¸´μ¢´Ò¥ ÔÉ ¶Ò ¨ μ¸μ¡¥´´μ¸É¨ ´ Ï¥£μ ¶μ¤Ìμ¤ .

1. ‡ ¤ Î  ¸É ¢¨É¸Ö ¸²¥¤ÊÕÐ¨³ μ¡· §μ³. ‘ÊÐ¥¸É¢ÊÕÉ ¤¢¥ μ¡² ¸É¨ ¶·μ-
¸É· ´¸É¢ , · §¤¥²¥´´Ò¥ ³ ±·μ¸±μ¶¨Î¥¸±¨ ¡μ²ÓÏ¨³ ¶·μ¸É· ´¸É¢¥´´Ò³ ¨´É¥·-
¢ ²μ³. ‚ ÔÉ¨Ì μ¡² ¸ÉÖÌ ·μ¦¤ ÕÉ¸Ö § ·Ö¦¥´´Ò¥ ²¥¶Éμ´Ò Å �+

α ¢ ®¨¸ÉμÎ´¨±¥¯
¨ �−β ¢ ®¤¥É¥±Éμ·¥¯. ®ˆ¸ÉμÎ´¨±¯ ¨ ®¤¥É¥±Éμ·¯  ±É¨¢´Ò ¢ É¥Î¥´¨¥ μ¶·¥¤¥²¥´-
´ÒÌ ¢·¥³¥´´ÒÌ ¨´É¥·¢ ²μ¢, ÎÉμ μÉ¢¥Î ¥É ´ ¨¡μ²¥¥ μ¡Ð¥° ¶μ¸É ´μ¢±¥ ²Õ¡μ£μ
μ¸Í¨²²ÖÍ¨μ´´μ£μ Ô±¸¶¥·¨³¥´É . �¥μ¡Ìμ¤¨³μ ¢ÒÎ¨¸²¨ÉÓ Î¨¸²μ É ±¨Ì ¸μ¡Ò-
É¨° Nαβ ¢ · ³± Ì ±¢ ´Éμ¢μ° É¥μ·¨¨ ¶μ²Ö.

2. �Î¥¢¨¤´μ, ÎÉμ Î¨¸²μ ¸μ¡ÒÉ¨° Nαβ ¢ ¤¥É¥±Éμ·¥ ´¥ § ¢¨¸¨É μÉ ¸¨-
¸É¥³Ò μÉ¸Î¥É , É. ¥. Ö¢²Ö¥É¸Ö ·¥²ÖÉ¨¢¨¸É¸±¨³ ¨´¢ ·¨ ´Éμ³. �μÔÉμ³Ê ±¢ ´Éμ-
¢Ò¥ ¸μ¸ÉμÖ´¨Ö, μÉ¢¥Î ÕÐ¨¥ ¢´¥Ï´¨³ Î ¸É¨Í ³, ¤μ²¦´Ò ¶·¥μ¡· §μ¢Ò¢ ÉÓ¸Ö
±μ¢ ·¨ ´É´Ò³ μ¡· §μ³ ¶·¨ ¶·¥μ¡· §μ¢ ´¨ÖÌ ‹μ·¥´Í . ˆ§ ÔÉμ£μ ¸ ´¥μ¡Ìμ-
¤¨³μ¸ÉÓÕ ¸²¥¤Ê¥É, ÎÉμ ‚�, μÉ¢¥Î ÕÐ¨° ²Õ¡μ° ¨§ ¢´¥Ï´¨Ì Î ¸É¨Í, ¤μ²-
¦¥´ ¡ÒÉÓ ±μ¢ ·¨ ´É´Ò³. ‚ · §¤. 3 ¸É·μ¨É¸Ö É¥μ·¨Ö ±μ¢ ·¨ ´É´μ£μ ‚� ¨ ¤¥-
É ²Ó´μ ¨¸¸²¥¤ÊÕÉ¸Ö ¥£μ ¸¢μ°¸É¢ . ‚ ¶. 3.5 ¨¸¸²¥¤ÊÕÉ¸Ö ³´μ£μ¶ ±¥É´Ò¥ ¸μ-
¸ÉμÖ´¨Ö ¤²Ö Ë¥·³¨μ´μ¢ ¨ ¡μ§μ´μ¢. ‚ Î ¸É´μ¸É¨, ¶μ± §Ò¢ ¥É¸Ö, ÎÉμ ¥¸²¨
‚�, μÉ¢¥Î ÕÐ¨¥ Éμ¦¤¥¸É¢¥´´Ò³ Î ¸É¨Í ³, · §¤¥²¥´Ò ¤μ¸É ÉμÎ´μ ¡μ²ÓÏ¨³¨
¶·μ¸É· ´¸É¢¥´´μ-¢·¥³¥´´Ò³¨ ¨´É¥·¢ ² ³¨, Éμ ¢ É ±μ° ¸¨¸É¥³¥ μÉ¸ÊÉ¸É¢Ê¥É
¡μ§¥-Ô°´ÏÉ¥°´μ¢¸± Ö ±μ´¤¥´¸ Í¨Ö ¤²Ö ¡μ§μ´μ¢ ¨ ¶¥·¥¸É ¥É ¤¥°¸É¢μ¢ ÉÓ ¶·¨´-
Í¨¶ § ¶·¥É  � Ê²¨ ¤²Ö Ë¥·³¨μ´μ¢. �ÉμÉ ¨´ÉÊ¨É¨¢´μ μÎ¥¢¨¤´Ò° ·¥§Ê²ÓÉ É
´¥¢μ§³μ¦´μ ¶μ´ÖÉÓ ¢ · ³± Ì ³μ¤¥²¨ ¸ ¶²μ¸±¨³¨ ¢μ²´ ³¨.

3. ‚ ± Î¥¸É¢¥ · ¡μÎ¥° ³μ¤¥²¨ ¤²Ö ¤ ²Ó´¥°Ï¨Ì ¢ÒÎ¨¸²¥´¨° · §· ¡μÉ ´ 
³μ¤¥²Ó ·¥²ÖÉ¨¢¨¸É¸±μ£μ £ Ê¸¸μ¢  ‚� (�ƒ�). ‘μμÉ¢¥É¸É¢ÊÕÐ Ö É¥μ·¨Ö ¨§²μ-
¦¥´  ¢ · §¤. 4. �¸´μ¢´Ò³ ·¥§Ê²ÓÉ Éμ³ ÔÉμ£μ · ¸¸³μÉ·¥´¨Ö Ö¢²Ö¥É¸Ö ¤¥³μ´-

¸É· Í¨Ö Éμ£μ, ÎÉμ É· ¤¨Í¨μ´´μ ¨¸¶μ²Ó§Ê¥³Ò° £ Ê¸¸μ¢ ‚� ¢¨¤  ∝ e−(k−p)2/4σ2
p

Ö¢²Ö¥É¸Ö ´¥·¥²ÖÉ¨¢¨¸É¸±¨³ ¶·¨¡²¨¦¥´¨¥³ �ƒ�.
4. ‚ ± Î¥¸É¢¥ ¶¥·¢μ£μ ¶·¨³¥´¥´¨Ö Ëμ·³ ²¨§³  ¢ · §¤. 5 ·¥Ï¥´  § ¤ Î 

μ · ¸¸¥Ö´¨¨ ¤¢ÊÌ ‚�. � ¸¸³μÉ·¥´ μ¡Ð¨° ¸²ÊÎ ° · ¸¸¥Ö´¨Ö ‚� ¸ ´¥´Ê²¥¢Ò³
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¶·¨Í¥²Ó´Ò³ ¶ · ³¥É·μ³. �μ± § ´μ, ÎÉμ Î¨¸²μ ¢§ ¨³μ¤¥°¸É¢¨° ¤¢ÊÌ ‚� ³μ¦¥É
¡ÒÉÓ ¶·¥¤¸É ¢²¥´μ ¢ ¢¨¤¥ ¶·μ¨§¢¥¤¥´¨Ö É·¥Ì ³´μ¦¨É¥²¥°: ¸¥Î¥´¨Ö ¸ · §³¥·-
´μ¸ÉÓÕ ¶²μÐ ¤¨, ¸¢¥É¨³μ¸É¨ ¸ · §³¥·´μ¸ÉÓÕ μ¡· É´μ° ¶²μÐ ¤¨ ¨ ¡¥§· §³¥·-
´μ£μ Ë ±Éμ· , ¶μ¤ ¢²ÖÕÐ¥£μ Î¨¸²μ ¢§ ¨³μ¤¥°¸É¢¨° ¶·¨ ¡μ²ÓÏ¨Ì ¶·¨Í¥²Ó´ÒÌ
¶ · ³¥É· Ì. �ÉμÉ ·¥§Ê²ÓÉ É, ¸μ£² ¸ÊÕÐ¨°¸Ö ¸ ¨´ÉÊ¨É¨¢´Ò³ μ¦¨¤ ´¨¥³, ¤¥-
³μ´¸É·¨·Ê¥É ¶·¥¤¸± § É¥²Ó´ÊÕ ¸¨²Ê É¥μ·¨¨.

5. ‚ · §¤. 6 ¨ 7 · ¸¸³ É·¨¢ ¥É¸Ö ®³ ±·μ¸±μ¶¨Î¥¸± Ö¯ ¤¨ £· ³³ , ¢ ±μ-
Éμ·μ° ¢¥·Ï¨´Ò, ´ §Ò¢ ¥³Ò¥ ®¨¸ÉμÎ´¨±μ³¯ ¨ ®¤¥É¥±Éμ·μ³¯ ´¥°É·¨´μ, · §¤¥-
²¥´Ò ³ ±·μ¸±μ¶¨Î¥¸±¨³ · ¸¸ÉμÖ´¨¥³; ´ Î ²Ó´Ò¥ ¨ ±μ´¥Î´Ò¥ Î ¸É¨ÍÒ μ¶¨-
¸Ò¢ ÕÉ¸Ö ¶μ¸É·μ¥´´Ò³¨ ±μ¢ ·¨ ´É´Ò³¨ ‚�,   ´¥°É·¨´μ Å ¶·μ¶ £ Éμ·μ³.
‚ ®¨¸ÉμÎ´¨±¥¯ ¨ ®¤¥É¥±Éμ·¥¯ ·μ¦¤ ÕÉ¸Ö § ·Ö¦¥´´Ò¥ ²¥¶Éμ´Ò �+

α ¨ �−β ¸μ-
μÉ¢¥É¸É¢¥´´μ. ”μ·³Ê²¨·ÊÕÉ¸Ö ¶· ¢¨²  ”¥°´³ ´  ¤²Ö ¤¨ £· ³³ É ±μ£μ É¨¶ ,
¨ ¢ÒÎ¨¸²Ö¥É¸Ö  ³¶²¨ÉÊ¤  ¨´É¥·¥¸ÊÕÐ¥£μ ´ ¸ ¶·μÍ¥¸¸ . ‚ É ±μ³ ¶μ¤Ìμ¤¥ ´¥
¶·¥¤¶μ² £ ¥É¸Ö ´¨± ±μ£μ ¢¨¤  ‚� ¢¨·ÉÊ ²Ó´μ£μ ´¥°É·¨´μ Å ¢³¥¸Éμ ÔÉμ£μ ¨¸-
¶μ²Ó§Ê¥É¸Ö ¶·¨Î¨´´Ò° Ë¥·³¨μ´´Ò° ¶·μ¶ £ Éμ·, ¢μ§´¨± ÕÐ¨°  ¢Éμ³ É¨Î¥¸±¨
¢ · ³± Ì Š’�. �¨¦¥ ¶μ± § ´μ, ÎÉμ  ¸¨³¶ÉμÉ¨Î¥¸±μ¥ ¶μ¢¥¤¥´¨¥ ¶·μ¶ £ Éμ· 
¶·¨ ¡μ²ÓÏ¨Ì · ¸¸ÉμÖ´¨ÖÌ ³¥¦¤Ê ¢¥·Ï¨´ ³¨ ¤¨ £· ³³Ò ¢μ¸¶·μ¨§¢μ¤¨É ¸¢μ°-
¸É¢  ¢μ²´μ¢μ° ËÊ´±Í¨¨ ¸¢μ¡μ¤´μ£μ ´¥°É·¨´μ; ¤·Ê£¨³¨ ¸²μ¢ ³¨, ´  ¡μ²ÓÏ¨Ì
· ¸¸ÉμÖ´¨ÖÌ μÉ ¨¸ÉμÎ´¨±  ¢¨·ÉÊ ²Ó´μ¥ ´¥°É·¨´μ ¢ ¶¥·¢μ³ ¶·¨¡²¨¦¥´¨¨ ¢¥¤¥É
¸¥¡Ö ± ± ¸¢μ¡μ¤´Ò° ¢μ²´μ¢μ° ¶ ±¥É Î ¸É¨ÍÒ ´  ³ ¸¸μ¢μ° ¶μ¢¥·Ì´μ¸É¨.

6. ‚ · §¤. 8 ¢ÒÎ¨¸²Ö¥É¸Ö ³¨±·μ¸±μ¶¨Î¥¸± Ö ¢¥·μÖÉ´μ¸ÉÓ |Aαβ |2. �μ-
¸±μ²Ó±Ê ± ¦¤Ò° ¢´¥Ï´¨° (in ¨²¨ out) ‚� Ì · ±É¥·¨§Ê¥É¸Ö ¸·¥¤´¥° ±μμ·¤¨-
´ Éμ° xκ ¢ ³μ³¥´É ¢·¥³¥´¨ x0

κ, ¸·¥¤´¨³ 4-¨³¶Ê²Ó¸μ³ pκ,   É ±¦¥ ¤¨¸¶¥·¸¨¥°
¨³¶Ê²Ó¸  σκ, Éμ |Aαβ |2 ¶ · ³¥É·¨Î¥¸±¨ § ¢¨¸¨É μÉ ´ ¡μ·  ¢¸¥Ì ÔÉ¨Ì ¶ · ³¥-
É·μ¢, {xκ, pκ, σκ}.

‚ · §¤. 9 ¶·μ¢μ¤¨É¸Ö ³ ±·μ¸±μ¶¨Î¥¸±μ¥ Ê¸·¥¤´¥´¨¥ ¶μ ¶ · ³¥É· ³
{xκ,pκ}, ÎÉμ ¶μ§¢μ²Ö¥É ´ °É¨ Î¨¸²μ ¸μ¡ÒÉ¨° Nαβ ¸ �+

α ¢ ¨¸ÉμÎ´¨±¥ ¨ �−β
¢ ¤¥É¥±Éμ·¥. �μ´ÖÉ¨Ö ®¨¸ÉμÎ´¨±¯ ¨ ®¤¥É¥±Éμ·¯ μ¡·¥É ÕÉ É¥¶¥·Ó ¸¢μ° ¸³Ò¸²
± ± μ¡² ¸É¨ ¶·μ¸É· ´¸É¢ -¢·¥³¥´¨ ¢μ±·Ê£ É ± ´ §Ò¢ ¥³ÒÌ ¶·¨Í¥²Ó´ÒÌ Éμ-
Î¥± Xs ¨ Xd, μ¶·¥¤¥²Ö¥³ÒÌ ¶ · ³¥É· ³¨ {xκ, pκ, σκ}, ¢ ¢¥·Ï¨´ Ì ¤¨ -
£· ³³Ò, ¢ ±μÉμ·ÒÌ ·μ¦¤ ÕÉ¸Ö ²¥¶Éμ´Ò �+

α ¨ �−β ¸μμÉ¢¥É¸É¢¥´´μ. ˆ§ÊÎ -
ÕÉ¸Ö Ê¸²μ¢¨Ö, ¶·¨ ±μÉμ·ÒÌ Nαβ ³μ¦¥É ¡ÒÉÓ ¶·¥¤¸É ¢²¥´μ ¢ ¢¨¤¥ ¨´É¥-
£· ²  ¶μ μ¡Ñ¥³ ³ ¨¸ÉμÎ´¨±  ¨ ¤¥É¥±Éμ·  μÉ ¶·μ¨§¢¥¤¥´¨Ö É·¥Ì ¸μ³´μ¦¨É¥²¥°
Φν(Eν , L) × Pαβ(Eν , L; D) × σ(Eν). ‡¤¥¸Ó Φν(Eν , L) Å ¶μÉμ± ¡¥§³ ¸¸μ-
¢ÒÌ ´¥°É·¨´μ, ¶·μÌμ¤ÖÐ¨° μÉ ¨¸ÉμÎ´¨±  ¢ ¤¥É¥±Éμ· (¶μ± §Ò¢ ¥É¸Ö, ÎÉμ μ´
¢¥¤¥É ¸¥¡Ö ± ± 1/L2), σ(Eν) Å ¸¥Î¥´¨¥ · ¸¸¥Ö´¨Ö ¡¥§³ ¸¸μ¢μ£μ ´¥°É·¨´μ
¢ ¤¥É¥±Éμ·¥,   ³´μ¦¨É¥²Ó Pαβ , § ¢¨¸ÖÐ¨° μÉ Ë²¥°¢μ·´ÒÌ ¨´¤¥±¸μ¢ α ¨ β,
Ô´¥·£¨¨ ´¥°É·¨´μ, ÔËË¥±É¨¢´μ£μ · ¸¸ÉμÖ´¨Ö ³¥¦¤Ê ¨¸ÉμÎ´¨±μ³ ¨ ¤¥É¥±Éμ-
·μ³ ¨ μÉ ¤¨¸¶¥·¸¨¨ Ô´¥·£¨¨-¨³¶Ê²Ó¸  ´¥°É·¨´μ D, Ö¢²Ö¥É¸Ö μ¡μ¡Ð¥´¨¥³
±¢ ´Éμ¢μ-³¥Ì ´¨Î¥¸±μ° ¢¥·μÖÉ´μ¸É¨ ´¥°É·¨´´ÒÌ μ¸Í¨²²ÖÍ¨°. „ ²¥¥ ¨§ÊÎ -
¥É¸Ö ¶μ²ÊÎ¥´´ Ö ®¢¥·μÖÉ´μ¸ÉÓ¯ μ¸Í¨²²ÖÍ¨° ¢ · §´ÒÌ ·¥¦¨³ Ì ¶μ¸É ´μ¢±¨
Ô±¸¶¥·¨³¥´É . �·¨ μ¶·¥¤¥²¥´´ÒÌ Ê¸²μ¢¨ÖÌ ¶μ²ÊÎ¥´´ Ö Ëμ·³Ê²  ¤²Ö ¢¥·μ-
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ÖÉ´μ¸É¨ μ¸Í¨²²ÖÍ¨° Î¨¸²¥´´μ ¡²¨§±  ± Ëμ·³Ê²¥ ¶²μ¸±μ¢μ²´μ¢μ° ±¢ ´Éμ¢μ-
³¥Ì ´¨Î¥¸±μ° ³μ¤¥²¨. �¤´ ±μ ±¢ ´Éμ¢μ-¶μ²¥¢ Ö Ëμ·³Ê²  ¶·¥¤¸± §Ò¢ ¥É ·Ö¤
´μ¢ÒÌ ÔËË¥±Éμ¢, É ±¨Ì ± ± ¶μÉ¥·Ö ±μ£¥·¥´É´μ¸É¨, § ¢¨¸¨³μ¸ÉÓ μÉ ¢·¥³¥´´ÒÌ
μ±μ´  ±É¨¢´μ¸É¨ ¨¸ÉμÎ´¨±  ¨ ¤¥É¥±Éμ·  ¨ ³´μ£μ¥ ¤·Ê£μ¥.

‚ · §¤. 10 ³Ò μÉ¤¥²Ó´μ μ¸É ´ ¢²¨¢ ¥³¸Ö ´  μ¡¸Ê¦¤¥´¨¨ ËÊ´±Í¨¨ ¤¥±μ-
£¥·¥´É´μ¸É¨, ¶μ¤ ¢²ÖÕÐ¥° ¨´É¥·Ë¥·¥´Í¨μ´´Ò¥ ¢±² ¤Ò ¢ ¢¥·μÖÉ´μ¸É¨ μ¸Í¨²-
²ÖÍ¨°.

‚Ò¢μ¤Ò · ¡μÉÒ Ëμ·³Ê²¨·ÊÕÉ¸Ö ¢ · §¤. 12.
„²Ö Ê¤μ¡¸É¢  Î¨É É¥²Ö £·μ³μ§¤±¨¥ ³ É¥³ É¨Î¥¸±¨¥ ¶μ¤·μ¡´μ¸É¨ ¢ÒÎ¨¸²¥-

´¨° ¸μ¡· ´Ò ¢ ´¥¸±μ²Ó±¨Ì ¶·¨²μ¦¥´¨ÖÌ. ‚ · ¡μÉ¥ ¨¸¶μ²Ó§Ê¥É¸Ö ¥¸É¥¸É¢¥´´ Ö
¸¨¸É¥³  ¥¤¨´¨Í, ¢ ±μÉμ·μ° � = c = 1. ’ ³, £¤¥ ÔÉμ ´¥ ³μ¦¥É ¶·¨¢¥¸É¨ ± ´¥¤μ-
¶μ´¨³ ´¨Õ, ¶·¨³¥´ÖÕÉ¸Ö ¸μ±· Ð¥´¨Ö É¨¶ 

∫
dx . . . ¢³¥¸Éμ

∫
d4x . . . ¢ ¨´É¥-

£· ² Ì ¶μ ¶·μ¸É· ´¸É¢Ê Œ¨´±μ¢¸±μ£μ (¢¸Õ¤Ê ¢ · ¡μÉ¥ ¨¸¶μ²Ó§Ê¥É¸Ö ³¥É·¨± 
”¥°´³ ´ ) ¨

∫
dx . . . ¢³¥¸Éμ

∫
d3x . . . ¢ ¨´É¥£· ² Ì ¶μ 3-³¥·´μ³Ê ¥¢±²¨¤μ¢Ê

¶·μ¸É· ´¸É¢Ê. •μÉÖ ¤ ²Ó´¥°Ï¥¥ ¨§²μ¦¥´¨¥ ´¥ § ¢¨¸¨É μÉ Î¨¸²   ±É¨¢´ÒÌ
Ë²¥°¢μ·μ¢, ¢ ±μ´±·¥É´ÒÌ ¶·¨³¥· Ì ³Ò ¡Ê¤¥³ ¸Î¨É ÉÓ, ÎÉμ ¨Ì É·¨.

1. Š‚��’�‚�-Œ…•��ˆ—…‘Š�Ÿ ’…��ˆŸ �…‰’�ˆ��›•
�‘–ˆ‹‹Ÿ–ˆ‰ ‚ �‹�‘Š�‚�‹��‚�Œ ��ˆ�‹ˆ†…�ˆˆ

1.1. Š¢ ´Éμ¢Ò¥ ¸μ¸ÉμÖ´¨Ö. � Î´¥³ μ¡¸Ê¦¤¥´¨¥ ±¢ ´Éμ¢μ-³¥Ì ´¨Î¥¸±μ°
É¥μ·¨¨ ´¥°É·¨´´ÒÌ μ¸Í¨²²ÖÍ¨° ¸ Éμ£μ, ÎÉμ ´ ¶μ³´¨³ μ¸´μ¢´Ò¥ ¶μ´ÖÉ¨Ö ±¢ ´-
Éμ¢μ° ³¥Ì ´¨±¨, ¢ ¦´Ò¥ ¤²Ö ÔÉμ° § ¤ Î¨, ¢¢¥¤Ö § μ¤´μ ¨¸¶μ²Ó§Ê¥³Ò¥ ¤ ²¥¥
μ¶·¥¤¥²¥´¨Ö. � Î´¥³ ¸ μ¤´μ³¥·´μ£μ ¸²ÊÎ Ö ¨ ¸¢μ¡μ¤´μ° É¥μ·¨¨.

‚ £¨²Ó¡¥·Éμ¢μ³ ¶·μ¸É· ´¸É¢¥ ±¢ ´Éμ¢ Ö ¸¨¸É¥³  μ¶¨¸Ò¢ ¥É¸Ö  ¡¸É· ±É-
´Ò³ ¸μ¸ÉμÖ´¨¥³ |ψ(t)〉, § ¢¨¸ÖÐ¨³ μÉ ¢·¥³¥´¨. �¢μ²ÕÍ¨Ö ÔÉμ£μ ¸μ¸ÉμÖ´¨Ö ¢μ
¢·¥³¥´¨ ¤ ¥É¸Ö Ê· ¢´¥´¨¥³ ˜·¥¤¨´£¥· 

i
∂|ψ(t)〉

∂t
= Ĥ |ψ(t)〉, (2)

£¤¥ Ĥ = Ĥ0 Å £ ³¨²ÓÉμ´¨ ´. �Ê¸ÉÓ |p〉 ¥¸ÉÓ ¸μ¡¸É¢¥´´μ¥ ¸μ¸ÉμÖ´¨¥ ¸¢μ¡μ¤-
´μ£μ £ ³¨²ÓÉμ´¨ ´  Ĥ0 ¸ ¸μ¡¸É¢¥´´Ò³ §´ Î¥´¨¥³ Ep:

Ĥ0|p〉 = Ep|p〉. (3)

�Ê¸ÉÓ |x〉 ¡Ê¤¥É ¸μ¡¸É¢¥´´Ò³ ¸μ¸ÉμÖ´¨¥³ μ¶¥· Éμ·  ±μμ·¤¨´ ÉÒ X̂ ¸ ¸μ¡-
¸É¢¥´´Ò³ §´ Î¥´¨¥³ x:

X̂|x〉 = x|x〉. (4)

�μ·³¨·μ¢±¨ ¸μ¸ÉμÖ´¨°: 〈q|p〉 = 2πδ(p − q), 〈y|x〉 = δ(x − y), £¤¥ δ(x − y) Å
μ¡ÒÎ´ Ö δ-ËÊ´±Í¨Ö „¨· ± . Š¢ ´Éμ¢μ¥ ¸μ¸ÉμÖ´¨¥ |ψ(t)〉 ³μ¦´μ Ì · ±É¥·¨§μ-
¢ ÉÓ ²¨¡μ ±μμ·¤¨´ É´Ò³ · ¸¶·¥¤¥²¥´¨¥³ ψx(t, x) ¢ ±μμ·¤¨´ É´μ³ ¶·¥¤¸É ¢²¥-
´¨¨, ²¨¡μ ¨³¶Ê²Ó¸´Ò³ ψp(t, p) ¢ ¨³¶Ê²Ó¸´μ³ ¶·¥¤¸É ¢²¥´¨¨ ¤²Ö ¸¢μ¡μ¤´μ£μ
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¨²¨ ¶μ²´μ£μ £ ³¨²ÓÉμ´¨ ´ :

|ψ(t)〉 =
∫

dxψx(t, x)|x〉 =
∫

dp

2π
ψp(t; p)|p〉. (5)

‘μ¸ÉμÖ´¨Ö |x〉, |p〉 ¸¢Ö§ ´Ò ³¥¦¤Ê ¸μ¡μ° É ±¨³ μ¡· §μ³:

|x〉 =
∫

dp

2π
e−ipx|p〉, |p〉 =

∫
dx e+ipx|x〉. (6)

‘ ÊÎ¥Éμ³ (5), (6) μÎ¥¢¨¤´  ¸¢Ö§Ó

ψx(t, x) =
∫

dp

2π
eipxψp(t, p), ψp(t, p) =

∫
dx e−ipxψx(t, x). (7)

”μ·³ ²Ó´μ¥ ·¥Ï¥´¨¥ (2)

|ψ(t)〉 = e−iĤt|ψ(0)〉 (8)

¸ ÊÎ¥Éμ³ (5) ¤ ¥É

|ψ(t)〉 =
∫

dp

2π
e−iEptψp(0, p)|0, p〉 =

∫
dxψx(0, x)|t; x〉, (9)

£¤¥
|t; x〉 = e−iĤ0t|x〉. (10)

�·¨ ¢Ò¢μ¤¥ (9) ¨¸¶μ²Ó§μ¢ ²¨ (6), (7):∫
dp

2π
e−iEptψp(0, p)|p〉 = e−iĤ0t

∫
dp

2π
ψp(0, p)|p〉 =

= e−iĤ0t

∫
dp dx

2π
e+ipxψp(0, p)|x〉 =

∫
dxψx(0, x)|t, x〉. (11)

…¸²¨ ψp(0, p) = 2πδ(p − k), £¤¥ k Å ¨³¶Ê²Ó¸, μÉ ±μÉμ·μ£μ ËÊ´±Í¨Ö ψp(0, p)
³μ¦¥É § ¢¨¸¥ÉÓ ± ± μÉ ¶ · ³¥É· , Éμ ·¥Ï¥´¨¥ (9) ¶·¨μ¡·¥É ¥É Ìμ·μÏμ §´ ±μ-
³Ò° ¢¨¤:

|ψ(t)〉 = e−iEkt|k〉 =
∫

dx e−iEkt+ikx|x〉, (12)

É. ¥. Ô¢μ²ÕÍ¨Ö ¢μ ¢·¥³¥´¨ ¸μ¸ÉμÖ´¨Ö ¸μ ¸É·μ£μ μ¶·¥¤¥²¥´´Ò³ ¨³¶Ê²Ó¸μ³ μ¶¨-
¸Ò¢ ¥É¸Ö Ë ±Éμ·μ³ e−iEkt, Ê³´μ¦¥´´Ò³ ´  ¸μ¸ÉμÖ´¨¥ ¸ μ¶·¥¤¥²¥´´Ò³ ¨³-
¶Ê²Ó¸μ³ |k〉 ¢ ¨³¶Ê²Ó¸´μ³ ¶·¥¤¸É ¢²¥´¨¨ ¨²¨ ¸Ê¶¥·¶μ§¨Í¨¥° ¸μ¸ÉμÖ´¨° ¸
μ¶·¥¤¥²¥´´μ° ±μμ·¤¨´ Éμ° |x〉 ¸ ¢¥¸μ¢Ò³ ³´μ¦¨É¥²¥³ e−iEkt+ikx. �Éμ ·¥Ï¥-
´¨¥ ¨§¢¥¸É´μ ± ± ¶²μ¸± Ö ¢μ²´ .
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1.2. �²μ¸±μ¢μ²´μ¢ Ö É¥μ·¨Ö ´¥°É·¨´´ÒÌ μ¸Í¨²²ÖÍ¨° ¢ ¢ ±ÊÊ³¥. �¶·¥-
¤¥²¨³ ® ·μ³ É´μ¥¯ ¸μ¸ÉμÖ´¨¥ (¸μ¸ÉμÖ´¨¥ ¸ μ¶·¥¤¥²¥´´Ò³ Ë²¥°¢μ·μ³) |να〉
± ± ±μ£¥·¥´É´ÊÕ ¸Ê¶¥·¶μ§¨Í¨Õ ³ ¸¸μ¢ÒÌ ¸μ¸ÉμÖ´¨° |νi(p)〉:

|να〉 =
∑

i

V ∗
αi|νi(p)〉, (13)

£¤¥ ± ¦¤μ¥ ³ ¸¸μ¢μ¥ ¸μ¸ÉμÖ´¨¥ |νi(p)〉 ¥¸ÉÓ ¸μ¡¸É¢¥´´Ò° ¢¥±Éμ· ¸¢μ¡μ¤´μ£μ £ -
³¨²ÓÉμ´¨ ´  ¸ ¸μ¡¸É¢¥´´Ò³ §´ Î¥´¨¥³

√
p2 + m2

i . �¢μ²ÕÍ¨Ö ¸μ¸ÉμÖ´¨Ö (13)
¤ ¥É¸Ö Ëμ·³Ê²μ°

|να(t)〉 = e−iĤt|να〉 =
∑

i

V ∗
αi e−iEit|νi(p)〉, (14)

£¤¥ Ei =
√

p2 + m2
i . �·¥¤¶μ²μ¦¨³, ÎÉμ ¢ ± ±μ³-Éμ ¸² ¡μ³ ¶·μÍ¥¸¸¥ ·μ¤¨-

² ¸Ó ±μ£¥·¥´É´ Ö ¸Ê¶¥·¶μ§¨Í¨Ö ¸μ¸ÉμÖ´¨° ¸μ ¸É·μ£μ μ¶·¥¤¥²¥´´Ò³¨ ¨³¶Ê²Ó-
¸ ³¨ (13). �·μ¥±Í¨Ö ÔÉμ£μ ¸μ¸ÉμÖ´¨Ö ´  ¸μ¸ÉμÖ´¨¥ ¸ ¶·μ¨§¢μ²Ó´Ò³  ·μ³ Éμ³
|νβ〉 ´¥ ¸¢μ¤¨É¸Ö ± δαβ :

〈νβ |να(t)〉 =
∑

i

V ∗
αiVβi e−iEit. (15)

‘μμÉ¢¥É¸É¢ÊÕÐ Ö ¢¥·μÖÉ´μ¸ÉÓ Ë²¥°¢μ·´μ£μ ¶¥·¥Ìμ¤  να → νβ

Pαβ(t) = |〈νβ |να(t)〉|2 =
∑
ij

V ∗
αiVαjVβiV

∗
βj e−i(Ei−Ej)t. (16)

ˆ¸¶μ²Ó§ÊÖ ¤ ²¥¥ Ê²ÓÉ· ·¥²ÖÉ¨¢¨¸É¸±¨¥ ¶·¨¡²¨¦¥´¨Ö Ei−Ej � (m2
i −m2

j)/2p
¨ t = L, £¤¥ L Å · ¸¸ÉμÖ´¨¥, ¶·μ°¤¥´´μ¥ ´¥°É·¨´μ §  ¢·¥³Ö t, ¶μ²ÊÎ¨³
Ìμ·μÏμ ¨§¢¥¸É´ÊÕ Ëμ·³Ê²Ê

Pαβ(L) =
∑
ij

V ∗
αiVαjVβiV

∗
βj e−iΔm2

ijL/2p =
∑
ij

V ∗
αiVαjVβiV

∗
βj e−i2πL/Losc

ij ,

(17)
¢ ±μÉμ·μ°

Δm2
ij = m2

i − m2
j ¨ Losc

ij = 2π
2p

Δm2
ij

.

‚ ¡μ²¥¥ · §¢¥·´ÊÉμ³ ¢¨¤¥ Ëμ·³Ê²Ê (17) ³μ¦´μ ¶¥·¥¶¨¸ ÉÓ É ±:

Pαβ(L) =
∑

j

|Vαj |2|Vβj |2 + 2
∑
j>i

[
Re(V ∗

αjVβjVαiV
∗
βi) cos

(
2πL

Losc
ji

)
+

+Im(V ∗
αjVβjVαiV

∗
βi) sin

(
2πL

Losc
ji

)]
. (18)
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‚ ¤¢ÊÌ´¥°É·¨´´μ³ ¸²ÊÎ ¥ ¢¥·μÖÉ´μ¸ÉÓ P 2ν
αβ(L) Å ÔÉμ ¶¥·¨μ¤¨Î¥¸± Ö ËÊ´±-

Í¨Ö · ¸¸ÉμÖ´¨Ö L ¸ ¶¥·¨μ¤μ³, · ¢´Ò³ ¤²¨´¥ Losc
12 : P 2ν

αβ(L + Losc
12 ) = P 2ν

αβ(L).
‚ É·¥Ì´¥°É·¨´´μ³ ¸²ÊÎ ¥ ¶¥·¨μ¤¨Î´μ¸É¨ Ê ¢¥·μÖÉ´μ¸É¥° μ¸Í¨²²ÖÍ¨° ³μ¦¥É
¨ ´¥ μ± § ÉÓ¸Ö, §  ¨¸±²ÕÎ¥´¨¥³ ¸²ÊÎ ¥¢, μ¶·¥¤¥²Ö¥³ÒÌ ¸¶¥Í¨Ë¨Î¥¸±¨³¨ ¸μ-
μÉ´μÏ¥´¨Ö³¨ μ¸Í¨²²ÖÍ¨μ´´ÒÌ ¤²¨´ Losc

12 , Losc
23 , Losc

13 .

“´¨É ·´μ¸ÉÓ ¢ ±ÊÊ³´μ° ³ É·¨ÍÒ ¸³¥Ï¨¢ ´¨Ö ¶·¨¢μ¤¨É ± μ¦¨¤ ¥³μ³Ê
§ ±μ´Ê ¸μÌ· ´¥´¨Ö ¢¥·μÖÉ´μ¸É¨

∑
β

Pαβ =
∑

α

Pαβ = 1. (19)

�É³¥É¨³, ÎÉμ ÌμÉÖ ¸μ¸ÉμÖ´¨¥ ¸ μ¶·¥¤¥²¥´´Ò³  ·μ³ Éμ³ (Ë²¥°¢μ·μ³), |να(t)〉,
´¥ ¨³¥¥É μ¶·¥¤¥²¥´´μ° Ô´¥·£¨¨, ¥£μ ¸·¥¤´ÖÖ Ô´¥·£¨Ö

〈Eα(t)〉 = 〈να(t)|Ĥ |να(t)〉 (20)

Å Ìμ·μÏμ μ¶·¥¤¥²¥´´ Ö ¸μÌ· ´ÖÕÐ Ö¸Ö ¢¥²¨Î¨´ . „¥°¸É¢¨É¥²Ó´μ,

〈Eα(t)〉 =
∑
ij

VαiV
∗
αj〈νi(p)|Ĥ |νj(p)〉 =

=
∑
ij

VαiV
∗
αj〈νi(p)|Ei|νj(p)〉 =

=
∑

i

|Vαi|2Ei � p +
∑

i

|Vαi|2
m2

i

2p
,

∑
α

〈Eα〉 =
∑

i

Ei � 3

(
p +
∑

i

m2
i

2p

)
.


μ²¥¥ Éμ£μ, ¸μÌ· ´Ö¥É¸Ö ¨ ¸·¥¤´ÖÖ Ô´¥·£¨Ö ¶·μ¨§¢μ²Ó´μ£μ ®§ ¶ÊÉ ´´μ£μ¯ ¸μ-
¸ÉμÖ´¨Ö, Ì · ±É¥·¨§Ê¥³μ£μ ´¥±μÉμ·μ° ³ É·¨Í¥° ¶²μÉ´μ¸É¨ ρ̂(t). „¥°¸É¢¨-
É¥²Ó´μ, ¶Ê¸ÉÓ ´ Î ²Ó´μ¥ ¸μ¸ÉμÖ´¨¥ ¨³¥¥É ¢¨¤

ρ̂(0) =
∑
α

wα|να(0)〉〈να(0)|, (21)

£¤¥ wα Å ¢¥·μÖÉ´μ¸ÉÓ ¢¸É·¥É¨ÉÓ ¢ ÔÉμ³ (¸³¥Ï ´´μ³) ¸μ¸ÉμÖ´¨¨ Î¨¸Éμ¥ ¸μ¸Éμ-

Ö´¨¥ |να(0)〉
(∑

α
wα = 1

)
. ’μ£¤  ¸·¥¤´ÖÖ Ô´¥·£¨Ö ¸³¥Ï ´´μ£μ ¸μ¸ÉμÖ´¨Ö ρ̂(t)
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¢ ¶·μ¨§¢μ²Ó´Ò° ³μ³¥´É ¢·¥³¥´¨ t · ¢´ 

〈E(t)〉 = Tr(Ĥρ̂(t)) = Tr(Ĥ e−iĤtρ̂(0) eiĤt) =

=
∑

α

wα

∑
ij

V ∗
αiVαj e−i(Ei−Ej)tEi Tr|νi(p)〉〈νj(p)| =

=
∑

α

wα

∑
i

|Vαi|2Ei =
∑
α

wα〈Eα(t)〉.

‚ Î ¸É´μ³ ¸²ÊÎ ¥ Î¨¸Éμ£μ ´ Î ²Ó´μ£μ ¸μ¸ÉμÖ´¨Ö |να(0)〉 ¶μ²ÊÎ ¥³, ¥¸É¥¸É¢¥´-
´μ, 〈E(t)〉 = 〈Eα(t)〉. …¸²¨ ¦¥ ¢¸¥ Î¨¸ÉÒ¥ ¸μ¸ÉμÖ´¨Ö ¢ ´ Î ²Ó´μ° ¸³¥¸¨ (21)
¡Ò²¨ · ¢´μ¢¥·μÖÉ´Ò, Éμ ¸·¥¤´ÖÖ Ô´¥·£¨Ö

〈E(t)〉 =
1
3

∑
α

〈Eα(t)〉 =
1
3

∑
i

〈Ei〉 � p +
∑

i

m2
i

6p

´¥ § ¢¨¸¨É μÉ ¶ · ³¥É·μ¢ ¸³¥Ï¨¢ ´¨Ö.
1.3. �¥¶μ²´μÉ  ¨ ¶ · ¤μ±¸Ò ¶²μ¸±μ¢μ²´μ¢μ£μ ¶·¨¡²¨¦¥´¨Ö. �¡§μ·

¶·¥¤² £ ¥³ÒÌ ·¥Ï¥´¨°. �¥·¥Î¨¸²¨³ ±²ÕÎ¥¢Ò¥ ¶·¥¤¶μ²μ¦¥´¨Ö ¨ ¶·¨¡²¨-
¦¥´¨Ö, Ö¢´μ ¨²¨ ´¥Ö¢´μ ¨¸¶μ²Ó§μ¢ ´´Ò¥ ¶·¨ ¢Ò¢μ¤¥ Ëμ·³Ê²Ò (17), μ¶¨¸Ò¢ -
ÕÐ¥° ¢¥·μÖÉ´μ¸ÉÓ μ¸Í¨²²ÖÍ¨°:

1) ¢ ¶·μÍ¥¸¸ Ì ·μ¦¤¥´¨Ö ¨ ¤¥É¥±É¨·μ¢ ´¨Ö ´¥°É·¨´μ ¢§ ¨³μ¤¥°¸É¢Ê¥É ±μ-
£¥·¥´É´ Ö ¸Ê¶¥·¶μ§¨Í¨Ö ¸μ¸ÉμÖ´¨° ¸ μ¶·¥¤¥²¥´´μ° ³ ¸¸μ° mi (i = 1, 2, 3),
Î ¸Éμ ´ §Ò¢ ¥³ Ö ¸μ¸ÉμÖ´¨¥³ ¸ μ¶·¥¤¥²¥´´Ò³  ·μ³ Éμ³ |να〉 =

∑
i

V ∗
αi|νi〉,

£¤¥ Vαi Å ³ É·¨Î´Ò¥ Ô²¥³¥´ÉÒ Ê´¨É ·´μ° ¢ ±ÊÊ³´μ° ³ É·¨ÍÒ ¸³¥Ï¨¢ ´¨Ö;
2) ¸μ¸ÉμÖ´¨Ö |νi〉 μ¡² ¤ ÕÉ μ¶·¥¤¥²¥´´Ò³¨ ¨³¶Ê²Ó¸ ³¨ pi;
3) ¢¸¥ ¨³¶Ê²Ó¸Ò pi μ¤¨´ ±μ¢Ò (pi = p);
4) ´¥°É·¨´μ Ö¢²ÖÕÉ¸Ö Ê²ÓÉ· ·¥²ÖÉ¨¢¨¸É¸±¨³¨, É. ¥. p2 � max (m2

i );
5) ¢·¥³Ö · ¸¶·μ¸É· ´¥´¨Ö ´¥°É·¨´μ § ³¥´Ö¥É¸Ö ¶·μ°¤¥´´Ò³ · ¸¸ÉμÖ´¨¥³:

t = L.
�¡¸Ê¤¨³ ±·¨É¨Î¥¸±¨ ± ¦¤μ¥ ¨§ ÔÉ¨Ì ¶μ²μ¦¥´¨°. �·¥¤¶μ²μ¦¥´¨¥ 1) μ

Éμ³, ÎÉμ ¢ ¶·μÍ¥¸¸ Ì ·μ¦¤¥´¨Ö ¨ ¤¥É¥±É¨·μ¢ ´¨Ö ´¥°É·¨´μ ¢§ ¨³μ¤¥°¸É¢Ê¥É
± ± ¸μ¸ÉμÖ´¨¥ |να〉, ¶·¥¤¸É ¢²Ö¥É¸Ö, ´  ¶¥·¢Ò° ¢§£²Ö¤, ¢¶μ²´¥ ¥¸É¥¸É¢¥´´Ò³.

μ²¥¥ Éμ£μ, ¢ ²¨É¥· ÉÊ·¥ Î ¸Éμ ³μ¦´μ ¢¸É·¥É¨ÉÓ ÊÉ¢¥·¦¤¥´¨¥, §¢ÊÎ Ð¥¥ ± ±
³¨¸É¨Î¥¸± Ö ¶ · ¤¨£³ , μ Éμ³, ÎÉμ ´¥°É·¨´μ ¢§ ¨³μ¤¥°¸É¢Ê¥É ¸ ¢¥Ð¥¸É¢μ³ ± ±
Ë²¥°¢μ·´μ¥ ¸μ¸ÉμÖ´¨¥ |να〉 =

∑
i

V ∗
αi|νi〉, ´μ ³¥¦¤Ê  ±É ³¨ ¢§ ¨³μ¤¥°¸É¢¨Ö

· ¸¶·μ¸É· ´Ö¥É¸Ö ¢ ¶·μ¸É· ´¸É¢¥ ± ± ³ ¸¸μ¢μ¥ ¸μ¸ÉμÖ´¨¥ |νi〉 =
∑
α

V ∗
αi|να〉.

‡ ³¥É¨³, μ¤´ ±μ, ÎÉμ ² £· ´¦¨ ´ ¢§ ¨³μ¤¥°¸É¢¨Ö ³ ¸¸¨¢´ÒÌ ´¥°É·¨´μ ¸ ²¥¶-
Éμ´ ³¨ �α (α = e, μ, τ ) ¢ ‘Œ ³μ¦´μ § ¶¨¸ ÉÓ ¢ É¥·³¨´ Ì ± ± ¶μ²¥° νi(x)
¨ �α(x), É ± ¨ ¶μ²¥° να(x) ¨ �i(x) =

∑
α

V ∗
αi�α(x), ¶μ¸±μ²Ó±Ê ²¥¶Éμ´´Ò° § -

·Ö¦¥´´Ò° Éμ± jμ
	 (x) = να(x)Oμ�α(x) ³μ¦´μ ¶·¥¤¸É ¢¨ÉÓ ¢ ¤¢ÊÌ ¸μ¢¥·Ï¥´´μ
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Ô±¢¨¢ ²¥´É´ÒÌ Ëμ·³ Ì:∑
αi

V ∗
αiνi(x)Oμ�α(x) ¨

∑
αi

V ∗
αiνα(x)Oμ�i(x).

’μ£¤  Ê³¥¸É´μ ¸¶·μ¸¨ÉÓ: ®Œμ¦¥É ²¨ ·μ¦¤ ÉÓ¸Ö ¨ ¢§ ¨³μ¤¥°¸É¢μ¢ ÉÓ ±μ£¥-
·¥´É´ Ö ¸Ê¶¥·¶μ§¨Í¨Ö |�i〉 =

∑
α

Vαi|�α〉 (³ ¸¸μ¢μ¥ ¸μ¸ÉμÖ´¨¥ ¡¥§ μ¶·¥¤¥²¥´-

´μ£μ Ë²¥°¢μ· ) ¨, ± ± ¸²¥¤¸É¢¨¥, μ¸Í¨²²¨·ÊÕÉ ²¨ § ·Ö¦¥´´Ò¥ ²¥¶Éμ´Ò?¯
�μ¸±μ²Ó±Ê Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ¸¢¨¤¥É¥²Ó¸É¢ É ±¨Ì μ¸Í¨²²ÖÍ¨° ³Ò ¶μ±  ´¥
´ ¡²Õ¤ ¥³, ¸²¥¤Ê¥É ¶·¨§´ ÉÓ, ÎÉμ § ·Ö¦¥´´Ò¥ ²¥¶Éμ´Ò ·μ¦¤ ÕÉ¸Ö, · ¸¶·μ-
¸É· ´ÖÕÉ¸Ö ¨ ¢§ ¨³μ¤¥°¸É¢ÊÕÉ ´¥±μ£¥·¥´É´μ, É. ¥. ¶·¥¤¶μ²μ¦¥´¨¥ 1) ± § ·Ö-
¦¥´´Ò³ ²¥¶Éμ´ ³ ´¥¶·¨³¥´¨³μ ¨ ÔÉμ É·¥¡Ê¥É ±μ²¨Î¥¸É¢¥´´μ£μ μ¡μ¸´μ¢ ´¨Ö.

�¡· É¨³¸Ö É¥¶¥·Ó ± ¶·¥¤¶μ²μ¦¥´¨Õ 2), ¨ · ¸¸³μÉ·¨³ ¢ ± Î¥¸É¢¥ ¶·¨³¥· 
· ¸¶ ¤ π+ → μ+νμ. �μ¸±μ²Ó±Ê ¸μ¸ÉμÖ´¨¥ |νμ〉 ´¥ ¨³¥¥É μ¶·¥¤¥²¥´´μ° Ô´¥·-
£¨¨, Éμ ¶μ ±· °´¥° ³¥·¥ Ê μ¤´μ° ¨§ ¤¢ÊÌ ¤·Ê£¨Ì ÊÎ ¸É¢ÊÕÐ¨Ì ¢ · ¸¶ ¤¥ Î ¸É¨Í
Ô´¥·£¨Ö Éμ¦¥ ´¥ μ¶·¥¤¥²¥´ . �μ¸±μ²Ó±Ê ¦¥ ¶¨μ´ ¨ ³Õμ´ μ¡² ¤ ÕÉ μ¶·¥¤¥²¥´-
´Ò³¨ ³ ¸¸ ³¨, Éμ Ê μ¤´μ° ¨§ ÔÉ¨Ì Î ¸É¨Í (¨²¨ Ê μ¡¥¨Ì) ´¥É ¨ μ¶·¥¤¥²¥´´μ£μ
¨³¶Ê²Ó¸ . �μ Éμ£¤  ¨ ´¥°É·¨´μ ´¥ ³μ¦¥É ¨³¥ÉÓ μ¶·¥¤¥²¥´´μ£μ ¨³¶Ê²Ó¸ , ÎÉμ
¶·μÉ¨¢μ·¥Î¨É 2). …Ð¥ μ¤¨´  ·£Ê³¥´É ¶·μÉ¨¢ ÔÉμ£μ ¶·¥¤¶μ²μ¦¥´¨Ö ¸μ¸Éμ¨É
¢ Éμ³, ÎÉμ ¶·¨ ¶μ²´μ¸ÉÓÕ μ¶·¥¤¥²¥´´μ³ ¨³¶Ê²Ó¸¥ ¶·μ¸É· ´¸É¢¥´´Ò¥ ±μμ·-
¤¨´ ÉÒ μ¡² ¸É¥° ·μ¦¤¥´¨Ö ¨ ¶μ£²μÐ¥´¨Ö ´¥°É·¨´μ (¨¸ÉμÎ´¨±  ¨ ¤¥É¥±Éμ· ),
  §´ Î¨É, ¨ · ¸¸ÉμÖ´¨¥ ³¥¦¤Ê ÔÉ¨³¨ μ¡² ¸ÉÖ³¨, ¢Ìμ¤ÖÐ¥¥ ¢ Ëμ·³Ê²Ê ¤²Ö
¢¥·μÖÉ´μ¸É¨ ¶¥·¥Ìμ¤μ¢  ·μ³ Éμ¢, ¶μ²´μ¸ÉÓÕ ´¥μ¶·¥¤¥²¥´´Ò.

‡¤¥¸Ó Ê³¥¸É´μ ¢¸¶μ³´¨ÉÓ, ÎÉμ ´¥¸É ¡¨²Ó´ Ö Î ¸É¨Í  ´¥ ³μ¦¥É μ¡² ¤ ÉÓ
μ¶·¥¤¥²¥´´Ò³ 4-¨³¶Ê²Ó¸μ³ Ê¦¥ ¶μÉμ³Ê, ÎÉμ ¶·μ¸É· ´¸É¢¥´´ Ö ¤¥²μ± ²¨§ -
Í¨Ö É ±μ° Î ¸É¨ÍÒ μ£· ´¨Î¥´  ¢¥²¨Î¨´μ° ¶μ·Ö¤±  ¥¥ · ¸¶ ¤´μ£μ ¶·μ¡¥£ .
„·Ê£¨³¨ ¸²μ¢ ³¨, ´¥μ¶·¥¤¥²¥´´μ¸ÉÓ 4-¨³¶Ê²Ó¸  Î ¸É¨ÍÒ § ¢¥¤μ³μ ´¥ ³μ¦¥É
¡ÒÉÓ ³¥´ÓÏ¥ ¥¥ · ¸¶ ¤´μ° Ï¨·¨´Ò. Š ± ¸²¥¤¸É¢¨¥, ´¥°É·¨´μ, ¢μ§´¨± ÕÐ¨¥
¢ ·¥§Ê²ÓÉ É¥ · ¸¶ ¤μ¢ Î ¸É¨Í, Éμ¦¥ ´¥ ³μ£ÊÉ ¨³¥ÉÓ μ¶·¥¤¥²¥´´ÒÌ ¨³¶Ê²Ó¸μ¢,
É. ¥. ¶·¥¤¶μ²μ¦¥´¨¥ 2) ³μ¦¥É ¡ÒÉÓ · §¢¥ ²¨ÏÓ ¶·¨¡²¨¦¥´¨¥³,  ¤¥±¢ É´μ¸ÉÓ
±μÉμ·μ£μ ³μ¦¥É ¡ÒÉÓ ¶·μ¢¥·¥´  Éμ²Ó±μ ¢ · ³± Ì ¡μ²¥¥ μ¡Ð¥° É¥μ·¨¨.

�·¥¤¶μ²μ¦¥´¨¥ 3), · ¢´μ ± ± ¨  ´ ²μ£¨Î´μ¥ ¶·¥¤¶μ²μ¦¥´¨¥ μ · ¢¥´¸É¢¥
Ô´¥·£¨°, ±μÉμ·μ¥ ¢¸É·¥Î ¥É¸Ö ¢ ²¨É¥· ÉÊ·¥, ¶·μÉ¨¢μ·¥Î¨É ·¥²ÖÉ¨¢¨¸É¸±μ° ¨´-
¢ ·¨ ´É´μ¸É¨. ‚ ¸ ³μ³ ¤¥²¥, ¶Ê¸ÉÓ ¶·¥¤¶μ²μ¦¥´¨¥ 3) ¸¶· ¢¥¤²¨¢μ ¢ ² ¡μ-
· Éμ·´μ° ¸¨¸É¥³¥ μÉ¸Î¥É  K . �μ Éμ£¤  ¢ ¸¨¸É¥³¥ μÉ¸Î¥É  K ′, ¤¢¨¦ÊÐ¥°¸Ö
μÉ´μ¸¨É¥²Ó´μ K ¸μ ¸±μ·μ¸ÉÓÕ v, Ê¦¥ ´¥ Éμ²Ó±μ Ô´¥·£¨¨ E′

i, ´μ ¨ ¨³¶Ê²Ó¸Ò p′
i

´¥ · ¢´Ò ¤·Ê£ ¤·Ê£Ê, ¶μ¸±μ²Ó±Ê ¨§ ¶·¥μ¡· §μ¢ ´¨° ‹μ·¥´Í  ¸²¥¤Ê¥É, ÎÉμ

E′
i −E′

j = Γv(Ei −Ej) 	= 0, p′
i −p′

j = Γv(Ej −Ei)v 	= 0, Γv =
1√

1 − v2
.

(22)

�¥É·Ê¤´μ ¢¨¤¥ÉÓ, ¢ Î ¸É´μ¸É¨, ÎÉμ |p′
i − p′

j | � |Ei − Ej | ≈ |m2
i − m2

j |/(2|p|)
¶·¨ |v| � 1/

√
2. …¸²¨ ¸±μ·μ¸ÉÓ ¸¨¸É¥³Ò K ′ Ê¤μ¢²¥É¢μ·Ö¥É Ê¸²μ¢¨Õ Γv �
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min (E′
i/mi), Éμ ´¥°É·¨´μ ¢¸¥ ¥Ð¥ μ¸É ÕÉ¸Ö Ê²ÓÉ· ·¥²ÖÉ¨¢¨¸É¸±¨³¨ ¢ K ′, É. ¥.

Ê¸²μ¢¨¥ 4) ¢Ò¶μ²´Ö¥É¸Ö, ´μ Ê¸²μ¢¨¥ 3) ´ ·ÊÏ ¥É¸Ö. � §Ê³¥¥É¸Ö, ÔÉμ ´ ·ÊÏ¥-
´¨¥ ´¨ÎÉμ¦´μ, ¥¸²¨ ¸±μ·μ¸ÉÓ v ³ ² ,   ÉμÎ´¥¥, ¥¸²¨ |vp| � |p|. ‚ μ¡Ð¥³
¦¥ ¸²ÊÎ ¥, É· ±ÉÊÖ ¶·¥μ¡· §μ¢ ´¨¥ ‹μ·¥´Í  ± ±  ±É¨¢´μ¥, § ±²ÕÎ ¥³, ÎÉμ
Ê¸²μ¢¨¥ 3) ´¥ ³μ¦¥É μ¤´μ¢·¥³¥´´μ ¢Ò¶μ²´ÖÉÓ¸Ö ¤²Ö ¶ÊÎ±μ¢ ´¥°É·¨´μ, ¢Ò²¥-
É ÕÐ¨Ì ¨§ μ¤¨´ ±μ¢ÒÌ, ´μ ¤¢¨¦ÊÐ¨Ì¸Ö ¸ · §´Ò³¨ ¸±μ·μ¸ÉÖ³¨ ¨¸ÉμÎ´¨±μ¢.

“¸²μ¢¨¥ 4) ±μ´¸É É¨·Ê¥É:  ) ³ ¸¸Ò ¨§¢¥¸É´ÒÌ ´¥°É·¨´μ Î·¥§¢ÒÎ °´μ
³ ²Ò (§ ¢¥¤μ³μ ³¥´ÓÏ¥ 1Ä2 Ô‚) ¨ ¡) ¸μ¢·¥³¥´´Ò¥ ³¥Éμ¤Ò ¤¥É¥±É¨·μ¢ ´¨Ö
´¥ ¶μ§¢μ²ÖÕÉ § ·¥£¨¸É·¨·μ¢ ÉÓ ´¥°É·¨´μ ¸ Ô´¥·£¨¥° ´¨¦¥ ∼ 100 ±Ô‚; É ±
ÎÉμ ¢ ´¥°É·¨´´ÒÌ Ô±¸¶¥·¨³¥´É Ì ¤¥°¸É¢¨É¥²Ó´μ ¨³¥ÕÉ ¤¥²μ ¨¸±²ÕÎ¨É¥²Ó´μ
¸ Ê²ÓÉ· ·¥²ÖÉ¨¢¨¸É¸±¨³¨ ´¥°É·¨´μ. �¤´ ±μ ÔÉμ Ê¸²μ¢¨¥ ´¥ ¢Ò¶μ²´Ö¥É¸Ö ¤²Ö
·¥²¨±Éμ¢ÒÌ ´¥°É·¨´μ ¨ ³μ¦¥É μ± § ÉÓ¸Ö ¸²¨Ï±μ³ μ£· ´¨Î¨É¥²Ó´Ò³ ¶·¨ μ¡-
´ ·Ê¦¥´¨¨ (¶μ±  £¨¶μÉ¥É¨Î¥¸±¨Ì) ÉÖ¦¥²ÒÌ ¸É¥·¨²Ó´ÒÌ ´¥°É·¨´μ.

� ±μ´¥Í, μ¡· É¨³¸Ö ± Ê¸²μ¢¨Õ 5). �Éμ Ê¸²μ¢¨¥ ´¥ Ô±¢¨¢ ²¥´É´μ ¨ ´¥
¸²¥¤Ê¥É ¨§ Ê¸²μ¢¨Ö 4), ¶μ§¢μ²ÖÕÐ¥£μ ¸¤¥² ÉÓ · §²μ¦¥´¨¥ Ei � p + m2

i /2p +
. . ., ¶μ¸±μ²Ó±Ê ¢ 4) ¸μÌ· ´Ö¥É¸Ö ´¥ Éμ²Ó±μ ¶¥·¢Ò° Î²¥´ · §²μ¦¥´¨Ö E =
p, ´μ ¨ ¢Éμ·μ°,   ¢ ´¥±μÉμ·ÒÌ · ¡μÉ Ì ¨ É·¥É¨°. ‚ Ê¸²μ¢¨¨ 5), ´ ¶·μÉ¨¢,
¨¸¶μ²Ó§Ê¥É¸Ö Éμ²Ó±μ ¶¥·¢Ò° Î²¥´ · §²μ¦¥´¨Ö t = L. �·¨¢¥¤¥³ ¤²Ö ´ Î ² 
Ô²¥³¥´É ·´ÊÕ ¢Ò±² ¤±Ê, ÊÎ¨ÉÒ¢ ÕÐÊÕ ÉμÎ´ÊÕ ¸¢Ö§Ó ¢·¥³¥´¨ t ¨ · ¸¸ÉμÖ´¨°
Lk ¨ Lj , ¶·μ°¤¥´´ÒÌ ´¥°É·¨´μ νk ¨ νj , ¤¢¨¦ÊÐ¨³¨¸Ö ¸μ ¸±μ·μ¸ÉÖ³¨ vk ¨ vj .
’μ¦¤¥¸É¢μ

t =
Lk

vk
=

Lj

vj

¶μ§¢μ²Ö¥É ¶¥·¥¶¨¸ ÉÓ μ¸Í¨²²ÖÍ¨μ´´ÊÕ Ë §Ê (Ek − Ej)t ¢ ¢¨¤¥

(Ek − Ej)t =
EkLk

vk
− EjLj

vj
=

E2
kLk

p
−

E2
j Lj

p
≈

(E2
k − E2

j )L
p

=
Δm2

kj

p
,

£¤¥ ¢ ¶·¥¤¶μ¸²¥¤´¥³ · ¢¥´¸É¢¥ ¡Ò²μ ¸¤¥² ´μ ¶·¨¡²¨¦¥´¨¥ Lk ≈ Lj ≈ L.
‚ ¨Éμ£¥ ¶μ²ÊÎ¨² ¸Ó ¢ ¤¢  · §  ¡μ²ÓÏ Ö Ë §  μ¸Í¨²²ÖÍ¨° ¶μ ¸· ¢´¥´¨Õ ¸ (17).
�ÉμÉ μ¡¥¸±Ê· ¦¨¢ ÕÐ¨° ·¥§Ê²ÓÉ É Å ¸²¥¤¸É¢¨¥ ¶·μ¨§¢μ²Ó´μ£μ μ¡· Ð¥´¨Ö ¸
¶μ·Ö¤± ³¨ ³ ²μ¸É¨ Δm2

kj/p2, ¶·¨¸ÊÐ¥£μ ± ± Éμ²Ó±μ ÎÉμ ¶·¥¤¸É ¢²¥´´μ³Ê
® ²ÓÉ¥·´ É¨¢´μ³Ê ¢Ò¢μ¤Ê¯, É ± ¨ ¸ ³μ³Ê Ê¸²μ¢¨Õ 5).

Œμ¦´μ § ¤ ÉÓ¸Ö ¨ É ±¨³ ¢μ¶·μ¸μ³: ®�μÎ¥³Ê · §´¨Í  ³¥¦¤Ê ¢·¥³¥´ ³¨
¤¥É¥±É¨·μ¢ ´¨Ö ¨ ·μ¦¤¥´¨Ö ´¥°É·¨´μ t ¶·¨· ¢´¨¢ ¥É¸Ö · ¸¸ÉμÖ´¨Õ L?
‚ ¡μ²ÓÏ¨´¸É¢¥ Ô±¸¶¥·¨³¥´Éμ¢ ¢·¥³Ö ·μ¦¤¥´¨Ö ´¥°É·¨´μ ´¥¨§¢¥¸É´μ, ¶μ-
ÔÉμ³Ê ´¥μ¡Ìμ¤¨³μ ¶μ ´¥³Ê ¶·μ¨´É¥£·¨·μ¢ ÉÓ¯. �·μ¤¥² ¢ É ±μ¥ ¨´É¥£·¨·μ¢ -
´¨¥, ³Ò μ¡´ ·Ê¦¨³, ÎÉμ ¢¸¥ ¨´É¥·Ë¥·¥´Í¨μ´´Ò¥ Î²¥´Ò ¨¸Î¥§ ÕÉ, ¶μ¸±μ²Ó±Ê∫

dt exp [−i(Ek − Ej)t] ∝ δ(Ek − Ej), É. ¥. ¢ ÔÉμ³ ¸²ÊÎ ¥

〈Pαβ(t)〉t ∝
∑

k

|Vαk|2|Vβk|2. (23)
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ˆÉ ±, ¸Ê³³¨·Ê¥³: É¥μ·μ¨Ö ´¥°É·¨´´ÒÌ μ¸Í¨²²ÖÍ¨° μ¸´μ¢ ´  ´  £¨¶μÉ¥-
§ Ì 1) Ä5). �·¨ ÔÉμ³ Éμ²Ó±μ Ê¸²μ¢¨¥ 4) ¢Ò¶μ²´Ö¥É¸Ö ¤²Ö ¸μ¢·¥³¥´´ÒÌ Ô±¸-
¶¥·¨³¥´Éμ¢, ´ ·ÊÏ Ö¸Ó, μ¤´ ±μ, ¤²Ö ´¨§±μÔ´¥·£¥É¨Î¥¸±¨Ì (¢ Î ¸É´μ¸É¨ ·¥-
²¨±Éμ¢ÒÌ) ´¥°É·¨´μ. “¸²μ¢¨Ö 2), 3) ¸ μÎ¥¢¨¤´μ¸ÉÓÕ ´¥Ë¨§¨Î´Ò. “¸²μ¢¨¥ 1)
É·¥¡Ê¥É ±μ²¨Î¥¸É¢¥´´μ£μ μ¡μ¸´μ¢ ´¨Ö. “¸²μ¢¨¥ 5) ´¥μ¡μ¸´μ¢ ´´μ. �¥¡μ²Ó-
Ï¨¥ ¶μ¶· ¢±¨ ± ÔÉμ³Ê Ê¸²μ¢¨Õ ¶·¨¢μ¤ÖÉ ± ¡μ²ÓÏ¨³ ¨§³¥´¥´¨Ö³ ¢ ¨Éμ£μ¢μ°
Ëμ·³Ê²¥ ¢¥·μÖÉ´μ¸É¨ ´¥°É·¨´´ÒÌ μ¸Í¨²²ÖÍ¨°.

2. Š‚��’�‚�-Œ…•��ˆ—…‘Š�Ÿ ’…��ˆŸ �…‰’�ˆ��›•
�‘–ˆ‹‹Ÿ–ˆ‰ ‚ Œ�„…‹ˆ ‘ ‚�‹��‚›Œ ��Š…’�Œ

2.1. �¡Ð¨¥ ¸¢μ°¸É¢  ¢μ²´μ¢μ£μ ¶ ±¥É . � ¸¸³μÉ·¨³ ‚� ¶·¨ t = 0:

|ψ(0)〉 =
∫

dp
(2π)3

ψp(p)|p〉, (24)

£¤¥ 〈q|p〉 = (2π)3δ3(q−p). �¢μ²ÕÍ¨Ö ¸μ¸ÉμÖ´¨Ö (24) ¸μ ¢·¥³¥´¥³ μ¶·¥¤¥²Ö-
¥É¸Ö ¤¥°¸É¢¨¥³ μ¶¥· Éμ·  Ô¢μ²ÕÍ¨¨

|ψ(t)〉 = e−iĤ0t|ψ(0)〉 =
∫

dp
(2π)3

e−iEptψp(p)|p〉, (25)

Î¥³Ê ¢ ±μμ·¤¨´ É´μ³ ¶·μ¸É· ´¸É¢¥ ¸μμÉ¢¥É¸É¢Ê¥É ¢μ²´μ¢ Ö ËÊ´±Í¨Ö

ψx(t,x) =
∫

dp
(2π)3

e−iEpt+ipxψp(p). (26)

‘μ¸ÉμÖ´¨¥ (25) ´μ·³¨·Ê¥³ ´  ¥¤¨´¨ÍÊ:

〈ψ(t)|ψ(t)〉 =
∫

dp
(2π)3

|ψp(p)|2 = 1. (27)

�¶·¥¤¥²¨³ ¸·¥¤´¨¥ Ô´¥·£¨Õ, ¨³¶Ê²Ó¸ ¨ ¸±μ·μ¸ÉÓ ¶ ±¥É  ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

〈E〉 = 〈ψ(t)|Ĥ0|ψ(t)〉 =
∫

dp
(2π)3

|ψp(p)|2Ep,

〈P〉 = 〈ψ(t)|P̂|ψ(t)〉 =
∫

dp
(2π)3

|ψp(p)|2p,

〈v〉 = 〈ψ(t)|V̂|ψ(t)〉 =
∫

dp
(2π)3

|ψp(p)|2vp,

(28)

£¤¥ μ¤´μÎ ¸É¨Î´Ò° μ¶¥· Éμ· ¸±μ·μ¸É¨ ´ °¤¥´ ¶·¨ ¶μ³μÐ¨

V̂ =
∫

dp
(2π)3

vp|p〉〈p|. (29)
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Š¢ ´Éμ¢Ò° ‚� ¶μ ´¥±μÉμ·Ò³ ¸¢μ¨³ ¸¢μ°¸É¢ ³ ¶μÌμ¦ ´  ±² ¸¸¨Î¥¸±¨° μ¡Ñ-
¥±É, ¢ Î ¸É´μ¸É¨, ¥£μ Ô´¥·£¨Ö ¨ ¨³¶Ê²Ó¸ ¸μÌ· ´ÖÕÉ¸Ö ¨ ¤¢¨¦¥É¸Ö μ´ (¢ ¸·¥¤-
´¥³) ¶μ ±² ¸¸¨Î¥¸±μ° É· ¥±Éμ·¨¨. —Éμ¡Ò ¤μ± § ÉÓ ¶μ¸²¥¤´¥¥ ÊÉ¢¥·¦¤¥´¨¥,
¶·μ¤¥² ¥³ Ö¢´μ¥ ¢ÒÎ¨¸²¥´¨¥.

2.2. ‘·¥¤´ÖÖ É· ¥±Éμ·¨Ö ¢μ²´μ¢μ£μ ¶ ±¥É . �μ μ¶·¥¤¥²¥´¨Õ ¸·¥¤´ÖÖ
±μμ·¤¨´ É  ‚� ¥¸ÉÓ

〈x(t)〉 = 〈ψ(t)|X̂|ψ(t)〉. (30)

Ÿ¢´Ò³ ¢ÒÎ¨¸²¥´¨¥³ ´ °¤¥³ ¶· ¢ÊÕ Î ¸ÉÓ (30), ¢Ò· §¨¢ |ψ(t)〉 ¸μ£² ¸´μ (25),
¢μ¸¶μ²Ó§μ¢ ¢Ï¨¸Ó É¥³, ÎÉμ |p〉 =

∫
dx e+ipx|x〉 ¨ μÎ¥¢¨¤´Ò³ ¸¢μ°¸É¢μ³

X̂|x〉 = x|x〉:

〈ψ(t)|X̂|ψ(t)〉 =
∫

dk dq
(2π)6

ψ∗
p(q)ψp(k) e−i(Ek−Eq)t〈q|

∫
dxx e+ikx|x〉 =

=
∫

dk dq
(2π)6

ψ∗
p(q)ψp(k) e−i(Ek−Eq)t

∫
dxx e+i(k−q)x, (31)

£¤¥ ³Ò ¨¸¶μ²Ó§μ¢ ²¨ ¸μμÉ´μÏ¥´¨¥ 〈q|x〉 = e−iqx. —Éμ¡Ò ¸´ÖÉÓ ¨´É¥£· ² ¶μ
¶·μ¸É· ´¸É¢¥´´μ° ¶¥·¥³¥´´μ°, ¶·¨³¥´¨³ Éμ¦¤¥¸É¢μ∫

dxx ei(k−q)x =
1
2i

(
∂

∂k
− ∂

∂q

)∫
dx ei(k−q)x =

=
1
2i

(
∂

∂k
− ∂

∂q

)
(2π)3δ3(k − q). (32)

’μ£¤ 

〈x(t)〉 =
1
2i

∫
dk dq
(2π)3

ψ∗
p(q)ψp(k)e−i(Ek−Eq)t

(
∂

∂k
− ∂

∂q

)
δ3(k − q) =

= − 1
2i

∫
dk dq
(2π)3

δ3(k − q)
(

∂

∂k
− ∂

∂q

)
ψ∗

p(q)ψp(k) e−i(Ek−Eq)t =

=
∫

dk
(2π)3

|ψp(k)|2vkt = 〈v〉t, (33)

£¤¥ 〈v〉 ¤ ¥É¸Ö É·¥ÉÓ¥° ¸É·μ±μ° ¨§ (28). —Éμ¡Ò ¶¥·¥°É¨ μÉ ¶¥·¢μ° ¸É·μ±¨
±μ ¢Éμ·μ° ¢ (33), ³Ò ¢μ¸¶μ²Ó§μ¢ ²¨¸Ó ¨´É¥£·¨·μ¢ ´¨¥³ ¶μ Î ¸ÉÖ³. ’ ±¨³
μ¡· §μ³, ¤μ± § ´μ, ÎÉμ ¢ ¸·¥¤´¥³ ±μμ·¤¨´ É  ‚� ¸²¥¤Ê¥É ±² ¸¸¨Î¥¸±μ° É· ¥±-
Éμ·¨¨:

〈x(t)〉 = 〈v〉t. (34)

�·¨ ¢Ò¢μ¤¥ ³Ò ¶·¥¤¶μ² £ ²¨ Ö¢´μ, ÎÉμ ¸·¥¤´ÖÖ ±μμ·¤¨´ É  ‚� · ¢´  ´Ê²Õ
¶·¨ t = 0.
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2.3. � ¸¶²Ò¢ ´¨¥ ¢μ²´μ¢μ£μ ¶ ±¥É  ¢ ±μ´Ë¨£Ê· Í¨μ´´μ³ ¶·μ¸É· ´¸É¢¥.
�μ± ¦¥³ ¶·Ö³Ò³ ¢ÒÎ¨¸²¥´¨¥³, ÎÉμ ‚� · ¸¶²Ò¢ ¥É¸Ö ¸μ ¢·¥³¥´¥³. �μ μ¶·¥-
¤¥²¥´¨Õ ¤¨¸¶¥·¸¨Ö ¶·μ¸É· ´¸É¢¥´´μ° ±μμ·¤¨´ ÉÒ ¥¸ÉÓ

σ2
x(t) = 〈x2(t)〉 − 〈x(t)〉2. (35)

‚ÒÎ¨¸²¨³ ¸·¥¤´¥¥ §´ Î¥´¨¥ ±¢ ¤· É  ±μμ·¤¨´ ÉÒ:

〈x2(t)〉 ≡ 〈ψ(t)|X̂2|ψ(t)〉 =
∫

dxx2

∫
dk dq
(2π)6

ψ∗
p(q)ψp(k) e−i(Ek−Eq)t+i(k−q)x.

(36)
‚μ¸¶μ²Ó§Ê¥³¸Ö ¤²Ö ÔÉμ£μ ¶·¨¥³μ³,  ´ ²μ£¨Î´Ò³ (32):∫

dxx2 e+i(k−q)x = −1
2

(
∂2

∂k2
+

∂2

∂q2

)∫
dx e+i(k−q)x =

= −1
2

(
∂2

∂k2
+

∂2

∂q2

)
(2π)3δ3(k − q),

¨ ¶·μ¢¥¤¥³ ¢ (36) ¨´É¥£·¨·μ¢ ´¨¥ ¶μ Î ¸ÉÖ³  ´ ²μ£¨Î´μ (33):

〈x2〉 = −1
2

∫
dk dq
(2π)3

δ3(k − q)
(

∂2

∂k2
+

∂2

∂q2

)
ψ∗

p(q)ψp(k) e−i(Ek−Eq)t =

= 〈v2〉t2 − Re
∫

dk
(2π)3

ψ∗
p(k)∂2ψp(k)

∂k2
.

’ ±¨³ μ¡· §μ³,

σ2
x(t) = (〈v2〉 − 〈v〉2)t2 − Re

∫
dk

(2π)3
ψ∗

p(k)∂2ψp(k)
∂k2

.

�μ²μ¦¨¢ ¢ ÔÉμ³ · ¢¥´¸É¢¥ t = 0, ¢¨¤¨³, ÎÉμ

σ2
x(0) = −Re

∫
dk

(2π)3
ψ∗

p(k)∂2ψp(k)
∂k2

¥¸ÉÓ ¤¨¸¶¥·¸¨Ö ±μμ·¤¨´ ÉÒ ¢ ´ Î ²Ó´Ò° ³μ³¥´É ¢·¥³¥´¨, É ± ÎÉμ

σ2
x(t) = σ2

x(0) +
(
〈v2〉 − 〈v〉2

)
t2 = σ2

x(0) + σ2
vt2, (37)

£¤¥ σ2
v = 〈v2〉 − 〈v〉2 Å ¤¨¸¶¥·¸¨Ö ¸±μ·μ¸É¨ ‚�. ŒÒ ¶μ²ÊÎ¨²¨ μ¡Ð¨° § ±μ´

¤¨¸¶¥·¸¨¨ ´¥·¥²ÖÉ¨¢¨¸É¸±μ£μ ‚�. �ÉμÉ ·¥§Ê²ÓÉ É ´¥ Ö¢²Ö¥É¸Ö ´μ¢Ò³, ¸³.,
´ ¶·¨³¥·, [97] ¨ ¸¸Ò²±¨ ¢ ÔÉμ° · ¡μÉ¥.

ˆ¸¸²¥¤Ê¥³ É¥¶¥·Ó, ± ± ¸±μ·μ¸ÉÓ · ¸¶²Ò¢ ´¨Ö ‚� § ¢¨¸¨É μÉ ·¥²ÖÉ¨¢¨¸É-
¸±¨Ì ÔËË¥±Éμ¢. ‡ ¶¨Ï¥³ σ2

v ¢ ¸²¥¤ÊÕÐ¥³ ¢¨¤¥:

σ2
v = 〈v2〉 − 〈v〉2 = 〈v2

T 〉 + 〈v2
L〉 − 〈v〉2 = 〈v2

T 〉 + 〈(vL − 〈v〉)2〉, (38)
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£¤¥ 〈v2
T 〉 ¨ 〈v2

L〉 Å ¸·¥¤´¨¥ ±¢ ¤· ÉÒ ¶·μ¤μ²Ó´μ° ¨ ¶μ¶¥·¥Î´μ° ¶·μ¥±Í¨°
¸±μ·μ¸É¨ ‚� μÉ´μ¸¨É¥²Ó´μ ¢¥±Éμ·  ¸·¥¤´¥° ¸±μ·μ¸É¨ 〈v〉 ¸μμÉ¢¥É¸É¢¥´´μ.
�¥·¥¶¨Ï¥³ 〈v2

T 〉 ¨ 〈(vL − 〈v〉)2〉 Î¥·¥§ ¶¥·¥³¥´´Ò¥ ¢ ¸μ¡¸É¢¥´´μ° ¸¨¸É¥³¥
μÉ¸Î¥É  (¸. ¸. μ.) ‚�

Ek = Γ̄(E∗
k + 〈v〉k∗

L), (39)

kL = Γ̄(k∗
L + 〈v〉Ek∗), kT = k∗

T , (40)

vkL =
v∗
kL + 〈v〉

1 + v∗
kL〈v〉

, Γ̄ ≡ Γ〈v〉 =
1√

1 − 〈v〉2
(41)

¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

〈v2
T 〉 =
∫

dk
(2π)3

|ψp(k)|2v2
kT =

1
Γ̄2

∫
dk∗

(2π)3
|ψp(k∗)|2 v∗2

kT

(1 + 〈v〉v∗
kL)2

(42)

¨

〈(vL − 〈v〉)2〉 =
∫

dk
(2π)3

|ψp(k)|2(vkL − 〈v〉)2 =

=
1
Γ̄4

∫
dk∗

(2π)3
|ψp(k∗)|2 v∗2

kL

(1 + 〈v〉v∗
kL)2

.

(43)

‘· ¢´¨¢ Ö (42) ¸ (43), ³μ¦´μ § ³¥É¨ÉÓ, ÎÉμ ¢ ¶¥·¢μ³ ¶μ·Ö¤±¥ ¤²Ö ‚�, ¤μ¸É -
ÉμÎ´μ Ê§±¨Ì ¢ ¨³¶Ê²Ó¸´μ³ ¶·μ¸É· ´¸É¢¥,

〈v2
T 〉 = 〈v∗2

T 〉/Γ̄2, 〈(vL − 〈v〉)2〉 = 〈v∗2
L 〉/Γ̄4.

’ ±¨³ μ¡· §μ³, ¢ ·¥¦¨³¥ ¶μ²´μ£μ · ¸¶²Ò¢ ´¨Ö, ÊÎ¨ÉÒ¢ Ö, ÎÉμ ¢ ¸. ¸. μ. ‚�
〈v∗2

L 〉 = (1/2)〈v∗2
T 〉 = (1/3)〈v∗2〉, ¨ ¨¸¶μ²Ó§ÊÖ (37), ¶μ²ÊÎ ¥³

σ2
xL(t) =

1
3
〈v∗2〉t2/Γ̄4, σ2

xT (t) =
2
3
〈v∗2〉t2/Γ̄2, σ2

xL(t) =
1
2
σ2

xT (t)/Γ̄2.

(44)
‘±μ·μ¸ÉÓ ¶·μ¤μ²Ó´μ£μ · ¸¶²Ò¢ ´¨Ö ‚� ¢ Γ̄ · § ³¥´ÓÏ¥ ¸±μ·μ¸É¨ ¥£μ · ¸¶²Ò-
¢ ´¨Ö ¢ ¶μ¶¥·¥Î´μ³ ´ ¶· ¢²¥´¨¨. �Î¥¢¨¤´μ, ÎÉμ ¢ ¸. ¸. μ. ‚�

σ2
x(t) = σ2

xL(t) + σ2
xT (t) = 〈v∗2〉t2.

2.4. �μ¶¥·¥Î´μ¥ · ¸¶²Ò¢ ´¨¥ ¢μ²´μ¢μ£μ ¶ ±¥É  ¢¥¤¥É ± § ±μ´Ê μ¡· É-
´ÒÌ ±¢ ¤· Éμ¢. ‹Õ¡μ° ‚� · ¸¶²Ò¢ ¥É¸Ö ¸μ ¢·¥³¥´¥³. „·Ê£¨³¨ ¸²μ¢ ³¨,
¶·μ¸É· ´¸É¢¥´´ Ö ¤¨¸¶¥·¸¨Ö ‚� ¸ É¥Î¥´¨¥³ ¢·¥³¥´¨ · ¸É¥É, ¢ Éμ ¢·¥³Ö ± ±
¥£μ  ³¶²¨ÉÊ¤  Ê³¥´ÓÏ ¥É¸Ö. �Éμ Ìμ·μÏμ ¨§¢¥¸É´μ¥ ¨ ´¥¨§¡¥¦´μ¥ ¸¢μ°¸É¢μ
‚� Î ¸Éμ · ¸¸³ É·¨¢ ¥É¸Ö ± ± ¨Ì ®´¥¤μ¸É Éμ±¯, ÎÉμ ¸É¨³Ê²¨·μ¢ ²μ ¶μ¶ÒÉ±¨
´ °É¨ ·¥Ï¥´¨Ö, ¸É ¡¨²Ó´Ò¥ ¢μ ¢·¥³¥´¨ ¤²Ö  ¸¸μÍ¨ Í¨¨ ‚� ¸ Î ¸É¨Í¥°.
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‚ Î ¸É´μ¸É¨, ÌμÉÖ Ìμ·μÏμ ¨§¢¥¸É´μ, ÎÉμ ´¥¢μ§³μ¦´μ ¶μ¸É·μ¨ÉÓ ¸μ£² ¸μ¢ ´-
´ÊÕ É¥μ·¨Õ · ¸¸¥Ö´¨Ö ¡¥§ ‚� [98, 99], ´¥·¥¤±μ ¢¸É·¥Î ¥É¸Ö ÊÉ¢¥·¦¤¥´¨¥ μ
Éμ³, ÎÉμ Ê³¥´ÓÏ¥´¨¥ ¸μ ¢·¥³¥´¥³  ³¶²¨ÉÊ¤Ò ‚� ¤¥² ¥É ¨Ì ´¥ ¢¶μ²´¥  ¤¥-
±¢ É´Ò³¨ μ¡Ñ¥±É ³¨ ¤²Ö ´ Î ²Ó´ÒÌ ¨ ±μ´¥Î´ÒÌ ¸μ¸ÉμÖ´¨°, ±μÉμ·Ò¥ Ëμ·-
³ ²Ó´μ μ¶·¥¤¥²¥´Ò ¶·¨ t = −∞ ¨ t = +∞ ¸μμÉ¢¥É¸É¢¥´´μ. �¤´ ±μ, ± ±
³Ò ¶μ± ¦¥³ ¢ ÔÉμ³ ¶Ê´±É¥ (¨ ÔÉμ ´μ¢Ò° ·¥§Ê²ÓÉ É), · ¸¶²Ò¢ ´¨¥ ‚� ´¥±·¨-
É¨Î´μ ¤²Ö S-³ É·¨Î´μ£μ Ëμ·³ ²¨§³ , ¶μ¸±μ²Ó±Ê μ´μ ¨³¥¥É ¶·μ§· Î´ÊÕ ¨´-
É¥·¶·¥É Í¨Õ. � ¸¶²Ò¢ ´¨¥ ‚� ¶·¨¢μ¤¨É ± ¶μ¤ ¢²¥´¨Õ, ¶·μ¶μ·Í¨μ´ ²Ó´μ³Ê
Ë ±Éμ·Ê 1/|x|2, ¤²Ö ¶·μ¨´É¥£·¨·μ¢ ´´μ° ¶μ ¢·¥³¥´¨ ¢¥·μÖÉ´μ¸É¨ μ¡´ ·Ê¦¥-
´¨Ö Î ¸É¨ÍÒ ´  · ¸¸ÉμÖ´¨¨ x μÉ ÉμÎ±¨ ¥¥ ·μ¦¤¥´¨Ö,  ´ ²μ£¨Î´μ  ´¸ ³¡²Õ
±² ¸¸¨Î¥¸±¨Ì Î ¸É¨Í. ’ ±¨³ μ¡· §μ³, ¶μ²ÊÎ¥´´Ò° ·¥§Ê²ÓÉ É ¢¥¤¥É ± ¶·μ¸ÉÒ³
´μ·³¨·μ¢μÎ´Ò³ Ë ±Éμ· ³ ¤²Ö ´ Î ²Ó´ÒÌ ¨ ±μ´¥Î´ÒÌ ¸μ¸ÉμÖ´¨°, ¢§ÖÉÒÌ ¶·¨
¤μ¸É ÉμÎ´μ ¡μ²ÓÏ¨Ì, ´μ ±μ´¥Î´ÒÌ ¢·¥³¥´ Ì.

‚ · ¡μÉ¥ [96] ÊÉ¢¥·¦¤¥´¨¥ μ ¶·¨·μ¤¥ § ±μ´  μ¡· É´ÒÌ ±¢ ¤· Éμ¢ ¡Ò²μ
¤μ± § ´μ É·¥³Ö · §´Ò³¨ ¸¶μ¸μ¡ ³¨:

Å ¤²Ö ¤¢ÊÌ Ö¢´ÒÌ ¶·¨³¥·μ¢ Ëμ·³Ò ψp(p),   ¨³¥´´μ ¤²Ö £ Ê¸¸μ¢μ° ËÊ´±-
Í¨¨, ¨´¢ ·¨ ´É´μ° ¨ ´¥¨´¢ ·¨ ´É´μ° μÉ´μ¸¨É¥²Ó´μ ·¥²ÖÉ¨¢¨¸É¸±¨Ì ¶·¥μ¡· -
§μ¢ ´¨°;

Å ¤²Ö ‚� ¶·μ¨§¢μ²Ó´μ° Ëμ·³Ò;
Å ¨¸Ìμ¤Ö ¨§ Ê· ¢´¥´¨Ö ´¥¶·¥·Ò¢´μ¸É¨.
‡¤¥¸Ó ¶·¨¢μ¤¨É¸Ö ¸ ³μ¥ ¶·μ¸Éμ¥ ¨ ¤μ¸É ÉμÎ´μ μ¡Ð¥¥ · ¸¸³μÉ·¥´¨¥, μ¸´μ-

¢ ´´μ¥ ´  Ê· ¢´¥´¨¨ ´¥¶·¥·Ò¢´μ¸É¨, ±μÉμ·μ¥ ¸μ£² ¸Ê¥É¸Ö ± ± ¸ ·¥²ÖÉ¨¢¨¸É-
¸±¨³, É ± ¨ ¸ ´¥·¥²ÖÉ¨¢¨¸É¸±¨³ Ê· ¢´¥´¨Ö³¨ ¤¢¨¦¥´¨Ö.

‡ ¶¨Ï¥³ Ê· ¢´¥´¨¥ ´¥¶·¥·Ò¢´μ¸É¨ ¤²Ö ¶·μ¨§¢μ²Ó´μ£μ ±¢ ´Éμ¢μ£μ ¸μ¸Éμ-
Ö´¨Ö ¸μ ¸± ²Ö·´μ° ËÊ´±Í¨¥° ρ(t,x′), Ö¢²ÖÕÐ¥°¸Ö ¶²μÉ´μ¸ÉÓÕ ¢¥·μÖÉ´μ¸É¨
μ¡´ ·Ê¦¥´¨Ö Î ¸É¨ÍÒ ¢ ÉμÎ±¥ x′ ¢ ³μ³¥´É ¢·¥³¥´¨ t, ¨ ¸ ¢¥±Éμ·´μ° ËÊ´±-
Í¨¥° j(t,x′), Ö¢²ÖÕÐ¥°¸Ö ¶²μÉ´μ¸ÉÓÕ ¶μÉμ± :

∂ρ(t,x′)
∂t

+ ∇j(t,x′) = 0. (45)

�Éμ Ê· ¢´¥´¨¥ ³μ¦´μ ¶¥·¥¶¨¸ ÉÓ ¢ Éμ¦¤¥¸É¢¥´´μ° Ëμ·³¥

∂

∂t

∫
|x′|�|x|

dx′ ρ(t,x′) = −
∫
S

dS j(t,x′), (46)

£¤¥ ¨´É¥£·¨·μ¢ ´¨¥ μ£· ´¨Î¥´μ ¸Ë¥·μ° S · ¤¨Ê¸  |x|. …¸²¨ ÔÉμÉ · ¤¨Ê¸ ¤μ-
¸É ÉμÎ´μ ¢¥²¨±,   ¢·¥³Ö, ´ ¶·μÉ¨¢, ´ ¸Éμ²Ó±μ ³ ²μ, ÎÉμ ‚� ¥Ð¥ ´¥ Ê¸¶¥²
· ¸¶²ÒÉÓ¸Ö (μ¡  Ê¸²μ¢¨Ö Ê¤μ¢²¥É¢μ·ÖÕÉ¸Ö, ¥¸²¨ |x| � σx(t)), Éμ ¸²¥¤Ê¥É μ¦¨-
¤ ÉÓ, ÎÉμ ¨´É¥£· ² · ¢¥´ ¥¤¨´¨Í¥ ¨§ Ê¸²μ¢¨Ö ´μ·³¨·μ¢±¨:∫

|x′|�|x|

dx′ ρ(t,x′) ≈ 1,
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¨ ¶μÔÉμ³Ê ¶·μ¨§¢μ¤´ Ö ¶μ ¢·¥³¥´¨ μÉ ¨´É¥£· ²  ¢ ²¥¢μ° Î ¸É¨ ÔÉμ£μ · ¢¥´-
¸É¢  ´¨ÎÉμ¦´μ ³ ² . �μÔÉμ³Ê ¶· ¢ Ö Î ¸ÉÓ (46) É ±¦¥ ¨¸Î¥§ ÕÐ¥ ³ ² . �Éμ
μ§´ Î ¥É, ÎÉμ ¶²μÉ´μ¸ÉÓ ¶μÉμ±  ¤μ²¦´  Ê¡Ò¢ ÉÓ ¡Ò¸É·¥¥, Î¥³ 1/|x|2. �·¨³¥·
£ Ê¸¸μ¢  ‚�, · ¸¸³ É·¨¢ ¥³μ£μ ¤ ²¥¥, ¸μ£² ¸Ê¥É¸Ö ¸ ÔÉ¨³ ÊÉ¢¥·¦¤¥´¨¥³.

�·μ¨´É¥£·¨·Ê¥³ É¥¶¥·Ó ¶μ ¢·¥³¥´¨ μÉ ´Ê²Ö ¤μ ¡¥¸±μ´¥Î´μ¸É¨ ¶· ¢ÊÕ ¨
²¥¢ÊÕ Î ¸É¨ (46):∫

|x′|�|x|

dx′ ρ(∞,x′) −
∫

|x′|�|x|

dx′ ρ(0,x′) = −
∫
S

dSΦ(x′), (47)

£¤¥ Φ(x′) =
∞∫
0

dt j(t,x′) Å ¨´É¥£· ² ¶μ ¢·¥³¥´¨ μÉ ¶²μÉ´μ¸É¨ ¶μÉμ± . �μ

μ¶·¥¤¥²¥´¨Õ

P (t, |x|) ≡
∫

|x′|�|x|

dx′ ρ(t,x′) (48)

¤ ¥É ¢¥·μÖÉ´μ¸ÉÓ ´ °É¨ Î ¸É¨ÍÊ ¢´ÊÉ·¨ ¸Ë¥·Ò · ¤¨Ê¸μ³ |x| ¢ ³μ³¥´É ¢·¥-
³¥´¨ t. �Î¥¢¨¤´μ, ÎÉμ ¨§-§  ¤¨¸¶¥·¸¨¨ ‚� ¢¥·μÖÉ´μ¸ÉÓ μ¡´ ·Ê¦¥´¨Ö Î ¸É¨ÍÒ
¢ ²Õ¡μ³ ±μ´¥Î´μ³ μ¡Ñ¥³¥ ¸É·¥³¨É¸Ö ± ´Ê²Õ ¶·¨ t → ∞, ¶μ¸±μ²Ó±Ê ‚� ¶μ-
±¨¤ ¥É ÔÉμÉ μ¡Ñ¥³. ‘ ¤·Ê£μ° ¸Éμ·μ´Ò, ¶·¨ §´ Î¥´¨ÖÌ |x|, ³´μ£μ ¡μ²ÓÏ¨Ì
· §³¥·μ¢ ‚�, §´ Î¥´¨¥ P (0, |x|) μÎ¥´Ó ¡²¨§±μ ± ¥¤¨´¨Í¥, ¶μ¸±μ²Ó±Ê ¨§´ -
Î ²Ó´μ ‚� ¶μÎÉ¨ ¶μ²´μ¸ÉÓÕ ¡Ò² ²μ± ²¨§μ¢ ´ ¢ ¤μ¸É ÉμÎ´μ ¡μ²ÓÏμ³ μ¡Ñ¥³¥.
�·¨ É ±¨Ì Ê¸²μ¢¨ÖÌ (47) ¸É ´μ¢¨É¸Ö∫

|x′|�|x|

dx′ ρ(0,x′) =
∫
S

dSΦ(x′) � 1. (49)

‚ ¸. ¸. μ. ‚� ³μ¤Ê²Ó ¢¥±Éμ·  Φ(x′) ´¥ § ¢¨¸¨É μÉ ´ ¶· ¢²¥´¨Ö ¢¥±Éμ·  x′.
�μÔÉμ³Ê ¢ ¤ ´´μ° ¸¨¸É¥³¥ μÉ¸Î¥É 

|Φ(|x|)| � 1
4π|x|2 .

’ ±¨³ μ¡· §μ³, § ±μ´ μ¡· É´ÒÌ ±¢ ¤· Éμ¢ 1/|x|2 ¸¶· ¢¥¤²¨¢ ¤²Ö ²Õ¡ÒÌ ·¥-
Ï¥´¨° Ê· ¢´¥´¨° Š²¥°´ Äƒμ·¤μ´  ¨/¨²¨ „¨· ±  ¸ ±μ´¥Î´Ò³¨ ´μ·³¨·μ¢± ³¨,
´μ ´¥ ¤²Ö ¶²μ¸±¨Ì ¢μ²´, ´μ·³¨·μ¢±  ±μÉμ·ÒÌ ¸¨´£Ê²Ö·´ . ‚ ²Õ¡μ° ¤ ´´Ò°
³μ³¥´É ¢·¥³¥´¨ ¶²μÉ´μ¸ÉÓ ¶μÉμ±  ∇j(t,x′) Ê¡Ò¢ ¥É ¡Ò¸É·¥¥, Î¥³ 1/|x|2.

2.5. �¥±μ¢ ·¨ ´É´Ò° £ Ê¸¸μ¢ ¢μ²´μ¢μ° ¶ ±¥É. � ¸¸³μÉ·¨³ ¢ ± Î¥¸É¢¥
¶μ²¥§´μ° ¨²²Õ¸É· Í¨¨ Ï¨·μ±μ ¨§¢¥¸É´Ò° ´¥±μ¢ ·¨ ´É´Ò° £ Ê¸¸μ¢ ‚� ¸ ¢μ²-
´μ¢μ° ËÊ´±Í¨¥° ¢ ¨³¶Ê²Ó¸´μ³ ¶·μ¸É· ´¸É¢¥ ¢¨¤ 

ψp(k) =
(

2π

σ2
p

)3/4

exp

[
− (k − p)2

4σ2
p

]
, (50)
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£¤¥ σp Å ±μ´¸É ´É´ Ö ¤¨¸¶¥·¸¨Ö · ¸¶·¥¤¥²¥´¨Ö ƒ Ê¸¸ , ¨²¨ ®Ï¨·¨´ ¯ ¨³-
¶Ê²Ó¸´μ£μ · ¸¶·¥¤¥²¥´¨Ö ¢ ‚�. ‚μ²´μ¢ÊÕ ËÊ´±Í¨Õ ¢ ±μμ·¤¨´ É´μ³ ¶·¥¤-
¸É ¢²¥´¨¨ ³μ¦´μ ¶μ²ÊÎ¨ÉÓ, ¶·¥¤¶μ² £ Ö ¤¨¸¶¥·¸¨Õ σp ¤μ¸É ÉμÎ´μ ³ ²μ° ¤²Ö
 ±±Ê· É´μ£μ ¢ÒÎ¨¸²¥´¨Ö ¨´É¥£· ²  ¸ · §²μ¦¥´¨¥³

Ek = Ep + vp(k − p) +
m2

2E3
p

(k − p)2 +
(p × k)2

2E3
p

+ . . . , (51)

£¤¥ v = p/Ep. ˆ´É¥£·¨·μ¢ ´¨¥ ¸¢μ¤¨É¸Ö ± £ Ê¸¸μ¢μ° ±¢ ¤· ÉÊ·¥, ÎÉμ ¶μ§¢μ-
²Ö¥É ¢ÒÎ¨¸²¨ÉÓ

ψx(t,x) =

exp

[
−ipx − (xL − vt)2

4σ2
x(1 + it/τL)

− x2
T

4σ2
x(1 + it/τT )

]
(2πσ2

x)3/4
√

(1 + it/τL)(1 + it/τT )
, (52)

£¤¥ p = (Ep,p), σ2
x = 1/4σ2

p ¨

τL = Γ3
pτ, τT = Γpτ, τ = 2σ2

xm, Γp =
Ep

m
. (53)

‡¤¥¸Ó xL ¨ xT Å ±μ³¶μ´¥´ÉÒ ¢¥±Éμ·  x, ¶ · ²²¥²Ó´Ò¥ ¨ ¶¥·¶¥´¤¨±Ê²Ö·´Ò¥
¸·¥¤´¥³Ê ¢¥±Éμ·Ê ¸±μ·μ¸É¨ v ¸μμÉ¢¥É¸É¢¥´´μ. Š ± ´¥É·Ê¤´μ ¢¨¤¥ÉÓ ¨§ (52),
‚� · ¸¶²Ò¢ ¥É¸Ö ¸μ ¢·¥³¥´¥³. „²Ö ¡μ²ÓÏ¥° Ö¸´μ¸É¨ ¢Ò¶¨Ï¥³ ³μ¤Ê²Ó ËÊ´±-
Í¨¨ (52):

|ψx(t,x)| =

exp

[
− (xL − vt)2

4σ2
x(1 + t2/τ2

L)
− x2

T

4σ2
x(1 + t2/τ2

T )

]
(2πσ2

x)3/4 (1 + t2/τ2
L)1/4√1 + t2/τ2

T

.

’ ±¨³ μ¡· §μ³, £ Ê¸¸μ¢ ‚�, μ¶¨¸Ò¢ ¥³Ò° ¶·¨ t = 0 ¢μ²´μ¢μ° ËÊ´±Í¨¥° ¢
±μ´Ë¨£Ê· Í¨μ´´μ³ ¶·μ¸É· ´¸É¢¥,

ψx(0,x) =
1

(2πσ2
x)3/4

exp
(

ipx − x2

4σ2
x

)
,

¸μ ¢·¥³¥´¥³ · ¸¶²Ò¢ ¥É¸Ö ¢ ¶·μ¤μ²Ó´μ³ ¨ ¶μ¶¥·¥Î´μ³ ´ ¶· ¢²¥´¨ÖÌ. Š¢ -
¤· ÉÒ ¶·μ¤μ²Ó´μ° σ2

xL(t) ¨ ¶μ¶¥·¥Î´μ° σ2
xT (t) ¤¨¸¶¥·¸¨° · ¢´Ò:

σ2
xL(t) = σ2

x

(
1 +

t2

τ2
L

)
,

σ2
xT (t) = σ2

x

(
1 +

t2

τ2
T

)
,

(54)
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£¤¥ τL ¨ τT , ¤ ¢ ¥³Ò¥ (53), ¸¢Ö§ ´Ò ¤·Ê£ ¸ ¤·Ê£μ³ ¸μμÉ´μÏ¥´¨¥³ τL = Γ2
pτT .

� · ³¥É·Ò τL ¨ τT ¨³¥ÕÉ Ë¨§¨Î¥¸±¨° ¸³Ò¸² ¶·μ¤μ²Ó´μ£μ ¨ ¶μ¶¥·¥Î´μ£μ
¢·¥³¥´ · ¸¶²Ò¢ ´¨Ö ¸μμÉ¢¥É¸É¢¥´´μ. � · ³¥É· τ Å ¢·¥³Ö ¤¨¸¶¥·¸¨¨ ‚� ¢
¥£μ ¸. ¸. μ., ¢ ±μÉμ·μ°, μÎ¥¢¨¤´μ, τL = τT = τ .

�¡· É¨³ ¢´¨³ ´¨¥, ÎÉμ ´¥±μ¢ ·¨ ´É´Ò° £ Ê¸¸μ¢ ¶ ±¥É · ¸¶²Ò¢ ¥É¸Ö ¢ Γ2
p

· § ³¥¤²¥´´¥¥ ¢ ¶·μ¤μ²Ó´μ³ ´ ¶· ¢²¥´¨¨, Î¥³ ¢ ¶μ¶¥·¥Î´μ³. “ £ Ê¸¸μ¢  ‚�
³μ¦´μ ¢Ò¤¥²¨ÉÓ ¤¢  ·¥¦¨³  · ¸¶²Ò¢ ´¨Ö: ¢ ¶μ¶¥·¥Î´μ³ (t � τT ) ¨ ¢ ¶·μ-
¤μ²Ó´μ³ (t � τL) ´ ¶· ¢²¥´¨ÖÌ. ‚ ¸²ÊÎ ¥ ¶μ²´μ£μ · ¸¶²Ò¢ ´¨Ö ¶μ ¢¸¥³
´ ¶· ¢²¥´¨Ö³

σxL(t) = σx
t

τ

1
Γ3

p

, t � τL,

σxT (t) = σx
t

τ

1
Γp

, t � τT .

‘· ¢´¨¢ ¶μ²ÊÎ¥´´Ò¥ ¸±μ·μ¸É¨ ¶·μ¤μ²Ó´μ£μ ¨ ¶μ¶¥·¥Î´μ£μ · ¸¶²Ò¢ ´¨° ¸
· ¸Î¥É ³¨, ¢ ±μÉμ·ÒÌ ¨¸¶μ²Ó§ÊÕÉ¸Ö ·¥²ÖÉ¨¢¨¸É¸±¨¥ ¸μμÉ´μÏ¥´¨Ö (44), μ¡´ -
·Ê¦¨¢ ¥³, ÎÉμ ´¥±μ¢ ·¨ ´É´Ò° £ Ê¸¸μ¢ ¶ ±¥É ¨¸¶ÒÉÒ¢ ¥É ¢ Γp ¡μ²¥¥ ³¥¤²¥´-
´μ¥ · ¸¶²Ò¢ ´¨¥. Šμ¢ ·¨ ´É´Ò° £ Ê¸¸μ¢ ¶ ±¥É, · ¸¸³ É·¨¢ ¥³Ò° ¢ ¸²¥¤ÊÕ-
Ð¥³ ¶Ê´±É¥, ¸μ£² ¸Ê¥É¸Ö ¸ μ¡Ð¥° Ëμ·³Ê²μ° (44).

�·μ¢¥·¨³, ÎÉμ · ¸¶²Ò¢ ´¨¥ £ Ê¸¸μ¢  ‚� ¢¥¤¥É ± Ëμ·³Ê²¥ 1/|x|2 ¢ ¶μ¤ -
¢²¥´¨¨ ¶·μ¨´É¥£·¨·μ¢ ´´μ£μ ¶μ ¢·¥³¥´¨ ¶μÉμ± . �²μÉ´μ¸ÉÓ ¶μÉμ±  ¢ÒÎ¨¸²Ö-
¥É¸Ö ¶μ ¸É ´¤ ·É´μ° Ëμ·³Ê²¥

j(t,x) = − i

2m
[ψ∗

x(t,x)∇ψx(t,x) − ψx(t,x)∇ψ∗
x(t,x)].

�·μ¢¥¤¥³ ¢ÒÎ¨¸²¥´¨¥ ¢ ¸. ¸. μ. ‚�. ’μ£¤  ¶²μÉ´μ¸ÉÓ ¶μÉμ± 

j(t,x) =
x(t/τ) exp

[
− x2

2σ2
x(1 + (t/τ)2)

]
(2π)3/22mσ5

x[1 + (t/τ)2]5/2
. (55)

ˆ´É¥£· ² ¶μ ¢·¥³¥´¨ ³μ¦¥É ¡ÒÉÓ ¢ÒÎ¨¸²¥´ ÉμÎ´μ:

Φ(x) =

∞∫
0

dt j(t,x) =
x

4π|x|3 erf

(√
x2

2σ2
x

)
− x

(2π)3/2|x|2σx
e−x2/2σ2

x . (56)

�  · ¸¸ÉμÖ´¨ÖÌ, ³´μ£μ ¡μ²ÓÏ¨Ì · §³¥·  ¶ ±¥É , |x|2 � σ2
x, ¶μ²ÊÎ ¥³ ¶·μ-

§· Î´ÊÕ Ëμ·³Ê²Ê

Φ(x) � x
4π|x|3 . (57)
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2.6. ’¥μ·¨Ö ¢ ±ÊÊ³´ÒÌ ´¥°É·¨´´ÒÌ μ¸Í¨²²ÖÍ¨° ¢ ³μ¤¥²¨ ¢μ²´μ¢μ£μ
¶ ±¥É . �·¨³¥´¨³ É¥¶¥·Ó · §¢¨ÉÊÕ É¥μ·¨Õ ‚� ± μ¶¨¸ ´¨Õ ´¥°É·¨´´ÒÌ μ¸-
Í¨²²ÖÍ¨°. ‚ ¶·¥¤Ò¤ÊÐ¥³ ¶Ê´±É¥ ¶·μ¤¥³μ´¸É·¨·μ¢ ´μ, ÎÉμ ¶μ¶¥·¥Î´μ¥ · ¸-
¶²Ò¢ ´¨¥ ‚� ¢¥¤¥É ± ¶μ¤ ¢²¥´¨Õ ¢¥·μÖÉ´μ¸É¨ §  ¡¥¸±μ´¥Î´μ ¡μ²ÓÏμ¥ ¢·¥³Ö
´ ¡²Õ¤¥´¨Ö μ¡´ ·Ê¦¨ÉÓ Î ¸É¨ÍÊ ´  · ¸¸ÉμÖ´¨¨ x μÉ ¨¸ÉμÎ´¨±  ¥¥ ·μ¦¤¥´¨Ö ¢
¢¨¤¥ ³´μ¦¨É¥²Ö 1/(4π|x|2). �·¥¤¶μ²μ¦¨³, ÎÉμ ¶μ¶¥·¥Î´Ò¥ ¸É¥¶¥´¨ ¸¢μ¡μ¤Ò
´¥ μ± §Ò¢ ÕÉ ¸ÊÐ¥¸É¢¥´´μ£μ ¢²¨Ö´¨Ö ´  ± ·É¨´Ê μ¸Í¨²²ÖÍ¨°, §  ¨¸±²ÕÎ¥-
´¨¥³ Ê¶μ³Ö´ÊÉμ£μ Ë ±Éμ·  ¶μ¤ ¢²¥´¨Ö ¢ ¢¥·μÖÉ´μ¸É¨ ´ ¡²Õ¤¥´¨Ö (¤ ²¥¥ ³Ò
μ¸¢μ¡μ¤¨³¸Ö μÉ ÔÉμ° £¨¶μÉ¥§Ò ¨ ¶·μ¢¥¤¥³ ¶μ²´μ¥ ¢ÒÎ¨¸²¥´¨¥ ¢ É·¥Ì³¥·´μ³
¶·μ¸É· ´¸É¢¥, ±μÉμ·μ¥ ¢ ¨Éμ£¥ ¶μ¤É¢¥·¤¨É ¶· ¢¨²Ó´μ¸ÉÓ ¸¤¥² ´´μ£μ ¶·¥¤¶μ-
²μ¦¥´¨Ö).

‘μ¸ÉμÖ´¨¥ ´¥°É·¨´μ ¢ ³μ¤¥²¨ ‚� ¨  ³¶²¨ÉÊ¤  ¶¥·¥Ìμ¤  ¨§ ¨¸ÉμÎ´¨± 
¢ ¤¥É¥±Éμ·. � ¸¸³μÉ·¨³ μ¤´μ³¥·´Ò° ‚� ´¥°É·¨´μ ¸μ ¸·¥¤´¥° ±μμ·¤¨´ Éμ°
xs ¢ ³μ³¥´É ¢·¥³¥´¨ ts:

|νs
α〉 =
∑

k

V ∗
αi

∫
dk

2π
ψs

p(k) e−iEits+ikxs |νi(k)〉, (58)

£¤¥ Ei =
√

k2 + m2
i , ¸μ¸ÉμÖ´¨¥ |νi(k)〉 ¸ ´μ·³¨·μ¢±μ° ¸μ£² ¸´μ 〈νj(q)|νi(k)〉=

2πδ(q − k) ¨

ψs
p(k) =

(
2π

σ2
s

)1/4

exp
[
− (k − ps)2

4σ2
s

]
. (59)

‘μ¸ÉμÖ´¨¥ (58) ´μ·³¨·μ¢ ´´μ ´  ¥¤¨´¨ÍÊ: 〈νs
α|νs

α〉 = 1. „¥É¥±É¨·Ê¥³μ¥ ¸μ-
¸ÉμÖ´¨¥ É ±¦¥ ¤μ²¦´μ μ¶¨¸Ò¢ ÉÓ¸Ö ‚� ¸μ ¸·¥¤´¥° ±μμ·¤¨´ Éμ° xd ¢ ³μ³¥´É
¢·¥³¥´¨ td. ‚ μ¡Ð¥³, ¸μ¸ÉμÖ´¨¥ ¢ ¤¥É¥±Éμ·¥ ³μ¦¥É μÉ²¨Î ÉÓ¸Ö ¸¢μ¨³  ·μ³ -
Éμ³:

|νd
β〉 =
∑

i

V ∗
βi

∫
dk

2π
ψd

p(k) e−iEitd+ikxd |νi(k)〉, (60)

£¤¥ ψd
p(k) μ¶·¥¤¥²¥´μ É ± ¦¥, ± ± ¢ (59), ¸ μÎ¥¢¨¤´Ò³¨ § ³¥´ ³¨ s → d.

�·μ¥±Í¨Ö ¸μ¸ÉμÖ´¨Ö |νs
α〉 ´  |νd

β〉 ¤ ¥É  ³¶²¨ÉÊ¤Ê ¶¥·¥Ìμ¤ 

Aαβ(t, L) ≡ 〈νd
β |νs

α〉 =
∑

j

V ∗
αjVβj

+∞∫
−∞

dk

2π
ψs

p(k)ψd∗
p (k) e−iEjt+ikL, (61)

£¤¥ L = |xd − xs| Å · ¸¸ÉμÖ´¨¥ ³¥¦¤Ê ¸·¥¤´¨³¨ ¶μ²μ¦¥´¨Ö³¨ ´¥°É·¨´-
´ÒÌ ‚� ¢ ¨¸ÉμÎ´¨±¥ ¨ ¤¥É¥±Éμ·¥,   t = (td − ts). �·μ¨§¢¥¤¥´¨¥ £ Ê¸¸μ¢ÒÌ
Ëμ·³Ë ±Éμ·μ¢ ¢ (61) ³μ¦¥É ¡ÒÉÓ ¶·¥¤¸É ¢²¥´μ ± ± £ Ê¸¸μ¢  ËÊ´±Í¨Ö ¢ (59)
¸ ¨³¶Ê²Ó¸μ³

p =
psσ

2
d + pdσ

2
s

σ2
s + σ2

d

= σ2
p

(
ps

σ2
s

+
pd

σ2
d

)
(62)
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¨ ¤¨¸¶¥·¸¨¥° σp, μ¶·¥¤¥²¥´´μ° ¸μ£² ¸´μ

1
σ2

p

=
1
σ2

s

+
1
σ2

d

. (63)

�³¶²¨ÉÊ¤  ¢ (61) ¶·¨´¨³ ¥É ¢¨¤

Aαβ(t, L) =
∑

j

V ∗
αiVβi

√
2π

σsσd

+∞∫
−∞

dk

2π
×

× exp
[
−iEjt + ikL − (k − p)2

4σ2
p

− (ps − pd)2

4(σ2
s + σ2

d)

]
. (64)

ˆ´É¥£· ² ¶μ ¨³¶Ê²Ó¸Ê ³μ¦¥É ¡ÒÉÓ ¢ÒÎ¨¸²¥´ ¢ ¶·¨¡²¨¦¥´¨¨ ³ ²μ° Ï¨·¨´Ò
ÔËË¥±É¨¢´μ£μ ‚�∗ (σp � p) ¸ ÊÎ¥Éμ³ μ¤´μ³¥·´μ£μ  ´ ²μ£  · §²μ¦¥´¨Ö ¢ (51)

Ekj � Epj + vpj (k − p) +
m2

j

2E3
pj

(k − p)2 , (65)

£¤¥ vpj = dEj/dp = p/Epj Å £·Ê¶¶μ¢ Ö ¸±μ·μ¸ÉÓ ‚� ¸μ¸ÉμÖ´¨Ö ¸ μ¶·¥¤¥²¥´-
´μ° ³ ¸¸μ° mi, ÎÉμ ¶μ§¢μ²Ö¥É ¢ÒÎ¨¸²¨ÉÓ  ³¶²¨ÉÊ¤Ê

Aαβ(t, L) =
[2πδ̃(ps − pd)]1/2

(2πσ2
x)1/4

∑
j

V ∗
αjVβj

exp
[
−iEpjt −

(L − vpjt)2

4σ2
x(1 + it/τLj)

]
(1 + it/τLj)1/2

,

(66)
£¤¥

2πδ̃(ps − pd) =
(

2π

σ2
s + σ2

d

)1/2

exp
[
− (ps − pd)2

2(σ2
s + σ2

d)

]
(67)

μÉ¢¥Î ¥É ®· §³ § ´´μ³Ê¯  ´ ²μ£Ê 2πδ(ps − pd) ËÊ´±Í¨¨, ±μ´É·μ²¨·ÊÕÐ¥°
§ ±μ´ ¸μÌ· ´¥´¨Ö ¨³¶Ê²Ó¸ , τLj = E3

pj/2m2
jσ

2
p Å Ì · ±É¥·´μ¥ ¢·¥³Ö · ¸¶²Ò-

¢ ´¨Ö ‚� ´¥°É·¨´μ ¸ μ¶·¥¤¥²¥´´μ° ³ ¸¸μ° mj ¢ ¶·μ¤μ²Ó´μ³ ´ ¶· ¢²¥´¨¨ ¢
ÉμÎ´μ³ ¸μμÉ¢¥É¸É¢¨¨ ¸ (53) ¨ σx = 1/2σp.

2.7. Œ ±·μ¸±μ¶¨Î¥¸±μ¥ Ê¸·¥¤´¥´¨¥ ¢¥·μÖÉ´μ¸É¨ ¶¥·¥Ìμ¤ . Š ± μ¶·¥-
¤¥²¨ÉÓ ¢¥·μÖÉ´μ¸ÉÓ ´¥°É·¨´´ÒÌ μ¸Í¨²²ÖÍ¨° ¢ ³μ¤¥²¨ ¸ ‚�? �²μÉ´μ¸ÉÓ ¢¥-
·μÖÉ´μ¸É¨, μÉ¢¥Î ÕÐ Ö  ³¶²¨ÉÊ¤¥ Aαβ(t, L) ¨§ (64), § ¢¨¸¨É ´¥ Éμ²Ó±μ μÉ
· ¸¸ÉμÖ´¨Ö L = xd − xs ¨ · §´¨ÍÒ ¢·¥³¥´ t = (td − ts), ´μ ¨ μÉ ¸·¥¤´¨Ì
¨³¶Ê²Ó¸μ¢ ´¥°É·¨´´μ£μ ‚� ¢ ¨¸ÉμÎ´¨±¥ ¨ ¤¥É¥±Éμ·¥. ‚ ¦´μ, ÎÉμ ¢¸¥ ÔÉ¨

∗‚� ´ §¢ ´ ®ÔËË¥±É¨¢´Ò³¯, ¶μ¸±μ²Ó±Ê μ´ ¢±²ÕÎ ¥É ¢ ¸¥¡Ö ¶·μÍ¥¸¸Ò ·μ¦¤¥´¨Ö ¨ ¤¥É¥±É¨-
·μ¢ ´¨Ö ´¥°É·¨´μ.
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¶ · ³¥É·Ò ¸μ¢¥·Ï¥´´μ ¶·μ¨§¢μ²Ó´Ò, É. ¥. ³Ò ´¥ ´ ±² ¤Ò¢ ¥³ Ê¸²μ¢¨° É¨¶ 
t = L,   É ±¦¥ ps = pd. �±¸¶¥·¨³¥´É ²Ó´μ ´ ¡²Õ¤ ¥³μ° ¢¥²¨Î¨´μ° Ö¢²Ö¥É¸Ö
³ ±·μ¸±μ¶¨Î¥¸±μ¥ Î¨¸²μ ®¸μ¡ÒÉ¨°¯, Ê¸·¥¤´¥´´μ¥ ¶μ ´¥´ ¡²Õ¤ ¥³Ò³ ¢¥²¨-
Î¨´ ³ Å ¢·¥³¥´¨ ·μ¦¤¥´¨Ö ts ¨ ¸·¥¤´¥£μ ¨³¶Ê²Ó¸  ¶·¨ ·μ¦¤¥´¨¨ ps:

∫
dts dps

d2nν

dts dps
|Aαβ(td − ts, ps, pd)|2 �

〈
d2nν

dts dps

〉
Pαβ(L), (68)

£¤¥ d2nν(ts, ps)/dts dps Å ¶²μÉ´μ¸ÉÓ Î¨¸²  ´¥°É·¨´μ ¢ ¨¸ÉμÎ´¨±¥ ¢ ¥¤¨-
´¨ÍÊ ¢·¥³¥´¨ dts ¨ ¥¤¨´¨ÍÊ ¨³¶Ê²Ó¸  dps. ‘±μ¡±¨ 〈. . .〉 μ§´ Î ÕÉ ¢¥²¨-
Î¨´Ò, Ê¸·¥¤´¥´´Ò¥ ¶μ ¢·¥³¥´¨ ¨ ¨³¶Ê²Ó¸Ê ¢´ÊÉ·¨ ¨´É¥·¢ ²μ¢, ¢ ±μÉμ·ÒÌ
|Aαβ(t − ts, ps − pd)|2 ¡Ò¸É·μ Ê¡Ò¢ ¥É. “¸·¥¤´¥´´ Ö ¶μ ¢·¥³¥´¨ ¨ ¨³¶Ê²Ó¸Ê
¢ ¨¸ÉμÎ´¨±¥ ¢¥·μÖÉ´μ¸ÉÓ Ë²¥°¢μ·´μ£μ ¶¥·¥Ìμ¤  να → νβ · ¢´ 

Pαβ(L) =
∫

dts dps |Aαβ(t − ts; ps, pd)|2 . (69)

ˆ´É¥£·¨·μ¢ ´¨¥ ¶μ ¨³¶Ê²Ó¸Ê ps ³μ¦¥É ¡ÒÉÓ ²¥£±μ ¶·μ¨§¢¥¤¥´μ ¶·¨ ¶μ-
³μÐ¨ (67). ˆ´É¥£·¨·μ¢ ´¨¥ ¶μ ¢·¥³¥´¨ ³μ¦´μ ¢Ò¶μ²´¨ÉÓ, ÊÎÉÖ, ÎÉμ ¶μ
¸· ¢´¥´¨Õ ¸ Ô±¸¶μ´¥´Í¨ ²Ó´Ò³ ¶μ¤ ¢²¥´¨¥³, ±μÉμ·μ¥ ¶·μ¨¸Ìμ¤¨É ´  ¢·¥³¥-
´ Ì (L−vjt)2/4σ2

x � 1, Î²¥´Ò ¢¨¤  t/τLj Å ³¥¤²¥´´μ ³¥´ÖÕÐ¨¥¸Ö ËÊ´±Í¨¨,
¶μ¸±μ²Ó±Ê ¸μμÉ´μÏ¥´¨¥

t

τLj
�

(L − 2σx)m2
j

p2Epjσ2
x

� 1 (70)

¢Ò¶μ²´Ö¥É¸Ö ¤²Ö Ï¨·μ±μ° μ¡² ¸É¨ §´ Î¥´¨° ´¥°É·¨´´ÒÌ ³ ¸¸ mj � 1 Ô‚
¨ ¶·μ¸É· ´¸É¢¥´´ÒÌ ¤¨¸¶¥·¸¨° σx. ’ ±¨³ μ¡· §μ³, ¨´É¥£· ² ¶μ ¢·¥³¥´¨ ts
¸¢μ¤¨É¸Ö ± £ Ê¸¸μ¢Ê, ÎÉμ ¶μ§¢μ²Ö¥É ¶μ²ÊÎ¨ÉÓ Ëμ·³Ê²Ê ¤²Ö ¢¥·μÖÉ´μ¸É¨ μ¸Í¨²-
²ÖÍ¨° ¢ ³μ¤¥²¨ ‚�:

Pαβ(L) =
∑
i, j

VβiV
∗
αiVαjV

∗
βj

4

√
1 + (L/Ld

ij)2
exp [−i(ϕij + ϕd

ij) −� 2
ij −�2

ij ], (71)

£¤¥

�
2
ij =

1
1 + (L/Ld

ij)2

(
L

Lcoh
ij

)2

¨ �
2
ij =

(√
2πσx

Losc
ij

)2

. (72)
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‚¥·μÖÉ´μ¸ÉÓ μ¸Í¨²²ÖÍ¨° ¢ (71) § ¢¨¸¨É μÉ ¸²¥¤ÊÕÐ¨Ì ¶ · ³¥É·μ¢ · §³¥·´μ-
¸É¨ ¤²¨´Ò:

Losc
ij = 2π

2p

Δm2
ij

, (73 )

Lcoh
ij =

2
√

2p2

σpΔm2
ij

=
1√

2πσrel

Losc
ij , (73¡)

Ld
ij =

p3

σ2
pΔm2

ij

=
1

2
√

2σrel

Lcoh
ij , (73¢)

σx =
1

2σp
, (73£)

£¤¥ ¡¥§· §³¥·´Ò° ¶ · ³¥É· σrel ≡ σp/p. ” §  ϕij(L) ²¨´¥°´μ § ¢¨¸¨É μÉ
· ¸¸ÉμÖ´¨Ö L:

ϕij(L) = 2π
L

Losc
ij

,

¨ μ¡· É´μ ¶·μ¶μ·Í¨μ´ ²Ó´  ¤²¨´¥ μ¸Í¨²²ÖÍ¨° Losc
ij , ±μÉμ· Ö μ± § ² ¸Ó ¢ ÉμÎ-

´μ¸É¨ É ±μ° ¦¥, ± ± ¨ ¢ ¶²μ¸±μ¢μ²´μ¢μ³ ¸²ÊÎ ¥. �¤´ ±μ ¢ ³μ¤¥²¨ ‚� ¢
¸É ´¤ ·É´μ° Ë §¥ ¶μÖ¢¨² ¸Ó ¤μ¡ ¢± 

ϕd
ij(L) = − 1

1 + (L/Ld
ij)2

(
L

Lcoh
ij

)2
L

Ld
ij

+
1
2

arctan
L

Ld
ij

. (74)

�¡¸Ê¤¨³ ´  ± Î¥¸É¢¥´´μ³ Ê·μ¢´¥ ¶μ²ÊÎ¥´´Ò¥ ·¥§Ê²ÓÉ ÉÒ.
2.8. Š Î¥¸É¢¥´´μ¥ μ¡¸Ê¦¤¥´¨¥ Ëμ·³Ê²Ò ¤²Ö ¢¥·μÖÉ´μ¸É¨ μ¸Í¨²²ÖÍ¨° ¢

³μ¤¥²¨ ¢μ²´μ¢μ£μ ¶ ±¥É . Š ± ¸²¥¤Ê¥É ¨§ (71), μ¸Í¨²²ÖÍ¨¨ ´¥°É·¨´μ ¢ ³μ-
¤¥²¨ ‚� § ¢¨¸ÖÉ μÉ ´¥¸±μ²Ó±¨Ì ³ ¸ÏÉ ¡μ¢, · §³¥·´μ¸É¨ ¤²¨´Ò, ¤²¨´Ò μ¸Í¨²-
²ÖÍ¨° Losc

ij , ¤²¨´Ò ±μ£¥·¥´É´μ¸É¨ Lcoh
ij , ¤²¨´Ò ¤¨¸¶¥·¸¨¨ Ld

ij ¨ ÔËË¥±É¨¢´μ£μ
¶·μ¸É· ´¸É¢¥´´μ£μ · §³¥·  ‚� ´¥°É·¨´μ σx, ±μÉμ·Ò¥ ³μ£ÊÉ μÉ²¨Î ÉÓ¸Ö ¤·Ê£
μÉ ¤·Ê£  ´  ³´μ£μ ¶μ·Ö¤±μ¢. �¡¸Ê¤¨³ Ë¨§¨Î¥¸±¨° ¸³Ò¸² ÔÉ¨Ì ³ ¸ÏÉ ¡μ¢.
„²¨´  ±μ£¥·¥´É´μ¸É¨ Lcoh

ij ¸μμÉ¢¥É¸É¢Ê¥É · ¸¸ÉμÖ´¨Õ, ´  ±μÉμ·μ³ ¤¢  ‚� ¸
³ ¸¸ ³¨ mi ¨ mj , · ¸¶·μ¸É· ´ÖÕÐ¨³¨¸Ö ¸ · §´Ò³¨ £·Ê¶¶μ¢Ò³¨ ¸±μ·μ¸ÉÖ³¨
vi � 1−m2

i/2p2 ¨ vj � 1−m2
j/2p2, ¶¥·¥¸É ÕÉ ¶¥·¥±·Ò¢ ÉÓ¸Ö ¢ ¶·μ¸É· ´¸É¢¥.

�Éμ ¶·μ¨¸Ìμ¤¨É ´  ¢·¥³¥´ Ì t, ±μ£¤  (vi−vj)t � σx, £¤¥ σx Å ¶·μ¸É· ´¸É¢¥´-
´Ò° · §³¥· ‚� ´¥°É·¨´μ. �Í¥´±  ¢·¥³¥´¨ t � 2σxp2/Δm2

ij ¸ ÉμÎ´μ¸ÉÓÕ ¤μ

Î¨¸²μ¢μ£μ ³´μ¦¨É¥²Ö ¸μ¢¶ ¤ ¥É ¸ μ¶·¥¤¥²¥´¨¥³ ¤²¨´Ò ±μ£¥·¥´É´μ¸É¨ Lcoh
ij

¨§ (73¡). ‡ ³¥É¨³, ÎÉμ ¤²¨´  ±μ£¥·¥´É´μ¸É¨ ¶·μ¶μ·Í¨μ´ ²Ó´  μ¸Í¨²²ÖÍ¨-
μ´´μ° ¤²¨´¥ Losc

ij ¨ μ¡· É´μ ¶·μ¶μ·Í¨μ´ ²Ó´  μÉ´μ¸¨É¥²Ó´μ° ¤¨¸¶¥·¸¨¨ ¨³-
¶Ê²Ó¸  ‚� σrel. �μÔÉμ³Ê Î¥³ ³¥´ÓÏ¥ μÉ´μ¸¨É¥²Ó´ Ö ¤¨¸¶¥·¸¨Ö ¨³¶Ê²Ó¸  ‚�,
É¥³ ¤μ²ÓÏ¥ ‚� ¸μÌ· ´ÖÕÉ ¸¢μÕ ±μ£¥·¥´É´μ¸ÉÓ. ” ±Éμ· (L/Lcoh

ij )2 ¢ Ô±¸¶μ-
´¥´É¥ ¢ (71) μÉ¢¥Î ¥É ¶μ¤ ¢²¥´¨Õ, ¸¢Ö§ ´´μ³Ê ¸ ¤²¨´μ° ±μ£¥·¥´É´μ¸É¨.
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„²¨´  ¤¨¸¶¥·¸¨¨ Ld
ij ¢μ§´¨± ¥É ¢ ·¥§Ê²ÓÉ É¥ · §²μ¦¥´¨Ö Ô´¥·£¨¨ ¤μ ¢Éμ-

·μ£μ ¶μ·Ö¤±  (¸³. (65)), ÎÉμ, ± ± ³Ò ¢¨¤¥²¨ ¢ ¶. 2.5, ¸μμÉ¢¥É¸É¢Ê¥É · ¸¶²Ò¢ -
´¨Õ ‚� ¢ ±μ´Ë¨£Ê· Í¨μ´´μ³ ¶·μ¸É· ´¸É¢¥. ‡ ³¥É¨³, ÎÉμ Ld

ij μ¡· É´μ ¶·μ-
¶μ·Í¨μ´ ²Ó´  ±¢ ¤· ÉÊ σrel. � ¸¶²Ò¢ ´¨¥ ‚� Ê¢¥²¨Î¨¢ ¥É ¨Ì ¶·μ¸É· ´¸É¢¥´-
´Ò¥ · §³¥·Ò ¨ Î ¸É¨Î´μ ±μ³¶¥´¸¨·Ê¥É ¶μÉ¥·Õ ¶¥·¥±·ÒÉ¨Ö ¤¢ÊÌ ‚� νi ¨ νj § 
¸Î¥É · §´¨ÍÒ ¨Ì £·Ê¶¶μ¢ÒÌ ¸±μ·μ¸É¥°. • · ±É¥·´μ¥ ¢·¥³Ö · ¸¶²Ò¢ ´¨Ö ‚�
´¥°É·¨´μ ¸ μ¶·¥¤¥²¥´´μ° ³ ¸¸μ° mj ¢ ¶·μ¤μ²Ó´μ³ ´ ¶· ¢²¥´¨¨ Å ¶ · ³¥É·
τLj = E3

pj/2m2
jσ

2
p Å μ± § ²μ¸Ó ¢ ÉμÎ´μ¸É¨ É ±¨³ ¦¥, ± ± ¢ (53). �·μ¨§¢μ¤´ÊÕ

¶μ ¢·¥³¥´¨ ¶ · ³¥É·  ¶·μ¸É· ´¸É¢¥´´μ° ¤¨¸¶¥·¸¨¨ ‚� σx(t), μ¶·¥¤¥²¥´´μ£μ
¸μ£² ¸´μ (54), ³μ¦´μ ¨´É¥·¶·¥É¨·μ¢ ÉÓ ± ± ¸±μ·μ¸ÉÓ · ¸¶²Ò¢ ´¨Ö:

d|σx,j(t)|
dt

=
σxt/(τLj)2√
1 + (t/τLj)2

=

⎧⎪⎪⎪⎨⎪⎪⎪⎩
σxt

(τLj)2
, t � τLj,

σx

τLj
=

m2
j

E2
p

σp

Ep
� 1, t � τLj.

(75)

Š ± ³μ¦´μ ¢¨¤¥ÉÓ, dσx,j(t)/dt ¸´ Î ²  ²¨´¥°´μ · ¸É¥É ¸μ ¢·¥³¥´¥³ ¤μ É¥Ì
¶μ·, ¶μ±  ´¥ ¤μ¸É¨£´¥É  ¸¨³¶ÉμÉ¨Î¥¸±μ£μ §´ Î¥´¨Ö ¸±μ·μ¸É¨ · ¸¶²Ò¢ ´¨Ö
σx/τLj . ‘±μ·μ¸ÉÓ · ¸¶²Ò¢ ´¨Ö ³´μ£μ ³¥´ÓÏ¥ ¸±μ·μ¸É¨ ´¥°É·¨´μ, ´μ ´¥
μ¡Ö§ É¥²Ó´μ ³¥´ÓÏ¥ · §´μ¸É¨ ¨Ì £·Ê¶¶μ¢ÒÌ ¸±μ·μ¸É¥° vi−vj . „¥°¸É¢¨É¥²Ó´μ,

vi − vj =
Δm2

ij

2E2
p

�
Δm2

ij

2m2
max

Ep

σp

dσx,j(t)
dt

, (76)

£¤¥ mmax Å ³ ±¸¨³ ²Ó´μ¥ §´ Î¥´¨¥ ³ ¸¸Ò ´¥°É·¨´μ. “ÎÉÖ ±μ¸³μ²μ£¨Î¥¸±μ¥
μ£· ´¨Î¥´¨¥, mmax � 0,2 Ô‚, ¨ ¢§Ö¢ ¢ ± Î¥¸É¢¥ μÍ¥´±¨ Δm2

ij = 2,45 ×
10−3 Ô‚2, ¶μ²ÊÎ¨³, ÎÉμ · §´μ¸ÉÓ vi − vj ¡Ê¤¥É ¸· ¢´¨³  ¸μ ¸±μ·μ¸ÉÓÕ · ¸-
¶²Ò¢ ´¨Ö ‚�, dσx,j(t)/dt, ¶·¨ σp � 0,03Ep. „²Ö ¶ ±¥Éμ¢ ¸ ³´μ£μ ³¥´Ó-
Ï¨³¨ ¶·μ¸É· ´¸É¢¥´´Ò³¨ ¤¨¸¶¥·¸¨Ö³¨ ¸±μ·μ¸ÉÓ · ¸¶²Ò¢ ´¨Ö ¡Ê¤¥É ³´μ£μ
³¥´ÓÏ¥ · §´μ¸É¨ vi − vj . „²Ö ³´μ£μ ¡μ²ÓÏ¨Ì §´ Î¥´¨° σrel (´μ ¶μ-¶·¥¦´¥³Ê
¸ Ê¸²μ¢¨¥³ σrel � 1) · ¸¶²Ò¢ ´¨¥ ¶ ±¥Éμ¢ ¡Ê¤¥É ÔËË¥±É¨¢´¥¥ (Î ¸É¨Î´μ)
±μ³¶¥´¸¨·μ¢ ÉÓ ¶μÉ¥·Õ ¨Ì ¢§ ¨³μ¶¥·¥±·ÒÉ¨Ö. � ¶·¨³¥·, ´  · ¸¸ÉμÖ´¨ÖÌ
μÉ ¨¸ÉμÎ´¨±  L = Losc

ij /2, ´  ±μÉμ·ÒÌ · §Ê³´μ Ê¸É ´ ¢²¨¢ ÉÓ ¤¥É¥±Éμ·Ò
¤²Ö ´ ¨¡μ²ÓÏ¥° ÎÊ¢¸É¢¨É¥²Ó´μ¸É¨ ± ÔËË¥±É ³ ´¥°É·¨´´ÒÌ μ¸Í¨²²ÖÍ¨°, ³ ±-
¸¨³ ²Ó´μ¥ ¶μ¤ ¢²¥´¨¥ ¨´É¥·Ë¥·¥´Í¨μ´´ÒÌ Î²¥´μ¢ ¢ (71) · ¢´μ e−π/8 ¶·¨
σrel = 1/

√
2π � 0,4.

‚ ¶·¥¤¥²¥ L → ∞

lim
L→∞

1
1 + (L/Ld

ij)2

(
L

Lcoh
ij

)2

=

(
Ld

ij

Lcoh
ij

)2

=
p2

8σ2
p

� 1, (77)
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É. ¥. · ¸¶²Ò¢ ´¨¥ ´¥ ¸¶μ¸μ¡´μ ¶μ²´μ¸ÉÓÕ ±μ³¶¥´¸¨·μ¢ ÉÓ ¶μÉ¥·Õ ±μ£¥·¥´É-
´μ¸É¨ ¢ (71). ’ ±¨³ μ¡· §μ³, μ¸Í¨²²ÖÍ¨¨, · ¸¶·μ¸É· ´ÖÕÐ¨¥¸Ö ´  · ¸¸Éμ-
Ö´¨Ö, ³´μ£μ ¡�μ²ÓÏ¨¥ ¤²¨´ ±μ£¥·¥´É´μ¸É¨ ¨ ¤¨¸¶¥·¸¨¨, ¸¨²Ó´μ ¶μ¤ ¢²¥´Ò.
�μ-¢¨¤¨³μ³Ê, ³μ¦´μ ÊÉ¢¥·¦¤ ÉÓ, ÎÉμ ´¥°É·¨´μ μÉ  ¸É·μË¨§¨Î¥¸±¨Ì ¨ ±μ¸³μ-
²μ£¨Î¥¸±¨Ì ¨¸ÉμÎ´¨±μ¢ ´¥±μ£¥·¥´É´Ò ¨ ´¥ μ¸Í¨²²¨·ÊÕÉ.

Œμ¦¥É ¶μ± § ÉÓ¸Ö Ê¤¨¢¨É¥²Ó´Ò³, ÎÉμ Î ¸É¨Î´μ¥ ¢μ¸¸É ´μ¢²¥´¨¥ ±μ£¥-
·¥´É´μ¸É¨ ¨§-§  · ¸¶²Ò¢ ´¨Ö ‚� ÎÊ¢¸É¢¨É¥²Ó´μ ± · §´μ¸É¨ ¸±μ·μ¸É¥° · ¸-
¶²Ò¢ ´¨Ö,   ´¥ ± ¨Ì ¸Ê³³¥, ± ± ¸²¥¤μ¢ ²μ ¡Ò μ¦¨¤ ÉÓ ¤²Ö ‚� ¸ Ê¢¥²¨Î¨-
¢ ÕÐ¨³¨¸Ö ¸μ ¢·¥³¥´¥³ ¶·μ¸É· ´¸É¢¥´´Ò³¨ Ï¨·¨´ ³¨. „¥°¸É¢¨É¥²Ó´μ, ¤²Ö
¢¥Ð¥¸É¢¥´´ÒÌ £ Ê¸¸μ¢ÒÌ Ï¨·¨´ ´¥É·Ê¤´μ ¶μ²ÊÎ¨ÉÓ, ÎÉμ ±μ³¶¥´¸ Í¨Ö ¶μÉ¥·¨
±μ£¥·¥´É´μ¸É¨ § ¢¨¸¨É μÉ ¸Ê³³Ò ¸±μ·μ¸É¥° · ¸¶²Ò¢ ´¨Ö. �¡ÑÖ¸´¥´¨¥ § -
±²ÕÎ ¥É¸Ö ¢ Éμ³, ÎÉμ ÔËË¥±É · ¸¶²Ò¢ ´¨Ö ¶·μÖ¢²Ö¥É ¸¥¡Ö ± ± ±μ³¶²¥±¸´μ-
§´ Î´ Ö ËÊ´±Í¨Ö σ2

x(1 + it/τLj), ±μÉμ· Ö Ì · ±É¥·¨§Ê¥É¸Ö ± ±  ¡¸μ²ÕÉ´Ò³
§´ Î¥´¨¥³, É ± ¨ Ë §μ°. �μÔÉμ³Ê ÔËË¥±É · ¸¶²Ò¢ ´¨Ö ‚�, § ¢¨¸ÖÐ¨° μÉ
it/τLj , ¡Ê¤¥É § ¢¨¸¥ÉÓ μÉ · §´μ¸É¨ Ë § ∝ it(1/τLj − 1/τLi) ¢ ¨´É¥·Ë¥·¥´Í¨-
μ´´ÒÌ Î²¥´ Ì ±¢ ¤· É  ³μ¤Ê²Ö  ³¶²¨ÉÊ¤Ò (66)  ´ ²μ£¨Î´μ Éμ³Ê, ± ± ¤²¨´ 
μ¸Í¨²²ÖÍ¨° § ¢¨¸¨É μÉ · §´μ¸É¨ Ô´¥·£¨° (Ei − Ej)t.

�μ¸±μ²Ó±Ê ¶·μ¸É· ´¸É¢¥´´ Ö Ï¨·¨´  ‚� Å ÔÉμ ±μ³¶²¥±¸´μ§´ Î´ Ö
ËÊ´±Í¨Ö σ2

x(1 + it/τLj), · ¸¶²Ò¢ ´¨¥ ‚� ´¥ Éμ²Ó±μ μ± §Ò¢ ¥É ¢²¨Ö´¨¥ ´ 
¨Ì ¶¥·¥±·ÒÉ¨¥, ´μ ¨ ¤ ¥É ¶μ¶· ¢±Ê ¢ ¨´É¥·Ë¥·¥´Í¨μ´´ÊÕ Ë §Ê. �μÔÉμ³Ê
Ë §  μ¸Í¨²²ÖÍ¨° ¶μ²ÊÎ ¥É ¤μ¡ ¢±Ê ϕd

ij(L), μ¶·¥¤¥²¥´´ÊÕ ¢ (74).
„μ¶μ²´¨É¥²Ó´Ò° Ë ±Éμ· ¶μ¤ ¢²¥´¨Ö exp(−�2

ij), ¸ ËÊ´±Í¨¥° �ij , μ¶·¥-
¤¥²¥´´μ° ¢ (72), ´¥ § ¢¨¸¨É μÉ · ¸¸ÉμÖ´¨Ö. �Éμ ¶μ¤ ¢²¥´¨¥ ¸ÊÐ¥¸É¢¥´´μ,
¥¸²¨ ¶·μ¸É· ´¸É¢¥´´ Ö Ï¨·¨´  ´¥°É·¨´´μ£μ ‚� ¸μ¶μ¸É ¢¨³  ¶μ ¶μ·Ö¤±Ê ¢¥-
²¨Î¨´Ò ¸ ¤²¨´μ° μ¸Í¨²²ÖÍ¨° L = Losc

ij ¨²¨ ¶·¥¢μ¸Ìμ¤¨É ¥¥. Œ É¥³ É¨Î¥¸±¨
É ± Ö ¸¨ÉÊ Í¨Ö μÉ¢¥Î ¥É ¶²μ¸±μ¢μ²´μ¢μ³Ê ¶·¥¤¥²Ê, ¶·¨ ±μÉμ·μ³ ¶·μ¸É· ´-
¸É¢¥´´ Ö Ï¨·¨´  ´¥°É·¨´´μ£μ ¶ ±¥É  ¸É·¥³¨É¸Ö ± ¡¥¸±μ´¥Î´μ¸É¨, ÎÉμ ¨³¥¥É
¶·μ§· Î´ÊÕ ¨´É¥·¶·¥É Í¨Õ Å ¨´É¥·Ë¥·¥´Í¨μ´´Ò¥ Î²¥´Ò Ê¸·¥¤´ÖÕÉ¸Ö ´ 
· ¸¸ÉμÖ´¨ÖÌ ¶μ·Ö¤±  · §³¥·μ¢ ¶ ±¥É . ”μ·³Ê²Ê (72) ³μ¦´μ ¶¥·¥¶¨¸ ÉÓ ¢
¢¨¤¥

�
2
kj =

1
4

(
Δm2

kj

σm2

)2

, (78)

¨§ ±μÉμ·μ£μ ¸²¥¤Ê¥É, ÎÉμ ¨´É¥·Ë¥·¥´Í¨Ö ¸μ¸ÉμÖ´¨° |νi〉 ¨ |νj〉 ¶μ¤ ¢²¥´  ¶·¨
Δm2

ij � σm2 , £¤¥ σm2 = 2
√

2pσp ³μ¦´μ Ëμ·³ ²Ó´μ ¨´É¥·¶·¥É¨·μ¢ ÉÓ ± ±
´¥μ¶·¥¤¥²¥´´μ¸ÉÓ ±¢ ¤· É  ³ ¸¸Ò ´¥°É·¨´μ [68]. ” ±Éμ· exp(−�2

ij) μÉ¢¥É-
¸É¢¥´ §  ¶· ±É¨Î¥¸±ÊÕ ´¥¢μ§³μ¦´μ¸ÉÓ ¢§ ¨³μ¶·¥¢· Ð¥´¨° (É. ¥. μ¸Í¨²²ÖÍ¨°)
§ ·Ö¦¥´´ÒÌ ²¥¶Éμ´μ¢. ‚ ¸ ³μ³ ¤¥²¥, · §¢¨ÉÊÕ É¥μ·¨Õ Ëμ·³ ²Ó´μ ³μ¦´μ
¶·¨³¥´¨ÉÓ ± μ¸Í¨²²ÖÍ¨Ö³ § ·Ö¦¥´´ÒÌ ²¥¶Éμ´μ¢, ¶·μ¸Éμ § ³¥´¨¢ ν1, ν2, ν3 ´ 
e, μ, τ ¨ ¶μ² £ Ö § ·Ö¦¥´´Ò¥ ²¥¶Éμ´Ò Ê²ÓÉ· ·¥²ÖÉ¨¢¨¸É¸±¨³¨. �¤´ ±μ ¢ ¤ ´-
´μ³ ¸²ÊÎ ¥ ¢¸¥ ¨´É¥·Ë¥·¥´Í¨μ´´Ò¥ Î²¥´Ò ¸¨²Ó´¥°Ï¨³ μ¡· §μ³ ¶μ¤ ¢²¥´Ò
Ë ±Éμ· ³¨ exp[−�2

ij ] ¨§-§  Éμ£μ, ÎÉμ ±¢ ¤· ÉÒ ³ ¸¸ ³Õμ´  ¨ τ -²¥¶Éμ´  ´ 
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³´μ£μ ¶μ·Ö¤±μ¢ ¶·¥¢ÒÏ ÕÉ ²Õ¡Ò¥ ·¥ ²¨¸É¨Î´Ò¥ §´ Î¥´¨Ö ¢¥²¨Î¨´Ò σm2 .
‡ ³¥É¨³ É ±¦¥, ÎÉμ ¨´É¥·Ë¥·¥´Í¨μ´´Ò¥ ³´μ¦¨É¥²¨ ¢ (71) ¶μ¤ ¢²¥´Ò ¥Ð¥ ¨
Î¨¸²¨É¥²¥³

qkj = 4

√√√√1 +

(
L

Ld
kj

)2

. (79)

‚ ¶·¥¤¥² Ì σp → 0 ¨ σp → ∞ ¨´É¥·Ë¥·¥´Í¨Ö ¢ (71) ¨¸Î¥§ ¥É ¨ ¢¥·μÖÉ´μ¸ÉÓ
μ¸Í¨²²ÖÍ¨° ¸É ´μ¢¨É¸Ö ´¥±μ£¥·¥´É´μ° ¸Ê³³μ°

Pαβ =
∑

k

|Vαk|2|Vβk|2, (80)

±μÉμ· Ö ´¥ § ¢¨¸¨É ´¨ μÉ Ô´¥·£¨¨, ´¨ μÉ · ¸¸ÉμÖ´¨Ö, ´¨ μÉ ³ ¸¸ ´¥°É·¨´μ.
�É³¥É¨³, ´ ±μ´¥Í, ÎÉμ ¶·¥¤¥² σp → 0, ±μÉμ·Ò° Ëμ·³ ²Ó´μ ¸μμÉ¢¥É¸É¢Ê¥É

¶²μ¸±μ¢μ²´μ¢μ³Ê ¶·¥¤¥²Ê, ¶·¥¤¸± §Ò¢ ¥É (¢ μÉ²¨Î¨¥ μÉ ¸μ¡¸É¢¥´´μ ¶²μ¸±μ-
¢μ²´μ¢μ° ³μ¤¥²¨) μÉ¸ÊÉ¸É¢¨¥ ´¥°É·¨´´ÒÌ μ¸Í¨²²ÖÍ¨°. �ÉμÉ ·¥§Ê²ÓÉ É, ÌμÉÖ
¨ Ö¢²Ö¥É¸Ö post factum μÎ¥¢¨¤´Ò³, ³μ¦¥É ¶μ± § ÉÓ¸Ö ´  ¶¥·¢Ò° ¢§£²Ö¤ ¶ · -
¤μ±¸ ²Ó´Ò³, ¶μ¸±μ²Ó±Ê ¢ ¶·¥¤¥²¥ σp → 0 ‚� ¶·¥¢· Ð ÕÉ¸Ö ¢ ¸μ¸ÉμÖ´¨Ö ¸
μ¶·¥¤¥²¥´´Ò³ ¨³¶Ê²Ó¸μ³, ÎÉμ ¢μ§¢· Ð ¥É ´ ¸ ± ³μ¤¥²¨ ¸ ¶²μ¸±¨³¨ ¢μ²´ ³¨.
�¤´ ±μ ¢ ³μ¤¥²¨ ¸ ‚� ¤¥² ¥É¸Ö ¥Ð¥ μ¤¨´ ´¥μ¡Ìμ¤¨³Ò° Ï £ Å ¨´É¥£·¨-
·μ¢ ´¨¥ ¶μ ¢·¥³¥´¨ ¨¸¶Ê¸± ´¨Ö ´¥°É·¨´μ, ¢ μÉ²¨Î¨¥ μÉ ´¥μ¡μ¸´μ¢ ´´μ£μ
¶·¨· ¢´¨¢ ´¨Ö t ± L ¢ ¶²μ¸±μ¢μ²´μ¢μ° ³μ¤¥²¨. …¸²¨ ¤¥°¸É¢μ¢ ÉÓ ¸μ£² ¸μ¢ ´-
´Ò³ μ¡· §μ³ ¨ ¢ ¶²μ¸±μ¢μ²´μ¢μ° ³μ¤¥²¨, Éμ ¸²¥¤μ¢ ²μ ¡Ò ¨ §¤¥¸Ó ¶·μ¢¥¸É¨
¨´É¥£·¨·μ¢ ´¨¥ ¶μ ¢·¥³¥´¨ ± ± ¶μ ´¥¨§³¥·Ö¥³μ° ¢¥²¨Î¨´¥, ¶μ¸²¥ Î¥£μ ¶²μ¸-
±μ¢μ²´μ¢ Ö ³μ¤¥²Ó É ±¦¥ ¤ ²  ¡Ò ¢¥·μÖÉ´μ¸ÉÓ ¢ ¢¨¤¥ ´¥±μ£¥·¥´É´μ° ¸Ê³³Ò
¢ (80). •μ·μÏμ, ÎÉμ ¢ ¶¨μ´¥·¸±¨Ì · ¡μÉ Ì ¶μ μ¸Í¨²²ÖÍ¨Ö³ ÔÉμÉ Ï £ ¡Ò²
¶·μ¶ÊÐ¥´. . . ˆÉ ±, ³Ò ¢¨¤¨³, ÎÉμ ®μÎ¥¢¨¤´ Ö¯ ¶μ¤¸É ´μ¢±  t = L μÉ´Õ¤Ó ´¥
¡¥§μ¡¨¤´ .

�¡¸Ê¤¨³, ´ ±μ´¥Í, ¢Ò¶μ²´ÖÕÉ¸Ö ²¨ £¨¶μÉ¥§Ò, ¸¤¥² ´´Ò¥ ¶·¨ ¢Ò¢μ¤¥ Ëμ·-
³Ê²Ò ¤²Ö ¢¥·μÖÉ´μ¸É¨ Ë²¥°¢μ·´ÒÌ ¶¥·¥Ìμ¤μ¢ (17) ¨ μ¡¸Ê¦¤ ¥³Ò¥ ¢ ¶. 1.3.

ƒ¨¶μÉ¥§  1) μ Éμ³, ÎÉμ ¢ ¶·μÍ¥¸¸ Ì ·μ¦¤¥´¨Ö ¨ ¤¥É¥±É¨·μ¢ ´¨Ö ´¥°É·¨´μ
¢§ ¨³μ¤¥°¸É¢Ê¥É ±μ£¥·¥´É´ Ö ¸Ê¶¥·¶μ§¨Í¨Ö ¸μ¸ÉμÖ´¨° ¸ μ¶·¥¤¥²¥´´μ° ³ ¸¸μ°
mi (i = 1, 2, 3) |να〉 =

∑
i

V ∗
αi|νi〉, ³μ¦¥É ´ ·ÊÏ ÉÓ¸Ö, ¥¸²¨ exp [−�2

ij ] � 1.

‚ Î ¸É´μ¸É¨, ÔÉ  £¨¶μÉ¥§  ¸¨²Ó´¥°Ï¨³ μ¡· §μ³ ´ ·ÊÏ¥´  ¤²Ö § ·Ö¦¥´´ÒÌ
²¥¶Éμ´μ¢, ÎÉμ μ¡ÑÖ¸´Ö¥É ´¥¢μ§³μ¦´μ¸ÉÓ ¨Ì ¶·¥¢· Ð¥´¨° ¤·Ê£ ¢ ¤·Ê£ .

ƒ¨¶μÉ¥§  2) μ Éμ³, ÎÉμ ¸μ¸ÉμÖ´¨Ö |νi〉 μ¡² ¤ ÕÉ μ¶·¥¤¥²¥´´Ò³¨ ¨³¶Ê²Ó-
¸ ³¨ pi, ´ ·ÊÏ ¥É¸Ö, ¶μ¸±μ²Ó±Ê μ´  ¸μμÉ¢¥É¸É¢Ê¥É ¡¥¸±μ´¥Î´μ ¡μ²ÓÏμ° ¶·μ-
¸É· ´¸É¢¥´´μ° Ï¨·¨´¥ σx = (2σp)−1, ¶·¨ ±μÉμ·μ° exp [−�2

ij ] → 0, ÎÉμ
¶·¨¢μ¤¨É ± Ëμ·³Ê²¥ (80).

ƒ¨¶μÉ¥§  3) £μ¢μ·¨É μ Éμ³, ÎÉμ ¢¸¥ ¨³¶Ê²Ó¸Ò pi μ¤¨´ ±μ¢Ò (pi = p), ÎÉμ
¶·μÉ¨¢μ·¥Î¨É ·¥²ÖÉ¨¢¨¸É¸±μ° ¨´¢ ·¨ ´É´μ¸É¨. �¡¸Ê¦¤ ¥³ Ö ¢ ¤ ´´μ³ · §-
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¤¥²¥ ´¥±μ¢ ·¨ ´É´ Ö É¥μ·¨Ö ´¥°É·¨´´ÒÌ μ¸Í¨²²ÖÍ¨° ¢ ³μ¤¥²¨ ‚� ´¥ Ê¸É· -
´¨²  ¤ ´´Ò° ´¥¤μ¸É Éμ±.

�·¨¡²¨¦¥´¨¥ 4) μ Éμ³, ÎÉμ ´¥°É·¨´μ Ö¢²ÖÕÉ¸Ö Ê²ÓÉ· ·¥²ÖÉ¨¢¨¸É¸±¨³¨,

É. ¥. p2 � max (m2
i ), ¡Ò²μ É ±¦¥ ¨¸¶μ²Ó§μ¢ ´μ ¢ · §¢¨Éμ° É¥μ·¨¨ ´¥°É·¨´´ÒÌ

μ¸Í¨²²ÖÍ¨° ¢ ³μ¤¥²¨ ‚�.
ƒ¨¶μÉ¥§  5) μ Éμ³, ÎÉμ ¢·¥³Ö · ¸¶·μ¸É· ´¥´¨Ö ´¥°É·¨´μ · ¢´μ t = L, ´¥

¢Ò¶μ²´Ö¥É¸Ö. ‚ ¤¥°¸É¢¨É¥²Ó´μ¸É¨ ¶μ¸²¥¤μ¢ É¥²Ó´μ¥ ¢ÒÎ¨¸²¥´¨¥ É·¥¡Ê¥É ¨´-
É¥£·¨·μ¢ ´¨Ö ¶μ ¢·¥³¥´¨, ¢Ò¶μ²´¥´´μ£μ ¢ (68). � ¨¡μ²ÓÏ¨° ¢±² ¤ ¢ ¨´É¥£· ²
¶μ ¢·¥³¥´¨ ¤ ÕÉ ¢·¥³¥´  ¶μ·Ö¤±  L/vij , £¤¥

1
vij

=
vi + vj

v2
i + v2

j

,

ÎÉμ ¸μμÉ¢¥É¸É¢Ê¥É ³μ³¥´ÉÊ ¢·¥³¥´¨ ³ ±¸¨³ ²Ó´μ£μ ¶¥·¥±·ÒÉ¨Ö ¤¢ÊÌ ‚�, μÉ-
¢¥Î ÕÐ¨Ì ¸μ¸ÉμÖ´¨Ö³ νi ¨ νj .

3. �…‹Ÿ’ˆ‚ˆ‘’‘Šˆ‰ ‚�‹��‚�‰ ��Š…’

3.1. �¶·¥¤¥²¥´¨Ö. �Ê¸ÉÓ |k〉 Å ¸μ¡¸É¢¥´´μ¥ ¸μ¸ÉμÖ´¨¥ μ¶¥· Éμ· 
4-¨³¶Ê²Ó¸  P̂ = (P̂0, P̂) Î ¸É¨ÍÒ ¸ ³ ¸¸μ° m:

P̂μ|k〉 = kμ|k〉 (μ = 0, 1, 2, 3). (81)

k �−→ k′ = Λk ¶¥·¥¢μ¤¨É ¸μ¸ÉμÖ´¨¥ |k〉 ¢ |k′〉. ‘μ¸ÉμÖ´¨Ö |k〉 ´μ·³¨·μ-
¢ ´Ò ·¥²ÖÉ¨¢¨¸É¸±¨-¨´¢ ·¨ ´É´Ò³ μ¡· §μ³: 〈q|k〉 = (2π)32Ekδ3(q − k). ‚

¤ ²Ó´¥°Ï¥³ ¡Ê¤¥³ μ¡μ§´ Î ÉÓ k0 = Ek =
√

k2 + m2. ‘μμÉ´μÏ¥´¨¥ ¶μ²´μÉÒ
¨³¥¥É ¢¨¤ ∫

dk
(2π)32Ek

|k〉〈k| = 1.

�·μ¨§¢μ²Ó´μ¥ ®μ¤´μÎ ¸É¨Î´μ¥¯ ¡¥¸¸¶¨´μ¢μ¥ ¸μ¸ÉμÖ´¨¥ |a〉 ³μ¦´μ ¶·¥¤¸É -
¢¨ÉÓ ¢ ¢¨¤¥ · §²μ¦¥´¨Ö ¶μ ¶μ²´μ³Ê ´ ¡μ·Ê ¸μ¸ÉμÖ´¨° |k〉, É. ¥. ¢ ¢¨¤¥ ¢μ²´μ-
¢μ£μ ¶ ±¥É  (‚�):

|a〉 =
∫

dk
(2π)3

√
2Ek

ψp(k)|k〉, ψp(k) =
〈k|a〉√
2Ek

. (82)

‘μ¸ÉμÖ´¨¥ |a〉 ³μ¦´μ · §²μ¦¨ÉÓ ¶μ ¸μ¡¸É¢¥´´Ò³ ¸μ¸ÉμÖ´¨Ö³ ²Õ¡μ£μ ¤·Ê£μ£μ
¸ ³μ¸μ¶·Ö¦¥´´μ£μ μ¶¥· Éμ· , ¢ Î ¸É´μ¸É¨ μ¶¥· Éμ·  3-³¥·´μ° ±μμ·¤¨´ ÉÒ

X̂ = (X̂1, X̂2, X̂3) (X̂i|x〉 = xi|x〉, i = 1, 2, 3). ‚Ò¡· ¢ ¤²Ö |x〉 ´μ·³¨·μ¢±Ê
〈y|x〉 = δ(y − x), ¶·¨ ±μÉμ·μ°

∫
dx|x〉〈x| = 1, § ¶¨Ï¥³

|a〉 =
∫

dxψx(x)|x〉, ψx(x) = 〈x|a〉. (83)
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�μ¸±μ²Ó±Ê μ¶¥· Éμ· P̂ ¶·¨ ¤¥°¸É¢¨¨ ´  ¸μ¸ÉμÖ´¨¥ 〈x| ¨³¥¥É ¢¨¤ −i∇x, Éμ

k〈x|k〉 = 〈x|P̂|k〉 = −i∇x〈x|k〉.

�É¸Õ¤  ¸ ÊÎ¥Éμ³ ¢Ò¡· ´´ÒÌ ´μ·³¨·μ¢μ± ´ Ìμ¤¨³, ÎÉμ 〈x|k〉 =
√

2Ek eikx ¨,
¸²¥¤μ¢ É¥²Ó´μ,

|x〉 =
∫

dk e−ikx

(2π)3
√

2Ek

|k〉, |k〉 =
√

2Ek

∫
dx e+ikx|x〉. (84)

’ ±¨³ μ¡· §μ³, ËÊ´±Í¨¨ ψp(k) ¨ ψx(x) Ö¢²ÖÕÉ¸Ö ËÊ·Ó¥-μ¡· § ³¨ ¤·Ê£ ¤·Ê£ :

ψx(x) =
∫

dk
(2π)3

e+ikxψp(k), ψp(k) =
∫

dx e−ikxψx(x). (85)

�·¨¢¥¤¥³ ¥Ð¥ ¶μ²¥§´Ò¥ ¸μμÉ´μÏ¥´¨Ö, ±μÉμ·Ò¥ ¶μ´ ¤μ¡ÖÉ¸Ö ´ ³ ¤ ²¥¥:

∂|x〉
∂x

= −i

∫
dk e−ikx

(2π)3
√

2Ek

k|k〉, ∂|k〉
∂k

=
vk

2Ek
|k〉 + i

√
2Ek

∫
dx e+ikxx|x〉.

(86)
�μ·³  ¸μ¸ÉμÖ´¨Ö |a〉 ¨³¥¥É ¢¨¤

〈a|a〉 =
∫

dk
(2π)3

|ψp(k)|2 =
∫

dx|ψx(x)|2. (87)

…¸²¨ ψx(x) Å ¢¥Ð¥¸É¢¥´´ Ö ËÊ´±Í¨Ö, Éμ ‚� |a〉 ¨³¥¥É ¸·¥¤´ÕÕ ±μμ·¤¨´ ÉÊ
〈xa〉 = 0 ¶·¨ t = 0. „²Ö ¤ ²Ó´¥°Ï¨Ì · ¸Î¥Éμ¢ ´ ³ ¶μ´ ¤μ¡¨É¸Ö ‚�, ¨³¥ÕÐ¨°
É·¥Ì³¥·´ÊÕ ±μμ·¤¨´ ÉÊ 〈xa〉, ¢ μ¡Ð¥³ ¸²ÊÎ ¥ μÉ²¨Î´ÊÕ μÉ ´Ê²Ö, ¢ ³μ³¥´É
¢·¥³¥´¨ ta. „²Ö ÔÉμ£μ ¤μ¸É ÉμÎ´μ ¶μ¤¥°¸É¢μ¢ ÉÓ ´  ¸μ¸ÉμÖ´¨¥ |a〉 μ¶¥· Éμ·μ³

É· ´¸²ÖÍ¨¨ eiP̂ xa :

|a〉 → |pa, xa〉 = eiP̂ xa |a〉 =
∫

dk
(2π)3

√
2Ek

eikxaψp(k,pa)|k〉, (88)

£¤¥ ³Ò Ê± § ²¨, ÎÉμ ¢μ²´μ¢ Ö ËÊ´±Í¨Ö ψp(k,pa) § ¢¨¸¨É ´¥ Éμ²Ó±μ μÉ ¶¥-
·¥³¥´´μ° Å ¢¥±Éμ·  k, ´μ ¨ μÉ ¶ · ³¥É·  Å ¢¥±Éμ·  ¸·¥¤´¥£μ ¨³¶Ê²Ó¸ 
pa. ”Ê´±Í¨Ö ψp(k,pa) Ì · ±É¥·¨§Ê¥É¸Ö É ±¦¥ ¶ · ³¥É·μ³ ¤¨¸¶¥·¸¨¨ σ ¢
¨³¶Ê²Ó¸´μ³ ¶·μ¸É· ´¸É¢¥. �·¨ Ê¸É·¥³²¥´¨¨ σ → 0 ¶μÉ·¥¡Ê¥³ ¤²Ö Ê¤μ¡¸É¢ ,

ÎÉμ¡Ò ‚� ¶¥·¥Ìμ¤¨² ¢ ¸μ¸ÉμÖ´¨¥ ¸ μ¶·¥¤¥²¥´´Ò³ ¨³¶Ê²Ó¸μ³: lim
σ→0

|pa, xa〉 =

|pa〉. �Éμ ¶μ¤· §Ê³¥¢ ¥É, ÎÉμ ¢ ¢μ²´μ¢μ° ËÊ´±Í¨¨ ψp(k) ¶·¨¸ÊÉ¸É¢Ê¥É ³´μ¦¨-
É¥²Ó e−ipaxa ¤²Ö ±μ³¶¥´¸ Í¨¨ ³´μ¦¨É¥²Ö eikxa . ‚ ¤ ²Ó´¥°Ï¥³ ¡Ê¤¥³ ¶μ¤· -
§Ê³¥¢ ÉÓ ´ ²¨Î¨¥ ÔÉμ£μ ³´μ¦¨É¥²Ö ¤²Ö ¸ÊÐ¥¸É¢μ¢ ´¨Ö μ¤´μ§´ Î´μ£μ ¶¥·¥Ìμ¤ 
± ¶²μ¸±μ¢μ²´μ¢μ³Ê ¶·¥¤¥²Ê, μ¤´ ±μ, ¶μ¸±μ²Ó±Ê ÔÉμÉ ³´μ¦¨É¥²Ó ¶μ¸ÉμÖ´´Ò°,
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μ´ ´¥ μ± §Ò¢ ¥É ´¨± ±μ£μ ¢²¨Ö´¨Ö ´  ¶·¥¤¸± §Ò¢ ¥³μ¥ Î¨¸²μ ¢§ ¨³μ¤¥°¸É¢¨°.
�μÔÉμ³Ê, ÎÉμ¡Ò ´¥ § £·μ³μ¦¤ ÉÓ Ëμ·³Ê²Ò, ¡Ê¤¥³ É ±¨¥ ³´μ¦¨É¥²¨ μ¶Ê¸± ÉÓ.

„²Ö Ê¸É ´μ¢²¥´¨Ö É· ´¸Ëμ·³ Í¨μ´´ÒÌ ¸¢μ°¸É¢ ¢μ²´μ¢μ° ËÊ´±Í¨¨
ψp(k,pa) Ê¤μ¡´μ ¥¥ ¶¥·¥¶¨¸ ÉÓ ¢ ¢¨¤¥ ψp(k,pa) = φ(k,pa)/

√
2Ek. �μ²Ó§Ê-

Ö¸Ó É· ´¸Ëμ·³ Í¨μ´´Ò³¨ ¸¢μ°¸É¢ ³¨ ¸μ¸ÉμÖ´¨Ö |k〉 =
√

2Eka†
k|0〉 ¶·¨ ¶·¥-

μ¡· §μ¢ ´¨¨ ‹μ·¥´Í 

|k〉 → U(Λ)|k〉 = |Λk〉, k → Λk, (89)

£¤¥ U(Λ) Å Ê´¨É ·´Ò° μ¶¥· Éμ·, ²¥£±μ ¢¨¤¥ÉÓ, ÎÉμ ËÊ´±Í¨Ö φ(k,pa) Å
·¥²ÖÉ¨¢¨¸É¸±¨° ¨´¢ ·¨ ´É:

φ(k′,p′
a) = φ(k,pa) (k′ = Λk, p′a = Λpa). (90)

‘μ¸ÉμÖ´¨¥ (88) ³μ¦´μ ¢Ò· §¨ÉÓ Î¥·¥§ ²μ·¥´Í-¨´¢ ·¨ ´É´ÊÕ ËÊ´±Í¨Õ
φ(k,pa) (Ëμ·³Ë ±Éμ·):

|pa, xa〉 =
∫

dk
(2π)32Ek

e−ikxaφ(k,pa)|k〉. (91)

‚μ²´μ¢ Ö ËÊ´±Í¨Ö ¢ ±μ´Ë¨£Ê· Í¨μ´´μ³ ¶·μ¸É· ´¸É¢¥, ¸μμÉ¢¥É¸É¢ÊÕÐ Ö ¸μ-
¸ÉμÖ´¨Õ ¢ (88), ¥¸ÉÓ

ψx,a(x) ≡ ψx(x, xa,pa) =
∫

dk
(2π)3

e−i[k(x+xa)−k0x0
a]ψp(k,pa). (92)

�μ·³Ê ¸μ¸ÉμÖ´¨Ö

〈a|a〉 ≡ 〈pa, xa|pa, xa〉 =
∫

dk
(2π)3

|ψp(k,pa)|2 =
∫

dk
(2π)32Ek

|φ(k,pa)|2

(93)
³Ò ¢ ÔÉμ³ ¨ ¶μ¸²¥¤ÊÕÐ¨Ì ¶Ê´±É Ì ¶·¥¤¶μÎ¨É ¥³ ´¥ ¶·¨· ¢´¨¢ ÉÓ ¥¤¨´¨Í¥,
ÌμÉÖ É ± Ö ¢μ§³μ¦´μ¸ÉÓ ¥¸É¥¸É¢¥´´Ò³ μ¡· §μ³ ´ ¶· Ï¨¢ ¥É¸Ö. ‚ ÔÉμ° · ¡μÉ¥
μ¡¸Ê¦¤ ¥É¸Ö É¥μ·¥É¨Î¥¸± Ö ¸Ì¥³  ¸ ‚� ¢ ±¢ ´Éμ¢μ° É¥μ·¨¨, ¢ ±μÉμ·μ° ¸ÊÐ¥-
¸É¢Ê¥É ¶·¥¤¥²Ó´Ò° ¶¥·¥Ìμ¤ ± μ¡ÒÎ´μ³Ê ¸μ¸ÉμÖ´¨Õ ¸ μ¶·¥¤¥²¥´´Ò³ ¨³¶Ê²Ó-

¸μ³ ¨ ¸ ´μ·³¨·μ¢±μ° 〈q|k〉 = (2π)32Ekδ3(q−k). �É  ´μ·³¨·μ¢±  ¢μ ³´μ£¨Ì
ÊÎ¥¡´¨± Ì § Î ¸ÉÊÕ § ³¥´Ö¥É¸Ö ´  ±μ´¸É·Ê±Í¨Õ 2EkV , £¤¥ V Å ®´¥±¨° ¡¥¸-
±μ´¥Î´μ ¡μ²ÓÏμ° ¶·μ¸É· ´¸É¢¥´´Ò° μ¡Ñ¥³¯. „²Ö ¶μ²ÊÎ¥´¨Ö ¶· ¢¨²Ó´μ£μ
¶·¥¤¥²Ó´μ£μ ¶¥·¥Ìμ¤  ´ Ï¥£μ Ëμ·³ ²¨§³  ¢ μ¡ÒÎ´Ò° ¶²μ¸±μ¢μ²´μ¢μ° ³Ò
μ¶·¥¤¥²Ö¥³ ²μ·¥´Í-¨´¢ ·¨ ´É´ÊÕ ´μ·³Ê ¸μ¸ÉμÖ´¨Ö ¢ (93) ± ± 〈a|a〉 = 2mV
,
£¤¥ V
 Å ±μ´¥Î´ Ö ¢¥²¨Î¨´ , ¨³¥ÕÐ Ö · §³¥·´μ¸ÉÓ μ¡Ñ¥³  ¨ μ¤´μ§´ Î´μ
§ ¤ ´´ Ö Ëμ·³Ë ±Éμ·μ³ ‚�; ¥¥ Ö¢´Ò° ¢¨¤ ¡Ê¤¥É ¶μ²ÊÎ¥´ ¢ ¶. 3.2.

‡ ³¥Î ´¨¥ μ ®¸±·ÒÉÒÌ ¶¥·¥³¥´´ÒÌ¯. ’· ±ÉÊÖ ‚� |p, x〉 ± ± Ë¨§¨Î¥¸±μ¥
±¢ ´Éμ¢μ¥ ¸μ¸ÉμÖ´¨¥, ¶μ·μ¦¤ ¥³μ¥ ¢ ¸Éμ²±´μ¢¥´¨ÖÌ ¨²¨ · ¸¶ ¤ Ì ¤·Ê£¨Ì Î -
¸É¨Í κ, ³μ¦´μ μ¦¨¤ ÉÓ, ÎÉμ ËÊ´±Í¨Ö φ(k,p) ¶ · ³¥É·¨Î¥¸±¨ § ¢¨¸¨É μÉ



Š‚��’�‚�-��‹…‚�Ÿ ’…��ˆŸ �…‰’�ˆ��›• �‘–ˆ‹‹Ÿ–ˆ‰ 35

�¨¸. 1. ‘Ì¥³ É¨Î¥¸± Ö ¨²²Õ¸É· Í¨Ö Í¥¶μÎ¥± ¶·μÍ¥¸¸μ¢ ·μ¦¤¥´¨Ö ¢μ²´μ¢ÒÌ ¶ ±¥Éμ¢

4-¨³¶Ê²Ó¸μ¢ Qκ ¶¥·¢¨Î´ÒÌ ¨, ¢μ§³μ¦´μ, ¢Éμ·¨Î´ÒÌ Î ¸É¨Í, ÊÎ ¸É¢ÊÕÐ¨Ì ¢
¶·μÍ¥¸¸¥ ·μ¦¤¥´¨Ö ‚�∗. ‚ ´ ¨¡μ²¥¥ μ¡Ð¥³ ¸²ÊÎ ¥ ´ ¡μ· ·μ¤¨É¥²Ó¸±¨Ì ¨
¸μ¶ÊÉ¸É¢ÊÕÐ¨Ì ¢Éμ·¨Î´ÒÌ Î ¸É¨Í ³μ¦¥É ¢±²ÕÎ ÉÓ ¢ ¸¥¡Ö Î ¸É¨ÍÒ ¢¸¥° Í¥-
¶μÎ±¨ ·¥ ±Í¨° ¨ · ¸¶ ¤μ¢, ¶·¨¢μ¤ÖÐ¨Ì ± ·μ¦¤¥´¨Õ ¸μ¸ÉμÖ´¨Ö |p, x〉 (·¨¸. 1).
®‘±·ÒÉÒ¥ ¶¥·¥³¥´´Ò¥¯ Qκ ³μ£ÊÉ ¢Ìμ¤¨ÉÓ ¢ ¸± ²Ö·´ÊÕ ËÊ´±Í¨Õ φ(k,p)
Éμ²Ó±μ ¢ ¢¨¤¥ ¸± ²Ö·´ÒÌ ¶·μ¨§¢¥¤¥´¨° (Qκk), (Qκp) ¨ (QκQκ

′). ‘ ÊÎ¥-
Éμ³ ¶·¥¤¶μ² £ ¥³ÒÌ ¸¢μ°¸É¢ ËÊ´±Í¨¨ φ(k,p) μ´  ¤μ²¦´  ¡ÒÉÓ ¶μ²μ¦¨É¥²Ó´μ
μ¶·¥¤¥²¥´  ¢¡²¨§¨ ÉμÎ±¨ k = p ¨ Ê¤μ¢²¥É¢μ·ÖÉÓ ¸²¥¤ÊÕÐ¨³ Ê¸²μ¢¨Ö³:

[
∂φ(k,p)

∂kl

]
k=p

=
[
∂(k − p)2

∂kl

∂φ(k,p)
∂(k − p)2

]
k=p

+
∑

κ

[
∂(Qκk)

∂kl

∂φ(k,p)
∂(Qκk)

]
k=p

=

=
∑

κ

Q0
κ

(
pl

p0
− Qκl

Q0
κ

)[
∂φ(k,p)
∂(Qκk)

]
k=p

= 0 (l = 1, 2, 3).

�μ¸²¥¤´¥¥ · ¢¥´¸É¢μ Ê¤μ¢²¥É¢μ·Ö¥É¸Ö Éμ¦¤¥¸É¢¥´´μ Éμ²Ó±μ ¢ ´¥Ë¨§¨Î¥¸±μ³
¸²ÊÎ ¥, ±μ£¤  ´ ¨¡μ²¥¥ ¢¥·μÖÉ´Ò¥ ¸±μ·μ¸É¨ ¢¸¥Ì ¶ ±¥Éμ¢ κ μ¤¨´ ±μ¢Ò

(Qκ/Q0
κ

= p/Ep). ˆ§ ÔÉμ£μ Ë ±É  ¨ ¶·μ¨§¢μ²Ó´μ¸É¨ ±μ´Ë¨£Ê· Í¨° 4-¨³-

¶Ê²Ó¸μ¢ {Qκ} § ±²ÕÎ ¥³, ÎÉμ [∂φ(k,p)/∂(Qκk)]k=p = 0. ‘μ¢¥·Ï¥´´μ  ´ -

²μ£¨Î´μ ´ Ìμ¤¨³, ÎÉμ [∂φ(k,p)/∂(Qκp)]p=k = 0. ’ ±¨³ μ¡· §μ³, § ¢¨¸¨-

³μ¸ÉÓ φ(k,p) μÉ ¸± ²Ö·´ÒÌ ¶·μ¨§¢¥¤¥´¨° (Qκk) ¨ (Qκp) ¤μ²¦´  ¨¸Î¥§ ÉÓ

¶μ ±· °´¥° ³¥·¥ ¢¡²¨§¨ ³ ±¸¨³Ê³  ËÊ´±Í¨¨ φ(k,p). �μ¸ÉÊ²¨·ÊÖ  ´ ²¨É¨Î-
´μ¸ÉÓ ËÊ´±Í¨¨ φ(k,p) ¢ μ±·¥¸É´μ¸É¨ ³ ±¸¨³Ê³  (k = p), ¢¨¤¨³, ÎÉμ ¢ ÔÉμ°
μ±·¥¸É´μ¸É¨ ËÊ´±Í¨Ö φ(k,p) ³μ¦¥É § ¢¨¸¥ÉÓ μÉ 4-¨³¶Ê²Ó¸μ¢ Qκ Éμ²Ó±μ Î¥·¥§

∗�¢μ²ÕÍ¨Ö ¶ ±¥É  ¶μ¤ ¤¥°¸É¢¨¥³ ¢´¥Ï´¨Ì ¶μ²¥° ¢±²ÕÎ¥´  ¢ ÔÉÊ ± ·É¨´Ê, ¶μ¸±μ²Ó±Ê ¢
S-³ É·¨Î´μ³ Ëμ·³ ²¨§³¥ Š’� ²Õ¡μ¥ ¢§ ¨³μ¤¥°¸É¢¨¥ ¸²¥¤Ê¥É ¶μ´¨³ ÉÓ ± ± ²μ± ²Ó´μ¥ ¢§ ¨³μ-
¤¥°¸É¢¨¥ ·¥ ²Ó´ÒÌ ¨²¨ ¢¨·ÉÊ ²Ó´ÒÌ ¶μ²¥°.
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¨´¢ ·¨ ´ÉÒ

gμν(k − p)μ(k − p)ν , Gμν
2 (k − p)μ(k − p)ν ,

Gμνλ
3 (k − p)μ(k − p)ν(k − p)λ, . . . ,

(94)

£¤¥ g Å ³¥É·¨Î¥¸±¨° É¥´§μ·,   G2, G3 ¨ É. ¤. Å É¥´§μ·Ò, ¶μ¸É·μ¥´´Ò¥ ¨§
±μ³¶μ´¥´É 4-¢¥±Éμ·μ¢ Qκ . �μ¸±μ²Ó±Ê ³Ò · ¸¸³ É·¨¢ ¥³ ²¨ÏÓ μÎ¥´Ó Ê§±¨¥
¶ ±¥ÉÒ (®¸£² ¦¥´´Ò¥¯ δ-ËÊ´±Í¨¨), ¨´É¥·¥¸ ¶·¥¤¸É ¢²Ö¥É ¶μ¢¥¤¥´¨¥ φ(k,p)
¨³¥´´μ ¢ μ±·¥¸É´μ¸É¨ ³ ±¸¨³Ê³ , É ± ÎÉμ ÔÉ  ËÊ´±Í¨Ö ¤μ²¦´  ¡ÒÉÓ ±μ³¡¨´ -
Í¨¥° Éμ²Ó±μ ®¸É·μ¨É¥²Ó´ÒÌ ¡²μ±μ¢¯ (94). �¸É ¢Ï¨¥¸Ö ¸± ²Ö·´Ò¥ ¶·μ¨§¢¥¤¥-
´¨Ö (QκQκ

′) ³μ£ÊÉ ¡ÒÉÓ ¢±²ÕÎ¥´Ò ¢ μ¶·¥¤¥²¥´¨¥ ¸± ²Ö·´ÒÌ ¶ · ³¥É·μ¢ σi,
§ ¤ ÕÐ¨Ì Ö¢´Ò° ¢¨¤ φ(k,p); ¤·Ê£¨³¨ ¸²μ¢ ³¨, ÔÉ¨ ¶ · ³¥É·Ò ³μ£ÊÉ ¡ÒÉÓ ¢
μ¡Ð¥³ ¸²ÊÎ ¥ ¸± ²Ö·´Ò³¨ ËÊ´±Í¨Ö³¨ 4-¨³¶Ê²Ó¸μ¢ Î ¸É¨Í κ, ÊÎ ¸É¢ÊÕÐ¨Ì ¢
Í¥¶μÎ±¥ ¶·μÍ¥¸¸μ¢, Ëμ·³¨·ÊÕÐ¨Ì ‚�,   ´¥ ¶·μ¸Éμ ±μ´¸É ´É ³¨. ‚ ·¥§Ê²Ó-
É É¥ ‚�, ¶μ¸É·μ¥´´Ò¥ ¨§ Éμ¦¤¥¸É¢¥´´ÒÌ μ¤´μÎ ¸É¨Î´ÒÌ ¸μ¸ÉμÖ´¨° |p〉, ´μ
·μ¦¤¥´´Ò¥ ¢ · §´ÒÌ ·¥ ±Í¨ÖÌ ¨ · ¸¶ ¤ Ì (¨²¨ Í¥¶μÎ± Ì ·¥ ±Í¨° ¨ · ¸¶ -
¤μ¢), ´¥ Ö¢²ÖÕÉ¸Ö, ¸É·μ£μ £μ¢μ·Ö, Éμ¦¤¥¸É¢¥´´Ò³¨. Š ± ¸²¥¤¸É¢¨¥, ±¢ ´Éμ-
¢Ò¥ ¸É É¨¸É¨±¨ É ±¨Ì ®¶ ±¥Éμ¢ ¸ ¶ ³ÖÉÓÕ¯ ³μ£ÊÉ ¸¨²Ó´μ μÉ²¨Î ÉÓ¸Ö μÉ ¸É -
É¨¸É¨±¨ ¸¢μ¨Ì Ô²¥³¥´É ·´ÒÌ ¸μ¸É ¢²ÖÕÐ¨Ì Å ¸μ¸ÉμÖ´¨° ¸ μ¶·¥¤¥²¥´´Ò³¨
¨³¶Ê²Ó¸ ³¨.

—Éμ¡Ò ¨§¡¥¦ ÉÓ ¨§²¨Ï´¥£μ (ÌμÉÖ μÉ´Õ¤Ó ´¥ Ë É ²Ó´μ£μ) Ê¸²μ¦´¥´¨Ö
Ëμ·³ ²¨§³ , ³Ò ¶μ¦¥·É¢Ê¥³ μ¡Ð´μ¸ÉÓÕ, ¶·μ¨§¢μ²Ó´μ ¶μ² £ Ö ¢ ¤ ²Ó´¥°Ï¥³,
ÎÉμ ¶ · ³¥É·Ò σi Ö¢²ÖÕÉ¸Ö ÔËË¥±É¨¢´Ò³¨ ±μ´¸É ´É ³¨, ¨, ¡μ²¥¥ Éμ£μ, ³Ò
μ£· ´¨Î¨³¸Ö ²¨ÏÓ ¶·μ¸É¥°Ï¨³¨ ‚� ®¡¥§ ¶ ³ÖÉ¨¯∗, É. ¥. ´¥ § ¢¨¸ÖÐ¨³¨ μÉ
É¥´§μ·μ¢ Gi,   §´ Î¨É, ¨ μÉ ¸±·ÒÉÒÌ ¶¥·¥³¥´´ÒÌ. � §Ê³¥¥É¸Ö, μ¡·¨¸μ¢ ´´ Ö
§¤¥¸Ó ¶·μ¡²¥³  ´¥ Ö¢²Ö¥É¸Ö Ì · ±É¥·´μ° ²¨ÏÓ ¤²Ö ´ Ï¥£μ ¶μ¤Ìμ¤ , ´μ μ¡ÒÎ´μ
¶·¨ ¶μ¸ÉÊ²¨·μ¢ ´¨¨ ¸¢μ°¸É¢ ‚� ´  ´¥¥ ²¨¡μ ´¥ μ¡· Ð ÕÉ ¢´¨³ ´¨Ö, ²¨¡μ
¸μ§´ É¥²Ó´μ ¨£´μ·¨·ÊÕÉ.

�·¨´Í¨¶ ¸μμÉ¢¥É¸É¢¨Ö ¨ ´μ·³¨·μ¢±  ¢μ²´μ¢μ£μ ¶ ±¥É . �μÉ·¥¡Ê¥³,
ÎÉμ¡Ò ¸μ¸ÉμÖ´¨¥ (91) ¶¥·¥Ìμ¤¨²μ ¢ |p〉 ¢ ¶²μ¸±μ¢μ²´μ¢μ³ ¶·¥¤¥²¥. �Éμ Ê¸²μ-
¢¨¥ ³Ò ´ §Ò¢ ¥³ ¶·¨´Í¨¶μ³ ¸μμÉ¢¥É¸É¢¨Ö:

lim
σ→0

φ(k,p) = (2π)32Epδ3(k − p).

‡ ³¥É¨³ É¥¶¥·Ó, ÎÉμ ¡¥§· §³¥·´Ò° ²μ·¥´Í-¨´¢ ·¨ ´É´Ò° ¨´É¥£· ²∫
dkφ(k,p)
(2π)32Ek

=
∫

dk′ φ(k′,p′)
(2π)32Ek′

´¥ § ¢¨¸¨É μÉ p ¨, ¸²¥¤μ¢ É¥²Ó´μ, ³μ¦¥É § ¢¨¸¥ÉÓ ²¨ÏÓ μÉ ¶ · ³¥É·  σ ¨
³ ¸¸Ò m. �μ ¸μ£² ¸´μ ¶·¨´Í¨¶Ê ¸μμÉ¢¥É¸É¢¨Ö · ¸¸³ É·¨¢ ¥³Ò° ¨´É¥£· ²

∗
μ²¥¥ ¸²μ¦´ Ö ³μ¤¥²Ó ‚� ¡Ò²  ¨§ÊÎ¥´  ¢ · ¡μÉ¥ [100].
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¸É·¥³¨É¸Ö ± ¥¤¨´¨Í¥ ¢ ¶·¥¤¥²¥ σ = 0, É ± ÎÉμ ¥¸É¥¸É¢¥´´μ ¶μ²μ¦¨ÉÓ ¥£μ
· ¢´Ò³ ¥¤¨´¨Í¥ ¨ ¶·¨ ±μ´¥Î´μ³ (³ ²μ³) σ:∫

dkφ(k,p)
(2π)32Ek

=
∫

dkφ(k, 0)
(2π)32Ek

= 1. (95)

•μÉÖ ÔÉμ ®É¥Ì´¨Î¥¸±μ¥¯ Ê¸²μ¢¨¥ ´¥ Ö¢²Ö¥É¸Ö ´¥μ¡Ìμ¤¨³Ò³, μ´μ ¤ ¥É Ê¤μ¡´ÊÕ
¤²Ö ¶· ±É¨Î¥¸±¨Ì · ¸Î¥Éμ¢ ´μ·³¨·μ¢±Ê Ëμ·³Ë ±Éμ·μ¢ φ(k,p).

�¥±μÉμ·Ò¥ μ¡Ð¨¥ ¸¢μ°¸É¢  ¢μ²´μ¢μ£μ ¶ ±¥É . �¥·¥Î¨¸²¨³ ´ ¨¡μ²¥¥
¢ ¦´Ò¥ ¸¢μ°¸É¢  ‚�.

� �μ¸±μ²Ó±Ê Î ¸É´Ò³ ¸²ÊÎ ¥³ (90) Ö¢²Ö¥É¸Ö ¨´¢ ·¨ ´É´μ¸ÉÓ φ(k,pa) μÉ-
´μ¸¨É¥²Ó´μ ¢· Ð¥´¨° k �−→ k′ = Ok, pa �−→ p′

a = Opa, ËÊ´±Í¨¨ ψp(k,pa)
¨ ψx(x, xa,pa) É ±¦¥ ¢· Ð É¥²Ó´μ ¨´¢ ·¨ ´É´Ò.

� Œμ¤Ê²Ó ËÊ´±Í¨¨ ψx(x, xa,pa) ¨´¢ ·¨ ´É¥´ É ±¦¥ μÉ´μ¸¨É¥²Ó´μ ¶·μ-
¸É· ´¸É¢¥´´ÒÌ É· ´¸²ÖÍ¨°, ´μ ´¥ ¨´¢ ·¨ ´É¥´ μÉ´μ¸¨É¥²Ó´μ ¢·¥³¥´´ÒÌ É· ´-
¸²ÖÍ¨°.

� ˆ§ (92) ¢¨¤´μ, ÎÉμ |ψx(x, xa,pa)| → 0 ¶·¨ |x0
a| → ∞, É. ¥. ¢ ±μ´Ë¨£Ê-

· Í¨μ´´μ³ ¶·μ¸É· ´¸É¢¥ ‚� · ¸¶²Ò¢ ¥É¸Ö ¸μ ¢·¥³¥´¥³.

� �μ¸±μ²Ó±Ê ¢¥²¨Î¨´  |ψx(x, xa,pa)| ´¥ § ¢¨¸¨É μÉ xa, § ±²ÕÎ ¥³, ÎÉμ
ÉμÎ±  xa Ö¢²Ö¥É¸Ö Í¥´É·μ³ ¸Ë¥·¨Î¥¸±μ° ¸¨³³¥É·¨¨ ¶ ±¥É ; ¢ ¤ ²Ó´¥°Ï¥³
¡Ê¤¥³ ´ §Ò¢ ÉÓ ÔÉÊ ÉμÎ±Ê Í¥´É·μ³ ¶ ±¥É .

� ˆ§ (90) ¸²¥¤Ê¥É, ÎÉμ ËÊ´±Í¨Ö φ(k,p) ³μ¦¥É § ¢¨¸¥ÉÓ Éμ²Ó±μ μÉ ²μ·¥´Í-
¨´¢ ·¨ ´É´μ° ¢¥²¨Î¨´Ò kp. �μÔÉμ³Ê ËÊ´±Í¨Ö φ(k,p) ¸¨³³¥É·¨Î´  μÉ´μ¸¨-
É¥²Ó´μ ¶¥·¥¸É ´μ¢±¨ ¸¢μ¨Ì  ·£Ê³¥´Éμ¢, É. ¥. φ(k,p) = φ(p,k).

� Š·μ³¥ Éμ£μ, μÎ¥¢¨¤´μ, φ(k, 0) = φ(0,k) = φ̃(k0), £¤¥ φ̃(k0) Å ¢· Ð -
É¥²Ó´μ ¨´¢ ·¨ ´É´ Ö ËÊ´±Í¨Ö ¥¤¨´¸É¢¥´´μ° ¶¥·¥³¥´´μ° k0 = Ek.

� …Ð¥ μ¤´μ ¶·μ¸Éμ¥ ¨ ¢ ¦´μ¥ ¸²¥¤¸É¢¨¥ (90) Å ´¥§ ¢¨¸¨³μ¸ÉÓ ´μ·³Ò (93)
´¥ Éμ²Ó±μ μÉ ¶·μ¸É· ´¸É¢¥´´μ-¢·¥³¥´´μ° ±μμ·¤¨´ ÉÒ xa, ´μ ¨ μÉ ¨³¶Ê²Ó¸  pa.

3.2. ‘·¥¤´¨° 4-¨³¶Ê²Ó¸. � °¤¥³ É¥¶¥·Ó ¸·¥¤´¨¥ §´ Î¥´¨Ö ±μ³¶μ´¥´É
4-¨³¶Ê²Ó¸  〈P 〉 = (〈P0〉, 〈P〉) ¶ ±¥É , ±μÉμ·Ò¥ μ¶·¥¤¥²ÖÕÉ¸Ö ¸É ´¤ ·É´Ò³
±¢ ´Éμ¢μ-³¥Ì ´¨Î¥¸±¨³ ¶· ¢¨²μ³

〈Pμ〉 = 〈Pμ(pa)〉 =
〈pa, xa|P̂μ|pa, xa〉
〈pa, xa|pa, xa〉

.

�μ¤¸É ¢²ÖÖ ¸Õ¤  (88), ¶μ²ÊÎ ¥³

〈Pμ(p)〉 =
1

2mV


∫
dk|φ(k,p)|2
(2π)32Ek

kμ, (96)
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£¤¥ §´ ³¥´ É¥²Ó 2mV
 · ¢¥´ ´μ·³¥ ¸μ¸ÉμÖ´¨Ö |pa, xa〉:

2mV
 =
∫

dk|φ(k,p)|2
(2π)32Ek

=
∫

dk|φ(k, 0)|2
(2π)32Ek

=
1

4π2

∞∫
m

dk0

√
k2
0 − m2 |φ̃(k0)|2.

(97)
‡¤¥¸Ó ¨ ¤ ²¥¥, ¥¸²¨ ÔÉμ ´¥ ¢Ò§Ò¢ ¥É ´¥¤μ· §Ê³¥´¨°, ¨´¤¥±¸ a Ê ¶¥·¥³¥´-
´ÒÌ pa ¨ xa ¤²Ö ±· É±μ¸É¨ μ¶Ê¸± ¥É¸Ö. ˆ§ (96) ¨ (97) ¢¨¤´μ, ÎÉμ ¸·¥¤-
´¨° 4-¨³¶Ê²Ó¸ 〈P 〉 Ö¢²Ö¥É¸Ö ¨´É¥£· ²μ³ ¤¢¨¦¥´¨Ö,   ¢¥²¨Î¨´  V
, ¨³¥ÕÐ Ö
· §³¥·´μ¸ÉÓ ¶·μ¸É· ´¸É¢¥´´μ£μ μ¡Ñ¥³ , ¢μμ¡Ð¥ ´¥ § ¢¨¸¨É μÉ ¨³¶Ê²Ó¸  ¨
¶·μ¸É· ´¸É¢¥´´μ-¢·¥³¥´´μ° ±μμ·¤¨´ ÉÒ.

‚ ¸¨²Ê Î¥É´μ¸É¨ ËÊ´±Í¨¨ φ(k,0) ¨§ (96) μÎ¥¢¨¤´μ, ÎÉμ 〈P(0)〉 = 0;
¤·Ê£¨³¨ ¸²μ¢ ³¨, ¸·¥¤´¨° ¨³¶Ê²Ó¸ μ¡· Ð ¥É¸Ö ¢ ´Ê²Ó ¢ ¸. ¸. μ. ¶ ±¥É ∗, μ¶·¥-
¤¥²Ö¥³μ° Ê¸²μ¢¨¥³ p = 0. �É¸Õ¤  ¸²¥¤Ê¥É, ÎÉμ ¸·¥¤´ÖÖ (ÔËË¥±É¨¢´ Ö) ³ ¸¸ 
¶ ±¥É , 〈m〉, · ¢´  ¸·¥¤´¥³Ê §´ Î¥´¨Õ ¥£μ Ô´¥·£¨¨, É. ¥. ´Ê²¥¢μ° ±μ³¶μ´¥´ÉÒ
4-¢¥±Éμ·  〈P 〉 ¢ ÔÉμ° ¸¨¸É¥³¥:

〈m〉 = 〈P0(0)〉 =
∫

dk|φ(k,0)|2
4(2π)3mV


=
1

8π2mV


∞∫
m

dk0 k0

√
k2
0 − m2|φ̃(k0)|2.

(98)
ˆ¸¶μ²Ó§ÊÖ (97) ¨ § ¶¨¸ ¢ (98) ¢ ¢¨¤¥ μÉ´μÏ¥´¨Ö

〈m〉
m

=

∞∫
m

dk0 k0

√
k2
0 − m2 |φ̃(k0)|2

∞∫
m

dk0 m
√

k2
0 − m2 |φ̃(k0)|2

, (99)

¢¨¤¨³, ÎÉμ 〈m〉 � m, ¶·¨Î¥³ · ¢¥´¸É¢μ 〈m〉 = m ¤μ¸É¨£ ¥É¸Ö ²¨ÏÓ ¢ ¶²μ¸-
±μ¢μ²´μ¢μ³ ¶·¥¤¥²¥, É. ¥. ‚� |p, x〉 ®ÉÖ¦¥²¥¥¯ ¸μ¸É ¢²ÖÕÐ¨Ì ¥£μ ¸μ¸ÉμÖ´¨°
¸ μ¶·¥¤¥²¥´´Ò³¨ ¨³¶Ê²Ó¸ ³¨. �ÉμÉ ÔËË¥±É ¨³¥¥É ¸μ¢¥·Ï¥´´μ μ¡Ð¨° Ì -
· ±É¥· ¨ Ö¢²Ö¥É¸Ö μ¤´¨³ ¨§ ¶·μÖ¢²¥´¨° ´¥ ¤¤¨É¨¢´μ¸É¨ ³ ¸¸Ò. ‚ ¤ ´´μ³
¸²ÊÎ ¥ μ´ μ¡Ê¸²μ¢²¥´ É¥³, ÎÉμ ¶μ¶¥·¥Î´Ò¥ ± ¢¥±Éμ·Ê p ±μ³¶μ´¥´ÉÒ ¨³¶Ê²Ó-
¸μ¢ Ëμ±μ¢¸±¨Ì ¸μ¸ÉμÖ´¨° |k〉, ¨§ ±μÉμ·ÒÌ ¶μ¸É·μ¥´ ‚�, ´¥ ¤ ÕÉ ¢±² ¤  ¢
¸·¥¤´¥¥ §´ Î¥´¨¥ ¨³¶Ê²Ó¸  (p × P = 0), ´μ ¤ ÕÉ ´¥μÉ·¨Í É¥²Ó´Ò° ¢±² ¤ ¢

¸·¥¤´¥¥ §´ Î¥´¨¥ Ô´¥·£¨¨ ¶ ±¥É ∗∗. ‡ ³¥É¨³, ÎÉμ ¸·¥¤´¥¥ §´ Î¥´¨¥ ±¢ ¤· É 
³ ¸¸Ò 〈P 2〉 · ¢´μ, ¥¸É¥¸É¢¥´´μ, m2, É ± ÎÉμ 〈P 〉2 � 〈P 2〉 = m2.

∗�ÉμÉ Ë ±É ²¥£±μ ¶μ´ÖÉÓ ¨ ¨§ ¶·μ¸ÉÒÌ · §³¥·´ÒÌ ¸μμ¡· ¦¥´¨°: ¶μ¸±μ²Ó±Ê 3-¢¥±Éμ· P
§ ¢¨¸¨É μÉ ¥¤¨´¸É¢¥´´μ° ¢¥±Éμ·´μ° ¢¥²¨Î¨´Ò p, Éμ 〈P〉 ∝ p.

∗∗‡¤¥¸Ó ³μ¦´μ Ê¸³μÉ·¥ÉÓ ´¥±μÉμ·ÊÕ  ´ ²μ£¨Õ ¸ ¨§¢¥¸É´Ò³ ÔËË¥±Éμ³ ¢μ§· ¸É ´¨Ö ³ ¸¸Ò
£ §  ¢ ¸μ¸Ê¤¥ ¶·¨ ¥£μ (μ¤´μ·μ¤´μ³) ´ £·¥¢ ´¨¨: ¸μ¸Ê¤ ¶·¨ ÔÉμ³ ´¥ ¶μ²ÊÎ ¥É ¤μ¶μ²´¨É¥²Ó´μ£μ
¨³¶Ê²Ó¸ , ´μ ¢´ÊÉ·¥´´ÖÖ Ô´¥·£¨Ö (  §´ Î¨É, ¨ ³ ¸¸ ) £ §  Ê¢¥²¨Î¨¢ ¥É¸Ö.
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�μ± ¦¥³, ÎÉμ ¢ ¸·¥¤´¥³ ¶ ±¥É ´ Ìμ¤¨É¸Ö ´  ³ ¸¸μ¢μ° ¶μ¢¥·Ì´μ¸É¨. ˆ§
Ê¦¥ Ê¶μ³¨´ ¢Ï¨Ì¸Ö · §³¥·´ÒÌ ¸μμ¡· ¦¥´¨° ¸²¥¤Ê¥É, ÎÉμ 〈P0〉 = κEp ¨
〈P〉 = κ′p, £¤¥ κ ¨ κ′ Å ´¥±μÉμ·Ò¥ ¡¥§· §³¥·´Ò¥ ¢¥²¨Î¨´Ò, ´¥ § ¢¨¸ÖÐ¨¥
μÉ p. ’μ£¤  ¨§ (96) ¶μ²ÊÎ ¥³

pμ〈Pμ〉 = κE2
p−κ′p2 = κm2+(κ−κ′)p2 =

1
2mV


∫
dk (pk)|φ(k,p)|2

(2π)32Ek
. (100)

�μ¸±μ²Ó±Ê ²¥¢μ¥ ¨ ¶· ¢μ¥ ¢Ò· ¦¥´¨Ö ¢ (100) Ö¢²ÖÕÉ¸Ö ²μ·¥´Í-¨´¢ ·¨ ´É ³¨,
Éμ κ = κ′. �μ²μ¦¨¢ É¥¶¥·Ó ¢ (100) p = 0 ¨ ÊÎ¨ÉÒ¢ Ö μ¶·¥¤¥²¥´¨¥ ¢ (98),
´ °¤¥³ κ = 〈m〉/m � 1. ŒÒ ¤μ± § ²¨ É¥³ ¸ ³Ò³, ÎÉμ

〈P 〉 = (〈P0〉, 〈P〉) =
(
〈m〉
m

)
(p, Ep) ¨ 〈P 〉2 = 〈Pμ〉〈Pμ〉 = 〈m〉2.

�É¸Õ¤  ¢¨¤¨³, ¢ Î ¸É´μ¸É¨, ÎÉμ £·Ê¶¶μ¢ Ö ¸±μ·μ¸ÉÓ ¶ ±¥É  ∇〈P〉〈P0〉 =
〈P〉/〈P0〉 ¸μ¢¶ ¤ ¥É ¸ ¥£μ ´ ¨¡μ²¥¥ ¢¥·μÖÉ´μ° ¸±μ·μ¸ÉÓÕ vp = p/Ep.

3.3. ‚μ²´μ¢μ° ¶ ±¥É ¤²Ö Ë¥·³¨μ´ . ‚ ¤ ²Ó´¥°Ï¨Ì · ¸Î¥É Ì ¢ · ³± Ì
S-³ É·¨Î´μ£μ Ëμ·³ ²¨§³  Š’� ¡Ê¤ÊÉ ¨¸¶μ²Ó§μ¢ ÉÓ¸Ö ¢μ²´μ¢Ò¥ ¶ ±¥ÉÒ Ë¥·-
³¨μ´μ¢, Ö¢²ÖÕÐ¨¥¸Ö ²¨´¥°´Ò³¨ ¸Ê¶¥·¶μ§¨Í¨Ö³¨ μ¤´μÎ ¸É¨Î´ÒÌ Ëμ±μ¢¸±¨Ì
¸μ¸ÉμÖ´¨° |k, s〉 =

√
2Ek a†

ks|0〉 ¸ ²μ·¥´Í-¨´¢ ·¨ ´É´μ° ´μ·³μ° 〈q, r|k, s〉 =
(2π)32Ekδsrδ(k−q). ‡¤¥¸Ó a†

ks ¨ aks Å ¸É ´¤ ·É´Ò¥ μ¶¥· Éμ·Ò ·μ¦¤¥´¨Ö ¨
Ê´¨ÎÉμ¦¥´¨Ö Î ¸É¨ÍÒ ¸ ³ ¸¸μ° m > 0, 3-¨³¶Ê²Ó¸μ³ k ¨ ¶·μ¥±Í¨¥° ¸¶¨´  s,
Ê¤μ¢²¥É¢μ·ÖÕÐ¨¥  ´É¨±μ³³ÊÉ Í¨μ´´Ò³ ¸μμÉ´μÏ¥´¨Ö³

{aqr, aks} = {a†
qr, a

†
ks} = 0, {aqr, a

†
ks} = (2π)3δsrδ(k − q).

�μ¸É·μ¨³ ±μ¢ ·¨ ´É´Ò° ‚� Ë¥·³¨μ´ , É. ¥. ¸μ¸ÉμÖ´¨¥, ²μ± ²¨§μ¢ ´´μ¥ ¢ ±μ´-
Ë¨£Ê· Í¨μ´´μ³ ¨ ¨³¶Ê²Ó¸´μ³ ¶·μ¸É· ´¸É¢ Ì, μ¡² ¤ ÕÐ¥¥ É· ´¸Ëμ·³ Í¨μ´-
´Ò³¨ ¸¢μ°¸É¢ ³¨,  ´ ²μ£¨Î´Ò³¨ ¸¢μ°¸É¢ ³ Ëμ±μ¢¸±¨Ì ¸μ¸ÉμÖ´¨°, ¨ ¶·¥¢· -
Ð ÕÐ¥¥¸Ö ¢ Ëμ±μ¢¸±μ¥ ¸μ¸ÉμÖ´¨¥ ¢ ¶²μ¸±μ¢μ²´μ¢μ³ ¶·¥¤¥²¥. ‘²¥¤ÊÖ  ´ ²μ-
£¨¨ ¸ ±¢ ´Éμ¢μ-³¥Ì ´¨Î¥¸±¨³ ¸²ÊÎ ¥³ ¸± ²Ö·´μ° Î ¸É¨ÍÒ, ¡Ê¤¥³ Ì · ±É¥·¨-
§μ¢ ÉÓ ‚� ´ ¨¡μ²¥¥ ¢¥·μÖÉ´Ò³ §´ Î¥´¨¥³ 3-¨³¶Ê²Ó¸  p ¨ ¶·μ¥±Í¨¥° ¸¶¨´  s.
� ¨¡μ²¥¥ μ¡Ð Ö ±μ´¸É·Ê±Í¨Ö É ±μ£μ É¨¶  ¤²Ö Ë¨±¸¨·μ¢ ´´μ£μ ³μ³¥´É  ¢·¥-
³¥´¨ ¨³¥¥É ¢¨¤ ∫

dk
(2π)32Ek

∑
r

Φsr(k,p; σ)|k, r〉, (101)

£¤¥ ËÊ´±Í¨¨ Φsr(k,p; σ) § ¢¨¸ÖÉ ´¥ Éμ²Ó±μ μÉ ¨³¶Ê²Ó¸´ÒÌ ¨ ¤¨¸±·¥É´ÒÌ
¸¶¨´μ¢ÒÌ ¶¥·¥³¥´´ÒÌ, ´μ É ±¦¥ μÉ ´ ¡μ·  (±μ´¥Î´μ£μ ¨²¨ ¡¥¸±μ´¥Î´μ£μ)
´¥ § ¢¨¸ÖÐ¨Ì μÉ ÔÉ¨Ì ¶¥·¥³¥´´ÒÌ ¶ · ³¥É·μ¢ σ = {σ1, σ2, . . .}, ±μÉμ·Ò¥ § -
¤ ÕÉ ±μ´±·¥É´Ò¥ ¸¢μ°¸É¢  ¶ ±¥É . �μ μ¶·¥¤¥²¥´¨Õ ¨³¶Ê²Ó¸Ò p ¨ k ²¥¦ É
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´  ³ ¸¸μ¢μ° ¶μ¢¥·Ì´μ¸É¨, É. ¥. E2
p − p2 = E2

k − k2 = m2. �μÉ·¥¡Ê¥³, ÎÉμ¡Ò
¸μ¸ÉμÖ´¨¥ (101) ¶¥·¥Ìμ¤¨²μ ¢ |p, s〉 ¢ ¶²μ¸±μ¢μ²´μ¢μ³ ¶·¥¤¥²¥. �μ¸±μ²Ó±Ê
¶ · ³¥É·Ò σi ¢¸¥£¤  ³μ£ÊÉ ¡ÒÉÓ μ¶·¥¤¥²¥´Ò É ±¨³ μ¡· §μ³, ÎÉμ¡Ò ¸μμÉ¢¥É-
¸É¢μ¢ ÉÓ ÔÉμ³Ê ¶·¥¤¥²Ê ¶·¨ σi → 0 (∀i), ³Ò ³μ¦¥³ ¸Ëμ·³Ê²¨·μ¢ ÉÓ ¶·μ¸Éμ°
¶·¨´Í¨¶ ¸μμÉ¢¥É¸É¢¨Ö:

lim
σ→0

Φsr (k,p; σ) = (2π)32Epδsrδ(k − p).

�· ¢ Ö Î ¸ÉÓ ¤ ´´μ£μ Ê· ¢´¥´¨Ö ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° ·¥²ÖÉ¨¢¨¸É¸±¨° ¸± ²Ö·,
¶μÔÉμ³Ê ¥¸É¥¸É¢¥´´μ ¸Î¨É ÉÓ, ÎÉμ ËÊ´±Í¨¨ Φsr Éμ¦¥ Ö¢²ÖÕÉ¸Ö ¸± ²Ö· ³¨,
¶·¨Î¥³ |Φsr| � |Φss| ¤²Ö r 	=s. ‘Î¨É Ö, ÎÉμ ¶ · ³¥É·Ò σi ¤μ¸É ÉμÎ´μ ³ ²Ò,
³μ¦´μ  ±±Ê³Ê²¨·μ¢ ÉÓ ÔÉ¨ É·¥¡μ¢ ´¨Ö ¢ ¸²¥¤ÊÕÐ¥³ ¶·μ¸É¥°Ï¥³  ´§ Í¥:

Φsr(k,p; σ) = δsrφ(k,p; σ),

£¤¥ φ(k,p; σ) Å ´¥ § ¢¨¸ÖÐ Ö μÉ ¸¶¨´  ËÊ´±Í¨Ö, É ± Ö, ÎÉμ

φ(k′,p′; σ) = φ(k,p; σ) (p′ = Λp, k′ = Λk)

¨
lim
σ→0

φ(k,p; σ) = (2π)32Epδ(k − p). (102)

’ ±¨³ μ¡· §μ³, ¥¸²¨ ÌμÉÖ ¡Ò ´¥±μÉμ·Ò¥ ¶ · ³¥É·Ò σi, μ¡· §ÊÕÐ¨¥ ´ ¡μ· σ,
μÉ²¨Î´Ò μÉ ´Ê²Ö (´μ ¢¸¥ ¤μ¸É ÉμÎ´μ ³ ²Ò), ËÊ´±Í¨Ö φ(k,p; σ) ¸ ÉμÎ´μ¸ÉÓÕ
¤μ ³´μ¦¨É¥²Ö ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° ®· §³ § ´´ÊÕ¯ δ-ËÊ´±Í¨Õ ¢ ¨³¶Ê²Ó¸´μ³
¶·μ¸É· ´¸É¢¥. Šμ´±·¥É´¥¥, ± ± ¨ ¢ ±¢ ´Éμ¢μ-³¥Ì ´¨Î¥¸±μ³ ¸²ÊÎ ¥, ¶·¥¤¶μ² -
£ ¥³, ÎÉμ |φ(k,p; σ)| ¨³¥¥É ¶¨± ¢ ÉμÎ±¥ k = p ¨ ¡Ò¸É·μ Ê¡Ò¢ ¥É ¢¤ ²¨ μÉ
Ê§±μ° μ±·¥¸É´μ¸É¨ ÔÉμ° ÉμÎ±¨. —Éμ¡Ò Ê¶·μ¸É¨ÉÓ μ¡μ§´ Î¥´¨Ö, ¢ ¤ ²Ó´¥°Ï¥³
´¥ ¡Ê¤¥³ Ê± §Ò¢ ÉÓ Ö¢´ÊÕ § ¢¨¸¨³μ¸ÉÓ φ(k,p; σ) μÉ ´ ¡μ·  ¶ · ³¥É·μ¢ σ ¨
§ ¶¨Ï¥³ ¢Ò· ¦¥´¨¥ (101) ¢ ¢¨¤¥∫

dk
(2π)32Ek

φ(k,p)|k, s〉. (103)

�É  ±μ´¸É·Ê±Í¨Ö μ¶¨¸Ò¢ ¥É ‚� ¸ ´ ¨¡μ²¥¥ ¢¥·μÖÉ´Ò³ ¨³¶Ê²Ó¸μ³ p, ¶·μ¥±-
Í¨¥° ¸¶¨´  s ¨ ¸·¥¤´¥° É·¥Ì³¥·´μ° ±μμ·¤¨´ Éμ° Í¥´É·  ¶ ±¥É , ¸μ¢¶ ¤ ÕÐ¥°
¸ ´ Î ²μ³ ¸¨¸É¥³Ò ±μμ·¤¨´ É ¢ ³μ³¥´É ¢·¥³¥´¨ t = 0. �¢μ²ÕÍ¨Ö ‚� ¢μ ¢·¥-
³¥´¨ μ¤´μ§´ Î´μ § ¤ ¥É¸Ö ¤¥°¸É¢¨¥³ ´  ¸μ¸ÉμÖ´¨¥ ‚� Ê´¨É ·´μ£μ μ¶¥· Éμ· 
É· ´¸²ÖÍ¨¨. „²Ö Éμ£μ ÎÉμ¡Ò ¢μ§´¨± ÕÐ¨¥ ¢ Ëμ·³ ²¨§³¥ μ¡Ñ¥±ÉÒ ¨³¥²¨ Ö¢´μ
É· ´¸²ÖÍ¨μ´´μ-¨´¢ ·¨ ´É´Ò° ¢¨¤ (É¨¶  f(x − y),   ´¥ f(x + y)), Ê¤μ¡´μ
§ ¤ ÉÓ ´ Î ²Ó´μ¥ Ê¸²μ¢¨¥ ¤²Ö ‚� ¸μ ¸·¥¤´¥° É·¥Ì³¥·´μ° ±μμ·¤¨´ Éμ° −x ¢
´¥±μÉμ·Ò° ³μ³¥´É ¢·¥³¥´¨ −x0 < 0. ’μ£¤ , ¤¥°¸É¢ÊÖ ´  ¸μ¸ÉμÖ´¨¥ (103) μ¶¥-

· Éμ·μ³ e+iP̂x, ¶·¨Ìμ¤¨³ ± ¸²¥¤ÊÕÐ¥³Ê ¢Ò· ¦¥´¨Õ ¤²Ö ‚� ¢ ¶·μ¨§¢μ²Ó´μ°
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¶·μ¸É· ´¸É¢¥´´μ-¢·¥³¥´´μ° ÉμÎ±¥ x:

|p, s, x〉 =
∫

dk
(2π)32Ek

e+ikxφ(k,p)|k, s〉. (104)

�Î¥¢¨¤´μ e−iP̂x|p, s, x〉 = |p, s, 0〉. �É³¥É¨³, ÎÉμ ¢Ò· ¦¥´¨¥ (104) μÉ²¨Î -
¥É¸Ö μÉ ¨¸¶μ²Ó§Ê¥³μ£μ ¢ ´ Ï¨Ì ¶·¥¤Ò¤ÊÐ¨Ì · ¡μÉ Ì [57,58,100] μÉ¸ÊÉ¸É¢¨¥³
Ë §μ¢μ£μ ³´μ¦¨É¥²Ö e−ipx.

Šμμ·¤¨´ É´μ¥ ¶·¥¤¸É ¢²¥´¨¥. � ¸¸³μÉ·¨³ ¸¢μ¡μ¤´μ¥ Ë¥·³¨μ´´μ¥ ¶μ²¥
¸μ ¸¶¨´μ³ 1/2, ¶μ²¥¢μ° μ¶¥· Éμ· ±μÉμ·μ£μ ¨³¥¥É ¢¨¤

Ψ(y) =
∫

dk
(2π)3

√
2Ek

∑
s

[aksus(k) e−iky + b†ksvs(k) eiky ].

‘μ¸ÉμÖ´¨¥ 〈0|Ψ(y) ´¥·¥¤±μ ´ §Ò¢ ÕÉ ¸μ¸ÉμÖ´¨¥³ Ë¥·³¨μ´  ¸ μ¶·¥¤¥²¥´´μ°
±μμ·¤¨´ Éμ°, ´  ÎÉμ ´ É ²±¨¢ ¥É ¸²¥¤ÊÕÐ¥¥ Ô²¥³¥´É ·´μ¥ ¢ÒÎ¨¸²¥´¨¥:

〈0|Ψ(y)|p, s〉 = us(p) e−ipy , (105)

¤ ÕÐ¥¥ ´ ³ ¶²μ¸±ÊÕ ¢μ²´Ê e−ipy, Ê³´μ¦¥´´ÊÕ ´  ¸¶¨´μ· us(p). �´ ²μ£¨Î´μ
μ¶·¥¤¥²¨³ ±μμ·¤¨´ É´ÊÕ ¢μ²´μ¢ÊÕ ËÊ´±Í¨Õ

〈0|Ψ(y)|p, s, x〉 =
∫

dk
(2π)32Ek

us(k) e−ik(y−x)φ(k,p) � us(p)ψ(p, y − x),

(106)
£¤¥ ¶·¨¡²¨¦¥´´μ¥ · ¢¥´¸É¢μ ¸μμÉ¢¥É¸É¢Ê¥É Ê§±¨³ ¶ ±¥É ³. “¸²μ¢¨¥ ¶·¨³¥´¨-
³μ¸É¨ ÔÉμ£μ ¶·¨¡²¨¦¥´¨Ö ³μ¦¥É ¡ÒÉÓ § ¶¨¸ ´μ ± ±

|i∇y ln ψ(p, x − y) + p| � 2Ep. (107)

‹μ·¥´Í-¨´¢ ·¨ ´É´ Ö ËÊ´±Í¨Ö ψ μ¶·¥¤¥²¥´  ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

ψ(p, x) ≡ ψ(p, x0,x) =
∫

dk
(2π)32Ek

φ(k,p) e−ikx. (108)

�Î¥¢¨¤´μ, ÎÉμ ËÊ´±Í¨Ö (108) Ê¤μ¢²¥É¢μ·Ö¥É (¤²Ö ²Õ¡μ£μ p) Ê· ¢´¥´¨Õ
Š²¥°´ Äƒμ·¤μ´ 

(∂2 + m2)ψ(p, x) = 0,

É. ¥. ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° ·¥²ÖÉ¨¢¨¸É¸±¨° ‚� ¢ É¥·³¨´ Ì ¸É ´¤ ·É´μ° É¥μ-
·¨¨ · ¸¸¥Ö´¨Ö Š’�. Ÿ¸´μ É ±¦¥, ÎÉμ ¢ · ³± Ì ¸¤¥² ´´ÒÌ ¶·¥¤¶μ²μ¦¥´¨°
ËÊ´±Í¨Ö ψ(p, x) § ¢¨¸¨É Éμ²Ó±μ μÉ ¤¢ÊÌ ´¥§ ¢¨¸¨³ÒÌ ¸± ²Ö·´ÒÌ ¶¥·¥³¥´-

´ÒÌ x2 ¨ (px).
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‘± ²Ö·´ Ö ËÊ´±Í¨Ö ψ ´¥ ³¥´Ö¥É¸Ö ¶·¨ ¶¥·¥Ìμ¤¥ ¢ ¸. ¸. μ. ¶ ±¥É  (p
 = 0),
É. ¥.

ψ(p, x) =
∫

dk
(2π)32Ek

φ(k,0) e−ikx� = ψ(0, x
), (109)

£¤¥ 4-¢¥±Éμ· x
 = (x0

,x
) ¸¢Ö§ ´ ¸ x = (x0,x) ¶·¥μ¡· §μ¢ ´¨¥³ ‹μ·¥´Í 

¢¤μ²Ó ´ ¶· ¢²¥´¨Ö −p (¨§ ² ¡μ· Éμ·´μ° ¸¨¸É¥³Ò (². ¸.) ¢ ¸. ¸. μ. ¶ ±¥É ),

x

0 = Γp(x0 − vpx), x
 = x + Γp

[
Γp(vpx)
Γp + 1

− x0

]
vp, (110 )

  Γp = Ep/m = 1/
√

1 − v2
p Å ²μ·¥´Í-Ë ±Éμ· ¶ ±¥É . �μ¸±μ²Ó±Ê ψ(0, x
) Å

Î¥É´ Ö ËÊ´±Í¨Ö ¶¥·¥³¥´´μ° x
, μ´  ³μ¦¥É § ¢¨¸¥ÉÓ Éμ²Ó±μ μÉ ¶¥·¥³¥´´ÒÌ x0



¨ |x
|, ±μÉμ·Ò¥ ¢Ò· ¦ ÕÉ¸Ö Î¥·¥§ ¨´¢ ·¨ ´ÉÒ (px) ¨ x2 ¶μ¸·¥¤¸É¢μ³ ¸μμÉ-
´μÏ¥´¨°

x0

 =

(px)
m

, |x
|2 = (x0

)

2 − x2 =
1

m2

[
(px)2 − m2x2

]
. (110¡)

‘ ¶μ³μÐÓÕ (110 ) ¨ (110¡) ´¥É·Ê¤´μ ¶·μ¢¥·¨ÉÓ É ±¦¥, ÎÉμ

|x
| = Γp

√
(x − vpx0)2 − (vp × x)2 =

1
m

√
(Epx− px0)2 − (p × x)2.

(111)

�ËË¥±É¨¢´Ò° μ¡Ñ¥³ ¢μ²´μ¢μ£μ ¶ ±¥É . ‚ ¸μμÉ¢¥É¸É¢¨¨ ¸ ¶·¨´ÖÉÒ³ Ê¸²μ-
¢¨¥³ (95) ¡¥§· §³¥·´ Ö ËÊ´±Í¨Ö ψ(p, x) ´¥ Ö¢²Ö¥É¸Ö ´μ·³¨·μ¢ ´´μ° ¢μ²´μ¢μ°
ËÊ´±Í¨¥°. �Éμ ¶μ§¢μ²Ö¥É ¤ ÉÓ ¢¥²¨Î¨´¥

V (p) def=
∫

dx|ψ(p, x)|2 =
∫

dk
(2π)3

|φ(k,p)|2
(2Ek)2

=
V (0)
Γp

(112)

¨´É¥·¶·¥É Í¨Õ É·¥Ì³¥·´μ£μ μ¡Ñ¥³  ¢ ¶·μ¸É· ´¸É¢¥, § ´¨³ ¥³μ£μ ‚�. ’ ± Ö
¨´É¥·¶·¥É Í¨Ö ¡Ê¤¥É É¥³ ÉμÎ´¥¥, Î¥³ �Ê¦¥ ‚� ¢ ¨³¶Ê²Ó¸´μ³ ¶·μ¸É· ´¸É¢¥.
‚ É ±μ³ ¶·¨¡²¨¦¥´¨¨ ´μ·³Ê ¸μ¸ÉμÖ´¨Ö ³μ¦´μ ¶·¥¤¸É ¢¨ÉÓ ¢ ¢¨¤¥

〈p, x|p, x〉 =
∫

dk|φ(k,p)|2
(2π)32Ek

� 2〈Ep〉
∫

dk|φ(k,p)|2
(2π)3(2Ek)2

= 2〈Ep〉V (p). (113)

‡ ³¥É¨³, ÎÉμ ¢ μ¡Ð¥³ ¸²ÊÎ ¥ V
 	= V (0).
3.4. �¥·¥¸É ´μ¢μÎ´ Ö ËÊ´±Í¨Ö. “¤μ¡´μ ¢¢¥¸É¨ ¢¸¶μ³μ£ É¥²Ó´Ò° μ¶¥· -

Éμ· ·μ¦¤¥´¨Ö ‚�

A†
ps(x) =

∫
dkφ(k,p) eikx

(2π)3
√

2Ek2Ep

a†
kr, (114)
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¸ ¶μ³μÐÓÕ ±μÉμ·μ£μ ¸μ¸ÉμÖ´¨¥ (103) ³μ¦´μ § ¶¨¸ ÉÓ ¢ ¢¨¤¥,  ´ ²μ£¨Î´μ³
¶²μ¸±μ¢μ²´μ¢μ³Ê ¶·¥¤¥²Ê,

|p, s, x〉 =
√

2EpA†
ps(x)|0〉. (115)

�Î¥¢¨¤´μ, ÎÉμ A†
ps(x) ¶¥·¥Ìμ¤¨É ¢ a†

ps ¢ ¶·¥¤¥²¥ σ → 0.
ˆ§ μ¶·¥¤¥²¥´¨Ö μ¶¥· Éμ·μ¢ Aps(x) ¨ A†

ps(x) ´¥É·Ê¤´μ ¢Ò¢¥¸É¨ ¸²¥¤ÊÕ-
Ð¨¥ ( ´É¨)±μ³³ÊÉ Í¨μ´´Ò¥ ¸μμÉ´μÏ¥´¨Ö:

{aqr, A
†
ps(x)} = δsr(4EqEp)−1/2 eiqxφ(q,p), (116 )

{Aqr(y), Aps(x)} = {A†
qr(y), A†

ps(x)} = 0, (116¡)

{Aqr(y), A†
ps(x)} = δsr(4EqEp)−1/2D(p,q; x − y). (116¢)

‡¤¥¸Ó ³Ò ¢¢¥²¨ ²μ·¥´Í- ¨ É· ´¸²ÖÍ¨μ´´μ-¨´¢ ·¨ ´É´ÊÕ ¶¥·¥¸É ´μ¢μÎ´ÊÕ
ËÊ´±Í¨Õ

D(p,q; x − y) =
∫

dk
(2π)32Ek

φ(k,p)φ∗(k,q) eik(x−y). (117)

ˆ§ (104) ¨ (116¢) ¸²¥¤Ê¥É, ÎÉμ

〈q, r, y|p, s, x〉 = δsrD(p,q; x − y). (118)

�¥±μÉμ·Ò¥ μ¡Ð¨¥ ¸¢μ°¸É¢  ¶¥·¥¸É ´μ¢μÎ´μ° ËÊ´±Í¨¨ ¢ (117) ¸É ´μ¢ÖÉ¸Ö μ¸μ-
¡¥´´μ ¶·μ§· Î´Ò³¨ ¢ ¸¨¸É¥³¥ Í¥´É·  ¨´¥·Í¨¨ (¸. Í. ¨.) ¤¢ÊÌ ¶ ±¥Éμ¢. 
Ê¤¥³
μ¡μ§´ Î ÉÓ ¢¥²¨Î¨´Ò ¢ ÔÉμ° ¸¨¸É¥³¥ ¶μ¤¸É·μÎ´Ò³ ¨²¨, ±μ£¤  ÔÉμ ´¥ ³μ-
¦¥É ¡ÒÉÓ ¸¶ÊÉ ´μ ¸μ §´ ±μ³ ±μ³¶²¥±¸´μ£μ ¸μ¶·Ö¦¥´¨Ö, ´ ¤¸É·μÎ´Ò³ ¨´¤¥±-
¸μ³ ®∗¯. �μ¸±μ²Ó±Ê ¢ ¸. Í. ¨. p∗ + q∗ = 0, ¨³¥¥³

D(p∗,−p∗; x∗ − y∗) =
∫

dk
(2π)32Ek

φ(k,p∗)φ∗(k,−p∗) eik(x∗−y∗). (119)


² £μ¤ ·Ö Ì · ±É¥·´μ³Ê ¶μ¢¥¤¥´¨Õ Ëμ·³Ë ±Éμ·  φ(k,p) ¢¡²¨§¨ ÉμÎ±¨ k = p
¸²¥¤Ê¥É μ¦¨¤ ÉÓ, ÎÉμ ³μ¤Ê²Ó ËÊ´±Í¨¨ D(p∗,−p∗; x∗− y∗) ¨³¥¥É μ¸É·Ò° ³ ±-
¸¨³Ê³ ¶·¨ p∗ = 0 ¨ ¡Ò¸É·μ ¨¸Î¥§ ¥É ¶·¨ ¡μ²ÓÏ¨Ì §´ Î¥´¨ÖÌ |p∗|, ¶μ¸±μ²Ó±Ê
³ ±¸¨³Ê³Ò ¸μ³´μ¦¨É¥²¥° |φ(k,p∗)| ¨ |φ(k,−p∗)| ¢ ¶μ¤Ò´É¥£· ²Ó´μ³ ¢Ò· -
¦¥´¨¨ ¢ (119) ¸¨²Ó´μ · §´¥¸¥´Ò ¢ ÔÉμ³ ¸²ÊÎ ¥, ¨, §´ Î¨É, ¨Ì ¶·μ¨§¢¥¤¥´¨¥
³ ²μ ¤²Ö ²Õ¡ÒÌ §´ Î¥´¨° ¶¥·¥³¥´´μ° ¨´É¥£·¨·μ¢ ´¨Ö k. �É  ¸¨ÉÊ Í¨Ö ¸Ì¥³ -
É¨Î¥¸±¨ ¶μ± § ´  ´  ·¨¸. 2. �¥É·Ê¤´μ ¢¨¤¥ÉÓ, ÎÉμ ¨´É¥£· ² ¢ (119) ¸É ´μ¢¨É¸Ö
¨¸Î¥§ ÕÐ¥ ³ ²Ò³ ¨ ¢ ¸²ÊÎ ¥, ±μ£¤  ÉμÎ±¨ x∗ ¨ y∗ ¸¨²Ó´μ · §´¥¸¥´Ò ¢ ¶·μ-
¸É· ´¸É¢¥, É. ¥. ±μ£¤  §´ Î¥´¨¥ |x∗−y∗| ¢¥²¨±μ. �Éμ ¶·μ¨¸Ìμ¤¨É ¨§-§  ¡Ò¸É·μ

μ¸Í¨²²¨·ÊÕÐ¥£μ Ë ±Éμ·  e−ik(x∗−y∗) ¢ ¶μ¤Ò´É¥£· ²Ó´μ³ ¢Ò· ¦¥´¨¨ ¢ (119).
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�¨¸. 2. ‘Ì¥³ É¨Î¥¸± Ö ¨²²Õ¸É· Í¨Ö
³ ²μ¸É¨ ¶μ¤Ò´É¥£· ²Ó´μ£μ ¢Ò· ¦¥´¨Ö
¢ (119) ¶·¨ ¡μ²ÓÏ¨Ì §´ Î¥´¨ÖÌ ¨³¶Ê²Ó¸ 
|p∗| ¢ ¸. Í. ¨. ¶ ±¥Éμ¢

„²Ö Éμ£μ ÎÉμ¡Ò ¢¥·´ÊÉÓ¸Ö ¢ ² ¡μ· Éμ·´ÊÕ (¨²¨ ²Õ¡ÊÕ ¤·Ê£ÊÕ) ¸¨¸É¥³Ê
μÉ¸Î¥É , ´¥μ¡Ìμ¤¨³μ ¢Ò· §¨ÉÓ ¶¥·¥³¥´´Ò¥ ¢ ¸. Í. ¨. Î¥·¥§ ¶¥·¥³¥´´Ò¥ ¢ ÔÉμ°
¸¨¸É¥³¥. ‘μμÉ¢¥É¸É¢ÊÕÐ¥¥ ¶·¥μ¡· §μ¢ ´¨¥ ‹μ·¥´Í  ¨³¥¥É ¢¨¤

x0
∗ = Γ(x0 − vx), x∗ = x + Γ

[
Γ

Γ + 1
(vx) − x0

]
v

(¨  ´ ²μ£¨Î´μ ¤²Ö y∗ ¨ x∗ − y∗), £¤¥

v =
p + q

Ep + Eq
¨ Γ =

1√
1 − v2

=
Ep + Eq

Ep∗ + Eq∗

μ§´ Î ÕÉ, ¸μμÉ¢¥É¸É¢¥´´μ, ¸±μ·μ¸ÉÓ ¨ ²μ·¥´Í-Ë ±Éμ· ¸. Í. ¨. ¢ ². ¸.; Ô´¥·£¨Ö ¨
¨³¶Ê²Ó¸ ¢ ¸. Í. ¨. ¤ ÕÉ¸Ö ¸²¥¤ÊÕÐ¨³¨ Ëμ·³Ê² ³¨:

Ep∗ = Eq∗ =
1
2

√
(p + q)2 ≡ E∗, |p∗| = |q∗| =

1
2

√
−(p − q)2 ≡ P∗.

ˆ§ ¶μ¸²¥¤´¥£μ · ¢¥´¸É¢  ¢¨¤´μ, ÎÉμ P∗ Ê¡Ò¢ ¥É ¶·¨ p → q ¨ ¢μ§· ¸É ¥É
¸ ·μ¸Éμ³ |p − q|. �μÔÉμ³Ê ¨§ ¢ÒÏ¥¶·¨¢¥¤¥´´ÒÌ ¸μμ¡· ¦¥´¨° ¸²¥¤Ê¥É, ÎÉμ

ËÊ´±Í¨Ö |D(p,q; x − y)| ¤μ¸É¨£ ¥É ¸¢μ¥£μ ³ ±¸¨³Ê³  ¶·¨ p = q ¨ Ê¡Ò¢ ¥É

¶·¨ ¡μ²ÓÏ¨Ì §´ Î¥´¨ÖÌ |p − q|.
‚ § ±²ÕÎ¥´¨¥ ÔÉμ£μ ¶Ê´±É  Ê³¥¸É´μ ¢Ò¶¨¸ ÉÓ ±¨´¥³ É¨Î¥¸±¨¥ Éμ¦¤¥¸É¢ 

2E∗x
0
∗ = (p + q)x, 2p∗x∗ = (q − p)x, vx∗ = Γ(vx − v2x0), (120 )

x2
∗ =

[(p + q)x]2

(p + q)2
− x2 = Γ2(|x − vx0|2 − |v × x|2), (120¡)

±μÉμ·Ò¥ ¡Ê¤ÊÉ Î ¸Éμ ¨¸¶μ²Ó§μ¢ ÉÓ¸Ö ¢ ¤ ²Ó´¥°Ï¥³ ¨§²μ¦¥´¨¨. ˆ§ ¶μ¸²¥¤´¥£μ
· ¢¥´¸É¢  ¸²¥¤Ê¥É, ¢ Î ¸É´μ¸É¨, ÎÉμ

x∗ = 0 ⇐⇒ x = vx0.

3.5. Œ´μ£μ¶ ±¥É´Ò¥ ¸μ¸ÉμÖ´¨Ö. �É¨ ¸μ¸ÉμÖ´¨Ö ¢ ¦´Ò ¤²Ö ¶μ¸É·μ¥´¨Ö
É¥μ·¨¨ ´¥°É·¨´´ÒÌ μ¸Í¨²²ÖÍ¨° ¢ ¢¥Ð¥¸É¢¥ ¸ ÊÎ¥Éμ³ ÔËË¥±Éμ¢ ±μ£¥·¥´É´μ£μ
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· ¸¸¥Ö´¨Ö ´¥°É·¨´μ ´  Î ¸É¨Í Ì ¸·¥¤Ò. ‡¤¥¸Ó ³Ò ¶·¥¤¶μ² £ ¥³, ÎÉμ Éμ¦¤¥-
¸É¢¥´´Ò¥ ‚�, ¨³¥ÕÐ¨¥ · §´Ò¥ ¨³¶Ê²Ó¸Ò ¨ ¶·μ¥±Í¨¨ ¸¶¨´μ¢, ´μ μÉ¢¥Î ÕÐ¨¥
¸μ¸ÉμÖ´¨Ö³ μ¤´μ£μ ¨ Éμ£μ ¦¥ ±¢ ´Éμ¢μ£μ ¶μ²Ö, Ì · ±É¥·¨§ÊÕÉ¸Ö μ¤¨´ ±μ¢Ò³¨
´ ¡μ· ³¨ ¶ · ³¥É·μ¢ σ = {σ1, σ2, . . .}. �μÔÉμ³Ê ´¨¦¥ ³Ò ´¥ Ê± §Ò¢ ¥³ § -
¢¨¸¨³μ¸ÉÓ μÉ σ ¢ Ö¢´μ³ ¢¨¤¥. �¶·¥¤¥²¨³ ±¥É-¸μ¸ÉμÖ´¨¥ n Éμ¦¤¥¸É¢¥´´ÒÌ ‚�
± ±

|p1, s1, x1;p2, s2, x2; . . . ;pn, sn, xn〉 =

=

(
n∏

i=1

√
2Epi

)
A†

p1s1
(x1)A†

p2s2
(x2) · · ·A†

pnsn
(xn)|0〉. (121)

‘μμÉ¢¥É¸É¢ÊÕÐ¥¥ ¡· -¸μ¸ÉμÖ´¨¥ ¶μ²ÊÎ ¥É¸Ö ¨§ (121) ¸ ¶μ³μÐÓÕ Ô·³¨Éμ¢μ£μ
¸μ¶·Ö¦¥´¨Ö. �Î¥¢¨¤´μ, ¸μ¸ÉμÖ´¨¥ (121) ¶μ²´μ¸ÉÓÕ ¸¨³³¥É·¨Î´μ ( ´É¨¸¨³-
³¥É·¨Î´μ) ¤²Ö ¡μ§μ´μ¢ (Ë¥·³¨μ´μ¢) μÉ´μ¸¨É¥²Ó´μ ¶¥·¥¸É ´μ¢μ± (pi, si, xi) ↔
(pj , sj , xj) ¤²Ö ²Õ¡μ° ¶ ·Ò ¨´¤¥±¸μ¢ i, j (1 � i, j � n, i 	= j). �¡Ð¥¥ ¸μμÉ-
´μÏ¥´¨¥ ¸¨³³¥É·¨¨ ¨³¥¥É ¢¨¤

|p1, s1, x1; p2, s2, x2; . . . ;pn, sn, xn〉 =
= (±1)ηP |pi1 , si1 , xi1 ;pi2 , si2 , xi2 ; . . . ;pin , sin , xin〉.

‡¤¥¸Ó ¨ ´¨¦¥ ¢¥·Ì´¨° §´ ± μÉ´μ¸¨É¸Ö ± ¡μ§μ´ ³,   ´¨¦´¨° Å ± Ë¥·³¨μ´ ³,
  ηP Å Î¥É´μ¸ÉÓ ¶¥·¥¸É ´μ¢±¨

P =
(

1 2 . . . n
i1 i2 . . . in

)
.

„²Ö Éμ£μ ÎÉμ¡Ò ´ °É¨ ´μ·³¨·μ¢±Ê ¸μ¸ÉμÖ´¨° (121), Ê¤μ¡´μ ¢¢¥¸É¨ n × n
³ É·¨ÍÊ

Dn ≡ D({q, r, y}n, {p, s, x}n) = ||δsirj (∓1)i+jD(pi,qj ; xi − yj)||.

„μ± ¦¥³, ÎÉμ

Mn ≡ 〈q1, r1, y1;q2, r2, y2; . . . ;qn, rn, yn|p1, s1, x1;
p2, s2, x2; . . . ;pn, sn, xn〉 = |Dn|. (122)

�Éμ ¸μμÉ´μÏ¥´¨¥ É·¨¢¨ ²Ó´μ ¢ ¸²ÊÎ ¥ n = 1. �·Ö³Ò³ ¢ÒÎ¨¸²¥´¨¥³ ¶·μ¢¥-
·Ö¥É¸Ö, ÎÉμ

M2 ≡ 〈q1, r1, y1;q2, r2, y2|p1, s1, x1;p2, s2, x2〉 =
= [δs1r1δs2r2D(p1,q1; x1 − y1)D(p2,q2; x2 − y2)±

± δs1r2δs2r1D(p1,q2; x1 − y2)D(p2,q1; x2 − y1)] = |D2|.
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‘²¥¤μ¢ É¥²Ó´μ, · ¢¥´¸É¢μ (122) ¸¶· ¢¥¤²¨¢μ ¨ ¶·¨ n = 2. � ¸¸³μÉ·¨³ É¥¶¥·Ó
³ É·¨Î´Ò° Ô²¥³¥´É Mn+1 ¤²Ö n � 2. ‘μ£² ¸´μ (121) ¨ (116¡)

Mn+1 =

(
n+1∏
i=1

4EqiEpi

)1/2

〈0|Aq1r1(y1) · · ·Aqnrn(yn)Aqn+1rn+1(yn+1)×

× A†
pn+1sn+1

(xn+1)A†
pnsn

(xn) · · ·A†
p1s1

(x1)|0〉.

’¥¶¥·Ó ¶μ¸²¥ ¶μ¸²¥¤μ¢ É¥²Ó´ÒÌ ¶¥·¥¸É ´μ¢μ± μ¶¥· Éμ·  A†
pn+1sn+1

(xn+1) ¸
μ¶¥· Éμ· ³¨ Aqnrn(yn), . . . , Aq1r1(y1) ¸ ¶·¨³¥´¥´¨¥³ (122) ¤²Ö n-¶ ±¥É´ÒÌ
³ É·¨Î´ÒÌ Ô²¥³¥´Éμ¢ ¨ ¸ ÊÎ¥Éμ³ ( ´É¨)±μ³³ÊÉ Í¨μ´´ÒÌ ¸μμÉ´μÏ¥´¨° (116¢)
´ Ìμ¤¨³

Mn+1 =

(
n+1∏
i=1

4EqiEpi

)1/2 n+1∑
j=1

(±1)n+j+1δsn+1rj×

× (4Eqj Epn+1)
−1/2D(pn+1,qj ; xn+1 − yj)×

× 〈0|Aq1r1(y1)· · ·Aqj−1rj−1(yj−1)Aqj+1rj+1(yj+1) · · ·
· · ·Aqnrn(yn)Aqn+1rn+1(yn+1)A†

pnsn
(xn) · · ·A†

p1s1
(x1)|0〉.

�μ¸²¥ ´¥±μÉμ·ÒÌ ¶·¥μ¡· §μ¢ ´¨° ¶· ¢ Ö Î ¸ÉÓ ÔÉμ£μ ¸μμÉ´μÏ¥´¨Ö ³μ¦¥É
¡ÒÉÓ ¶¥·¥¶¨¸ ´  ¢ ±μ³¶ ±É´μ° Ëμ·³¥:

n+1∑
j=1

(±1)n+j+1δsn+1rjD(pn+1,qj ; xn+1 − yj)|D(j)
n+1|,

£¤¥ |D(j)
n+1| ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° ³¨´μ· ¶μ·Ö¤±  n μ¶·¥¤¥²¨É¥²Ö |Dn+1|, ¢μ§´¨-

± ÕÐ¨° ¶·¨ ¢ÒÎ¥·±¨¢ ´¨¨ ¨§ ¶μ¸²¥¤´¥£μ (n + 1)-° ¸É·μ±¨ ¨ j-£μ ¸Éμ²¡Í .
‘Ê³³  ¶μ j ¶μ¸²¥¤´¥£μ ¢Ò· ¦¥´¨Ö ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° ´¥ ÎÉμ ¨´μ¥, ± ± ³¨-
´μ·´μ¥ · §²μ¦¥´¨¥ μ¶·¥¤¥²¨É¥²Ö |Dn+1| ¶μ (n + 1)-° ¸É·μ±¥. ‘²¥¤μ¢ É¥²Ó´μ,
Mn+1 = |Dn+1|, ÎÉμ § ¢¥·Ï ¥É ¤μ± § É¥²Ó¸É¢μ ¶μ ¨´¤Ê±Í¨¨.

ˆÉ ±, ¸μ£² ¸´μ (122) n-¡μ§μ´´Ò° (n-Ë¥·³¨μ´´Ò°) ³ É·¨Î´Ò° Ô²¥³¥´É
Mn ¶·μ¶μ·Í¨μ´ ²¥´ ¶¥·³ ´¥´ÉÊ (¤¥É¥·³¨´ ´ÉÊ) ³ É·¨ÍÒ ||δsirjD(pi,qj ; xi−
yj)||. �¥·¥°¤¥³, ´ ±μ´¥Í, ± ¶·μ¡²¥³¥ ´μ·³¨·μ¢±¨. �μ¸±μ²Ó±Ê

D(p,q; x − y) = D∗(q,p; y − x),

Éμ ³ É·¨Í  D({p, s, x}n, {p, s, x}n) Ô·³¨Éμ¢ . ‘²¥¤μ¢ É¥²Ó´μ, n-¶ ±¥É´Ò° ³ -
É·¨Î´Ò° Ô²¥³¥´É

〈p1, s1, x1;p2, s2, x2; . . . ;pn, sn, xn|p1, s1, x1;p2, s2, x2; . . . ;pn, sn, xn〉 ≡
≡ n〈p, s, x|p, s, x〉n (123)
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¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° ¢¥Ð¥¸É¢¥´´ÊÕ ¶μ²¨´μ³¨ ²Ó´ÊÕ ±μ³¡¨´ Í¨Õ n-£μ ¶μ-
·Ö¤±  μÉ ¶¥·¥¸É ´μ¢μÎ´ÒÌ ËÊ´±Í¨° D ¸ · §´Ò³¨  ·£Ê³¥´É ³¨. � ¶·¨³¥·,
¤²Ö n = 1, 2 ¨ 3 ¶μ²ÊÎ ¥³

1〈p, s, x|p, s, x〉1 = 2mV
,

2〈p, s, x|p, s, x〉2 = (2mV
)2 ± δs1s2 |D(p1,p2; x1 − x2)|2,

3〈p, s, x|p, s, x〉3 = (2mV
)3 ± 2mV


∑
1�i<j�3

δsisj |D(pi,pj ; xi − xj)|2+

+ 2Re
∏

1�i<j�3

[δsisjD(pi,pj; xi − xj)]. (124)

‘¢μ°¸É¢  ¶¥·¥¸É ´μ¢μÎ´μ° ËÊ´±Í¨¨, μ¡¸Ê¦¤ ¢Ï¨¥¸Ö ¢ ¶. 3.4, ¶μ§¢μ²ÖÕÉ ¶·μ-
 ´ ²¨§¨·μ¢ ÉÓ ÔÉ¨ ·¥§Ê²ÓÉ ÉÒ ¢ ¤¢ÊÌ ¶·μ¸ÉÒÌ ¶·¥¤¥²Ó´ÒÌ ¸²ÊÎ ÖÌ. …¸²¨ ¢¸¥
¶·μ¸É· ´¸É¢¥´´μ-¢·¥³¥´´Ò¥ ÉμÎ±¨ x1, x2, . . . , xn (n � 2) ¤μ¸É ÉμÎ´μ ¤ ²¥±μ
· §´¥¸¥´Ò ¨²¨/¨ 3-¨³¶Ê²Ó¸Ò p1,p2, . . . ,pn ¸¨²Ó´μ μÉ²¨Î ÕÉ¸Ö ¤·Ê£ μÉ ¤·Ê£ 
¶μ ¢¥²¨Î¨´¥ ¨²¨ ´ ¶· ¢²¥´¨Õ (·¥¦¨³ ´¥¶¥·¥¸¥Î¥´¨Ö), Éμ ¨§ (122) ¸²¥¤Ê¥É,
ÎÉμ

n〈p, s, x|p, s, x〉n ≈ (2mV
)n = 〈p, s, x|p, s, x〉n.

‚ ¶·μÉ¨¢μ¶μ²μ¦´μ° ¸¨ÉÊ Í¨¨, ±μ£¤  ¶ ±¥ÉÒ, ¨³¥ÕÐ¨¥ μ¤¨´ ±μ¢Ò¥ ¶·μ¥±Í¨¨
¸¶¨´μ¢, ¸¨²Ó´μ ¶¥·¥¸¥± ÕÉ¸Ö ± ± ¢ ¨³¶Ê²Ó¸´μ³, É ± ¨ ¢ ±μ´Ë¨£Ê· Í¨μ´´μ³
¶·μ¸É· ´¸É¢ Ì,

n〈p, s, x|p, s, x〉n ≈
{

n!(2mV
)n ¤²Ö ¡μ§μ´μ¢,

0 ¤²Ö Ë¥·³¨μ´μ¢.

‚ μ¡μ¨Ì ¶·¥¤¥²Ó´ÒÌ ¸²ÊÎ ÖÌ ³ É·¨Î´Ò° Ô²¥³¥´É ´¥ § ¢¨¸¨É μÉ ¨³¶Ê²Ó¸μ¢,
±μμ·¤¨´ É ¨ ¶·μ¥±Í¨° ¸¶¨´ . �μ¢¥¤¥´¨¥ n-¶ ±¥É´μ£μ ³ É·¨Î´μ£μ Ô²¥³¥´É 
¢ ·¥¦¨³¥ ¶¥·¥¸¥Î¥´¨Ö ¥¸ÉÓ ¶·μ¸Éμ ¶·μÖ¢²¥´¨¥ ÔËË¥±Éμ¢ ¡μ§¥¢¸±μ£μ ¶·¨ÉÖ-
¦¥´¨Ö ¨ ¶·¨´Í¨¶  � Ê²¨ ¤²Ö Éμ¦¤¥¸É¢¥´´ÒÌ ¡μ§μ´μ¢ ¨ Ë¥·³¨μ´μ¢ ¸μμÉ-
¢¥É¸É¢¥´´μ. ƒμ· §¤μ ³¥´¥¥ É·¨¢¨ ²Ó´Ò³ Ë ±Éμ³ Ö¢²Ö¥É¸Ö Éμ, ÎÉμ Ëμ·³ ²¨§³
‚� ¶μ¤É¢¥·¦¤ ¥É ¨´ÉÊ¨É¨¢´Ò¥ μ¦¨¤ ´¨Ö Éμ£μ, ÎÉμ ¸¢μ¡μ¤´Ò¥ Éμ¦¤¥¸É¢¥´´Ò¥
¡μ§μ´Ò (Ë¥·³¨μ´Ò) ¸ μ¤¨´ ±μ¢Ò³¨ ¨³¶Ê²Ó¸ ³¨ ¨ μ¤¨´ ±μ¢Ò³¨ ¶·μ¥±Í¨Ö³¨
¸¶¨´μ¢ ´¥ ±μ´¤¥´¸¨·ÊÕÉ¸Ö (³μ£ÊÉ ¶·¥±· ¸´μ ¸μ¸ÊÐ¥¸É¢μ¢ ÉÓ), ¥¸²¨ μ´¨ · §¤¥-
²¥´Ò ¤μ¸É ÉμÎ´μ ¡μ²ÓÏ¨³¨ ¶·μ¸É· ´¸É¢¥´´μ-¢·¥³¥´´Ò³¨ ¨´É¥·¢ ² ³¨. �ÉμÉ
Ë¨§¨Î¥¸±¨ ¶·μ§· Î´Ò° ·¥§Ê²ÓÉ É ´¥¢μ§³μ¦´μ ¶μ´ÖÉÓ ¢ · ³± Ì ¶²μ¸±μ¢μ²´μ-
¢μ£μ Ëμ·³ ²¨§³  Š’�. 
μ²¥¥ Éμ£μ, ¶·¨´Í¨¶ � Ê²¨ ¨´μ£¤  Ëμ·³Ê²¨·Ê¥É¸Ö
¢ ± É¥£μ·¨Î¥¸±μ° Ëμ·³¥: ®¢¥·μÖÉ´μ¸ÉÓ μ¡´ ·Ê¦¨ÉÓ ¤¢  Éμ¦¤¥¸É¢¥´´ÒÌ Ë¥·-
³¨μ´  ¸ μ¤¨´ ±μ¢Ò³¨ ¨³¶Ê²Ó¸ ³¨ ¨ ¶·μ¥±Í¨Ö³¨ ¸¶¨´  · ¢´  ´Ê²Õ¯. ŒÒ
¢¨¤¨³, ÎÉμ ÔÉμ, ¢μμ¡Ð¥ £μ¢μ·Ö, ´¥ É ±, ¥¸²¨ Éμ²Ó±μ ·¥ÎÓ ¨¤¥É ´¥ μ Î ¸É¨Í Ì ¸
μ¶·¥¤¥²¥´´Ò³¨ §´ Î¥´¨Ö³¨ ¨³¶Ê²Ó¸μ¢ Å ¨¤¥ ²¨§¨·μ¢ ´´ÒÌ ³ É¥³ É¨Î¥¸±¨Ì
μ¡Ñ¥±É Ì, ¸ÊÐ¥¸É¢ÊÕÐ¨Ì ¸· §Ê ¢μ ¢¸¥³ ¡¥¸±μ´¥Î´μ³ ¶·μ¸É· ´¸É¢¥-¢·¥³¥´¨,  
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μ ‚� Å μ¡Ñ¥±É Ì, ²μ± ²¨§μ¢ ´´ÒÌ ¢ ±μ´¥Î´ÒÌ ¶·μ¸É· ´¸É¢¥´´μ-¢·¥³¥´´ÒÌ
μ¡² ¸ÉÖÌ ¨ Ì · ±É¥·¨§ÊÕÐ¨Ì¸Ö ´ ¨¡μ²¥¥ ¢¥·μÖÉ´Ò³¨ §´ Î¥´¨Ö³¨ ¨³¶Ê²Ó¸μ¢.
‚ ¶. 4.5 ³Ò ¢¥·´¥³¸Ö ± ÔÉμ³Ê ±μ´Í¥¶ÉÊ ²Ó´μ ¢ ¦´μ³Ê ¢μ¶·μ¸Ê ¨ ¶μÖ¸´¨³
ÉμÎ´μ¥ §´ Î¥´¨¥ ¸²μ¢ ®¤μ¸É ÉμÎ´μ ¡μ²ÓÏμ° ¶·μ¸É· ´¸É¢¥´´μ-¢·¥³¥´´μ° ¨´-
É¥·¢ ²¯, ¢μ¸¶μ²Ó§μ¢ ¢Ï¨¸Ó ¶·μ¸Éμ° ³μ¤¥²ÓÕ ·¥²ÖÉ¨¢¨¸É¸±μ£μ ‚�.

4. �…‹Ÿ’ˆ‚ˆ‘’‘Šˆ… ƒ�“‘‘�‚› ��Š…’›

4.1. ”Ê´±Í¨Ö φG(k,p). ‡¤¥¸Ó ³Ò ¶μ¤·μ¡´μ ¨¸¸²¥¤Ê¥³ ¶·μ¸É¥°ÏÊÕ, ´μ
¢ ¦´ÊÕ ¤²Ö · §¢¨¢ ¥³μ£μ Ëμ·³ ²¨§³  ³μ¤¥²Ó ·¥²ÖÉ¨¢¨¸É¸±μ£μ £ Ê¸¸μ¢  ¶ -
±¥É  (�ƒ�), ¶·¨³¥´¨³ÊÕ ¤²Ö μ¶¨¸ ´¨Ö ¤μ¸É ÉμÎ´μ Ê§±¨Ì (¢ ¨³¶Ê²Ó¸´μ³ ¶·μ-
¸É· ´¸É¢¥) ¸Ë¥·¨Î¥¸±¨-¸¨³³¥É·¨Î´ÒÌ ¢ ¸μ¡¸É¢¥´´μ° ¸¨¸É¥³¥ μÉ¸Î¥É  (¸. ¸. μ.)
¢μ²´μ¢ÒÌ ¶ ±¥Éμ¢ ¸ ¥¤¨´¸É¢¥´´Ò³ ³ ±¸¨³Ê³μ³∗. �μ¸±μ²Ó±Ê ¤²Ö É ±¨Ì ¶ ±¥-
Éμ¢ ËÊ´±Í¨Ö φ(k,p) ¶μ ¸ÊÉ¨ ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° (¸ ÉμÎ´μ¸ÉÓÕ ¤μ ¨§¢¥¸É´μ£μ
¶μ²μ¦¨É¥²Ó´μ μ¶·¥¤¥²¥´´μ£μ Ë ±Éμ· ) ®· §³ § ´´ÊÕ¯ δ-ËÊ´±Í¨Õ, ³Ò ³μ-
¦¥³ ¡¥§ μ£· ´¨Î¥´¨Ö μ¡Ð´μ¸É¨ ¸Î¨É ÉÓ, ÎÉμ φ(k,p) > 0. �·¥¤¶μ² £ ¥³, ÎÉμ
Ëμ·³Ë ±Éμ· φ(k,p) § ¢¨¸¨É μÉ ¥¤¨´¸É¢¥´´μ° ¸± ²Ö·´μ° ¶¥·¥³¥´´μ° (k−p)2.
‹¥£±μ Ê¡¥¤¨ÉÓ¸Ö, ÎÉμ (k − p)2 � 0. „¥°¸É¢¨É¥²Ó´μ, ¶¥·¥Ìμ¤Ö ¢ ¸. ¸. μ. ¶ ±¥É 
(p
 = 0) ¨ ÊÎ¨ÉÒ¢ Ö, ÎÉμ Ek� � m, ¨³¥¥³

(k − p)2 = (k
 − p
)2 = −2m(Ek� − m) � 0.

�É³¥É¨³ É ±¦¥, ÎÉμ (k−p)2 ≈ −(k−p)2+[vp(k−p)]2 ¶·¨ k ∼ p. �μ¸±μ²Ó±Ê
ËÊ´±Í¨Ö φ(k,p) ¨³¥¥É ³ ±¸¨³Ê³ ¢ ÉμÎ±¥ k = p, ³μ¦´μ ´ ²μ¦¨ÉÓ ´  ´¥¥
¥¸É¥¸É¢¥´´μ¥ ¤μ¶μ²´¨É¥²Ó´μ¥ Ê¸²μ¢¨¥

d ln φ(k,p)
d(k − p)2

∣∣∣∣
k=p

≡ 1
4σ2

> 0, σ = const.

’μ£¤  ¢ ¤μ¸É ÉμÎ´μ ³ ²μ° μ±·¥¸É´μ¸É¨ ³ ±¸¨³Ê³  ËÊ´±Í¨Ö φ(k,p) ³μ¦¥É
¡ÒÉÓ  ¶¶·μ±¸¨³¨·μ¢ ´  ¸²¥¤ÊÕÐ¨³ ¢Ò· ¦¥´¨¥³:

φ(k,p) ≈ Nσ exp
[
(k − p)2

4σ2

]
def= φG(k,p). (125)

∗Œμ¤¥²Ó �ƒ� ¡Ò²  ¶·¥¤²μ¦¥´  ¢ · ¡μÉ¥ [57]. …¥ ¤¥É ²Ó´μ¥ ³ É¥³ É¨Î¥¸±μ¥ ¨§ÊÎ¥´¨¥ ¨
μ¡μ¡Ð¥´¨¥ ¤ ´μ ¢ [101]. ˆ´É¥·¥¸´Ò¥ ¶·¨²μ¦¥´¨Ö �ƒ� (¢´¥ · ³μ± ´¥°É·¨´´μ° Ë¨§¨±¨) · ¸-
¸³μÉ·¥´Ò ¢ [102]. ‚ [100] ¶·¥¤²μ¦¥´ ¤·Ê£μ° ±² ¸¸ ³μ¤¥²¥° Å ±μ¢ ·¨ ´É´Ò°  ¸¨³³¥É·¨Î´Ò°
‚� (�‚�); ¶μ± § ´μ, ¢ Î ¸É´μ¸É¨, ÎÉμ �‚� ´¨ ¶·¨ ± ±¨Ì μ¡¸ÉμÖÉ¥²Ó¸É¢ Ì ´¥ ¸μ¢¶ ¤ ¥É ¸ �ƒ�,
ÌμÉÖ ¨ μ¡² ¤ ¥É ¢¸¥³¨ ¸¢μ°¸É¢ ³¨, ´¥μ¡Ìμ¤¨³Ò³¨ ¤²Ö ±μ¢ ·¨ ´É´μ£μ μ¶¨¸ ´¨Ö ²μ± ²¨§μ¢ ´´ÒÌ
®Î ¸É¨Í¥¶μ¤μ¡´ÒÌ¯ ±¢ ´Éμ¢ÒÌ ¸μ¸ÉμÖ´¨°. ’ ±¦¥ ¶μ± § ´μ, ÎÉμ · ¸¸³ É·¨¢ ¥³Ò° ´¨¦¥ ‚� Ö¢²Ö-
¥É¸Ö ¥¤¨´¸É¢¥´´Ò³ ·¥²ÖÉ¨¢¨¸É¸±¨³ ¶ ±¥Éμ³ ®¡¥§ ¶ ³ÖÉ¨¯, É. ¥. ´¥ § ¢¨¸ÖÐ¨³ μÉ 4-¨³¶Ê²Ó¸μ¢
®·μ¤¨É¥²Ó¸±¨Ì¯ ¸μ¸ÉμÖ´¨° (Î ¸É¨Í), ÊÎ ¸É¢ÊÕÐ¨Ì ¢ ·¥ ±Í¨ÖÌ ¨²¨ · ¸¶ ¤ Ì, ¶μ·μ¦¤ ÕÐ¨Ì ‚�
(¸³. ¶. 3.1). ‡¤¥¸Ó ³Ò ¸²¥¤Ê¥³ ²μ£¨±¥ [57], ¤μ¸É ÉμÎ´μ° ¤²Ö Í¥²¥° ¤ ´´μ° · ¡μÉÒ.
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Ê¤¥³ ´ §Ò¢ ÉÓ ¸μ¸ÉμÖ´¨Ö ¸ É ±¨³¨ Ëμ·³Ë ±Éμ· ³¨ ·¥²ÖÉ¨¢¨¸É¸±¨³¨ £ Ê¸-
¸μ¢Ò³¨ ¶ ±¥É ³¨ (�ƒ�) ¶μ  ´ ²μ£¨¨ ¸ ´¥±μ¢ ·¨ ´É´Ò³¨ ´¥·¥²ÖÉ¨¢¨¸É¸±¨³¨
£ Ê¸¸μ¢Ò³¨ ¶ ±¥É ³¨ ¢ (50) (�ƒ�) ¸ Ëμ·³Ë ±Éμ·μ³

ϕG(k − p) =
(

2π

σ2

)3/4

exp
[
− (k − p)2

4σ2

]
,

´μ·³¨·μ¢ ´´Ò³ Ê¸²μ¢¨¥³ ∫
dk

(2π)3
|ϕG(k)|2 = 1.

�¨¦¥ ¡Ê¤¥É ¶μ± § ´μ, ÎÉμ ¸¢μ°¸É¢  �ƒ� ¸ÊÐ¥¸É¢¥´´μ μÉ²¨Î ÕÉ¸Ö μÉ ¸¢μ°¸É¢
�ƒ�. �μ·³¨·μ¢μÎ´ Ö ±μ´¸É ´É  Nσ ¢ (125) ³μ¦¥É ¡ÒÉÓ ´ °¤¥´  ¨§ Ê¸²μ-
¢¨Ö (95), ¸μ£² ¸´μ ±μÉμ·μ³Ê

1
Nσ

=

∞∫
0

d|k|
(2π)2

k2

Ek
exp
(

m2 − mEk

2σ2

)
=

=
(m

2π

)2 ∞∫
1

dΓ
√

Γ2 − 1 exp
[
− m2

2σ2
(Γ − 1)

]
.

’ ±¨³ μ¡· §μ³, ¶μ²ÊÎ ¥³

Nσ = φG(p,p) =
2π2 exp (−m2/2σ2)

σ2K1(m2/2σ2)
, (126)

£¤¥

K1(z) = z

∞∫
1

dt e−zt
√

t2 − 1
(
|arg z| <

π

2

)
μ¡μ§´ Î ¥É ³μ¤¨Ë¨Í¨·μ¢ ´´ÊÕ ËÊ´±Í¨Õ 
¥¸¸¥²Ö 3-£μ ·μ¤  ¶μ·Ö¤±  1. ’¥¶¥·Ó
³μ¦¥³ ¶¥·¥¶¨¸ ÉÓ (125) ¢ ¢¨¤¥

φG(k,p) =
2π2

σ2K1(m2/2σ2)
exp
(
−EkEp − kp

2σ2

)
. (127)

�·¨ ¥¸É¥¸É¢¥´´μ³ (¶·¨´¨³ ¥³μ³ ¤ ²¥¥ ¶μ Ê³μ²Î ´¨Õ) É·¥¡μ¢ ´¨¨

σ2 � m2, (128)

¸ ¨¸¶μ²Ó§μ¢ ´¨¥³ ¨§¢¥¸É´μ£μ  ¸¨³¶ÉμÉ¨Î¥¸±μ£μ · §²μ¦¥´¨Ö ¤²Ö ËÊ´±Í¨¨
K1(z), ¸¶· ¢¥¤²¨¢μ£μ ¶·¨ ¡μ²ÓÏ¨Ì |z| [103],

K1(z) ∼
√

π

2z
e−z

[
1 +

3
8z

+
15

2(8z)2
+ O
(

1
z3

)] (
|arg z| <

3π

2

)
, (129)
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¢Ò· ¦¥´¨¥ (127) ³μ¦¥É ¡ÒÉÓ ¶¥·¥¶¨¸ ´μ ± ±

φG(k,p) =
2π3/2

σ2

m

σ
exp
[
(k − p)2

4σ2

] [
1 +

3σ2

4m2
+ O
(

σ4

m4

)]
. (130)

‚ ´¥·¥²ÖÉ¨¢¨¸É¸±μ³ ¸²ÊÎ ¥ ((|k| + |p|)2 � 4m2) ¶μ²ÊÎ ¥³ ¨§ (130)

φG(k,p) ≈ 2π3/2

σ2

m

σ
exp
[
− (k − p)2

4σ2

]
≡ φNR

G (k,p), (131)

ÎÉμ ¸μ¢¶ ¤ ¥É (¸ ÉμÎ´μ¸ÉÓÕ ¤μ ´μ·³¨·μ¢±¨) ¸ Ëμ·³Ë ±Éμ·μ³ �ƒ� ϕG(k−p).
�¤´ ±μ ¶·¨ ·¥²ÖÉ¨¢¨¸É¸±¨Ì ¨³¶Ê²Ó¸ Ì · §´¨Í  ³¥¦¤Ê φG(k,p) ¨ ϕG(k − p)
³μ¦¥É ¡ÒÉÓ ¸±μ²Ó Ê£μ¤´μ ¡μ²ÓÏμ° (¡¥§μÉ´μ¸¨É¥²Ó´μ · §´¨ÍÒ ¢ ´μ·³¨·μ¢±¥).
’ ±, ¢ Ê²ÓÉ· ·¥²ÖÉ¨¢¨¸É¸±μ³ ¶·¥¤¥²¥ (p2 � m2, k2 � m2) ËÊ´±Í¨Ö (130)
¢¥¤¥É ¸¥¡Ö ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

φG(k,p) ≈ 2π3/2

σ2

m

σ
exp
[
−m2(|k| − |p|)2

4σ2|k||p| − (1 − cosϑ)|k||p|
2σ2

]
≡ φUR

G (k,p),

£¤¥ ϑ Å Ê£μ² ³¥¦¤Ê ¢¥±Éμ· ³¨ k ¨ p. ‚ Î ¸É´μ¸É¨, ¶·¨ ϑ = 0 ¨ π/2 ¨³¥¥³

φUR
G

∣∣
ϑ=0

∝ exp

[
− (k − p)2

4σ2ΓkΓp

]
¨ φUR

G

∣∣
ϑ=π/2

∝ exp
[
−|k||p|

2σ2

]
.

‚ ¶¥·¢μ³ ¶·¨³¥·¥, ± ± ¢¨¤¨³, ·¥²ÖÉ¨¢¨¸É¸±¨° ÔËË¥±É ¸¢μ¤¨É¸Ö ± ÊÏ¨·¥´¨Õ
¶ ±¥É  (¶μ ¸· ¢´¥´¨Õ ¸ ´¥·¥²ÖÉ¨¢¨¸É¸±¨³ ¸²ÊÎ ¥³) ¢ ¨³¶Ê²Ó¸´μ³ ¶·μ¸É· ´-
¸É¢¥ (σ �−→ σ

√
ΓkΓp). �ÉμÉ ÔËË¥±É ¸ÊÐ¥¸É¢¥´ ¤²Ö ¢¸¥Ì ¶·μÍ¥¸¸μ¢ ·μ¦¤¥´¨Ö

¨ ¶μ£²μÐ¥´¨Ö (· ¸¸¥Ö´¨Ö) ´¥°É·¨´μ, ¶·μÌμ¤ÖÐ¨Ì ¸ ÊÎ ¸É¨¥³ ·¥²ÖÉ¨¢¨¸É¸±¨Ì
Î ¸É¨Í.

—Éμ¡Ò ¶·μ¨²²Õ¸É·¨·μ¢ ÉÓ ¢ ¦´μ¸ÉÓ ¶· ¢¨²Ó´μ° ´μ·³¨·μ¢±¨, ¶μ²¥§´μ
¶·μ¢¥·¨ÉÓ ¢ Ö¢´μ³ ¢¨¤¥, ÎÉμ ¶·¥¤¥² φG(k,p) ¶·¨ σ → 0 ¢ ¸ ³μ³ ¤¥²¥ ¤ -
¥É¸Ö ¶·¨´Í¨¶μ³ ¸μμÉ¢¥É¸É¢¨Ö. „²Ö ÔÉμ£μ ¤μ¸É ÉμÎ´μ ¤μ± § ÉÓ, ÎÉμ ¤²Ö ²Õ¡μ°
£² ¤±μ° ËÊ´±Í¨¨ F (k)

lim
σ→0

∫
dkφG(k, 0)
(2π)32Ek

F (k) = F (0). (132)

‹¥¢ Ö Î ¸ÉÓ ¶μ¸²¥¤´¥£μ · ¢¥´¸É¢  ³μ¦¥É ¡ÒÉÓ ¶·¥μ¡· §μ¢ ´  ± ¢¨¤Ê

lim
σ→0

m

(4π)3/2σ3

∫
dΩk

∞∫
0

d|k| k
2

Ek
exp
[
− m2

2σ2

(
Ek

m
− 1
)]

F (k) =

= lim
σ→0

(
m2

4πσ2

)3/2 ∫
dΩn

∞∫
0

dt exp
(
−m2t

2σ2

)√
t(t + 2)F

(
m
√

t(t + 2)n
)

,
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£¤¥ n = k/|k|. „²Ö μÍ¥´±¨ ¶μ²ÊÎ¨¢Ï¥£μ¸Ö ¨´É¥£· ²  ¶μ t ³μ¦´μ ¨¸¶μ²Ó§μ¢ ÉÓ
¨§¢¥¸É´ÊÕ  ¸¨³¶ÉμÉ¨Î¥¸±ÊÕ Ëμ·³Ê²Ê (¸³., ´ ¶·¨³¥·, [104])

∞∫
0

dt ta−1 e−νtf(t) ∼ ν−aΓ(a)f(0)[1 + o(1)] (a > 0, ν → ∞), (133)

¸¶· ¢¥¤²¨¢ÊÕ ¤²Ö ¶·μ¨§¢μ²Ó´μ° ´¥¶·¥·Ò¢´μ° ËÊ´±Í¨¨ f(t), t ∈ [0,∞). …¸²¨
¶·¨´ÖÉÓ ¢μ ¢´¨³ ´¨¥, ÎÉμ ¢ ´ Ï¥³ ¸²ÊÎ ¥

a =
3
2
, ν =

m2

2σ2
¨ f(t) =

√
t + 2F

(
m
√

t(t + 2)n
)

,

Éμ Éμ¦¤¥¸É¢μ ¢ (132) ¸É ´μ¢¨É¸Ö μÎ¥¢¨¤´Ò³.
‚ ·¥§Ê²ÓÉ É¥ ¢¨¤¨³, ÎÉμ ËÊ´±Í¨Ö φG(k,p) ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° ¶·μ¸É¥°-

ÏÊÕ ³μ¤¥²Ó Ëμ·³Ë ±Éμ· , Ê¤μ¢²¥É¢μ·ÖÕÐ¥£μ ¢¸¥³ Ê¸²μ¢¨Ö³, ´ ±² ¤Ò¢ ¥³Ò³
´  ËÊ´±Í¨Õ φ(k,p) μ¡Ð¥£μ ¢¨¤ . „²Ö ²ÊÎÏ¥£μ ¶μ´¨³ ´¨Ö ¸¢μ°¸É¢ �ƒ� ¶μ-
²ÊÎ¨³ Ö¢´Ò¥ Ëμ·³Ê²Ò ¤²Ö ¥£μ ¸·¥¤´¥° ¨ ¸·¥¤´¥±¢ ¤· É¨Î´μ° ¸±μ·μ¸É¥°.

4.2. ‘·¥¤´ÖÖ ¨ ¸·¥¤´¥±¢ ¤· É¨Î´ Ö ¸±μ·μ¸É¨. � Î´¥³ ¸ μ¶·¥¤¥²¥´¨°

〈v〉 =
1

2mV


∫
dkk|φ(k,p)|2

(2π)32E2
k

, 〈v2〉 =
1

2mV


∫
dkk2|φ(k,p)|2

(2π)32E3
k

. (134)

�Î¥¢¨¤´μ, ÎÉμ 〈v〉 ∝ vp ∝ p, ¶μÔÉμ³Ê ¤μ¸É ÉμÎ´μ ´ °É¨ ¶·μ¥±Í¨Õ ¸·¥¤´¥°
¸±μ·μ¸É¨ ´  ´ ¶· ¢²¥´¨¥ ¨³¶Ê²Ó¸  np = p/|p|. ˆ´É¥£·¨·μ¢ ´¨¥ ¶μ Ê£²μ¢Ò³
¶¥·¥³¥´´Ò³ ¤ ¥É

〈v〉np =
π2λ2

4m5V
K2
1 (λ/2)

∞∫
0

d|k||k|3
E2

k

1∫
−1

d cos θ cos θ exp
[
−λ(pk)

m2

]
=

=
m2

2λ|p|2K1(λ)

∞∫
−∞

d|k||k|
E2

k

(
λ
|p||k|
m2

− 1
)

exp
[
−λ(EpEk − |p||k|)

m2

]
(λ = m2/σ2); §¤¥¸Ó ¶·¥¤¶μ² £ ¥É¸Ö, ÎÉμ |p| > 0, É ± ± ± ¸²ÊÎ ° |p| = 0
É·¨¢¨ ²¥´. „ ²Ó´¥°Ï¨° · ¸Î¥É ¶·μ¢¥¤¥³ ³¥Éμ¤μ³ ¶¥·¥¢ ² , ¢μ¸¶μ²Ó§μ¢ ¢Ï¨¸Ó
¨§¢¥¸É´μ° É¥μ·¥³μ° μ¡  ¸¨³¶ÉμÉ¨Î¥¸±μ³ · §²μ¦¥´¨¨ ¨´É¥£· ² 

F (λ) =

∞∫
−∞

dt f(t) exp [−λS(t)], f(t), S(t) ∈ C(−∞,∞) (135)

(¸³., ´ ¶·¨³¥·, [104, ¸. 41]), ¸μ£² ¸´μ ±μÉμ·μ°

F (λ) ∼ exp [−λS(t0)]
∞∑

n=0

Γ
(

n +
1
2

)
b2n(λ)
(2n)!

[
2

λS′′(t0)

]n+1/2

, λ → ∞,

(136)
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£¤¥

bn(λ) =
dn

dtn
{f(t) exp [λh(t, t0)]}

∣∣∣∣
t=t0

,

h(t, t0) = S(t0) − S(t) +
1
2
(t − t0)2S′′(t0),

t0 Å ¥¤¨´¸É¢¥´´ Ö ¸É Í¨μ´ ·´ Ö ÉμÎ±  ËÊ´±Í¨¨ S(t) (−∞ < t0 < ∞),
S′′(t0) > 0 ¨ f(t), S(t) ∈ C∞ ¢ μ±·¥¸É´μ¸É¨ t0. ‚¸¥ ¶¥·¥Î¨¸²¥´´Ò¥ Ê¸²μ-
¢¨Ö μÎ¥¢¨¤´μ ¢Ò¶μ²´¥´Ò ¤²Ö ´ Ï¥£μ Î ¸É´μ£μ ¸²ÊÎ Ö∗. �¥§Ê²ÓÉ É ¨³¥¥É ¢¨¤

〈v〉 = vp

[
1 − 1

Γ2
pλ

+
7 − 6v2

p

2Γ2
pλ2

+ O(λ−3)

]
. (137)

Š ± ¨ ¸²¥¤μ¢ ²μ μ¦¨¤ ÉÓ, ¸·¥¤´ÖÖ ¸±μ·μ¸ÉÓ ¢¸¥£¤  ³¥´ÓÏ¥ ´ ¨¡μ²¥¥ ¢¥·μÖÉ-
´μ°. ‚ ´¥·¥²ÖÉ¨¢¨¸É¸±μ³ ¸²ÊÎ ¥ vp − 〈v〉 ≈ vp/λ,   ¢ Ê²ÓÉ· ·¥²ÖÉ¨¢¨¸É¸±μ³
vp−〈v〉 ≈ np/(Γ2

pλ). �´ ²μ£¨Î´Ò° · ¸Î¥É ¤²Ö ¸·¥¤´¥±¢ ¤· É¨Î´μ° ¸±μ·μ¸É¨
¨ ¥¥ ¶·μ¤μ²Ó´μ° ¨ ¶μ¶¥·¥Î´μ° ¸μ¸É ¢²ÖÕÐ¨Ì ¤ ¥É

〈v2〉 = v2
p +

3
Γ4

pλ
−

3
(
7 − 10v2

p

)
2Γ4

pλ2
+ O(λ−3), (138 )

〈v2
L〉 = 〈(vnp)2〉 = v2

p +
1 − 3v2

p

Γ2
pλ

−
7 − 39v2

p + 30v4
p

2Γ2
pλ2

+ O(λ−3), (138¡)

〈v2
T 〉 = 〈(v × np)2〉 =

2
Γ2

pλ
−

7 − 6v2
p

Γ2
pλ2

+ O(λ−3). (138¢)

‚ ´¥·¥²ÖÉ¨¢¨¸É¸±μ³ ¸²ÊÎ ¥ 〈v2〉 − v2
p ≈ 3/λ, É. ¥. ‚� ¨¸¶ÒÉÒ¢ ¥É ®¤·μ¦ -

´¨Ö¯, ÌμÉÖ ¨ ¸μ¢¥·Ï¥´´μ ´¨ÎÉμ¦´Ò¥. �·¨ Ê²ÓÉ· ·¥²ÖÉ¨¢¨¸É¸±μ³ ¤¢¨¦¥´¨¨
¤ ¦¥ É ±¨¥ ®¤·μ¦ ´¨Ö¯ ¨¸Î¥§ ÕÉ ¨ ‚� ¢¥¤¥É ¸¥¡Ö ± ± ±² ¸¸¨Î¥¸± Ö Î ¸É¨Í .
ˆ§ (137) ¨ (138 ) ¶μ²ÊÎ ¥³

〈v2〉 − 〈v〉2 =
3

Γ2
pλ

[
1 −

v2
p

3
−
(

7 −
35v2

p

3
+

16v4
p

3

)
1
2λ

+ O(λ−2)

]
, (139)

É ± ÎÉμ ¢ ´¥·¥²ÖÉ¨¢¨¸É¸±μ³ ¶·¥¤¥²¥ · §´μ¸ÉÓ (139) · ¢´  3/λ,   ¢ Ê²ÓÉ· ·¥²Ö-
É¨¢¨¸É¸±μ³ ¸É·¥³¨É¸Ö ± ´Ê²Õ ± ± 2/(Γ2

pλ). Œμ¤¥²Ó �ƒ� ¶μ§¢μ²Ö¥É ¢ ¤¥É ²ÖÌ
¨§ÊÎ¨ÉÓ ¸¢μ°¸É¢  ¢μ²´μ¢μ° ¨ ¶¥·¥¸É ´μ¢μÎ´μ° ËÊ´±Í¨°.

∗‹¨´¥°´ Ö § ¢¨¸¨³μ¸ÉÓ ËÊ´±Í¨¨ f(t) μÉ ¶ · ³¥É·  λ ´¥ ¶·¥¶ÖÉ¸É¢Ê¥É ¨¸¶μ²Ó§μ¢ ´¨Õ
É¥μ·¥³Ò.
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4.3. ‚μ²´μ¢ Ö ËÊ´±Í¨Ö ψG(p, x). �μ¤¸É ¢²ÖÖ (127) ¢ (109) ¨ ¨´É¥£·¨·ÊÖ
¶μ ´ ¶· ¢²¥´¨Ö³ ¢¥±Éμ·  k, ¶μ²ÊÎ ¥³ ¶μ¸²¥ ¶·μ¸ÉÒÌ ¶·¥μ¡· §μ¢ ´¨°

ψ(0, x
) =

∞∫
m

dE exp
[
−E

m

(
m2

2σ2
+ imx0




)]
sin (|x
|

√
E2 − m2)

2σ2|x
|K1(m2/2σ2)
.

�ÉμÉ ¨´É¥£· ² ¢ÒÎ¨¸²Ö¥É¸Ö ¸ ¶μ³μÐÓÕ ¨§¢¥¸É´μ£μ ¶·¥¤¸É ¢²¥´¨Ö ¤²Ö ËÊ´±-
Í¨¨ K1

∞∫
a

dt e−bt sin (c
√

t2 − a2) =
ac√

b2 + c2
K1(a
√

b2 + c2), (140)

¸¶· ¢¥¤²¨¢μ£μ ¤²Ö a > 0 ¨ Re b > |Im c| (¸³., ´ ¶·¨³¥·, [105, c. 460,
(2.5.42.3)]). ˆÉ ±, ³Ò ¶·¨Ìμ¤¨³ ± ±μ³¶ ±É´μ³Ê ¢Ò· ¦¥´¨Õ

ψ(p, x) =
K1(ζm2/2σ2)
ζK1(m2/2σ2)

def= ψG(p, x), (141)

¢ ±μÉμ·μ³ Ë¨£Ê·¨·Ê¥É ¡¥§· §³¥·´ Ö ²μ·¥´Í-¨´¢ ·¨ ´É´ Ö ¶¥·¥³¥´´ Ö

ζ = |ζ| eiϕ =

√
1 − 4σ2

m2
[σ2x2


 − imx0

] =

√
1 − 4σ2

m2
[σ2x2 − i(px)]. (142)

‡¤¥¸Ó ¨ ¢ ¤ ²Ó´¥°Ï¥³ §´ ± ±¢ ¤· É´μ£μ ±μ·´Ö ¶μ´¨³ ¥É¸Ö ¢ ¸³Ò¸²¥ ¥£μ £² ¢-

´μ£μ §´ Î¥´¨Ö,   x2

 = (x0


)2 − x2

.

�μ²¥§´μ Ê¡¥¤¨ÉÓ¸Ö, ÎÉμ ËÊ´±Í¨Ö (141) Ê¤μ¢²¥É¢μ·Ö¥É Ê· ¢´¥´¨Õ Š²¥°´ Ä

ƒμ·¤μ´ . “Î¨ÉÒ¢ Ö, ÎÉμ K ′
0(z) = −K1(z) ¨ K ′

1(z) = −K0(z) − K1(z)/z,
´ Ìμ¤¨³

∂μ

[
K1(z)

z

]
= −
[
K0(z) +

2
z
K1(z)

]
∂μz

z
,

£¤¥ z = m2ζ/(2σ2). �É¸Õ¤ 

�
[
K1(z)

z

]
= −
[
K0(z) +

2
z
K1(z)

] �z

z
−

−
[
3
z
K0(z) +

(
1 +

6
z2

)
K1(z)

]
(∂μz)(∂μz)

z
. (143)

�μ¸±μ²Ó±Ê

∂μz = − m2

σ2z

(
σ2xμ − i

2
pμ

)
,
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Éμ

�z = −∂μ∂μz =
3m2

z
, (∂μz)(∂μz) = −m2.

�μ¤¸É ¢¨¢ ÔÉ¨ Éμ¦¤¥¸É¢  ¢ (143) ¨ ÊÎ¨ÉÒ¢ Ö (141), Ê¡¥¦¤ ¥³¸Ö, ÎÉμ

(∂2 + m2)ψG = 0.

Œμ¤Ê²Ó ¨ Ë §  ¶¥·¥³¥´´μ° (142) ¤ ÕÉ¸Ö ¸²¥¤ÊÕÐ¨³¨ Ëμ·³Ê² ³¨:

|ζ|4 =
(

1 − 4σ4x2



m2

)2

+
(

4σ2x0



m

)2

= 1 +
8σ4

m2
[(x0


)
2 + x2


] +
(

4σ4x2



m2

)2

,

(144)

sin 2ϕ =
4σ2x0




m|ζ|2 , cos 2ϕ =
m2 − 4σ4x2




m2|ζ|2 . (145)

ˆ§ ¶μ¸²¥¤´¥£μ · ¢¥´¸É¢  ¢ (144) ¢¨¤´μ, ÎÉμ ¤²Ö ²Õ¡μ£μ x∗

|ζ| � 1, (146)

¶·¨Î¥³ · ¢¥´¸É¢μ ¨³¥¥É ³¥¸Éμ Éμ²Ó±μ ¢ Í¥´É·¥ ¶ ±¥É  (x0

 = 0, |x
| = 0).

ˆ¸¶μ²Ó§ÊÖ (145) ¨ ¸μμ¡· ¦¥´¨Ö  ´ ²¨É¨Î´μ¸É¨, ´¥É·Ê¤´μ ¶μ± § ÉÓ, ÎÉμ

|ϕ| < π/2. (147)

‚ ¸ ³μ³ ¤¥²¥, ¨§ (145) ¸²¥¤Ê¥É, ÎÉμ ϕ → ∓0 ¶·¨ x0

 → ±0. �μ¸±μ²Ó±Ê ÔÉμ

¥¤¨´¸É¢¥´´Ò° ´Ê²Ó Ë §Ò ϕ ¶·¨ |ζ| < ∞, ¨§ ´¥¶·¥·Ò¢´μ¸É¨ ϕ ¢ÒÉ¥± ¥É, ÎÉμ

2ϕ → ∓π ¶·¨ x0

 → ±∞.

�¨¸. 3 ¶μÖ¸´Ö¥É ¶μ¢¥¤¥´¨¥ |ζ| ¨ ϕ ± ± ËÊ´±Í¨° ¤¢ÊÌ ´¥§ ¢¨¸¨³ÒÌ ¡¥§-
· §³¥·´ÒÌ ¶¥·¥³¥´´ÒÌ σ2x0


/m ¨ σ2|x
|/m. Œμ¦´μ ¶μ± § ÉÓ, ÎÉμ ËÊ´±Í¨Ö
ψG(p, x) ´¥ ¨³¥¥É ´Ê²¥° ¶·¨ 1 � |ζ| < ∞ ¨ ¸É·¥³¨É¸Ö ± ¥¤¨´¨Í¥ (´Ê²Õ) ¶·¨

ζ → 1 (ζ → ∞) ¢ ¸¥±Éμ·¥ (147). ˆ§ ¸¢μ°¸É¢ ¶ · ³¥É·  ζ ¸²¥¤Ê¥É, ¢ Î ¸É´μ¸É¨,
ÎÉμ ψG(0, x
) → 0, ¥¸²¨ |x0


| → ∞ (¶·¨ Ë¨±¸¨·μ¢ ´´μ³ x
) ¨²¨ |x
| → ∞
(¶·¨ Ë¨±¸¨·μ¢ ´´μ³ x0


).
�μ¢¥¤¥´¨¥ ¢μ²´μ¢μ° ËÊ´±Í¨¨ ψG(0, x
) ± ·¤¨´ ²Ó´μ § ¢¨¸¨É μÉ ¢¥²¨-

Î¨´Ò μÉ´μÏ¥´¨Ö σ/m. ‚ ± Î¥¸É¢¥ ¶·¨³¥·  ´  ·¨¸. 4 ¶μ± § ´ ¶·μË¨²Ó ³μ-
¤Ê²Ö ËÊ´±Í¨¨ ψG(0, x
) (·¨¸.  ) ¨ Ê¢¥²¨Î¥´´Ò° Ë· £³¥´É ÔÉμ° ËÊ´±Í¨¨ ¢
μ±·¥¸É´μ¸É¨ ¥¥ ³ ±¸¨³Ê³  (·¨¸. ¡). � ¸Î¥É ¸¤¥² ´ ¸ σ/m = 0,1 ¢ É¥·³¨´ Ì
¡¥§· §³¥·´ÒÌ ¶¥·¥³¥´´ÒÌ σ2x0


/m ¨ σ2x3

/m, ¶·¨Î¥³ ¸¨¸É¥³  ±μμ·¤¨´ É ¢Ò-

¡· ´  É ±, ÎÉμ ¢¥±Éμ· x
 ´ ¶· ¢²¥´ ¢¤μ²Ó É·¥ÉÓ¥° μ¸¨. �É³¥É¨³, ÎÉμ É ±μ¥
§´ Î¥´¨¥ μÉ´μÏ¥´¨Ö σ/m ¸μ¢¥·Ï¥´´μ ´¥·¥ ²¨¸É¨Î´μ ¨ ¢Ò¡· ´μ ²¨ÏÓ ¤²Ö
Ê¤μ¡¸É¢  £· Ë¨Î¥¸±μ£μ ¶·¥¤¸É ¢²¥´¨Ö, É ± ± ± ¶·¨ σ/m � 0,1 ¤¥É ²¨ ¶μ¢¥-
¤¥´¨Ö |ψG(0, x
)| ¡Ò²¨ ¡Ò ´¥· §²¨Î¨³Ò. � §Ê³¥¥É¸Ö, |ψG(0, x
)| Å Î¥É´ Ö
ËÊ´±Í¨Ö μ¡¥¨Ì ¶¥·¥³¥´´ÒÌ; ÔÉμ μ¡ÑÖ¸´Ö¥É ¸¨³³¥É·¨Õ ¶·μË¨²Ö |ψG(0, x
)|
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�¨¸. 3. 3-³¥·´Ò¥ £· Ë¨±¨ ËÊ´±Í¨° |ζ| ( ) ¨ ϕ (¡) ¢ ¶¥·¥³¥´´ÒÌ σ2x0
�/m ¨ σ2|x�|/m

�¨¸. 4. 3-³¥·´Ò° £· Ë¨± ËÊ´±Í¨¨ |ψG(0, x�)| ( ) ¨ ¥¥ Ê¢¥²¨Î¥´´Ò° Ë· £³¥´É ¢
μ±·¥¸É´μ¸É¨ ³ ±¸¨³Ê³  (¡) ¢ ¶¥·¥³¥´´ÒÌ σ2x0

�/m ¨ σ2x3
�/m (¶·¥¤¶μ² £ ¥É¸Ö, ÎÉμ

x� = (0, 0, x3
�)). � ¸Î¥É ¢Ò¶μ²´¥´ ¸ σ = 0,1m

´  ·¨¸. 4. ‚ ¤μ¸É ÉμÎ´μ ³ ²μ° μ±·¥¸É´μ¸É¨ ³ ±¸¨³Ê³  |ψG(0, x
)|,   É ±¦¥
¶·¨ Ê³¥´ÓÏ¥´¨¨ §´ Î¥´¨Ö σ/m ¶·μË¨²Ó ËÊ´±Í¨¨ |ψG(0, x
)| μÉ´μ¸¨É¥²Ó´μ
¸² ¡μ ³¥´Ö¥É¸Ö ¢¤μ²Ó ¢·¥³¥´´�μ° μ¸¨, ´μ ¡Ò¸É·μ Ê¶²μÐ ¥É¸Ö ¢¤μ²Ó ¶·μ¸É· ´-
¸É¢¥´´μ° μ¸¨. �¨¸. 4 ¶μ§¢μ²Ö¥É ¶μ´ÖÉÓ, ¶μÎ¥³Ê ÔËË¥±É¨¢´Ò° μ¡Ñ¥³ ¶ ±¥É ,
μ¶·¥¤¥²¥´´Ò° ¸μ£² ¸´μ (97), ´¥ § ¢¨¸¨É μÉ ¢·¥³¥´¨, ´¥¸³μÉ·Ö ´  Éμ, ÎÉμ
¸ ³  ¢μ²´μ¢ Ö ËÊ´±Í¨Ö ψG(0, x
)  ¸¨³¶ÉμÉ¨Î¥¸±¨ ¸É·¥³¨É¸Ö ± ´Ê²Õ ¶·¨
|x0


| → ∞. �·¨Î¨´  ÔÉμ£μ § ±²ÕÎ ¥É¸Ö ¢ Éμ³, ÎÉμ ¸μ ¢·¥³¥´¥³ ¶ ±¥É · ¸-
¶²Ò¢ ¥É¸Ö ¢ ¶·μ¸É· ´¸É¢¥ É ±, ÎÉμ ÔÉμ · ¸¶²Ò¢ ´¨¥ ¢ ÉμÎ´μ¸É¨ ±μ³¶¥´¸¨·Ê¥É
Ê¡Ò¢ ´¨¥ |ψG(0, x
)|. ‚ ·¥§Ê²ÓÉ É¥ ÔÉμ° ±μ³¶¥´¸ Í¨¨ ´μ·³¨·μ¢±  ¶ ±¥É 
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μ¸É ¥É¸Ö ´¥¨§³¥´´μ°. ’ ±¨³ μ¡· §μ³, · ¸¶²Ò¢ ´¨¥ ·¥²ÖÉ¨¢¨¸É¸±μ£μ ‚� ¢μ-
¢¸¥ ´¥ μ§´ Î ¥É, ÎÉμ ¶ ±¥É ¨¸Î¥§ ¥É, ± ± ÔÉμ Ö¢²¥´¨¥ ¨´μ£¤  ¨´É¥·¶·¥É¨·Ê¥É¸Ö
¢ ÊÎ¥¡´¨± Ì ¶μ ±¢ ´Éμ¢μ° ³¥Ì ´¨±¥.

4.4. �¥·¥¸É ´μ¢μÎ´ Ö ËÊ´±Í¨Ö DG(p,q; x). �μ¤¸É ¢²ÖÖ (127) ¢ μ¶·¥¤¥-
²¥´¨¥ ¶¥·¥¸É ´μ¢μÎ´μ° ËÊ´±Í¨¨ (117), § ¶¨¸ ´´μ° ¢ ¸. ¸. μ. ¶ ±¥É , ¨ ¨´É¥-
£·¨·ÊÖ ¶μ Ê£²μ¢Ò³ ¶¥·¥³¥´´Ò³, ¶μ²ÊÎ ¥³

D(p∗,−p∗; x∗)
2mV


=

∞∫
m

dE exp
[
−E

m

(
mE∗
σ2

+ imx0
∗

)]
sin (|x∗|

√
E2 − m2)

σ2|x∗|K1(m2/σ2)
.

�¸É ¢Ï¨°¸Ö ¨´É¥£· ² ¶μ E ²¥£±μ ¢ÒÎ¨¸²¨ÉÓ, ¨¸¶μ²Ó§ÊÖ (140); ¶μ²ÊÎ ¥³
(¸·. ¸ (141))

D(p,q; x) = 2mV

K1(zm2/σ2)
zK1(m2/σ2)

def= DG(p,q; x). (148)

ˆ´¢ ·¨ ´É´ Ö ¡¥§· §³¥·´ Ö ¶¥·¥³¥´´ Ö z μ¶·¥¤¥²¥´  ± ±

z =
E∗
m

√
1 − σ2

E2
∗
[σ2x2

∗ − 2iE∗x0
∗] =

1
2m

√
(p + q)2 − 4σ2[σ2x2 − i(p + q)x].

(149)
�·¨ ¢Ò¢μ¤¥ ¶μ¸²¥¤´¥£μ · ¢¥´¸É¢  ³Ò ¨¸¶μ²Ó§μ¢ ²¨ ¸μμÉ´μÏ¥´¨Ö ³¥¦¤Ê ±¨-
´¥³ É¨Î¥¸±¨³¨ ¶¥·¥³¥´´Ò³¨ ¢ ¸. ¸. μ. ¨ ². ¸., ¶·¨¢¥¤¥´´Ò³¨ ¢ ±μ´Í¥ ¶. 3.4.
Œμ¤Ê²Ó ¨ Ë §  ¶¥·¥³¥´´μ° z ¤ ÕÉ¸Ö ¸²¥¤ÊÕÐ¨³¨ Ëμ·³Ê² ³¨:

|z|4 =
1
4

(
1 +

pq − 2σ4x2

m2

)2

+
[
σ2(p + q)x

m2

]2
,

arg z = −1
2

arcsin
[
σ2(p + q)x

m2|z|2

]
.

ˆ¸¶μ²Ó§ÊÖ ÔÉ¨ ¸μμÉ´μÏ¥´¨Ö, ³μ¦´μ ¤μ± § ÉÓ, ÎÉμ

|z| � E∗/m � 1 ¨ |arg z| < π/2. (150)

� °¤¥´´Ò¥ Ëμ·³Ê²Ò ¤²Ö ¢μ²´μ¢μ° ¨ ¶¥·¥¸É ´μ¢μÎ´μ° ËÊ´±Í¨° ¶μ§¢μ²ÖÕÉ
¤¥É ²Ó´μ ¨§ÊÎ¨ÉÓ ¸¢μ°¸É¢  ‚� ¨ ³´μ£μ¶ ±¥É´ÒÌ ¸μ¸ÉμÖ´¨°. �¤´ ±μ ¤ ¦¥
¢ ¸Éμ²Ó ¶·μ¸Éμ° ³μ¤¥²¨, ± ± �ƒ�, · ¸Î¥ÉÒ ¨´É¥·¥¸ÊÕÐ¨Ì ´ ¸ ³ ±·μ¸±μ-
¶¨Î¥¸±¨Ì Ë¥°´³ ´μ¢¸±¨Ì ¤¨ £· ³³ ¸É ´μ¢ÖÉ¸Ö É¥Ì´¨Î¥¸±¨ ¤μ¢μ²Ó´μ ¸²μ¦-
´Ò³¨ ¨§-§  ´¥μ¡Ìμ¤¨³μ¸É¨ ¢ÒÎ¨¸²ÖÉÓ ³´μ£μ³¥·´Ò¥ ¨´É¥£· ²Ò μÉ ¶·μ¨§¢¥¤¥-
´¨° ËÊ´±Í¨° 
¥¸¸¥²Ö, § ¢¨¸ÖÐ¨Ì μÉ ±μ³¶²¥±¸´ÒÌ ¶¥·¥³¥´´ÒÌ. Š·μ³¥ Éμ£μ,
¤²Ö ¡μ²ÓÏ¨´¸É¢  ¶· ±É¨Î¥¸±¨ ¢ ¦´ÒÌ ¸²ÊÎ ¥¢ ¨´É¥·¥¸¥´ ·¥¦¨³, ¢ ±μÉμ·μ³
³μ¦´μ ¶·¥´¥¡·¥ÎÓ · ¸¶²Ò¢ ´¨¥³ ¢μ²´μ¢ÒÌ ¶ ±¥Éμ¢. ’ ±μ° ·¥¦¨³ Ì · ±É¥-
·¥´, ´ ¶·¨³¥·, ¤²Ö Î ¸É¨Í ´¥ ¸²¨Ï±μ³ · §·¥¦¥´´μ£μ £ § , ¥¸²¨ ¸·¥¤´¥¥ ¢·¥³Ö
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³¥¦¤Ê ¤¢Ê³Ö ¶μ¸²¥¤μ¢ É¥²Ó´Ò³¨ ¸Éμ²±´μ¢¥´¨Ö³¨ Î ¸É¨ÍÒ ³´μ£μ ³¥´ÓÏ¥ ÔË-
Ë¥±É¨¢´μ£μ ¢·¥³¥´¨ · ¸¶²Ò¢ ´¨Ö ¶ ±¥É , μ¶¨¸Ò¢ ÕÐ¥£μ ¥¥ ¸μ¸ÉμÖ´¨¥ ³¥¦¤Ê
¸Éμ²±´μ¢¥´¨Ö³¨. �´ ²μ£¨Î´Ò° ¸²ÊÎ ° ¶·¥¤¸É ¢²ÖÕÉ ¸μ¡μ° ´¥¸É ¡¨²Ó´Ò¥ Î -
¸É¨ÍÒ, ¢·¥³Ö ¦¨§´¨ ±μÉμ·ÒÌ ³ ²μ ¶μ ¸· ¢´¥´¨Õ cμ ¢·¥³¥´¥³ · ¸¶²Ò¢ ´¨Ö
¶ ±¥É . �¨¦¥ · ¸¸³μÉ·¨³ ¸μμÉ¢¥É¸É¢ÊÕÐ¥¥ ¶·¨¡²¨¦¥´¨¥ ¢ ³μ¤¥²¨ �ƒ�.

4.5. �·¨¡²¨¦¥´¨¥ ´¥· ¸¶²Ò¢ ÕÐ¨Ì¸Ö ¶ ±¥Éμ¢. �¶·¥¤¥²¨³ Ë¨§¨Î¥¸±¨¥
Ê¸²μ¢¨Ö, ¶·¨ ±μÉμ·ÒÌ ¤μ¶Ê¸É¨³μ ¶·¥´¥¡·¥ÎÓ · ¸¶²Ò¢ ´¨¥³ �ƒ�∗.


² £μ¤ ·Ö ´¥· ¢¥´¸É¢ ³ (128), (146) ¨ (147) ³μ¦´μ ¨¸¶μ²Ó§μ¢ ÉÓ  ¸¨³-
¶ÉμÉ¨Î¥¸±μ¥ · §²μ¦¥´¨¥ (129), ±μÉμ·μ¥ ¤ ¥É

ψG(p, x) =
1

ζ3/2
exp
[
m2(1 − ζ)

2σ2

] [
1 − 3σ2

4m2

(
1 − 1

ζ

)
+

+
3σ4

32m4

(
1 − 1

ζ

)(
11 +

5
ζ

)
+ O
(

σ6

m6

)]
. (151)

�É  Ëμ·³Ê²  ¸¶· ¢¥¤²¨¢  ¶·¨ ²Õ¡ÒÌ p ¨ x, ´μ μ´  ¢¸¥ ¥Ð¥ ¸²¨Ï±μ³ ¸²μ¦´ 
¤²Ö ´ Ï¨Ì Í¥²¥°. �·¨ ¤μ¶μ²´¨É¥²Ó´ÒÌ μ£· ´¨Î¥´¨ÖÌ ¢Ò· ¦¥´¨¥ (151) ³μ¦´μ
§´ Î¨É¥²Ó´μ Ê¶·μ¸É¨ÉÓ, · §² £ Ö ¶¥·¥³¥´´ÊÕ ζ ¶μ ¸É¥¶¥´Ö³ ³ ²μ£μ ¶ · ³¥É· 
σ2/m2. ‚ ¸. ¸. μ. ¶ ±¥É  ´ Ìμ¤¨³

ln [ψG(0, x
)] = −imx0



[
1 +

3σ2

m2
− σ4

m4

(
2m2x2


 − 3
2

)]
−

− σ2x2

 − 3σ4

m2
[(x0


)
2 + x2


] + O
(

σ6

m6

)
. (152)

�²¥³¥´É ·´Ò°  ´ ²¨§ ¶μ¤¸± §Ò¢ ¥É, ÎÉμ ÔÉμÉ  ¸¨³¶ÉμÉ¨Î¥¸±¨° ·Ö¤ ³μ¦´μ
μ¡μ·¢ ÉÓ, μ¸É ¢¨¢ ²¨ÏÓ ²¨¤¨·ÊÕÐ¨¥ ¶μ σ2/m2 ¶μ¶· ¢±¨, ¶·¨ ¢Ò¶μ²´¥´¨¨
¸²¥¤ÊÕÐ¨Ì (´¥μ¡Ìμ¤¨³ÒÌ ¨ ¤μ¸É ÉμÎ´ÒÌ) Ê¸²μ¢¨°:

σ2(x0

)

2 � m2/σ2 ¨ σ2x2

 � m2/σ2. (153)

Ÿ¸´μ, ÎÉμ ¶·μ¸É· ´¸É¢¥´´μ-¢·¥³¥´´ Ö μ¡² ¸ÉÓ, μ¶·¥¤¥²Ö¥³ Ö ÔÉ¨³¨ Ê¸²μ¢¨-
Ö³¨, ¸É ´μ¢¨É¸Ö ¶·μ¨§¢μ²Ó´μ Ï¨·μ±μ° ¶·¨ σ → 0. �·¨ ¢Ò¶μ²´¥´¨¨ (153)
Ëμ·³Ê²  (152) ¶¥·¥Ìμ¤¨É ¢ ¶·μ¸Éμ¥ ¨ Ë¨§¨Î¥¸±¨ ¶·μ§· Î´μ¥ ¢Ò· ¦¥´¨¥

ψG(0, x
) = exp (−imx0

 − σ2|x
|2). (154)

∗�μ´ÖÉ´μ, ÎÉμ ´¥· ¸¶²Ò¢ ÕÐ¨¥¸Ö ‚� ¶·μÐ¥ ¢¸¥£μ  ¸¸μÍ¨¨·μ¢ ÉÓ ¸ (±¢ §¨)¸É ¡¨²Ó´Ò³¨
Î ¸É¨Í ³¨ (É. ¥. ²μ± ²¨§μ¢ ´´Ò³¨ μ¡Ñ¥±É ³¨) ¨ ¨¸¶μ²Ó§μ¢ ÉÓ ¢ ± Î¥¸É¢¥  ¸¨³¶ÉμÉ¨Î¥¸±¨ ¸¢μ¡μ¤-
´ÒÌ ¸μ¸ÉμÖ´¨° in- ¨ out-¶μ²¥° ¢ S-³ É·¨Î´μ³ Ëμ·³ ²¨§³¥ Š’� ¢³¥¸Éμ μ¡ÒÎ´ÒÌ ¶²μ¸±¨Ì ¢μ²´,
§ ¶μ²´ÖÕÐ¨Ì ¢¸¥ ¶·μ¸É· ´¸É¢μ-¢·¥³Ö ¨ ´¥¸¶μ¸μ¡´ÒÌ ¶μÔÉμ³Ê ¸²Ê¦¨ÉÓ  ¤¥±¢ É´μ° ³ É¥³ É¨Î¥-
¸±μ° ³μ¤¥²ÓÕ Î ¸É¨Í.
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‚¨¤´μ, ¢ Î ¸É´μ¸É¨, ÎÉμ ¢ ¸. ¸. μ. ‚�
Å ψG(0, x
) ¢¥¤¥É ¸¥¡Ö ± ± ¶²μ¸± Ö ¢μ²´  ¶·¨ x2


 � 1/σ2, É. ¥. ¢¡²¨§¨
Í¥´É·  ¶ ±¥É ;

Å |ψG(0, x
)| ´¥ § ¢¨¸¨É μÉ ¢·¥³¥´´�μ° ¶¥·¥³¥´´μ° x0

, É. ¥., ± ± ¨ É·¥-

¡μ¢ ²μ¸Ó, �ƒ� (154) ´¥ · ¸¶²Ò¢ ¥É¸Ö;
Å |ψG(0, x
)| ¶ ¤ ¥É ¶μ £ Ê¸¸μ¢Ê § ±μ´Ê ´  ¡μ²ÓÏ¨Ì · ¸¸ÉμÖ´¨ÖÌ μÉ Í¥´-

É·  ¶ ±¥É , |x
| � 1/σ; § ³¥É¨³, ÎÉμ ¶μ¸²¥¤´¥¥ ´¥· ¢¥´¸É¢μ ´¥ ¶·μÉ¨¢μ·¥Î¨É
¢Éμ·μ³Ê ¨§ μ£· ´¨Î¥´¨° (153).

ˆ¸¶μ²Ó§ÊÖ ±¨´¥³ É¨Î¥¸±¨¥ ¸μμÉ´μÏ¥´¨Ö (110 ) ¨ (111), § ¶¨Ï¥³ ËÊ´±-
Í¨Õ ψG ¢ ². ¸.:

ψG(p, x) = exp {−iE(x0 − vpx) − σ2Γ2
p[(x − vpx0)2 − (vp × x)2]} = (155 )

= exp [−iE(x0 − vpx) − σ2Γ2
p(x‖ − vpx0)2 − σ2x2

⊥], (155¡)

£¤¥ x‖ ¨ x⊥ Å ¸μμÉ¢¥É¸É¢¥´´μ ¶·μ¤μ²Ó´ Ö ¨ ¶μ¶¥·¥Î´ Ö ¶μ μÉ´μÏ¥´¨Õ ±
¢¥±Éμ·Ê ¸±μ·μ¸É¨ vp ±μ³¶μ´¥´ÉÒ ¢¥±Éμ·  x (x = x‖ + x⊥). ˆ§ (155¡) ¢¨¤´μ,
¢ Î ¸É´μ¸É¨, ÎÉμ �ƒ� ¨¸¶ÒÉÒ¢ ¥É ·¥²ÖÉ¨¢¨¸É¸±μ¥ ¸¦ É¨¥ ¢¤μ²Ó ´ ¶· ¢²¥-
´¨Ö ¸±μ·μ¸É¨ ¢ ±μ´Ë¨£Ê· Í¨μ´´μ³ ¶·μ¸É· ´¸É¢¥. �Éμ ¸μ£² ¸Ê¥É¸Ö ¸ ¢ÒÏ¥-
μÉ³¥Î¥´´Ò³ ·¥²ÖÉ¨¢¨¸É¸±¨³ ÊÏ¨·¥´¨¥³ ¶ ±¥É  ¢ ¨³¶Ê²Ó¸´μ³ ¶·μ¸É· ´¸É¢¥
¤²Ö Ëμ±μ¢¸±¨Ì ¸μ¸É ¢²ÖÕÐ¨Ì, ¨³¶Ê²Ó¸Ò ±μÉμ·ÒÌ ¸μ´ ¶· ¢²¥´Ò ¢¥±Éμ·Ê p
(¸³. ¶. 4.1).

ˆ§ (155 ) ¸²¥¤Ê¥É, ÎÉμ ËÊ´±Í¨Ö |ψG(p, x)| ¨´¢ ·¨ ´É´  μÉ´μ¸¨É¥²Ó´μ μ¤-
´μ¶ · ³¥É·¨Î¥¸±μ° £·Ê¶¶Ò ¶·¥μ¡· §μ¢ ´¨° x �−→ x + pθ/Ep ¸ |θ| < ∞ ¨²¨,
¢ ¶μ±μ³¶μ´¥´É´μ° § ¶¨¸¨, x0 �−→ x0 + θ, x �−→ x + vpθ. �É¸Õ¤  ´ Ìμ¤¨³,
¢ Î ¸É´μ¸É¨, ÎÉμ |ψG(p, x0,x)| = |ψG(p, 0,x − vpx0)|. �Î¥¢¨¤´μ É ±¦¥, ÎÉμ

|ψG(p, x)| = 1 ¨ arg [ψG(p, x)] = mx0/Γp ¢¤μ²Ó ±² ¸¸¨Î¥¸±μ° ³¨·μ¢μ° ²¨-

´¨¨ x = vpx0, ´μ |ψG(p, x)| < 1 ¶·¨ ²Õ¡μ³ μÉ±²μ´¥´¨¨ μÉ ´¥¥. ‚¥·μÖÉ´μ¸ÉÓ
±¢ ´Éμ¢μ£μ μÉ±²μ´¥´¨Ö δx = x− vpx0 μÉ ±² ¸¸¨Î¥¸±μ£μ ¤¢¨¦¥´¨Ö ¶μ¤ ¢²¥´ 
Ë ±Éμ·μ³

exp {−2σ2[(δx)2 + Γ2
p(vpδx)2]}.

Š ± ¢¨¤¨³, ¶μ¶¥·¥Î´Ò¥ (¶μ μÉ´μÏ¥´¨Õ ± ´ ¶· ¢²¥´¨Õ ¢¥±Éμ·  ¸±μ·μ¸É¨ vp)
μÉ±²μ´¥´¨Ö ¶μ¤ ¢²¥´Ò ¢ ³¥´ÓÏ¥° ¸É¥¶¥´¨, Î¥³ ¶·μ¤μ²Ó´Ò¥,   ¤²Ö Ê²ÓÉ· -
·¥²ÖÉ¨¢¨¸É¸±¨Ì ¶ ±¥Éμ¢ μÉ±²μ´¥´¨Ö μÉ ±² ¸¸¨Î¥¸±¨Ì É· ¥±Éμ·¨° ³μ£ÊÉ ¡ÒÉÓ
Éμ²Ó±μ ¶μ¶¥·¥Î´Ò³¨, É. ¥. ±¢ ´Éμ¢Ò¥ ¤¢¨¦¥´¨Ö ¶ ±¥Éμ¢ ¶·μ¨¸Ìμ¤ÖÉ ¢´ÊÉ·¨
±² ¸¸¨Î¥¸±¨Ì ¸¢¥Éμ¢ÒÌ ±μ´Ê¸μ¢.

�¥·¥²ÖÉ¨¢¨¸É¸±¨° ¶·¥¤¥², μÉ¢¥Î ÕÐ¨° ¶·¨¡²¨¦¥´¨Õ (131) ¤²Ö ËÊ´±Í¨¨
φG(k,p), ¤ ¥É¸Ö ¢Ò· ¦¥´¨¥³

ψG(p, x) ≈ exp [−im(x0 − vpx) − σ2|x − vpx0|2] ≡ ψNR
G (p, x), |vp|2 � 1.

®Š² ¸¸¨Î¥¸± Ö¯ Ë §  ´¥·¥²ÖÉ¨¢¨¸É¸±μ° ¢μ²´μ¢μ° ËÊ´±Í¨¨ ψNR
G ´¥ § ¢¨¸¨É

μÉ ¸±μ·μ¸É¨ (x0 − vpx = x0/Γ2 ≈ x0 ¶·¨ x = vpx0 ¨ v2
p � 1).
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‘ ¶μ³μÐÓÕ ¸μμÉ´μÏ¥´¨Ö (110¡) ³μ¦´μ ¶¥·¥¶¨¸ ÉÓ ´¥· ¢¥´¸É¢  (153) ¨
¢Ò· ¦¥´¨¥ (154) ¢ Ö¢´μ ·¥²ÖÉ¨¢¨¸É¸±¨-¨´¢ ·¨ ´É´μ° Ëμ·³¥:

(px)2 � m4

σ4
¨ (px)2 − m2x2 � m4

σ4
, (156)

ψG(p, x) = exp
{
−i(px) − σ2

m2
[(px)2 − m2x2]

}
. (157)

‚ ± Î¥¸É¢¥ μ¤´μ£μ ¨§ ¸²¥¤¸É¢¨° (156) ¶μ²ÊÎ ¥³ Ê¸²μ¢¨¥ σ2|x2| � m2/σ2.
‚ ¤ ²Ó´¥°Ï¥³ ¡Ê¤¥³ ´ §Ò¢ ÉÓ · ¸¸³ É·¨¢ ¥³μ¥ ¶·¨¡²¨¦¥´¨¥ ¸É ¡¨²Ó´Ò³ ·¥-
²ÖÉ¨¢¨¸É¸±¨³ £ Ê¸¸μ¢Ò³ ¶ ±¥Éμ³ (‘�ƒ�). �μ¤¥°¸É¢μ¢ ¢ ´  (157) μ¶¥· Éμ·μ³
Š²¥°´ Äƒμ·¤μ´ , ¶μ²ÊÎ ¥³

[∂2 + m2(1 − Δ)]ψG(p, x) = 0, Δ = 6
σ2

m2
− 4σ4

m4
[(px)2 − m2x2].

’ ±¨³ μ¡· §μ³, ËÊ´±Í¨Ö ψG ¶·¨¡²¨¦¥´´μ Ê¤μ¢²¥É¢μ·Ö¥É Ê· ¢´¥´¨Õ Š²¥°´ Ä
ƒμ·¤μ´  (É. ¥. |Δ| � 1) ¶·¨ ¢Ò¶μ²´¥´¨¨ Ê¸²μ¢¨° (128) ¨ (156), § ¤ ÕÐ¨Ì
μ¡² ¸ÉÓ ¶·¨³¥´¨³μ¸É¨ ‘�ƒ�-¶·¨¡²¨¦¥´¨Ö. �¨¦¥ ¡Ê¤¥É ¶μ± § ´μ, ÎÉμ ÔÉ 
μ¡² ¸ÉÓ ¤μ¸É ÉμÎ´μ Ï¨·μ±  ¤²Ö ´ Ï¨Ì Í¥²¥°.

�É³¥É¨³, ÎÉμ ÊÎ¥É ¢±² ¤μ¢ O(σ4/m4) ¢ (152) ¶·¨¢μ¤¨É ± ¥Ð¥ ¡μ²¥¥ ¡Ò-

¸É·μ³Ê Ê¡Ò¢ ´¨Õ |ψG| ¸ · ¸¸ÉμÖ´¨¥³ ¶·¨ σ2x2

 � m2/σ2,   É ±¦¥ ± Ê¡Ò¢ ´¨Õ

|ψG| ¸μ ¢·¥³¥´¥³ ¶·¨ σ2(x0

)

2 � m2/σ2. �¤´μ ¨§ É¥Ì´¨Î¥¸±¨Ì ¸²¥¤¸É¢¨° É -
±μ£μ ¶μ¢¥¤¥´¨Ö |ψG|, ¶μ²¥§´μ¥ ¶·¨ · ¸Î¥É Ì  ³¶²¨ÉÊ¤, ¸μ¸Éμ¨É ¢ Éμ³, ÎÉμ
‘�ƒ�-¶·¨¡²¨¦¥´¨¥ ³μ¦´μ ¡¥§μ¶ ¸´μ · ¸¶·μ¸É· ´¨ÉÓ ´  ¢¸Õ ¶·μ¸É· ´¸É¢¥´-
´μ-¢·¥³¥´´ÊÕ μ¡² ¸ÉÓ ¨´É¥£·¨·μ¢ ´¨Ö ¢ ¨´É¥£· ² Ì É¨¶ ∫

dx f(x)
∏
κ

ψκ(pκ , x − xκ),

¢ ±μÉμ·ÒÌ ËÊ´±Í¨¨ ψκ ¸μμÉ¢¥É¸É¢ÊÕÉ ·¥²ÖÉ¨¢¨¸É¸±¨³ ‚�, μ¶¨¸Ò¢ ÕÐ¨³
¸μ¸ÉμÖ´¨Ö Î ¸É¨Í κ,   f(x) Å ¶·μ¨§¢μ²Ó´ Ö £² ¤± Ö ËÊ´±Í¨Ö x ¡¥§ μ¸É·ÒÌ
Ô±¸É·¥³Ê³μ¢. ˆ³¥´´μ É ±¨¥ ¨´É¥£· ²Ò ¢Ìμ¤ÖÉ ¢ Ëμ·³Ê²Ò ¤²Ö ³ ±·μ¸±μ¶¨Î¥-
¸±¨Ì  ³¶²¨ÉÊ¤ ¶·μÍ¥¸¸μ¢ · ¸¸¥Ö´¨Ö ¨ · ¸¶ ¤  ·¥²ÖÉ¨¢¨¸É¸±¨Ì ‚�.

�¥¶μ¸·¥¤¸É¢¥´´Ò° (ÌμÉÖ ¨ ¤μ¢μ²Ó´μ £·μ³μ§¤±¨°) · ¸Î¥É ¸·¥¤´¥£μ ¶μ²μ-
¦¥´¨Ö ¶ ±¥É  〈x〉 ¸ ¨¸¶μ²Ó§μ¢ ´¨¥³ (157) ¶·¨¢μ¤¨É, ± ± ¨ ¸²¥¤μ¢ ²μ μ¦¨¤ ÉÓ,
± Éμ³Ê, ÎÉμ ‚� ¸²¥¤Ê¥É ±² ¸¸¨Î¥¸±μ° É· ¥±Éμ·¨¨. ’ ±¨³ μ¡· §μ³, ‘�ƒ� ¶μ²-
´μ¸ÉÓÕ ¢μ¸¶·μ¨§¢μ¤¨É μ¡Ð¨¥ ¸¢μ°¸É¢  ·¥²ÖÉ¨¢¨¸É¸±μ£μ ‚�.

Œμ¤¥²Ó ‘�ƒ� ¶μ§¢μ²Ö¥É ¶·μ¢¥·¨ÉÓ ¢Ò¶μ²´¥´¨¥ Ê¸²μ¢¨Ö (107), ´¥μ¡Ìμ-
¤¨³μ£μ ¤²Ö ¶·¨³¥´¨³μ¸É¨ ¶·¨¡²¨¦¥´´μ° Ëμ·³Ê²Ò (106), Ö¢²ÖÕÐ¥°¸Ö ¸ÊÐ¥-
¸É¢¥´´Ò³ Ô²¥³¥´Éμ³ Ëμ·³ ²¨§³ . Š ± ¸²¥¤Ê¥É ¨§ (157),

i∇x ln ψG(p, x) = p− 2i
σ2

m2
[(px)p − m2x].
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�μÔÉμ³Ê Ê¸²μ¢¨¥ (107) ³μ¦´μ § ¶¨¸ ÉÓ ¢ ¢¨¤¥

|(pX)p− m2X| �
(

m2

σ2

)
Ep, (158)

£¤¥ X = (X0,X) = (y0 − x0,y − x). �²¥³¥´É ·´ Ö  ²£¥¡·  ¤ ¥É

|(pX)p− m2X|2 = (pX)2p2 − 2m2(pX)(pX) + m4X2 =

= (pX)2E2
p + m2[(pX)2 + m2X2 − E2

pX2
0 �

� (pX)2E2
p + m2(p2X2 + m2X2 − E2

pX2
0 ).

‚ ·¥§Ê²ÓÉ É¥ ³Ò ¤μ± § ²¨, ÎÉμ

|(pX)p− m2X| � Ep

√
(pX)2 − m2X2.

‘²¥¤μ¢ É¥²Ó´μ, ´¥· ¢¥´¸É¢μ (158) ´¥ Ö¢²Ö¥É¸Ö ´¥§ ¢¨¸¨³Ò³ Ê¸²μ¢¨¥³,   Ê¤μ-
¢²¥É¢μ·Ö¥É¸Ö  ¢Éμ³ É¨Î¥¸±¨ ¡² £μ¤ ·Ö ¢Éμ·μ³Ê ¨§ μ£· ´¨Î¥´¨° (156), μ¶·¥-
¤¥²ÖÕÐ¨Ì μ¡² ¸ÉÓ ¶·¨³¥´¨³μ¸É¨ ¶·¨¡²¨¦¥´¨Ö ‘�ƒ�.

ˆ§ÊÎ¨³ É¥¶¥·Ó ¸¢μ°¸É¢  ¶¥·¥¸É ´μ¢μÎ´μ° ËÊ´±Í¨¨ (148) ¢ ‘�ƒ�-¶·¨¡²¨-
¦¥´¨¨. ‘ ¶μ³μÐÓÕ ´¥· ¢¥´¸É¢ (150) ¨ Ê¸²μ¢¨Ö (128) ³μ¦´μ ´ ¶¨¸ ÉÓ ¤²Ö ´¥¥
 ¸¨³¶ÉμÉ¨Î¥¸±μ¥ · §²μ¦¥´¨¥ (¸·. ¸ (151))

DG(p,q; x) =
2mV


z3/2
exp
[
m2(1 − z)

σ2

] [
1 − 3σ2

8m2

(
1 − 1

z

)
+

+
3σ4

128m4

(
1 − 1

z

)(
11 +

5
z

)
+ O
(

σ6

m6

)]
. (159)

„²Ö ¸ ³μ¸μ£² ¸μ¢ ´´μ¸É¨ ¸²¥¤Ê¥É ¶¥·¥¶¨¸ ÉÓ ÔÉÊ Ëμ·³Ê²Ê ¢ ¶·¨¡²¨¦¥´¨¨,
μÉ¢¥Î ÕÐ¥³ Ê¸²μ¢¨Ö³ ‘�ƒ�-¶·¨¡²¨¦¥´¨Ö ¤²Ö ËÊ´±Í¨¨ ψG(p, x). „²Ö ÔÉμ£μ
¢μ¸¶μ²Ó§Ê¥³¸Ö Ê¸¥Î¥´´Ò³ ·Ö¤μ³ ¤²Ö z:

z =
E∗
m

(
1 +

σ4x2
∗

2E2
∗

)
+ i

σ2x0
∗

m

(
1 − σ4x2

∗
2E2

∗

)
+ O
(

σ8

m8

)
.

�μ¤¸É ¢²ÖÖ ¥£μ ¢ (159) ¨ · §² £ Ö ²μ£ ·¨Ë³ μÉ´μÏ¥´¨Ö DG/(2mV
) (§ ¶¨¸ ´-
´μ£μ ¢ ¸. Í. ¨.) ¶μ ¸É¥¶¥´Ö³ ³ ²μ£μ ¶ · ³¥É·  σ2/m2, ¶·¨Ìμ¤¨³ ± ¸²¥¤ÊÕÐ¥³Ê
·¥§Ê²ÓÉ ÉÊ:

ln
[
DG(p∗,−p∗; x∗)

2mV


]
= −imx0

∗

{
1 +

3σ2

2mE∗

[
1 +

σ2

4mE∗

(
1 − 4

3
m2x2

∗

)]}
−

− 3
2

ln Γ∗ −
m2(Γ∗ − 1)

σ2
− σ2x2

∗
2Γ∗

+
3σ2(Γ∗ − 1)

8mE∗
−

− 3σ4

4m2E2
∗

{
m2[(x0

∗)
2 + x2

∗] −
P 2
∗

4m2

}
+ O
(

σ6

m6

)
,
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£¤¥ Γ∗ = E∗/m. �É¸Õ¤  ¢¨¤´μ, ÎÉμ ¶·¨ Ê¸²μ¢¨ÖÌ

σ2(x0
∗)

2 � E2
∗

σ2
¨ σ2x2

∗ � E2
∗

σ2
(160)

³μ¦´μ μ£· ´¨Î¨ÉÓ¸Ö ²¨ÏÓ Î¥ÉÒ·Ó³Ö £² ¢´Ò³¨ Î²¥´ ³¨ · §²μ¦¥´¨Ö
¶μ σ2/m2. ‚ É ±μ³ ¶·¨¡²¨¦¥´¨¨ ¶μ²ÊÎ ¥³ μ±μ´Î É¥²Ó´ÊÕ Ëμ·³Ê²Ê

DG(p∗,−p∗; x∗) =
2mV


Γ3/2
∗

exp
[
−imx0

∗ −
m2(Γ∗ − 1)

σ2
− σ2x2

∗
2Γ∗

]
, (161)

¢ ±μÉμ·μ° ¸²¥¤Ê¥É ¶μ²μ¦¨ÉÓ V
 = [π/(2σ2)]3/2 (¸³. ¸²¥¤ÊÕÐ¨° ¶Ê´±É).
Š ± ¨ μ¦¨¤ ²μ¸Ó, DG(p∗,−p∗; x∗) ¡Ò¸É·μ Ê¡Ò¢ ¥É, ¥¸²¨ ²¨¡μ |p∗|,

²¨¡μ |x∗| (¨²¨ μ¡¥ ÔÉ¨ ¢¥²¨Î¨´Ò) ¤μ¸É ÉμÎ´μ ¢¥²¨±¨. ”μ·³ ²Ó´Ò¥ Ê¸²μ¢¨Ö
¤²Ö ÔÉμ£μ, μ¡¸Ê¦¤ ¢Ï¨¥¸Ö ´  ± Î¥¸É¢¥´´μ³ Ê·μ¢´¥ ¢ ¶. 3.4 ¤²Ö ‚� μ¡Ð¥£μ
¢¨¤ , ¸É ´μ¢ÖÉ¸Ö É¥¶¥·Ó μÎ¥¢¨¤´Ò³¨ ¨§ (161). �μ³¨³μ ÔÉμ£μ ¶¥·¥¸É ´μ¢μÎ´ Ö
ËÊ´±Í¨Ö (161) μ¡² ¤ ¥É ·Ö¤μ³ ´¥μÎ¥¢¨¤´ÒÌ § · ´¥¥ ¸¢μ°¸É¢. ‚¨¤´μ, ´ ¶·¨-
³¥·, ÎÉμ § ¢¨¸¨³μ¸ÉÓ |DG| μÉ ¶¥·¥³¥´´ÒÌ x0 ¨ x ¨¸Î¥§ ¥É ´  ±² ¸¸¨Î¥¸±¨Ì
É· ¥±Éμ·¨ÖÌ,   μÉ´μÏ¥´¨¥ |DG|/(2mV
) Ô±¸¶μ´¥´Í¨ ²Ó´μ ³ ²�μ Ê¦¥ ¶·¨ ¸Ê¡-
·¥²ÖÉ¨¢¨¸É¸±¨Ì Ô´¥·£¨ÖÌ (Γ∗ − 1 ∼ 1) ¨ ¸É·¥³¨É¸Ö ± ´Ê²Õ ¶·¨ Ê²ÓÉ· ·¥²Ö-
É¨¢¨¸É¸±¨Ì Ô´¥·£¨ÖÌ (Γ∗ � 1) ¶· ±É¨Î¥¸±¨ ´¥§ ¢¨¸¨³μ μÉ |x∗|. �¥É·Ê¤´μ
¶μ± § ÉÓ, ÎÉμ ¶·¨ ²Õ¡μ³ §´ Î¥´¨¨ σ

|DG(p∗,−p∗; x∗)|
2mV


� exp

[
−

√
2
(

1 − 1
Γ∗

)
m|x∗|
]

.

�·¥μ¡· §ÊÖ (161) ¢ ². ¸. ¨ ¶¥·¥Ìμ¤Ö ± ´¥·¥²ÖÉ¨¢¨¸É¸±¨³ Ô´¥·£¨Ö³, ¶μ²ÊÎ ¥³

DG(p,q; x) ≈ 2mV
 exp
[
−im(x0 − vx) − m2

8σ2
|vp − vq|2 −

σ2

2
|x − vx0|2

]
.

(162)
‡¤¥¸Ó vp = p/m ¨ vq = q/m Å £·Ê¶¶μ¢Ò¥ ¸±μ·μ¸É¨ ¶ ±¥Éμ¢ ¢ ². ¸., v =
(1/2)(vp + vq), ¨ ³Ò ¶·¥¤¶μ² £ ¥³, ÎÉμ v2

p � 1 ¨ v2
q � 1. �É³¥É¨³, ÎÉμ

¢±² ¤ ∝ (m2/σ2) ¢ (162) ³μ¦¥É ¡ÒÉÓ ¡μ²ÓÏ¨³, ¥¸²¨, · §Ê³¥¥É¸Ö, vp 	= vq,
  ¶ · ³¥É· σ ¤μ¸É ÉμÎ´μ ³ ².

�¥·¥Ìμ¤ ± ¶²μ¸±μ¢μ²´μ¢μ³Ê ¶·¥¤¥²Ê ¢ (161) ´¥ ¸μ¢¸¥³ É·¨¢¨ ²¥´. —Éμ¡Ò
´ °É¨ ÔÉμÉ ¶·¥¤¥², ¢μ¸¶μ²Ó§Ê¥³¸Ö  ¸¨³¶ÉμÉ¨Î¥¸±μ° Ëμ·³Ê²μ° (133)
(¸³. ¶. 4.1), ¸ ¶μ³μÐÓÕ ±μÉμ·μ° ³μ¦´μ ¤μ± § ÉÓ, ÎÉμ ¤²Ö ¶·μ¨§¢μ²Ó´μ° £² ¤-
±μ° ËÊ´±Í¨¨ F (p) ¨³¥¥É ³¥¸Éμ ¸μμÉ´μÏ¥´¨¥

lim
σ→0

∫
dp∗

(2π)32Ep∗

DG(p∗,−p∗; x∗)F (p∗) =
1
8

e−imx0
∗F (0).
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‘²¥¤μ¢ É¥²Ó´μ,

lim
σ→0

DG(p,q; x) = (2π)32E∗δ(2p∗) e−imx0
∗ = (2π)32Epδ(p − q) e−ipx.

‘ ¶μ³μÐÓÕ ±¨´¥³ É¨Î¥¸±¨Ì ¸μμÉ´μÏ¥´¨° (120 ) ´¥· ¢¥´¸É¢  (160) ³μ¦´μ
¶¥·¥¶¨¸ ÉÓ ¢ Ö¢´μ ·¥²ÖÉ¨¢¨¸É¸±¨-¨´¢ ·¨ ´É´μ° (ÌμÉÖ ¨ ´¥¸±μ²Ó±μ ³¥´¥¥ ¶·μ-
§· Î´μ°) Ëμ·³¥:

[(p + q)x]2 �
[
(p + q)2

σ2

]2
, (p + q)2|x2| �

[
(p + q)2

σ2

]2
. (163)

�¥É·Ê¤´μ ¶μ± § ÉÓ, ÎÉμ Ê¸²μ¢¨Ö (163) ¶μ²´μ¸ÉÓÕ ¸μ£² ¸ÊÕÉ¸Ö ¸ Ê¸²μ¢¨Ö-
³¨ (156), ±μÉμ·Ò¥ μ£· ´¨Î¨¢ ÕÉ μ¡² ¸ÉÓ ¶·¨³¥´¨³μ¸É¨ ‘�ƒ�. �´ ²μ£¨Î-
´Ò³ μ¡· §μ³ ¢Ò· ¦¥´¨¥ (161) É ±¦¥ ³μ¦¥É ¡ÒÉÓ ¶¥·¥¶¨¸ ´μ ¢ Ö¢´μ ²μ·¥´Í-
¨´¢ ·¨ ´É´μ³ ¢¨¤¥. ŒÒ ´¥ ¶·¨¢μ¤¨³ §¤¥¸Ó ¸μμÉ¢¥É¸É¢ÊÕÐÊÕ Ëμ·³Ê²Ê, ¶μ-
¸±μ²Ó±Ê μ´  ¤μ¢μ²Ó´μ £·μ³μ§¤±  ¨ ´¥ μÎ¥´Ó ¶μ²¥§´  ´  ¶· ±É¨±¥. Š ± ¶· -
¢¨²μ, ¶·μÐ¥ · ¡μÉ ÉÓ ¢ ¸. Í. ¨. ¶ ·Ò ¶ ±¥Éμ¢ ¨ ¶¥·¥Ìμ¤¨ÉÓ ¢ ². ¸. ²¨ÏÓ ¢
μ±μ´Î É¥²Ó´ÒÌ ¢Ò· ¦¥´¨ÖÌ.

‚ ± Î¥¸É¢¥ ¢ ¦´μ£μ ¶·¨²μ¦¥´¨Ö Ëμ·³Ê²Ò (161) · ¸¸³μÉ·¨³ n-¶ ±¥É´Ò¥
³ É·¨Î´Ò¥ Ô²¥³¥´ÉÒ (123) ¸ μ¤¨´ ±μ¢Ò³¨ ¨³¶Ê²Ó¸ ³¨ (pi = p, ∀i). �¡Ð¨°
¸²ÊÎ °, ±· É±μ μ¡¸Ê¦¤ ¢Ï¨°¸Ö ¢ ¶. 3.5, Ìμ·μÏμ ¨²²Õ¸É·¨·Ê¥É¸Ö ¶·μ¸É¥°Ï¨³¨
¶·¨³¥· ³¨ ¸ n = 2 ¨ 3. �¥·¥¶¨¸ ¢ ¸μμÉ´μÏ¥´¨Ö (124) ¢ ¸. Í. ¨., ±μÉμ· Ö ¢
¤ ´´μ³ ¸²ÊÎ ¥ ¸μ¢¶ ¤ ¥É ¸ ¸. ¸. μ. (μ¤´μ° ¨ Éμ° ¦¥ ¤²Ö ¢¸¥Ì μ¤´μ¶ ±¥É´ÒÌ
®¶μ¤¸μ¸ÉμÖ´¨°¯), ¨ ¶μ¤¸É ¢¨¢ (161), ´ °¤¥³

2〈p, s, x|p, s, x〉2 =(2mV
)2[1 ± δs1s2 exp (−σ2|x

1 − x


2|2)],

3〈p, s, x|p, s, x〉3 =(2mV
)3

⎡⎣1 ±
∑
i<j

δsisj exp (−σ2|x

i − x


j |2) +

+2δs1s2δs2s3δs3s1 exp

⎛⎝−σ2

2

∑
i<j

|x

i − x


j |2
⎞⎠⎤⎦ ,

£¤¥ §´ ± ®+¯ μÉ´μ¸¨É¸Ö ± ¡μ§μ´ ³,   ®−¯ Å ± Ë¥·³¨μ´ ³. ˆ§ ÔÉ¨Ì Ëμ·³Ê²
¢¨¤´μ, ÎÉμ ¡μ§¥-Ô°´ÏÉ¥°´μ¢¸±μ¥ ¶·¨ÉÖ¦¥´¨¥ ¨ Ë¥·³¨¥¢¸±μ¥ μÉÉ ²±¨¢ ´¨¥,
¨³¥ÕÐ¨¥ ³¥¸Éμ ¶·¨ si = sj ¤²Ö ²Õ¡μ° ¶ ·Ò Î ¸É¨Í (i, j), ¢ ¦´Ò ²¨ÏÓ
´  ±μ·μÉ±¨Ì · ¸¸ÉμÖ´¨ÖÌ ³¥¦¤Ê Í¥´É· ³¨ ¶ ±¥Éμ¢ i ¨ j, Ê¤μ¢²¥É¢μ·ÖÕÐ¨Ì
Ê¸²μ¢¨Õ

σ2|x

i − x


j |2 � 1. (164)

„·Ê£¨³¨ ¸²μ¢ ³¨, μ¡  ÔËË¥±É  ¸É ´μ¢ÖÉ¸Ö ¸ÊÐ¥¸É¢¥´´Ò³¨, ±μ£¤  ¶·μ¸É· ´-
¸É¢¥´´μ¥ · ¸¸ÉμÖ´¨¥ ³¥¦¤Ê Éμ¦¤¥¸É¢¥´´Ò³¨ ¶ ±¥É ³¨ (¨§³¥·Ö¥³μ¥ ¢ ¨Ì μ¡-
Ð¥° ¸¨¸É¥³¥ ¶μ±μÖ) ¸É ´μ¢¨É¸Ö ¸· ¢´¨³μ ¶μ ¢¥²¨Î¨´¥ ¸ · §³¥· ³¨ ¶ ±¥Éμ¢,
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É. ¥. ¨³¥´´μ Éμ£¤ , ±μ£¤  Ê¦¥ ´¥μ¡Ìμ¤¨³μ ÊÎ¨ÉÒ¢ ÉÓ ¤¨´ ³¨Î¥¸±μ¥ ¢§ ¨³μ-
¤¥°¸É¢¨¥ ¶ ±¥Éμ¢. �·¨ ¤μ¸É ÉμÎ´μ ¡μ²ÓÏ¨Ì · ¸¸ÉμÖ´¨ÖÌ ³¥¦¤Ê ¶ ±¥É ³¨ · §-
²¨Î¨¥ ±¢ ´Éμ¢ÒÌ ¸É É¨¸É¨± Ê¦¥ ´¥ ¨£· ¥É ·μ²¨. �ÉμÉ ¢Ò¢μ¤ μ¸É ¥É¸Ö ¢ ¸¨²¥
¤²Ö ¸μ¸ÉμÖ´¨° ¸ ¶·μ¨§¢μ²Ó´Ò³ Î¨¸²μ³ ´¥¢§ ¨³μ¤¥°¸É¢ÊÕÐ¨Ì Éμ¦¤¥¸É¢¥´´ÒÌ
¶ ±¥Éμ¢ ¨ Î·¥§¢ÒÎ °´μ ¢ ¦¥´ ¤²Ö ¶μ¸É·μ¥´¨Ö ±¢ ´Éμ¢μ° ¸É É¨¸É¨±¨ ‚�.

4.6. 	ËË¥±É¨¢´Ò¥ · §³¥·Ò ¨ ³ ¸¸  ¶ ±¥É . �¥É·Ê¤´μ ´ °É¨ Ö¢´Ò° ¢¨¤
μ¡Ñ¥³  V
, μ¶·¥¤¥²Ö¥³μ£μ ¸μμÉ´μÏ¥´¨¥³ (97), ¢ �ƒ�-¶·¨¡²¨¦¥´¨¨:

V
 =
π2λK1(λ)

2m3[K1(λ/2)]2
=
( π

2σ2

)3/2
[
1 − 9

8λ
+

249
128λ2

+ O
(

1
λ3

)]
, λ =

m2

σ2
.

(165)
Ÿ¢´ Ö Ëμ·³Ê²  ¤²Ö ¸·¥¤´¥° ³ ¸¸Ò 〈m〉 É ±¦¥ ³μ¦¥É ¡ÒÉÓ ´ °¤¥´  ¢ ¢¨¤¥
 ¸¨³¶ÉμÉ¨Î¥¸±μ£μ · §²μ¦¥´¨Ö ¶μ ¶ · ³¥É·Ê 1/λ. „²Ö ÔÉμ£μ Ê¤μ¡´μ ¢μ¸¶μ²Ó-
§μ¢ ÉÓ¸Ö ²¥³³μ° ‚ É¸μ´ , ±μÉμ· Ö ÊÉ¢¥·¦¤ ¥É, ÎÉμ ¶μÎ²¥´´μ¥ ¶·¥μ¡· §μ¢ ´¨¥
‹ ¶² ¸  ¤²Ö ¸É¥¶¥´´μ£μ · §²μ¦¥´¨Ö ËÊ´±Í¨¨ f(t) Ö¢²Ö¥É¸Ö · §²μ¦¥´¨¥³ ¶·¥-
μ¡· §μ¢ ´¨Ö ‹ ¶² ¸  ÔÉμ° ËÊ´±Í¨¨. ‚ ´ Ï¥³ ¸²ÊÎ ¥

∞∫
0

dt ta−1e−λtf(t) ∼
∞∑

n=0

Γ(n + a)f (n)(0)
n!λn+a

(a > 0, λ � 1).

�·¨³¥´ÖÖ ÔÉÊ  ¸¨³¶ÉμÉ¨Î¥¸±ÊÕ Ëμ·³Ê²Ê ± Î¨¸²¨É¥²Õ ¨ §´ ³¥´ É¥²Õ ¢ (99)
¨ ¶μ¤¸É ¢²ÖÖ · §²μ¦¥´¨¥ ¤²Ö ´μ·³¨·μ¢μÎ´μ° ±μ´¸É ´ÉÒ ¨§ (126)

Nσ =
2(πλ)3/2

m2

[
1 − 3

4λ
+

33
32λ2

+ O
(

1
λ3

)]
,

´ °¤¥³ μÉ´μÏ¥´¨¥ ¸·¥¤´¥° ³ ¸¸Ò ¶ ±¥É  ± ³ ¸¸¥ ¶μ²Ö:

〈m〉
m

= 1 +
3
2λ

− 3
8λ2

+ O
(

1
λ3

)
.

ˆÉ ±, ¸·¥¤´ÖÖ (ÔËË¥±É¨¢´ Ö) ³ ¸¸  ‚� ¶·¥¢ÒÏ ¥É ³ ¸¸Ê ¸μ¸É ¢²ÖÕÐ¨Ì ¥£μ
Ëμ±μ¢¸±¨Ì ¸μ¸ÉμÖ´¨° ´  ¢¥²¨Î¨´Ê δm ≈ 1,5σ2/m.

�¥·¥°¤¥³ É¥¶¥·Ó ± ‘�ƒ�-³μ¤¥²¨:

V
 ≈
( π

2σ2

)3/2

≈ 1,969
σ3

. (166)

‘ Éμ° ¦¥ ÉμÎ´μ¸ÉÓÕ ³μ¦´μ μ¶·¥¤¥²¨ÉÓ ÔËË¥±É¨¢´Ò° · §³¥· ‚� ¢ ¸. ¸. μ. ± ±
¤¨ ³¥É· d
 Ï · , ¨³¥ÕÐ¥£μ μ¡Ñ¥³ V
, É. ¥.

d
 =
(

6V


π

)1/3

≈
(

9π

2

)1/6 1
σ
≈ 1,555

σ
. (167)
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�¨¸. 5. � £²Ö¤´μ¥ ¨§μ¡· ¦¥´¨¥ ‘�ƒ� ¢
±μ´Ë¨£Ê· Í¨μ´´μ³ ¶·μ¸É· ´¸É¢¥ ( ) ¨
¨³¶Ê²Ó¸´μ³ ¶·μ¸É· ´¸É¢¥ (¡). ‘É·¥²±¨
Ê± §Ò¢ ÕÉ ´ ¶· ¢²¥´¨¥ ¨³¶Ê²Ó¸  ¶ ±¥É 

Ÿ¸´μ, ÎÉμ ¢ ². ¸. ÔËË¥±É¨¢´Ò° · §³¥· ¶ ±¥É  ¢¤μ²Ó ´ ¶· ¢²¥´¨Ö ¥£μ
¨³¶Ê²Ó¸  p · ¢¥´ d‖ = d
/Γp. � £²Ö¤´Ò³ ¨§μ¡· ¦¥´¨¥³ ¶ ±¥É  ¢ ±μ´Ë¨£Ê-
· Í¨μ´´μ³ ¶·μ¸É· ´¸É¢¥ ³μ¦¥É ¸²Ê¦¨ÉÓ ¸¶²Õ¸´ÊÉÒ° Ô²²¨¶¸μ¨¤ ¢· Ð¥´¨Ö ¸
¶μ¶¥·¥Î´Ò³ ¤¨ ³¥É·μ³, ¶·¨³¥·´μ · ¢´Ò³ 1,555/σ, ¨ Ê£²μ¢Ò³ Ô±¸Í¥´É·¨¸¨-
É¥Éμ³, · ¢´Ò³ arccos (Γp) (¸³. ·¨¸. 5,  ). �¡Ñ¥³´ Ö ¶²μÉ´μ¸ÉÓ ¶ ±¥É  ρ(p, x)
¢ ¥£μ Í¥´É·¥ ¶·¥¢ÒÏ ¥É ¶²μÉ´μ¸ÉÓ ´  (Ê¸²μ¢´μ°) £· ´¨Í¥ ¡μ²¥¥ Î¥³ ¢É·μ¥.
’μÎ´¥¥, ¸μμÉ¢¥É¸É¢ÊÕÐ¥¥ μÉ´μÏ¥´¨¥ ¶²μÉ´μ¸É¥° ¢ ¸. ¸. μ. · ¢´μ

exp
(

σ2d2



2

)
= exp

[(
9π

16

)1/3
]
≈ e1,21 ≈ 3,35.

4.7. �¥μ¶·¥¤¥²¥´´μ¸É¨ Ô´¥·£¨¨ ¨ ¨³¶Ê²Ó¸  ¶ ±¥É . �·μ ´ ²¨§¨·Ê¥³
¸¢Ö§Ó ¶ · ³¥É·  σ ¸ ±¢ ´Éμ¢Ò³¨ ´¥μ¶·¥¤¥²¥´´μ¸ÉÖ³¨ Ô´¥·£¨¨ ¨ ¨³¶Ê²Ó¸ 
‚� ¢ ‘�ƒ�-¶·¨¡²¨¦¥´¨¨. ‚μ¸¶μ²Ó§μ¢ ¢Ï¨¸Ó É¥μ·¥³μ° μ ¸·¥¤´¥³ ¨ Ê¸²μ¢¨Ö-
³¨ (95), ³μ¦¥³ ´ ¶¨¸ ÉÓ Éμ¦¤¥¸É¢μ

2mV
 = φG(p + δp,p)
∫

dk
(2π)32Ek

φG(k,p) = φG(p + δp,p),

£¤¥ δp Å ¶μ¤²¥¦ Ð¨° μ¶·¥¤¥²¥´¨Õ ¢¥±Éμ· ¸ ³ ²Ò³  ¡¸μ²ÕÉ´Ò³ §´ Î¥´¨¥³,
¨³¥ÕÐ¨° μÎ¥¢¨¤´Ò° Ë¨§¨Î¥¸±¨° ¸³Ò¸² ´¥μ¶·¥¤¥²¥´´μ¸É¨ ¨³¶Ê²Ó¸  ¶ ±¥É .
� §Ê³´μ ¶·¥¤¶μ²μ¦¨ÉÓ, ÎÉμ |δp| � Ep

∗. �Éμ Ê¸²μ¢¨¥ ¶μ§¢μ²Ö¥É ¸¤¥² ÉÓ
· §²μ¦¥´¨¥

Ep+δp ≈ Ep

[
1 +

δp · p
E2

p

+
|δp|2
2E2

p

− (δp · p)2

2E4
p

]
,

¨§ ±μÉμ·μ£μ ´ Ìμ¤¨³, ÎÉμ

Ep+δpEp − (p + δp)p ≈ m2 +
|δp|2

2
− (δp · p)2

2E2
p

= m2 +
|δp‖|2

2Γ2
p

+
|δp⊥|2

2
,

∗�Éμ ¶·¥¤¶μ²μ¦¥´¨¥ ¶μ¤É¢¥·¦¤ ¥É¸Ö a posteriori ¸μμÉ´μÏ¥´¨¥³ (171).
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£¤¥ δp‖ ¨ δp⊥ ¥¸ÉÓ, ¸μμÉ¢¥É¸É¢¥´´μ, ¶·μ¤μ²Ó´ Ö ¨ ¶μ¶¥·¥Î´ Ö (¶μ μÉ´μÏ¥-
´¨Õ ± ¢¥±Éμ·Ê ¨³¶Ê²Ó¸  p) ±μ³¶μ´¥´ÉÒ ¨¸±μ³μ£μ ¢¥±Éμ·  δp. „ ²¥¥ ¸μ-
£² ¸´μ (130) ¨³¥¥³

V
 ≈
( π

σ2

)3/2

exp

(
−
|δp‖|2 + Γ2

p|δp⊥|2

4σ2Γ2
p

)
=
( π

σ2

)3/2

exp
(
−|δp
|2

4σ2

)
,

(168)
£¤¥ δp
 μ¡μ§´ Î ¥É ¢¥±Éμ· δp, § ¶¨¸ ´´Ò° ¢ ¸. ¸. μ. ¶ ±¥É . ‘· ¢´¨¢ Ö ¸μμÉ-
´μÏ¥´¨Ö (168) ¨ (166) (¢Ò¢¥¤¥´´Ò¥ ¢ μ¤´μ³ ¨ Éμ³ ¦¥ ¶·¨¡²¨¦¥´¨¨), ´ °¤¥³

|δp
|2 ≈ 6 ln 2σ2 ≈ 4,159σ2. (169)

ˆ§ (167) ¨ (169) ¸²¥¤Ê¥É ®¸μμÉ´μÏ¥´¨¥ ´¥μ¶·¥¤¥²¥´´μ¸É¥°¯

d
|δp
| ≈ 3

√(
4π

3

)1/3

ln 2 ≈ 3,171. (170)

„²Ö ¨²²Õ¸É· Í¨¨ ÔÉμ£μ ·¥§Ê²ÓÉ É  · ¸¸³μÉ·¨³  ¤·μ´´Ò° ‚�, ÔËË¥±É¨¢´Ò°
· §³¥· ±μÉμ·μ£μ, μÎ¥¢¨¤´μ, ´¥ ³μ¦¥É ¡ÒÉÓ ³¥´ÓÏ¥ ¥¸É¥¸É¢¥´´μ£μ · §³¥· 
¸ ³μ£μ  ¤·μ´ , É. ¥. d
 � 1 Ë³. ’μ£¤  ¨§ (169) ¨ (170) ¸²¥¤Ê¥É, ÎÉμ |δp
| �
600 ŒÔ‚,   §´ Î¨É, σ ≈ 0,5|δp
| � 300 ŒÔ‚. ’ ±¨³ μ¡· §μ³, 300 ŒÔ‚ Å ÔÉμ
³ ±¸¨³ ²Ó´μ ¢μ§³μ¦´μ¥ §´ Î¥´¨¥ ¶ · ³¥É·  σ ¤²Ö  ¤·μ´´μ£μ ‚�. ‚ ¶. 4.8
³Ò μ¡¸Ê¤¨³ ¢μ¶·μ¸ μ ¶·¥¤¥²Ó´μ ¤μ¶Ê¸É¨³ÒÌ §´ Î¥´¨ÖÌ σ ¢ ‘�ƒ�-³μ¤¥²¨.


² £μ¤ ·Ö ¸Ë¥·¨Î¥¸±μ° ¸¨³³¥É·¨¨ ¶ ±¥É  ¢ ¸. ¸. μ.

|δp⊥|2 =
2
3
|δp
|2 ≈ 4 ln 2σ2 ¨ |δp‖|2 =

1
3
|δp
|2Γ2

p ≈ 2 ln 2σ2Γ2
p, (171 )

μÉ±Ê¤  ¸²¥¤Ê¥É, ÎÉμ

|δp| ≈
√

2 ln 2
(
Γ2

p + 2
)
σ, |δp‖|/|δp⊥| ≈ Γp/

√
2. (171¡)

‘μμÉ´μÏ¥´¨Ö (171) ¶μ§¢μ²ÖÕÉ μÍ¥´¨ÉÓ ´¥μ¶·¥¤¥²¥´´μ¸ÉÓ ¨³¶Ê²Ó¸  ¨ ÔËË¥±-
É¨¢´ÊÕ (¶μ²Ê)Ï¨·¨´Ê ‚� ¢ ¨³¶Ê²Ó¸´μ³ ¶·μ¸É· ´¸É¢¥. Š ± ¢¨¤¨³, μÉ´μ¸¨-
É¥²Ó´ Ö ´¥μ¶·¥¤¥²¥´´μ¸ÉÓ ¨³¶Ê²Ó¸ , |δp|/|p|, ³ ²  ¶·¨ Ê²ÓÉ· ·¥²ÖÉ¨¢¨¸É¸±¨Ì
¨³¶Ê²Ó¸ Ì, ´μ ¸É ´μ¢¨É¸Ö ¸±μ²Ó Ê£μ¤´μ ¡μ²ÓÏμ° ¶·¨ |p| → 0:

|δp|
|p| →

{√
2 ln 2 σ/m ¶·¨ |p| → ∞,√
6 ln 2 σ/|p| ¶·¨ |p| → 0.

‘μμÉ¢¥É¸É¢ÊÕÐ Ö ´¥μ¶·¥¤¥²¥´´μ¸ÉÓ Ô´¥·£¨¨ ¨³¥¥É ¢¨¤

δEp ≈ δp · p/Ep ≈ |δp‖||vp| ≈
√

2 ln 2|p|σ/m.
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‘²¥¤μ¢ É¥²Ó´μ, μÉ´μ¸¨É¥²Ó´ Ö ´¥μ¶·¥¤¥²¥´´μ¸ÉÓ Ô´¥·£¨¨ ¢¸¥£¤  ³ ² , ¶·¨Î¥³

Ê²ÓÉ· ·¥²ÖÉ¨¢¨¸É¸± Ö  ¸¨³¶ÉμÉ¨± , δEp/Ep ≈ |δp|/|p| ≈
√

2 ln 2σ/m, ¤ ¥É
¢¥·Ì´¨° ¶·¥¤¥² ÔÉμ£μ μÉ´μÏ¥´¨Ö.

4.8. �¡² ¸ÉÓ ¶·¨³¥´¨³μ¸É¨ ‘�ƒ�. ‚ § ¢¨¸¨³μ¸É¨ μÉ ¸¶μ¸μ¡  ¶·¨£μ-
Éμ¢²¥´¨Ö ‚� (É. ¥. μÉ Í¥¶μÎ±¨ ¶μ·μ¦¤ ÕÐ¨Ì ¥£μ ·¥ ±Í¨°) ¥£μ ÔËË¥±É¨¢´Ò¥
· §³¥·Ò ³μ£ÊÉ ¡ÒÉÓ ± ± ³¨±·μ¸±μ¶¨Î¥¸±¨ ³ ²Ò, É ± ¨ ³ ±·μ¸±μ¶¨Î¥¸±¨ ¢¥-
²¨±¨. �μ¸²¥¤´ÖÖ ¢μ§³μ¦´μ¸ÉÓ ´¥ ¤μ²¦´  ¢Ò§¢ ÉÓ Ê¤¨¢²¥´¨Ö, ¥¸²¨ ¢¸¶μ³´¨ÉÓ,
ÎÉμ ®· §³¥·¯ ¶²μ¸±μ° ¢μ²´Ò ¨ ¢μ¢¸¥ ¡¥¸±μ´¥Î¥´. �μ¤Î¥·±´¥³ ¥Ð¥ · §, ÎÉμ
ÔËË¥±É¨¢´Ò° · §³¥· ‚� Å ÔÉμ ´¥ ¢´ÊÉ·¥´´¥¥ ¸¢μ°¸É¢μ ¶μ²Ö,   Ì · ±É¥·¨-
¸É¨±  ¥£μ ±¢ ´Éμ¢μ£μ ¸μ¸ÉμÖ´¨Ö, § ¢¨¸ÖÐ Ö, ±μ´¥Î´μ, μÉ ¸¢μ°¸É¢ ¶μ²Ö, ´μ
´¥ Éμ²Ó±μ μÉ ´¨Ì. ®…¸É¥¸É¢¥´´Ò°¯ ¨, ¢¥·μÖÉ´μ, ´¥¤μ¸É¨¦¨³Ò° ´  ¶· ±É¨±¥
¢¥·Ì´¨° ¶·¥¤¥², dmax


 , ¤²Ö ÔËË¥±É¨¢´μ£μ · §³¥·  ‚�, μ¶¨¸Ò¢ ÕÐ¥£μ ´¥¸É -
¡¨²Ó´ÊÕ Î ¸É¨ÍÊ, ¤μ²¦¥´ ¡ÒÉÓ ¶μ·Ö¤±  ¥¥ ¸μ¡¸É¢¥´´μ£μ ¢·¥³¥´¨ ¦¨§´¨ τ (³ -
±·μ¸±μ¶¨Î¥¸±μ£μ ¤²Ö ¤μ²£μ¦¨¢ÊÐ¨Ì Î ¸É¨Í, É ±¨Ì ± ± ´¥°É·μ´ ¨²¨ ³Õμ´),
  ®´¨¦´¨° ¶·¥¤¥²¯, dmin


 , § ¤ ¥É¸Ö ¥¸É¥¸É¢¥´´Ò³ · §³¥·μ³ Î ¸É¨ÍÒ, É. ¥. ¢¥-
²¨Î¨´μ° ¶μ·Ö¤±  1 Ë³ ¤²Ö  ¤·μ´μ¢ (¸μ¸É ¢´ÒÌ Î ¸É¨Í) ¨ ¢¥²¨Î¨´μ° ¶μ·Ö¤± 
±μ³¶Éμ´μ¢¸±μ° ¤²¨´Ò ¢μ²´Ò (∼ 1/m) ¤²Ö ²¥¶Éμ´μ¢ ¨ ± ²¨¡·μ¢μÎ´ÒÌ ¡μ§μ-
´μ¢ (¡¥¸¸É·Ê±ÉÊ·´ÒÌ Î ¸É¨Í). ‚ ²Õ¡μ³ ¸²ÊÎ ¥ ¢ ¸¨²Ê μ¡Ð¥£μ μ£· ´¨Î¥´¨Ö
σ2 � m2 ¤μ¶Ê¸É¨³Ò¥ Ëμ·³ ²¨§³μ³ · §³¥·Ò ¶ ±¥Éμ¢ ¤μ²¦´Ò ¡ÒÉÓ ³´μ£μ
¡μ²ÓÏ¥ dmin


 .
‚ ¸²ÊÎ ¥ ´¥¸É ¡¨²Ó´ÒÌ Î ¸É¨Í Ê¸²μ¢¨Ö ¶·¨³¥´¨³μ¸É¨ ‘�ƒ�-¶·¨¡²¨¦¥-

´¨Ö (153) ´ ±² ¤Ò¢ ÕÉ ¤μ¶μ²´¨É¥²Ó´μ¥ ¦¥¸É±μ¥ μ£· ´¨Î¥´¨¥ ´  ¶·¥¤¥²Ó´μ
¤μ¶Ê¸É¨³μ¥ §´ Î¥´¨¥ ¶ · ³¥É·  σ. „¥°¸É¢¨É¥²Ó´μ, ¤²Ö Éμ£μ ÎÉμ¡Ò ÔÉ¨ Ê¸²μ-

¢¨Ö ¢Ò¶μ²´Ö²¨¸Ó ¶·¨ 0 � |x0

| � τ (É. ¥. ÎÉμ¡Ò ‚� ´¥ Ê¸¶¥² ¸ÊÐ¥¸É¢¥´´μ

· ¸¶²ÒÉÓ¸Ö §  ¢·¥³Ö ¦¨§´¨ ¸μ¸ÉμÖ´¨Ö), ´¥μ¡Ìμ¤¨³μ ¢Ò¶μ²´¥´¨¥ ´¥· ¢¥´¸É¢ 

σ4τ2 � m2. �μÔÉμ³Ê ¢¥²¨Î¨´  σmax =
√

m/τ § ¤ ¥É  ¡¸μ²ÕÉ´Ò° ¢¥·Ì´¨°
¶·¥¤¥²∗ ¤μ¶Ê¸É¨³ÒÌ ¢ ‘�ƒ�-³μ¤¥²¨ §´ Î¥´¨° ¶ · ³¥É·  σ. ‘μμÉ¢¥É¸É¢¥´´μ,
¢¥²¨Î¨´ 

dmin

 =

(
9π

2

)1/6 1
σmax

=
(

9π

2

)1/6 ( τ

m

)1/2

μ¶·¥¤¥²Ö¥É ´¨¦´¨° ¶·¥¤¥² ¤²Ö ÔËË¥±É¨¢´μ£μ ¶·μ¸É· ´¸É¢¥´´μ£μ · §³¥·  ‚�,
μ¶¨¸Ò¢ ÕÐ¥£μ ´¥¸É ¡¨²Ó´ÊÕ Î ¸É¨ÍÊ ¢ ‘�ƒ�-¶·¨¡²¨¦¥´¨¨.

�μ¸±μ²Ó±Ê ¢ · ³± Ì μ¡¸Ê¦¤ ¥³μ£μ Ëμ·³ ²¨§³  ‚� ´¨± ± ´¥ ¸¢Ö§ ´Ò
¸ ¥¸É¥¸É¢¥´´μ° · ¸¶ ¤´μ° Ï¨·¨´μ° Î ¸É¨ÍÒ Γ = 1/τ , μ´ ¶·¨³¥´¨³ ²¨ÏÓ
¤²Ö μ¶¨¸ ´¨Ö ¸μ¸ÉμÖ´¨° ¸ σ � Γ (  ÉμÎ´¥¥, σ2 � Γ2), É. ¥. ¤²Ö ¶ ±¥Éμ¢
¸ ¶·μ¸É· ´¸É¢¥´´Ò³¨ · §³¥· ³¨ d
 � dmax


 ∼ τ . „²Ö ¸μ£² ¸μ¢ ´¨Ö ÔÉμ£μ
μ£· ´¨Î¥´¨Ö ¸ Ê¸²μ¢¨Ö³¨ (153) ¢·¥³Ö ¦¨§´¨ Î ¸É¨ÍÒ ¤μ²¦´μ ¡ÒÉÓ ¤μ¸É -
ÉμÎ´μ ¡μ²ÓÏ¨³. �μ¸±μ²Ó±Ê ¤²Ö ¢¸¥Ì ¨§¢¥¸É´ÒÌ ¤μ²£μ¦¨¢ÊÐ¨Ì Ô²¥³¥´É ·´ÒÌ

∗� §Ê³¥¥É¸Ö, ¢ Ë¨§¨Î¥¸±μ³,   ´¥ ¢ Ëμ·³ ²Ó´μ ³ É¥³ É¨Î¥¸±μ³ ¸³Ò¸²¥.
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Î ¸É¨Í ¨  Éμ³´ÒÌ Ö¤¥· Γ � m, Éμ σmax =
√

m/τ =
√

Γm � Γ ¨, · §Ê³¥¥É¸Ö,
σmax � m. �μÔÉμ³Ê ¸²¥¤Ê¥É μ¦¨¤ ÉÓ, ÎÉμ ‘�ƒ�-¶·¨¡²¨¦¥´¨¥ ¶·¨³¥´¨³μ
± ± ¤²Ö ¸É ¡¨²Ó´ÒÌ, É ± ¨ ¤²Ö ´¥¸É ¡¨²Ó´ÒÌ, ´μ ¤μ²£μ¦¨¢ÊÐ¨Ì Î ¸É¨Í (´¥°-
É·μ´μ¢, ³Õμ´μ¢, τ -²¥¶Éμ´μ¢, § ·Ö¦¥´´ÒÌ ¶¨μ´μ¢, . . .) ¨ Ö¤¥·, ´μ § ¢¥¤μ³μ
´¥¶·¨³¥´¨³μ ¤²Ö Ï¨·μ±¨Ì  ¤·μ´´ÒÌ ·¥§μ´ ´¸μ¢, ± ²¨¡·μ¢μÎ´ÒÌ ¡μ§μ´μ¢ ¨
¤·Ê£¨Ì Î ¸É¨Í, ¤²Ö ±μÉμ·ÒÌ Ê¸²μ¢¨¥ σmax � Γ ´¥ ¢Ò¶μ²´Ö¥É¸Ö. ‡ ³¥É¨³
É ±¦¥, ÎÉμ ³ ±¸¨³ ²Ó´μ ¤μ¶Ê¸É¨³μ¥ ¢ ‘�ƒ� §´ Î¥´¨¥ δm = 〈m〉 − m · ¢´μ
δmmax ≈ 1,5σ2

max/m = 1,5Γ, É ± ÎÉμ ¶μ¶· ¢±  ± ¶μ²¥¢μ° ³ ¸¸¥ ·¥§μ´ ´¸μ¢
³μ¦¥É ¡ÒÉÓ §´ Î¨É¥²Ó´μ°, ´μ ¤²Ö ¤μ²£μ¦¨¢ÊÐ¨Ì Î ¸É¨Í ¢ ¤ ´´μ³ ¶·¨¡²¨¦¥-
´¨¨ ¥Õ ³μ¦´μ (¨ ´Ê¦´μ) ¶·¥´¥¡·¥ÎÓ.

„²Ö ±μ²¨Î¥¸É¢¥´´μ° ¨²²Õ¸É· Í¨¨ ¢ É ¡². 1 ¶·¨¢¥¤¥´Ò §´ Î¥´¨Ö σmax,
Γ/σmax ¨ dmin


 ¤²Ö ·Ö¤  ´¥¸É ¡¨²Ó´ÒÌ Ô²¥³¥´É ·´ÒÌ Î ¸É¨Í. Œ ¸¸Ò ¨ ¢·¥-
³¥´  ¦¨§´¨ Î ¸É¨Í, ¨¸¶μ²Ó§μ¢ ´´Ò¥ ¢ · ¸Î¥É¥, ¢§ÖÉÒ ¨§ μ¡§μ·  [106]. ‚Ò¡μ·
Î ¸É¨Í ¢ É ¡². 1 μ¡Ê¸²μ¢²¥´ É¥³, ÎÉμ · ¸¶ ¤Ò π±, K±, K0

L ¨ μ± Ö¢²ÖÕÉ¸Ö
μ¸´μ¢´Ò³¨ ¨¸ÉμÎ´¨± ³¨  É³μ¸Ë¥·´ÒÌ ¨ Ê¸±μ·¨É¥²Ó´ÒÌ ´¥°É·¨´μ ¨  ´É¨´¥°-
É·¨´μ ¸ Ô´¥·£¨Ö³¨ Eν � 1 ’Ô‚; · ¸¶ ¤Ò ±μ·μÉ±μ¦¨¢ÊÐ¨Ì K0

S-, D-, Ds-, B-
¨ Bs-³¥§μ´μ¢,   É ±¦¥ Λ- ¨ Λc-£¨¶¥·μ´μ¢ ¸É ´μ¢ÖÉ¸Ö ¤μ³¨´¨·ÊÕÐ¨³¨ ¨¸ÉμÎ-

’ ¡²¨Í  1. �·¥¤¥²Ó´μ ¤μ¶Ê¸É¨³Ò¥ ¢ ‘�ƒ�-¶·¨¡²¨¦¥´¨¨ §´ Î¥´¨Ö ¶ · ³¥É·  σ

(σmax =
√

mΓ), μÉ´μÏ¥´¨Ö Γ/σmax =
√

Γ/m ¨ ³¨´¨³ ²Ó´Ò¥ ¤μ¶Ê¸É¨³Ò¥ ÔËË¥±-
É¨¢´Ò¥ · §³¥·Ò ¢μ²´μ¢ÒÌ ¶ ±¥Éμ¢ (dmin

� ≈ 1,55/
√

mΓ) ¤²Ö ´¥±μÉμ·ÒÌ ´¥¸É ¡¨²Ó-
´ÒÌ Î ¸É¨Í

— ¸É¨Í  σmax, Ô‚ Γ/σmax dmin
� , ¸³

μ± 1,78 · 10−1 1,68 · 10−9 1,72 · 10−4

τ± 2,01 · 103 1,13 · 10−6 1,53 · 10−8

π± 1,88 1,35 · 10−8 1,63 · 10−5

π0 3,25 · 104 2,41 · 10−4 0,94 · 10−9

K± 5,12 1,04 · 10−8 5,99 · 10−6

K0
S 6,05 · 101 1,22 · 10−7 5,07 · 10−7

K0
L 2,53 5,08 · 10−9 1,21 · 10−5

D± 1,09 · 103 5,82 · 10−7 2,82 · 10−8

D0 1,73 · 103 9,28 · 10−7 1,77 · 10−8

D±
s 1,61 · 103 8,18 · 10−7 1,91 · 10−8

B± 1,46 · 103 2,76 · 10−7 2,11 · 10−8

B0 1,51 · 103 2,86 · 10−7 2,03 · 10−8

B0
s 1,55 · 103 2,89 · 10−7 1,98 · 10−8

n 2,64 · 10−5 2,81 · 10−14 1,16

Λ 5,28 · 101 4,74 · 10−7 5,81 · 10−7

Λ±
c 2,74 · 103 1,87 · 10−6 1,12 · 10−8
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´¨± ³¨ ( ´É¨)´¥°É·¨´μ ¶·¨ Eν � 1 ’Ô‚ (¸³., ´ ¶·¨³¥·, [107]); τ -²¥¶Éμ´Ò,
¢μ§´¨± ÕÐ¨¥ (± ± ·¥¤±¨¥ ¸μ¡ÒÉ¨Ö) ¢μ ¢§ ¨³μ¤¥°¸É¢¨ÖÌ ( ´É¨)´¥°É·¨´´ÒÌ
¶ÊÎ±μ¢ ¸ ¢¥Ð¥¸É¢μ³, ¢ ¦´Ò ¤²Ö μ¸Í¨²²ÖÍ¨μ´´ÒÌ Ô±¸¶¥·¨³¥´Éμ¢ ¢ ± Î¥¸É¢¥
®¨´¤¨± Éμ·μ¢¯ Ë²¥°¢μ·´ÒÌ ¶¥·¥Ìμ¤μ¢ νμ → ντ . �¥°É· ²Ó´Ò° ¶¨μ´ ¨ ´¥°-
É·μ´ ¶·¨¢¥¤¥´Ò ¤²Ö ¤¥³μ´¸É· Í¨¨ ¤¢ÊÌ ±· °´¨Ì ¸²ÊÎ ¥¢ Å μÎ¥´Ó ¡μ²ÓÏμ£μ
¨ μÎ¥´Ó ³ ²¥´Ó±μ£μ §´ Î¥´¨° σmax ¸μμÉ¢¥É¸É¢¥´´μ. Š·μ³¥ Éμ£μ, · ¸¶ ¤Ò ¸¢μ-
¡μ¤´ÒÌ ´¥°É·μ´μ¢ ¨£· ÕÉ ¢ ¦´ÊÕ ·μ²Ó ¢ ± Î¥¸É¢¥ ¨¸ÉμÎ´¨±   ¸É·μË¨§¨Î¥-
¸±¨Ì Ô²¥±É·μ´´ÒÌ  ´É¨´¥°É·¨´μ ´¨§±¨Ì Ô´¥·£¨° [108].

‚ É ¡². 1 ´¥ ¶·¥¤¸É ¢²¥´Ò ³´μ£μÎ¨¸²¥´´Ò¥ β±- ±É¨¢´Ò¥ · ¤¨μ´Ê±²¨¤Ò,
· ¸¶ ¤Ò ±μÉμ·ÒÌ Ö¢²ÖÕÉ¸Ö ¨¸ÉμÎ´¨± ³¨ νe ¨ νe ¢ ·¥ ±Éμ·´ÒÌ Ô±¸¶¥·¨³¥´É Ì
¨ ¢ ¡Ê¤ÊÐ¨Ì Ô±¸¶¥·¨³¥´É Ì ¸ β-¶ÊÎ± ³¨ [109Ä111], ÉÖ¦¥²Ò¥ ¨μ´Ò, ¸¶μ¸μ¡´Ò¥
¨§²ÊÎ ÉÓ νe ¶·¨ § Ì¢ É¥ μ·¡¨É ²Ó´ÒÌ Ô²¥±É·μ´μ¢ ¸ ´¨§±μ²¥¦ Ð¨Ì Ô²¥±É·μ´-
´ÒÌ μ¡μ²μÎ¥± ¨ ¶·¥¤¸É ¢²ÖÕÐ¨¥ ¶μÉ¥´Í¨ ²Ó´Ò° ¨´É¥·¥¸ ¢ ± Î¥¸É¢¥ ¨¸ÉμÎ-
´¨±μ¢ ³μ´μÌ·μ³ É¨Î¥¸±¨Ì ´¥°É·¨´´ÒÌ ¶ÊÎ±μ¢ [112],   É ±¦¥ ¤¢¨¦ÊÐ¨¥¸Ö ¶μ
±·Ê£μ¢Ò³ μ·¡¨É ³ ¢μ§¡Ê¦¤¥´´Ò¥ ¨μ´Ò, ±μ£¥·¥´É´μ ¨§²ÊÎ ÕÐ¨¥ ¶ ·Ò νν ¢¸¥Ì
Ë²¥°¢μ·μ¢ [113,114]. „²Ö ¢¸¥Ì É ±¨Ì Ö¤¥· ¨ ¨μ´μ¢ dmin


 ¶μ ¶μ·Ö¤±Ê ¢¥²¨Î¨´Ò
μ¶·¥¤¥²Ö¥É¸Ö ²¨¡μ · §³¥·μ³ Ö¤· , ²¨¡μ ¤¨ ³¥É·μ³ K-μ·¡¨ÉÒ,   ¶¥·¨μ¤ ¶μ-
²Ê· ¸¶ ¤  T1/2 ¢¥²¨±. �μÔÉμ³Ê Γ/σmax ∼ dmin


 /T1/2 ≪ 1, É. ¥. μ£· ´¨Î¥´¨Ö
‘�ƒ�-¶·¨¡²¨¦¥´¨Ö ¢Ò¶μ²´ÖÕÉ¸Ö ®¸ ¡μ²ÓÏ¨³ § ¶ ¸μ³¯.

Š ± ¢¨¤´μ ¨§ É ¡². 1, É¨¶¨Î´Ò¥ §´ Î¥´¨Ö dmin

 ®³¥§μ¸±μ¶¨Î¥¸±¨¥¯, É. ¥.

¶·μ¸É¨· ÕÐ¨¥¸Ö μÉ  ´£¸É·¥³  ¤μ ³¨±·μ³¥É· , ÎÉμ ³´μ£μ ³¥´ÓÏ¥ Ï¨·¨´ É·¥-
±μ¢ § ·Ö¦¥´´ÒÌ Î ¸É¨Í ¢ ¤¥É¥±Éμ· Ì. �£·μ³´Ò° ®· §³¥·¯ ´¥°É·μ´  ³μ¦¥É
¶μ± § ÉÓ¸Ö ¡¥¸¸³Ò¸²¨Í¥°. ‡ ³¥É¨³, μ¤´ ±μ, ÎÉμ ¢ § ¤ Î Ì, ¸¢Ö§ ´´ÒÌ ¸  ´-
É¨´¥°É·¨´μ μÉ · ¸¶ ¤  ¸¢μ¡μ¤´ÒÌ ´¥°É·μ´μ¢, ³ ±·μ¸±μ¶¨Î¥¸±¨° · §³¥· ‚�
´¥°É·μ´  ´¥ ¶·¨¢μ¤¨É ± ± ±¨³-²¨¡μ ¶ · ¤μ±¸ ³. ‚ ¤·Ê£¨Ì ¦¥ ¶·μ¡²¥³ Ì
´¥°É·μ´´μ° Ë¨§¨±¨ ‘�ƒ�-¶·¨¡²¨¦¥´¨¥ ¨ ¤ ¦¥ ¸ ³  ³μ¤¥²Ó �ƒ� ³μ£ÊÉ μ± -
§ ÉÓ¸Ö ´¥ ¤¥±¢ É´Ò³¨. �É´μÏ¥´¨Ö Γ/σmax ´¥ ¶·¥¢ÒÏ ÕÉ ≈ 2 · 10−6 ¤²Ö ¢¸¥Ì
¶¥·¥Î¨¸²¥´´ÒÌ Î ¸É¨Í, §  ¨¸±²ÕÎ¥´¨¥³ ´¥°É· ²Ó´μ£μ ¶¨μ´ , ÎÉμ ¤μ¶Ê¸± ¥É
¤μ¸É ÉμÎ´μ Ï¨·μ±¨° ®¸¶¥±É·¯ §´ Î¥´¨° ¶ · ³¥É·  σ, Ê¤μ¢²¥É¢μ·ÖÕÐ¨Ì Ê¸²μ-
¢¨Ö³ ¶·¨³¥´¨³μ¸É¨ ‘�ƒ�:

Γ2 � σ2 � σ2
max � m2.

‘²¥¤Ê¥É μÉ³¥É¨ÉÓ, ÎÉμ  ¤·μ´´Ò¥ ·¥§μ´ ´¸Ò ¨ ¤·Ê£¨¥ ±μ·μÉ±μ¦¨¢ÊÐ¨¥ Î -
¸É¨ÍÒ É ±¦¥ ¶·¥¤¸É ¢²ÖÕÉ ¡μ²ÓÏμ° ¨´É¥·¥¸ ¢ ±μ´É¥±¸É¥ ¶·μ¡²¥³Ò ´¥°É·¨´-
´ÒÌ μ¸Í¨²²ÖÍ¨°, ¶μ¸±μ²Ó±Ê ´¥°É·¨´μ ¨  ´É¨´¥°É·¨´μ ³μ£ÊÉ ·μ¦¤ ÉÓ¸Ö ¢ · ¸-
¶ ¤ Ì É ±¨Ì Î ¸É¨Í ¨ (ÎÉμ, ¶μ¦ ²Ê°, ¡μ²¥¥ ¢ ¦´μ) ¶μ·μ¦¤ ÉÓ ±μ·μÉ±μ¦¨¢Ê-
Ð¨¥ Î ¸É¨ÍÒ ¶·¨ ¢§ ¨³μ¤¥°¸É¢¨ÖÌ ¸ ¢¥Ð¥¸É¢μ³. �¥¶·¨³¥´¨³μ¸ÉÓ ¶·¨¡²¨¦¥-
´¨Ö ‘�ƒ� ¤²Ö ±μ·μÉ±μ¦¨¢ÊÐ¨Ì Î ¸É¨Í μÉ´Õ¤Ó ´¥ μ§´ Î ¥É, ÎÉμ ¶·μÍ¥¸¸Ò
¸ ¨Ì ÊÎ ¸É¨¥³ ´¥¢μ§³μ¦´μ ÊÎ¥¸ÉÓ ¢ · ³± Ì S-³ É·¨Î´μ£μ Ëμ·³ ²¨§³ , ¶μ-
¸±μ²Ó±Ê ·¥§μ´ ´¸Ò ¢¸¥£¤  ³μ¦´μ · ¸¸³ É·¨¢ ÉÓ ± ± ¢¨·ÉÊ ²Ó´Ò¥ Î ¸É¨ÍÒ,
É. ¥. ¢´ÊÉ·¥´´¨¥ ²¨´¨¨ Ë¥°´³ ´μ¢¸±¨Ì ¤¨ £· ³³. �·¨ É ±μ³ ¶μ¤Ìμ¤¥ μÉ¶ -
¤ ¥É ´¥μ¡Ìμ¤¨³μ¸ÉÓ ¶μ¸É·μ¥´¨Ö ‚� ¤²Ö ·¥§μ´ ´¸μ¢. ’μÉ ¦¥ ¶μ¤Ìμ¤ ¶·¨³¥´¨³,
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¢ ¶·¨´Í¨¶¥, ¨ ¤²Ö ¶·μÍ¥¸¸μ¢ ¸ ÊÎ ¸É¨¥³ ´¥°É· ²Ó´ÒÌ ¶¨μ´μ¢, ¤²Ö ±μÉμ·ÒÌ
μÉ´μÏ¥´¨¥ Γ/σmax ¸· ¢´¨É¥²Ó´μ ¢¥²¨±μ, ¶μ¸±μ²Ó±Ê ¢ ´¥°É·¨´´ÒÌ Ô±¸¶¥·¨-
³¥´É Ì ¸μ¡ÒÉ¨Ö ·μ¦¤¥´¨Ö π0-³¥§μ´μ¢ ¨¤¥´É¨Ë¨Í¨·ÊÕÉ¸Ö ¶μ γ-±¢ ´É ³, ¢μ§-
´¨± ÕÐ¨³ ¢ ¨Ì · ¸¶ ¤ Ì∗. ’¥³ ´¥ ³¥´¥¥ μ¡μ¡Ð¥´¨¥ Ëμ·³ ²¨§³  ´  Î ¸É¨ÍÒ
¸ ¶·μ¨§¢μ²Ó´Ò³¨ · ¸¶ ¤´Ò³¨ Ï¨·¨´ ³¨ ¶·¥¤¸É ¢²Ö¥É ³¥Éμ¤¨Î¥¸±¨° ¨´É¥·¥¸
Ê¦¥ ¶μÉμ³Ê, ÎÉμ ¡μ²¥¥ μ¡Ð¨° ¶μ¤Ìμ¤ ¶μ§¢μ²¨² ¡Ò ÊÉμÎ´¨ÉÓ μ¡² ¸ÉÓ ¶·¨³¥-
´¨³μ¸É¨ ¨§² £ ¥³μ° §¤¥¸Ó É¥μ·¨¨ ¨ ¶·¥¤μ¸É ¢¨² ¡Ò ¶μ²¥§´Ò° ¨´¸É·Ê³¥´É,
¶μ³μ£ ÕÐ¨° ¸ÊÐ¥¸É¢¥´´μ Ê¶·μ¸É¨ÉÓ · ¸Î¥ÉÒ ±μ´±·¥É´ÒÌ ¶·μÍ¥¸¸μ¢, ¨¸¶μ²Ó-
§ÊÖ, ¢ Î ¸É´μ¸É¨, ¨§¢¥¸É´Ò¥ Ë¥´μ³¥´μ²μ£¨Î¥¸±¨¥ ³μ¤¥²¨ ¤²Ö ·¥§μ´ ´¸´μ£μ
´¥°É·¨´μ·μ¦¤¥´¨Ö ³¥§μ´μ¢.

5. ��‘‘…Ÿ�ˆ… ‚�‹��‚›• ��Š…’�‚

�·¨³¥´¨³ · §¢¨ÉÒ° Ëμ·³ ²¨§³ ¤²Ö ¢ÒÎ¨¸²¥´¨Ö ¢¥·μÖÉ´μ¸É¨ ¢§ ¨³μ¤¥°-
¸É¢¨Ö ±μ¢ ·¨ ´É´ÒÌ ‚�. •μÉÖ ¢ ·Ö¤¥ ¸²ÊÎ ¥¢ ³Ò ¶·¨Ìμ¤¨³ ± ·¥§Ê²ÓÉ É ³,
 ´ ²μ£¨Î´Ò³ μ¡¸Ê¦¤ ¥³Ò³ ¢ ±´¨£¥ Œ.�¥¸±¨´  ¨ „.˜·¥¤¥·  [117], ³Ò ¶μ-
²ÊÎ ¥³ É ±¦¥ ´¥±μÉμ·Ò¥ ´μ¢Ò¥ ¨´É¥·¥¸´Ò¥ ·¥§Ê²ÓÉ ÉÒ. � ¶·¨³¥·, ¢ÒÎ¨¸²¥´
Ö¢´Ò° ¢¨¤ ¶μ¤ ¢²¥´¨Ö ¢¥·μÖÉ´μ¸É¨ ¢§ ¨³μ¤¥°¸É¢¨Ö ‚� (¢ ‘�ƒ�-³μ¤¥²¨), · ¸-
¸¥¨¢ ÕÐ¨Ì¸Ö ¸ ´¥´Ê²¥¢Ò³ ¶·¨Í¥²Ó´Ò³ ¶ · ³¥É·μ³. �ÉμÉ ·¥§Ê²ÓÉ É ¶·¥¤¸É -
¢²Ö¥É ¨´É¥·¥¸ ± ± ¸ ±μ´Í¥¶ÉÊ ²Ó´μ°, É ± ¨ ¸ ¶· ±É¨Î¥¸±μ° ÉμÎ¥± §·¥´¨Ö.

„¥°¸É¢¨É¥²Ó´μ, ¤²Ö ´¥±μÉμ·ÒÌ ¶·μÍ¥¸¸μ¢, ´ ¶·¨³¥· e+e− → e+e−γ, ¸¥-
Î¥´¨¥, ¢ÒÎ¨¸²¥´´μ¥ ¢ ¶²μ¸±μ¢μ²´μ¢μ³ ¶·¨¡²¨¦¥´¨¨, ¶·μÉ¨¢μ·¥Î¨É Ô±¸¶¥·¨-
³¥´É ²Ó´Ò³ ¤ ´´Ò³. ‚¶¥·¢Ò¥ ÔÉμÉ ÔËË¥±É ¡Ò² μ¡´ ·Ê¦¥´ ´  ±μ²² °¤¥·¥
‚���-4 ¢ �μ¢μ¸¨¡¨·¸±¥ ¢ ¤ ´´ÒÌ ¤¥É¥±Éμ·  Œ„-1 [118]. ˆ§³¥·¥´´μ¥ ¸¥Î¥-
´¨¥ μ± § ²μ¸Ó ³¥´ÓÏ¥ · ¸Î¥É´μ£μ ¶·¨³¥·´μ ´  30% ¢ μ¡² ¸É¨ ³ ²ÒÌ Ô´¥·-
£¨° ËμÉμ´ . ‚ ± ´¤¨¤ É¸±μ° ¤¨¸¸¥·É Í¨¨ �. �. ’¨Ìμ´μ¢  [119] ¡Ò²μ ¶μ± -
§ ´μ, ÎÉμ § ³¥É´Ò° ¢±² ¤ ¢ ¸¥Î¥´¨¥ ¶·μÍ¥¸¸  e+e− → e+e−γ, ¢ÒÎ¨¸²¥´´μ£μ ¢
¶²μ¸±μ¢μ²´μ¢μ³ ¶·¨¡²¨¦¥´¨¨, ¤ ÕÉ ¶·¨Í¥²Ó´Ò¥ ¶ · ³¥É·Ò ρ ¢¶²μÉÓ ¤μ 5 ¸³,
¢ Éμ ¢·¥³Ö ± ± ¶μ¶¥·¥Î´Ò¥ · §³¥·Ò ¸É ²±¨¢ ÕÐ¨Ì¸Ö ¶ÊÎ±μ¢ ´¥ ¶·¥¢ÒÏ ÕÉ
a � 10−3 ¸³. �£· ´¨Î¥´¨¥ ¶·¨Í¥²Ó´ÒÌ ¶ · ³¥É·μ¢ ¢¥²¨Î¨´μ° ρ � a ¶·¨¢μ-
¤¨É ± Ê³¥´ÓÏ¥´¨Õ ´ ¡²Õ¤ ¥³μ£μ Î¨¸²  ËμÉμ´μ¢. ‘μμÉ¢¥É¸É¢ÊÕÐ Ö É¥μ·¨Ö,
ÊÎ¨ÉÒ¢ ÕÐ Ö ±μ´¥Î´Ò¥ · §³¥·Ò ¸É ²±¨¢ ÕÐ¨Ì¸Ö ¶ÊÎ±μ¢, ¡Ò²  · §¢¨É  ¢ · -
¡μÉ¥ [120].

� Ï¥ ¢ÒÎ¨¸²¥´¨¥ ¶·¨¢μ¤¨É ± ·¥§Ê²ÓÉ É ³,  ´ ²μ£¨Î´Ò³ ¶μ²ÊÎ¥´´Ò³
¢ ¶¨μ´¥·¸±μ° · ¡μÉ¥ [120]. �¤´ ±μ · §¢¨ÉÒ° ´ ³¨ Ëμ·³ ²¨§³ ¸ÊÐ¥¸É¢¥´´μ
μÉ²¨Î ¥É¸Ö μÉ Ëμ·³ ²¨§³  ÔÉμ° · ¡μÉÒ. �¡¸Ê¤¨³ ±· É±μ ÔÉ¨ μÉ²¨Î¨Ö. ‚ · -
¡μÉ¥ [120] ¨¸¶μ²Ó§ÊÕÉ¸Ö ´¥±μ¢ ·¨ ´É´Ò¥ ‚�, ÎÉμ ¢¨¤´μ ¨§ ¨Ì μ¶·¥¤¥²¥´¨Ö

∗‡¤¥¸Ó ¦¥ Ê³¥¸É´μ μÉ³¥É¨ÉÓ, ÎÉμ ¸μ¸ÉμÖ´¨Ö γ-±¢ ´Éμ¢, ¢μ§´¨± ÕÐ¨Ì ¢ ¶·μÍ¥¸¸ Ì, ¶·μÌμ¤Ö-
Ð¨Ì ¸ ÊÎ ¸É¨¥³ ( ´É¨)´¥°É·¨´μ (·¥ ²Ó´ÒÌ ¨²¨ ¢¨·ÉÊ ²Ó´ÒÌ), ¤μ¶Ê¸É¨³μ · ¸¸³ É·¨¢ ÉÓ ¢ ¶²μ¸-
±μ¢μ²´μ¢μ³ ¶·¥¤¥²¥, ÌμÉÖ ¸É·μ£μ¥ o¡μ¸´μ¢ ´¨¥ ÔÉμ£μ ÊÉ¢¥·¦¤¥´¨Ö ¢ÒÌμ¤¨É §  · ³±¨ ¤ ´´μ°
· ¡μÉÒ. „²Ö ¤¥É ²Ó´μ£μ Ô±¸±Ê·¸  ¢ É¥μ·¨Õ ËμÉμ´´ÒÌ ‚� ¸³. · ¡μÉÒ [115, 116].
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(Ê· ¢´¥´¨¥ (4.1)) ¨ Ê¸²μ¢¨Ö ´μ·³¨·μ¢±¨ (4.2). ‘É É¨¸É¨Î¥¸±μ¥ Ê¸·¥¤´¥´¨¥
¶μ ¸μ¸ÉμÖ´¨Ö³ Î ¸É¨Í (4.7) μ¸ÊÐ¥¸É¢²Ö¥É¸Ö ¤²Ö ¶¥·¥Ìμ¤  ± ³ É·¨Í¥ ¶²μÉ´μ-
¸É¨ ¢ ¨³¶Ê²Ó¸´μ³ ¶·¥¤¸É ¢²¥´¨¨, ±μÉμ· Ö ¥¸ÉÓ ËÊ·Ó¥-μ¡· § ËÊ´±Í¨¨ ‚¨£´¥· 
n(r,p, t) (Ìμ·μÏ¥¥ ¶¥¤ £μ£¨Î¥¸±μ¥ ¢¢¥¤¥´¨¥ ¢ É¥μ·¨Õ ËÊ´±Í¨° ‚¨£´¥·  ¨
¶·¥μ¡· §μ¢ ´¨° ‚¥°²Ö ³μ¦´μ ¶·μÎ¨É ÉÓ ¢ · ¡μÉ¥ [121]). ˆ´É¥£· ²Ò μÉ ËÊ´±-
Í¨¨ ‚¨£´¥· 

∫
drn(r,p, t) = n(p, t) ¨

∫
dp/(2π)3n(r,p, t) = n(r, t) ¤ ÕÉ

¶²μÉ´μ¸É¨ Î¨¸²  Î ¸É¨Í ¢ ¨³¶Ê²Ó¸´μ³ ¨ ±μμ·¤¨´ É´μ³ ¶·¥¤¸É ¢²¥´¨ÖÌ ¸μ-
μÉ¢¥É¸É¢¥´´μ. ‚ ¨Éμ£μ¢μ° Ëμ·³Ê²¥ ¤²Ö Î¨¸²  ¢§ ¨³μ¤¥°¸É¢¨° (´ ¶·¨³¥·, ¢
(4.23)) μÉ´μ¸¨É¥²Ó´ Ö ¸±μ·μ¸ÉÓ ¤¢ÊÌ Î ¸É¨Í ¢¢μ¤¨É¸Ö ®·Ê± ³¨¯. � ±μ´¥Í,
¨¸¶μ²Ó§Ê¥É¸Ö Ê¶·μÐ¥´¨¥ Å Î ¸É¨ÍÒ ¢ ±μ´¥Î´μ³ ¸μ¸ÉμÖ´¨¨ · ¸¸³ É·¨¢ ÕÉ¸Ö
± ± ¶²μ¸±¨¥ ¢μ²´Ò.

‚ ´ Ï¥³ ¶μ¤Ìμ¤¥ ³Ò ¨³¥¥³ ¤¥²μ ¸ ±μ¢ ·¨ ´É´Ò³¨ ‚� ¢ ´ Î ²Ó´μ³ ¨ ±μ-
´¥Î´μ³ ¸μ¸ÉμÖ´¨ÖÌ ¨ ´¥ ¨¸¶μ²Ó§Ê¥³ Ëμ·³ ²¨§³ ËÊ´±Í¨° ‚¨£´¥· , ¤¥² Ö ¢Ò-
Î¨¸²¥´¨Ö ¤²Ö ¸Éμ²±´μ¢¥´¨Ö ‚�, § ¤ ´´ÒÌ ¶·μ¨§¢μ²Ó´Ò³¨ ¸·¥¤´¨³¨ 4-±μμ·-
¤¨´ É ³¨ xa, xb ¨ 4-¨³¶Ê²Ó¸ ³¨ pa, pb. �ÉμÉ ¡μ²¥¥ ¶·μ¸Éμ° ¶μ¤Ìμ¤ μ± -
§Ò¢ ¥É¸Ö ¢μ§³μ¦´Ò³ ¢ ·¥§Ê²ÓÉ É¥ ¶·¥¤¶μ²μ¦¥´¨Ö μ ¸² ¡μ° § ¢¨¸¨³μ¸É¨ ³ -
É·¨Î´μ£μ Ô²¥³¥´É  ¶·¨ ¨§³¥´¥´¨¨ ¨³¶Ê²Ó¸  ¢ ¨´É¥·¢ ²¥ ¶μ·Ö¤±  ¨³¶Ê²Ó¸´μ°
¤¨¸¶¥·¸¨¨ ‚�. ’ ±μ¥ ¶·¨¡²¨¦¥´¨¥, ¢¶·μÎ¥³, ´¥ ¢¸¥£¤  μ¶· ¢¤ ´´μ. � ¶·¨-
³¥·, ¤²Ö ´¥±μÉμ·ÒÌ § ¤ Î, É ±¨Ì ± ± pp-· ¸¸¥Ö´¨¥, ¨´É¥·¥¸ ¶·¥¤¸É ¢²Ö¥É ´¥
Éμ²Ó±μ ³μ¤Ê²Ó ³ É·¨Î´μ£μ Ô²¥³¥´É , ´μ ¨ ¥£μ Ë § . ‚ ÔÉμ³ ¸²ÊÎ ¥ ´¥ ¸²¥¤Ê¥É
¶·¥´¥¡·¥£ ÉÓ ¢ ·¨ Í¨¥° ³ É·¨Î´μ£μ Ô²¥³¥´É  ´  ³ ¸ÏÉ ¡ Ì ¢ ·¨ Í¨¨ ¨³-
¶Ê²Ó¸  ¢ ‚�. “Î¨ÉÒ¢ Ö É ±ÊÕ ¢ ·¨ Í¨Õ ± ± ¶μ¶· ¢±Ê ´  Ê·μ¢´¥ σ/p, ³μ¦´μ
¢ÒÎ¨¸²¨ÉÓ ¨ ¶μ¶· ¢±Ê ± ¶²μ¸±μ¢μ²´μ¢μ³Ê ¸¥Î¥´¨Õ ¢ § ¢¨¸¨³μ¸É¨ μÉ Ë §Ò
³ É·¨Î´μ£μ Ô²¥³¥´É , ÎÉμ ¶·¥¤μ¸É ¢²Ö¥É ´μ¢Ò° ¨ ¶μÉ¥´Í¨ ²Ó´μ ¨´É¥·¥¸´Ò°
³¥Éμ¤ ¨§³¥·¥´¨Ö ÔÉμ° Ë §Ò ¶·¨ ¶μ³μÐ¨ ¢ ·¨ Í¨¨ ¶·¨Í¥²Ó´μ£μ ¶ · ³¥É· , ¸
±μÉμ·Ò³ ¸É ²±¨¢ ÕÉ¸Ö Î ¸É¨ÍÒ [122]. „·Ê£¨³ ¢ ¦´¥°Ï¨³ ¨¸±²ÕÎ¥´¨¥³ Ö¢²Ö-
¥É¸Ö ¸²ÊÎ ° ¸¨²Ó´μ° § ¢¨¸¨³μ¸É¨ ³ É·¨Î´μ£μ Ô²¥³¥´É  μÉ ¨³¶Ê²Ó¸μ¢. ‘¨²Ó´ Ö
§ ¢¨¸¨³μ¸ÉÓ μ¦¨¤ ¥É¸Ö ¢ ¸²ÊÎ ¥ ¸ÊÐ¥¸É¢μ¢ ´¨Ö ¶·μ³¥¦ÊÉμÎ´μ£μ ¸μ¸ÉμÖ´¨Ö,
¸¢Ö§Ò¢ ÕÐ¥£μ ´ ¡μ·Ò ´ Î ²Ó´ÒÌ ¨ ±μ´¥Î´ÒÌ Î ¸É¨Í, ¸ 4-¨³¶Ê²Ó¸μ³ ´  ³ ¸-
¸μ¢μ° ¶μ¢¥·Ì´μ¸É¨. ’μ£¤  ¢ ¸¨²Ê ¸¨´£Ê²Ö·´μ£μ ¶·μ¶ £ Éμ·  ¶·μ³¥¦ÊÉμÎ´μ£μ
¸μ¸ÉμÖ´¨Ö μÎ¥¢¨¤´  ¸¨²Ó´ Ö § ¢¨¸¨³μ¸ÉÓ ³ É·¨Î´μ£μ Ô²¥³¥´É  μÉ ±μ³¡¨´ Í¨¨
¨³¶Ê²Ó¸μ¢, ¸μμÉ¢¥É¸É¢ÊÕÐ¥° 4-¨³¶Ê²Ó¸Ê ¶·μ³¥¦ÊÉμÎ´μ£μ ¸μ¸ÉμÖ´¨Ö. ˆ³¥´´μ
ÔÉμÉ ¸²ÊÎ ° μÉ¢¥Î ¥É ¢¨·ÉÊ ²Ó´μ³Ê ´¥°É·¨´μ ¢ ±¢ ´Éμ¢μ-¶μ²¥¢μ° É¥μ·¨¨ ´¥°-
É·¨´´ÒÌ μ¸Í¨²²ÖÍ¨°, μ¡¸Ê¦¤ ¥³μ° ¢ ¸²¥¤ÊÕÐ¥³ ¶Ê´±É¥.

’ ±¨³ μ¡· §μ³, μ£· ´¨Î¨¢ Ö¸Ó ¸²ÊÎ ¥³ ¸² ¡μ° ¢ ·¨ Í¨¨ ³ É·¨Î´μ£μ Ô²¥-
³¥´É  ´  ³ ¸ÏÉ ¡ Ì ¢ ·¨ Í¨¨ ¨³¶Ê²Ó¸  ¢ ‚�, ³Ò ¢ÒÎ¨¸²Ö¥³ ¢¥·μÖÉ´μ¸ÉÓ
¢§ ¨³μ¤¥°¸É¢¨Ö ¤¢ÊÌ ‚�. �μ²ÊÎ¥´´ Ö Ëμ·³Ê²  ¶μ§¢μ²Ö¥É μ¡´ ·Ê¦¨ÉÓ ¶μ-
¤ ¢²¥´¨¥ ¢¥·μÖÉ´μ¸É¨ ¢§ ¨³μ¤¥°¸É¢¨° ¶·¨ ´¥´Ê²¥¢μ³ ¶·¨Í¥²Ó´μ³ ¶ · ³¥É·¥
¸É ²±¨¢ ÕÐ¨Ì¸Ö ¶ ±¥Éμ¢. ’ ±¦¥ ³Ò ¤¥³μ´¸É·¨·Ê¥³ Ö¢´Ò³ μ¡· §μ³, ± ± ¡¥§-
· §³¥·´ Ö ¢¥·μÖÉ´μ¸ÉÓ ¢§ ¨³μ¤¥°¸É¢¨Ö ¢Ò· ¦ ¥É¸Ö Î¥·¥§ ¶·μ¨§¢¥¤¥´¨¥ ¶²μ¸-
±μ¢μ²´μ¢μ£μ ¸¥Î¥´¨Ö · §³¥·´μ¸É¨ ¶²μÐ ¤¨ ¨ ³¨±·μ¸±μ¶¨Î¥¸±μ° ¸¢¥É¨³μ¸É¨
· §³¥·´μ¸É¨ μ¡· É´μ° ¶²μÐ ¤¨. Œ ±·μ¸±μ¶¨Î¥¸±μ¥ Ê¸·¥¤´¥´¨¥ ¶μ ¶·¨Í¥²Ó-
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´μ³Ê ¶ · ³¥É·Ê ¶·¨¢μ¤¨É ± ¨§¢¥¸É´μ° Ëμ·³Ê²¥ ¤²Ö Î¨¸²  ¸μ¡ÒÉ¨°, ¢Ò· ¦ ¥-
³μ£μ Î¥·¥§ ¶·μ¨§¢¥¤¥´¨¥ ¶²μ¸±μ¢μ²´μ¢μ£μ ¸¥Î¥´¨Ö ¨ ¶μÉμ± .

5.1. �³¶²¨ÉÊ¤  · ¸¸¥Ö´¨Ö. � ¸¸³μÉ·¨³ ¢§ ¨³μ¤¥°¸É¢¨¥ ¤¢ÊÌ ¸É ²±¨-
¢ ÕÐ¨Ì¸Ö Î ¸É¨Í a ¨ b. Šμ´¥Î´μ¥ ¸μ¸ÉμÖ´¨¥ X ,   É ±¦¥ ¤¨´ ³¨±  ¶·μ-
Í¥¸¸  ³μ£ÊÉ ¡ÒÉÓ ²Õ¡Ò³¨. „²Ö μ¶·¥¤¥²¥´´μ¸É¨ ± ¦¤μ¥ ´ Î ²Ó´μ¥ ¨ ±μ´¥Î-
´μ¥ ¸μ¸ÉμÖ´¨Ö ¡Ê¤¥³ ¸Î¨É ÉÓ ‚� Ë¥·³¨μ´ . Š¢ ´Éμ¢ Ö ¸É É¨¸É¨±  Î ¸É¨ÍÒ ¢
¤ ´´μ³ ¸²ÊÎ ¥ ´¥ ¨£· ¥É ´¨± ±μ° ·μ²¨. ‡ ¶¨Ï¥³  ³¶²¨ÉÊ¤Ê ¶·μÍ¥¸¸  A =
〈{pf , xf}|S − 1|{pi, xi}〉, £¤¥ Ë¨£Ê·´ Ö ¸±μ¡±  μ¡μ§´ Î ¥É ´ ¡μ· ‚� ¸μ ¸·¥¤-
´¨³¨ ¨³¶Ê²Ó¸ ³¨ pi, ¸·¥¤´¨³¨ ±μμ·¤¨´ É ³¨ xi ¢ ³μ³¥´ÉÒ ¢·¥³¥´¨ x0

i ¤²Ö
´ Î ²Ó´μ£μ ¸μ¸ÉμÖ´¨Ö (¨´¤¥±¸ i) ¨  ´ ²μ£¨Î´μ ¤²Ö ±μ´¥Î´μ£μ ¸μ¸ÉμÖ´¨Ö ¸
§ ³¥´μ° i → f . �³¶²¨ÉÊ¤  ¶·μÍ¥¸¸  ¨³¥¥É ¢¨¤

A =
1
N

⎡⎣∏
i,f

∫
dqi φ(qi,pi) eiqixi

(2π)32Eqi

dkf φ∗(kf ,pf ) e−ikf xf

(2π)32Ekf

⎤⎦×
× iM̃({qi,kf , ri, sf}), (172)

£¤¥

iM̃({qi,kf , ri, sf}) = 〈k1, s1, · · · = knf
, snf

|S − 1|q1, r1, . . .qnf
, rnf

〉 =

= (2π)4δ4

⎛⎝∑
i

qi −
∑

f

kf

⎞⎠ iM({qi,kf , ri, sf}) (173)

Å ¸É ´¤ ·É´Ò° ¶²μ¸±μ¢μ²´μ¢μ° S-³ É·¨Î´Ò° Ô²¥³¥´É, ¢±²ÕÎ ÕÐ¨° ¢ ¸¥¡Ö

¸¨´£Ê²Ö·´Ò° ³´μ¦¨É¥²Ó (2π)4δ4
(∑

i

qi −
∑
f

kf

)
, μÉ¢¥Î ÕÐ¨° §  § ±μ´ ¸μ-

Ì· ´¥´¨Ö Ô´¥·£¨¨-¨³¶Ê²Ó¸ , ¨ ·¥£Ê²Ö·´Ò° ³ É·¨Î´Ò° Ô²¥³¥´É iM({qi,kf ,
ri, sf}).

N Å ³´μ¦¨É¥²Ó, μÉ¢¥Î ÕÐ¨° ´μ·³¨·μ¢±¥ ´ Î ²Ó´ÒÌ ¨ ±μ´¥Î´ÒÌ ¸μ¸Éμ-
Ö´¨°, ¤ ¥É¸Ö

N 2 = 〈{pf , xf}|{pf , xf}〉 · 〈{pi, xi}|{pi, xi}〉 =

=
∏

i

2miV
,i

∏
i

2mfV
,f �
∏

i

2EpiV (pi)
∏

i

2Epf
V (pf ). (174)

�¥·¥¶¨Ï¥³ δ-ËÊ´±Í¨Õ ¢ ¢¨¤¥ ¨´É¥£· ²  ¶μ Î¥ÉÒ·¥Ì³¥·´μ³Ê ¶·μ¸É· ´¸É¢Ê:

(2π)4δ4

⎛⎝∑
i

qi −
∑

f

kf

⎞⎠ =
∫

d4x exp

⎡⎣−i

⎛⎝∑
i

qi −
∑

f

kf

⎞⎠⎤⎦ ,
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ÎÉμ ¶μ§¢μ²Ö¥É § ¶¨¸ ÉÓ (172) ¢ ¢¨¤¥

A =
1
N

∫
d4x

⎡⎣∏
i,f

∫
dqi φ(qi,pi) e+iqi(xi−x)

(2π)32Eqi

dkf φ∗(kf ,pf ) e−ikf (xf−x)

(2π)32Ekf

⎤⎦×
× iM({qi,kf , ri, sf}) �

� 1
N

⎡⎣∫ d4x
∏
i,f

ψ(pi, x − xi)ψ∗(pf , x − xf )

⎤⎦ iM({pi,pf , ri, sf}),

μÉ±Ê¤ 

A � 1
N V(0)iM({pi,pf , ri, sf}). (175)

�·¨¡²¨¦¥´´μ¥ · ¢¥´¸É¢μ ¸¶· ¢¥¤²¨¢μ ¤²Ö ‚�, ¤μ¸É ÉμÎ´μ Ê§±¨Ì ¢ ¨³¶Ê²Ó¸-
´μ³ ¶·μ¸É· ´¸É¢¥, ¶·¨ Ê¸²μ¢¨¨, ÎÉμ ³μ¦´μ ¶·¥´¥¡·¥ÎÓ ¨§³¥´¥´¨¥³ ³ É·¨Î-
´μ£μ Ô²¥³¥´É  M({qi,kf , ri, sf}) ´  ³ ¸ÏÉ ¡ Ì ¨§³¥´¥´¨Ö Ëμ·³Ë ±Éμ· 
φ(qi,pi). ‚ ÔÉμ³ ¶·¨¡²¨¦¥´¨¨ ¨´É¥£· ²Ò ¶μ ¨³¶Ê²Ó¸ ³ ¶·¥¢· Ð ÕÉ¸Ö ¢
ËÊ´±Í¨¨ ψ, μ¶·¥¤¥²¥´´Ò¥ ¸μ£² ¸´μ (108). ‚ ¶μ¸²¥¤´¥° ¸É·μ±¥ ³Ò ¢¢¥²¨

¨´É¥£· ² ¶¥·¥±·ÒÉ¨Ö V(0) =
∫

d4x
∏
i,f

ψ(pi, x − xi)ψ∗(pf , x − xf ). ‚ É¥μ-

·¨¨ ´¥°É·¨´´ÒÌ μ¸Í¨²²ÖÍ¨° ¸ ‚� ¢μ§´¨± ¥É ¡μ²¥¥ μ¡Ð¨° ¨´É¥£· ² V(q) =∫
d4x
∏
i,f

eiqxψ(pi, x − xi)ψ∗(pf , x − xf ), § ¢¨¸ÖÐ¨° μÉ ¢´¥Ï´¥£μ ¨³¶Ê²Ó¸ 

q, ¶μÔÉμ³Ê ³Ò ¨¸¶μ²Ó§Ê¥³ É ±μ¥ ¦¥ μ¡μ§´ Î¥´¨¥ ¶·¨ q = 0. ‚ ÔÉμ³ ¶Ê´±É¥
³Ò ¢ÒÎ¨¸²¨³ É ±μ° ¨´É¥£· ² ¤²Ö ‘�ƒ�-³μ¤¥²¨. ‚ ¸²¥¤ÊÕÐ¥³ ¶Ê´±É¥ ³Ò
¤μ± ¦¥³ ¢ ¦´μ¥ ¸μμÉ´μÏ¥´¨¥, ¸¶· ¢¥¤²¨¢μ¥ ¤²Ö ‘�ƒ�-³μ¤¥²¨:

|V(0)|2 = (2π)4δG(Pi − Pf )V, (176)

£¤¥ Pi =
∑
i

pi, Pf =
∑
f

pf ¨ δG(K) Å ÔÉμ ËÊ´±Í¨Ö ƒ Ê¸¸  ¸ ¶²μ¸±μ¢μ²-

´μ¢Ò³ ¶·¥¤¥²μ³, · ¢´Ò³ Î¥ÉÒ·¥Ì³¥·´μ° δ-ËÊ´±Í¨¨ „¨· ± . Ÿ¢´Ò° ¢¨¤ ÔÉμ°
ËÊ´±Í¨¨ ÊÉμÎ´¨³ ¢ ¸²¥¤ÊÕÐ¥³ ¶Ê´±É¥. ‡¤¥¸Ó ³Ò ¡Ê¤¥³ ¨¸¶μ²Ó§μ¢ ÉÓ ¥¥ ¶²μ¸-
±μ¢μ²´μ¢μ° ¶·¥¤¥². —¥ÉÒ·¥Ì³¥·´Ò° μ¡Ñ¥³ ¶¥·¥±·ÒÉ¨Ö V ³μ¦´μ ¶·¥¤¸É ¢¨ÉÓ
¢ ¢¨¤¥

V =
∫

d4x
∏
i,f

|ψ(pi, x − xi)|2|ψ(pf , x − xf )|2.

5.2. —¨¸²μ ¢§ ¨³μ¤¥°¸É¢¨° ¤²Ö ´¥±μ²²¨´¥ ·´ÒÌ ¸Éμ²±´μ¢¥´¨° ¢μ²-
´μ¢ÒÌ ¶ ±¥Éμ¢. ˆ¸¶μ²Ó§ÊÖ (176), § ¶¨Ï¥³ ±¢ ¤· É ³μ¤Ê²Ö  ³¶²¨ÉÊ¤Ò (175):

|A|2 =
(2π)4δ4(Pi − Pf )|M|2∏

i

2EpiV (pi)
∏
f

2Epf
V (pf )

∫
d4x
∏
i,f

|ψ(pi, x− xi)|2|ψ(pf , x− xf )|2.

(177)
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Œ¨±·μ¸±μ¶¨Î¥¸± Ö ¢¥·μÖÉ´μ¸ÉÓ ¢§ ¨³μ¤¥°¸É¢¨Ö a + b → X , ¤ ¢ ¥³ Ö |A|2
¢ (177), ¶·μ¶μ·Í¨μ´ ²Ó´  ¨´É¥£· ²Ê ¶μ Î¥ÉÒ·¥Ì³¥·´μ³Ê ¶·μ¸É· ´¸É¢Ê-¢·¥³¥-

´¨ μÉ ¶·μ¨§¢¥¤¥´¨Ö ¶²μÉ´μ¸É¥° ¢¥·μÖÉ´μ¸É¥° ´ Î ²Ó´ÒÌ |ψ(pi, x−xi)|2/V (pi)
¨ ±μ´¥Î´ÒÌ |ψ(pf , x−xf )|2/V (pf ) ‚� ¶¥·¥¸¥ÎÓ¸Ö ¢ ÉμÎ±¥ x. “³´μ¦¨³ (177)

´  ²μ·¥´Í-¨´¢ ·¨ ´É´ÊÕ ¶²μÉ´μ¸ÉÓ Î¨¸²  ±μ´¥Î´ÒÌ ¸μ¸ÉμÖ´¨°
∏
f

dpf dxf

(2π)3
¨

¶·μ¨´É¥£·¨·Ê¥³ ¶μ ¶·μ¸É· ´¸É¢¥´´Ò³ ±μμ·¤¨´ É ³ ¶ ±¥Éμ¢, ÎÉμ μÉ¢¥Î ¥É ¶μ-
¸É ´μ¢±¥ ³´μ£¨Ì ¸μ¢·¥³¥´´ÒÌ Ô±¸¶¥·¨³¥´Éμ¢, ¨§³¥·ÖÕÐ¨Ì ¨³¶Ê²Ó¸Ò Î ¸É¨Í
²ÊÎÏ¥, Î¥³ ¨Ì ±μμ·¤¨´ ÉÒ. ‚μ¸¶μ²Ó§μ¢ ¢Ï¨¸Ó É¥³, ÎÉμ ¢ ¸μμÉ¢¥É¸É¢¨¨ ¸

Ëμ·³Ê²μ° (112)
∫

dxf |ψ(pf ,xf )|2 = V (pf ), ¶μ²ÊÎ ¥³ Î¨¸²μ ¢§ ¨³μ¤¥°¸É¢¨°

dN =

⎛⎝∏
f

dpf

(2π)3

∫
dxf

⎞⎠ |A|2 =
(2π)4δ4(Pi − Pf )|M|2

2Epa2Epb

×

×
∏
f

dpf

(2π)32Epf

∫
d4x

|ψ(pa, x − xa)|2
V (pa)

|ψ(pb, x − xb)|2
V (pb)

. (178)

‚ÒÎ¨¸²¥´¨¥ ¶μ¸²¥¤´¥£μ ³´μ¦¨É¥²Ö ¢ (178), ¶·¥¤¸É ¢²ÖÕÐ¥£μ ¸μ¡μ° Î¥ÉÒ·¥Ì-
³¥·´Ò° ¨´É¥£· ² ¶¥·¥±·ÒÉ¨Ö ¤¢ÊÌ · ¸¸¥¨¢ ÕÐ¨Ì¸Ö ‚� a ¨ b, ¤ ¥É

∫
d4x

|ψ(pa, x − xa)|2
V (pa)

|ψ(pb, x − xb)|2
V (pb)

=

exp

[
− (b × n)2

2σ2
x,ab

]
2πσ2

x,abvab
=

L(|b × n|)
vab

,

(179)
£¤¥ va,vb Å ¸±μ·μ¸É¨ Î ¸É¨Í a ¨ b, vab =

√
(va − vb)2 − (va × vb)2; b =

xa − xb, n = vab/|vab| Å ¥¤¨´¨Î´Ò° ¢¥±Éμ· ¢¤μ²Ó μÉ´μ¸¨É¥²Ó´μ° ¸±μ·μ¸É¨
(Ö¢´Ò¥ Ëμ·³Ê²Ò ¤²Ö μÉ´μ¸¨É¥²Ó´ÒÌ ¸±μ·μ¸É¥° ¶·¨¢¥¤¥´Ò ¢ ¶. 5.3) ¨ σ2

x,ab =
σ2

x,a + σ2
x,b, £¤¥ σ2

x,i = 1/2σ2
i , i = a, b. ‚ ¨Éμ£¥ (178) ³μ¦´μ ¶·¥¤¸É ¢¨ÉÓ ¢

¢¨¤¥

dN = dσL(|b × n|) = dσL(0) exp

[
−(b× n)2

2σ2
x,ab

]
. (180)

‚ (180) dσ Å ¤¨ËË¥·¥´Í¨ ²Ó´μ¥ ÔËË¥±É¨¢´μ¥ ¸¥Î¥´¨¥ · ¸¸¥Ö´¨Ö ¢ ¶²μ¸±μ-
¢μ²´μ¢μ³ ¶·¨¡²¨¦¥´¨¨:

dσ =
(2π)4δ4(Pi − Pf )|M|2

4
√

(papb)2 − m2
am2

b

∏
b

dpf

(2π)32Ef
,

£¤¥ ³Ò ¨¸¶μ²Ó§μ¢ ²¨ Éμ¦¤¥¸É¢μ E
2

pa
E

2

pb
v2

ab = (papb)2 − m2
am2

b . ”¨§¨Î¥¸±¨°
¸³Ò¸² ³´μ¦¨É¥²Ö L(|b × n|) ¢ (180) Å ¸¢¥É¨³μ¸ÉÓ · ¸¸¥Ö´¨Ö ¤¢ÊÌ ‚� ¢
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μ¶·¥¤¥²¥´¨¨, ¨¸¶μ²Ó§Ê¥³μ³ ¢ É¥μ·¨¨ · ¸¸¥Ö´¨Ö ¨ Ê¸±μ·¨É¥²Ó´μ° Ë¨§¨±¥.

L(|b× n|) μ¶·¥¤¥²¥´ ¸μ£² ¸´μ (179) ¸ L(0) = 1/2πσ2
x,ab.

—¨¸²μ ¢§ ¨³μ¤¥°¸É¢¨° ¤¢ÊÌ ‚� a ¨ b ¤ ¥É¸Ö (180). ‚ ¸²ÊÎ ¥ ´¥±μ²²¨´¥ ·-
´μ£μ · ¸¸¥Ö´¨Ö Î¨¸²μ É ±¨Ì ¸Éμ²±´μ¢¥´¨° ¶μ¤ ¢²¥´μ ³´μ¦¨É¥²¥³

e−(b×n)2/2σ2
x,ab , £¤¥ ¢¥²¨Î¨´Ê |b × n| ¸²¥¤Ê¥É ¨´É¥·¶·¥É¨·μ¢ ÉÓ ± ± ¶·¨Í¥²Ó-

´Ò° ¶ · ³¥É· · ¸¸¥¨¢ ÕÐ¨Ì¸Ö ‚�.
‚ Ô±¸¶¥·¨³¥´É Ì ¸ · ¸¸¥Ö´¨¥³ ¶ÊÎ±μ¢ Î ¸É¨Í a ¨ b · ¸¶·¥¤¥²¥´¨¥ ¶·¨-

Í¥²Ó´μ£μ ¶ · ³¥É·  |b× n| § ¤ ¥É¸Ö ¸¶μ¸μ¡μ³ ¶·¨£μÉμ¢²¥´¨Ö ¶ÊÎ±μ¢. ‚ ¸²Ê-
Î ¥ £ Ê¸¸μ¢  · ¸¶·¥¤¥²¥´¨Ö Î¨¸²μ ¶ · Î ¸É¨Í a ¨ b ¸ ¶·¨Í¥²Ó´Ò³ ¶ · ³¥É·μ³
|b × n| ¥¸ÉÓ

nab(|b × n|) =
nanb

2πΣx,ab
exp

(
−|b× n|2

2Σ2
x,ab

)
, (181)

£¤¥ Σx,ab Å ¤¨¸¶¥·¸¨Ö ¶·¨Í¥²Ó´μ£μ ¶ · ³¥É·  |bT | = |b × n| ¶ÊÎ±μ¢ Î -
¸É¨Í a ¨ b ¢ ¶·¥¤¶μ²μ¦¥´¨¨ Ë¨±¸¨·μ¢ ´´μ£μ ´ ¶· ¢²¥´¨Ö ¨Ì μÉ´μ¸¨É¥²Ó´μ°
¸±μ·μ¸É¨ n; na, nb Å Î¨¸²  Î ¸É¨Í a ¨ b.

“¸·¥¤´¥´¨¥ ¶μ ¶·¨Í¥²Ó´μ³Ê ¶ · ³¥É·Ê ¶·¨¢μ¤¨É ± ¸²¥¤ÊÕÐ¥³Ê ¢Ò· ¦¥-
´¨Õ ¤²Ö Î¨¸²  ¢§ ¨³μ¤¥°¸É¢¨° Î ¸É¨Í a ¨ b:

dN = dσ

∫
dbT nab(|bT |)L(|bT |) = dσL, (182)

£¤¥ ¸¢¥É¨³μ¸ÉÓ L μ¶·¥¤¥²Ö¥É¸Ö ÔËË¥±É¨¢´Ò³¨ ¶·μ¸É· ´¸É¢¥´´Ò³¨ ¤¨¸¶¥·¸¨-
Ö³¨ ‚� ¶ÊÎ±μ¢ Î ¸É¨Í a ¨ b:

L =
1

2π(σ2
x,ab + Σ2

x,ab)
. (183)

„²Ö ·¥ ²¨¸É¨Î´ÒÌ ±μ´Ë¨£Ê· Í¨° Ô±¸¶¥·¨³¥´É  σ2
x,ab � Σ2

x,ab. ‚ ÔÉμ³ ¶·¨-
¡²¨¦¥´¨¨ ¸¢¥É¨³μ¸ÉÓ L, ¤ ¢ ¥³ Ö (183), μ¶·¥¤¥²Ö¥É¸Ö ¶·μ¸É· ´¸É¢¥´´μ° ¤¨¸-
¶¥·¸¨¥° ¶ÊÎ±μ¢ Î ¸É¨Í a ¨ b, L � 1/(2πΣ2

x,ab), ¢ ¸μ£² ¸¨¨ ¸ ¶²μ¸±μ¢μ²´μ¢Ò³
¶·¨¡²¨¦¥´¨¥³.

5.3. �¥²ÖÉ¨¢¨¸É¸± Ö ¨´¢ ·¨ ´É´μ¸ÉÓ ±¢ ¤· É  ¶·¨Í¥²Ó´μ£μ ¶ · ³¥É· .
—¥ÉÒ·¥Ì³¥·´Ò° μ¡Ñ¥³ ¶¥·¥±·ÒÉ¨Ö

V =
∫

d4x|ψ(pa, x − xa)|2|ψ(pb, x − xb)|2

²μ·¥´Í-¨´¢ ·¨ ´É¥´ ¢ ¸¨²Ê ·¥²ÖÉ¨¢¨¸É¸±μ° ¨´¢ ·¨ ´É´μ¸É¨ ËÊ´±Í¨¨ ψ(x).
‹μ·¥´Í-¨´¢ ·¨ ´É´μ¥ Î¨¸²μ ¸μ¡ÒÉ¨° ¢ (180) É·¥¡Ê¥É ²μ·¥´Í-¨´¢ ·¨ ´É´μ¸É¨
³μ¤Ê²Ö ¢¥±Éμ·  b × n. �μ± ¦¥³ Ö¢´Ò³ ¢ÒÎ¨¸²¥´¨¥³, ÎÉμ, ´¥¸³μÉ·Ö ´  Éμ,
ÎÉμ b, n ¨ b×n ´¥ ¨´¢ ·¨ ´É´Ò, ³μ¤Ê²Ó |b×n| Ö¢²Ö¥É¸Ö ²μ·¥´Í-¨´¢ ·¨ ´Éμ³.
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�¡μ§´ Î¨³ ¢¥±Éμ· b = xa − xb ¢ ¸¨¸É¥³ Ì ¶μ±μÖ (¸. ¶.) Î ¸É¨Í a ¨ b
¸¨³¢μ² ³¨ b(a) ¨ b(b). ˆÌ Ö¢´Ò° ¢¨¤

b(a) = b +
Γ2

a

Γa + 1
(bva)va ¨ b(b) = b +

Γ2
b

Γb + 1
(bvb)vb,

£¤¥ Γi = (1 − v2
i )

−1/2, i = (a, b).
‚ É¥Ì ¦¥ μ¡μ§´ Î¥´¨ÖÌ μÉ´μ¸¨É¥²Ó´Ò¥ ¸±μ·μ¸É¨ ¨³¥ÕÉ ¸²¥¤ÊÕÐ¨° ¢¨¤:

vab = v(a)
b =

p(a)
b

E
(a)
b

=
1

1 − vavb

[
1
Γa

vb −
Γa(1 − vavb) + 1

Γa + 1
va

]
,

vba = v(b)
a =

p(b)
a

E
(b)
a

=
1

1 − vavb

[
1
Γb

va − Γb(1 − vava) + 1
Γb + 1

vb

]
.

’ ±¨³ μ¡· §μ³,

b(a) × vab =
1

1 − vavb

[
1
Γa

(b × vb) −
Γa(1 − vavb) + 1

Γa + 1
(b × va) +

+
Γa

Γa + 1
(bva)(va × vb)

]
,

b(b) × vba =
1

1 − vavb

[
1
Γb

(b × va) − Γb(1 − vavb) + 1
Γb + 1

(b × vb) +

+
Γb

Γb + 1
(bvb)(vb × va)

]
.

�μ²¥§´ Ö Ëμ·³Ê² 

vab × vba =
(va × vb)

(1 − vavb)2

[
1 − 1

ΓaΓb
−
(

Γa

Γa + 1
+

Γb

Γb + 1

)
(vavb)+

+
ΓaΓb(vavb)2

(Γa + 1)(Γb + 1)

]
¤¥³μ´¸É·¨·Ê¥É, ÎÉμ vab 	= vba, ÌμÉÖ |vab| = |vba|. ’ ±¦¥ ÔÉ  Ëμ·³Ê²  ¶μ± -
§Ò¢ ¥É, ÎÉμ Ê£μ² ³¥¦¤Ê μÉ´μ¸¨É¥²Ó´Ò³¨ ¸±μ·μ¸ÉÖ³¨ ¢ ¸. ¶. Î ¸É¨Í μÉ²¨Î ¥É¸Ö
μÉ ´Ê²Ö, ÎÉμ Ö¢²Ö¥É¸Ö Î¨¸Éμ ·¥²ÖÉ¨¢¨¸É¸±¨³ ÔËË¥±Éμ³. ‚ ´¥·¥²ÖÉ¨¢¨¸É¸±μ³
¶·¨¡²¨¦¥´¨¨ μÉ´μ¸¨É¥²Ó´Ò¥ ¸±μ·μ¸É¨ vab ¨ vba ±μ²²¨´¥ ·´Ò.

„μ± ¦¥³, ÎÉμ |b(a) × nab|2 ¸ nab = vab/|vab| Å ·¥²ÖÉ¨¢¨¸É¸±¨° ¨´¢ ·¨-
 ´É. „²Ö ÔÉμ£μ § ³¥É¨³, ÎÉμ

|b(a) × vab|2 = |b(a)|2|vab|2 − (b(a)vab)2.
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‚ÒÎ¨¸²¨³ ¸´ Î ²  |b(a)|2 = (bua)2 − b2, £¤¥ ui = Γi(1,vi) ¨ b = (0,b) ¢

² ¡μ· Éμ·´μ° ¸¨¸É¥³¥ μÉ¸Î¥É  ¸ ±¢ ¤· Éμ³ b2 = −b2. ‚ ¸. ¶. Î ¸É¨ÍÒ a

4-¢¥±Éμ· ¶·¨Í¥²Ó´μ£μ ¶ · ³¥É·  b = (b(a)
0 ,b(a)) ¸ ±μ³¶μ´¥´É ³¨

b
(a)
0 = (bua), b(a) = b− Γa(bua)va

Γa + 1
,

£¤¥ ³Ò ÊÎ²¨ ¸μμÉ´μÏ¥´¨¥ Γa(bva) = −(bua). ‡ É¥³ ¢ÒÎ¨¸²¨³

(b(a)vab) =
(bua)(uaub) − (bub)

(uaub)
¨ |vab|2 =

(uaub)2 − 1
(uaub)2

.

’ ±¨³ μ¡· §μ³,

|b(a) × nab|2 = (bua)2 +
[(bua)(uaub) − (bub)]2

1 − (uaub)2
− b2 =

=
[b(ua − ub)]2

1 − (uaub)2
+

(bua)(bub)
(uaub) + 1

− b2 = |b(b) × nba|2. (184)

�μ¸±μ²Ó±Ê (184) § ¶¨¸ ´μ ¢ ¨´¢ ·¨ ´É´μ³ ¢¨¤¥, ³Ò ³μ¦¥³ ¢ÒÎ¨¸²¨ÉÓ ¢¥±-
Éμ·´μ¥ ¶·μ¨§¢¥¤¥´¨¥ |b(a) ×nab|2 ¢ ¸. ¶. ²Õ¡μ° ¨§ Î ¸É¨Í a ¨²¨ b. � ¶·¨³¥·,
¢ÒÎ¨¸²¨¢ ¢ ¸. ¶. Î ¸É¨ÍÒ a, ¶μ²ÊÎ ¥³

|b(a) × nab|2 = b2 − Γ2
b(bvb)2

Γ2
b − 1

,

£¤¥ ³Ò Ê§´ ¥³ ±¢ ¤· É ¢¥±Éμ· , ¶μ¶¥·¥Î´μ£μ ¢¥±Éμ·Ê vb:

b2
T = b2 − b2

L = b2 −
[
(bvb)vb

v2
b

]2
= b2 − Γ2

b(bvb)2

Γ2
b − 1

.

’ ±¨³ μ¡· §μ³, ³Ò ¤μ± § ²¨ ·¥²ÖÉ¨¢¨¸É¸±ÊÕ ¨´¢ ·¨ ´É´μ¸ÉÓ ¢Ò· ¦¥´¨Ö
|b(a) × nab| = |b(b) × nba|.

6. Œ�Š��‘Š��ˆ—…‘Šˆ… „ˆ�ƒ��ŒŒ›

‚ ¤ ´´μ³ · §¤¥²¥ μ¡¸Ê¦¤ ¥É¸Ö ³μ¤¨Ë¨± Í¨Ö ¶· ¢¨² ”¥°´³ ´ , ´¥μ¡Ìμ-
¤¨³ÒÌ ¤²Ö · ¸Î¥É   ³¶²¨ÉÊ¤ · ¸¸¥Ö´¨Ö, ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì ³ ±·μ¸±μ¶¨Î¥¸±¨³
Ë¥°´³ ´μ¢¸±¨³ ¤¨ £· ³³ ³, ÎÓ¨ ¢´¥Ï´¨¥ ²¨´¨¨ μ¶¨¸Ò¢ ÕÉ¸Ö ·¥²ÖÉ¨¢¨¸É-
¸±¨³¨ ‚�,   ´¥ Ëμ±μ¢¸±¨³¨ μ¤´μÎ ¸É¨Î´Ò³¨ ¸μ¸ÉμÖ´¨Ö³¨.
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�¨¸. 6. Œ ±·μ¸±μ¶¨Î¥¸± Ö Ë¥°´³ -
´μ¢¸± Ö ¤¨ £· ³³  μ¡Ð¥£μ ¢¨¤  ¸
μ¡³¥´μ³ ³ ¸¸¨¢´Ò³ ´¥°É·¨´μ

6.1. Œ ±·μ¸±μ¶¨Î¥¸± Ö ¤¨ £· ³³  μ¡-
Ð¥£μ ¢¨¤ . ŒÒ ¡Ê¤¥³ ¨³¥ÉÓ ¤¥²μ c μ¤´μ-
Î ¸É¨Î´μ-¶·¨¢μ¤¨³Ò³¨ ¸¢Ö§´Ò³¨ ¤¨ £· ³-
³ ³¨, μ¡Ð Ö ¸É·Ê±ÉÊ·  ±μÉμ·ÒÌ ¶μ± § ´ 
´  ·¨¸. 6. ‚´¥Ï´¨¥ ²¨´¨¨ É ±¨Ì ¤¨ £· ³³
¸μμÉ¢¥É¸É¢ÊÕÉ  ¸¨³¶ÉμÉ¨Î¥¸±¨ ¸¢μ¡μ¤´Ò³
´ Î ²Ó´Ò³ (®in¯) ¨ ±μ´¥Î´Ò³ (®out¯) ‚�
|pa, sa, xa〉 ¨ |pb, sb, xb〉 ¢ ±μμ·¤¨´ É´μ³
¶·¥¤¸É ¢²¥´¨¨, É. ¥. ¢μ²´μ¢Ò³ ËÊ´±Í¨Ö³
ψa(pa, xa) ¨ ψ∗

b (pb, xb), Ì · ±É¥·¨§Ê¥³Ò³
´ ¨¡μ²¥¥ ¢¥·μÖÉ´Ò³¨ ¨³¶Ê²Ó¸ ³¨ pa, pb

¨ ¶·μ¸É· ´¸É¢¥´´μ-¢·¥³¥´´Ò³¨ ±μμ·¤¨´ -
É ³¨ xa, xb,   É ±¦¥ ³ ¸¸ ³¨ ma, mb

¨ ¶ · ³¥É· ³¨∗ σa, σb (®¤¨¸¶¥·¸¨Ö³¨¯),
Ì · ±É¥·¨§ÊÕÐ¨³¨ ´¥μ¶·¥¤¥²¥´´μ¸É¨ ¨³-
¶Ê²Ó¸μ¢. ‡¤¥¸Ó ¨ ¤ ²¥¥ ¨¸¶μ²Ó§ÊÕÉ¸Ö ¸²¥-
¤ÊÕÐ¨¥ μ¡μ§´ Î¥´¨Ö: Is (Fs) Å ¸μ¢μ±Ê¶´μ¸ÉÓ in (out) ¶ ±¥Éμ¢ ¢ ¡²μ±¥ Xs

(®¨¸ÉμÎ´¨±¥¯), Id (Fd) Å ¸μ¢μ±Ê¶´μ¸ÉÓ in (out) ¶ ±¥Éμ¢ ¢ ¡²μ±¥ Xd (®¤¥-
É¥±Éμ·¥¯). 
²μ±¨ Xs ¨ Xd μ¡μ§´ Î ÕÉ μ¡² ¸É¨ ¢§ ¨³μ¤¥°¸É¢¨Ö ¶μ²¥° ¨
³μ£ÊÉ ¸μ¤¥·¦ ÉÓ ¶·μ¨§¢μ²Ó´Ò¥ ¢´ÊÉ·¥´´¨¥ ²¨´¨¨ ¨ ¶¥É²¨. ‚´ÊÉ·¥´´ÖÖ ²¨-
´¨Ö, ¸μ¥¤¨´ÖÕÐ Ö ¡²μ±¨ Xs ¨ Xd, μ¡μ§´ Î ¥É ¶·¨Î¨´´ÊÕ ËÊ´±Í¨Õ ƒ·¨´ 
³ ¸¸¨¢´μ£μ ´¥°É·¨´μ νi ¸ ³ ¸¸μ° mi (i = 1, 2, 3, . . .). ‚ ¤ ²Ó´¥°Ï¥³ ¶·¥¤¶μ-
² £ ¥É¸Ö, ÎÉμ ¢¥·Ï¨´Ò x ¨ y μ¶¨¸Ò¢ ÕÉ¸Ö ² £· ´¦¨ ´μ³ ‘Œ, Ë¥´μ³¥´μ²μ-
£¨Î¥¸±¨ ¤μ¶μ²´¥´´Ò³ ¤¨· ±μ¢¸±¨³ ¨²¨ ³ °μ· ´μ¢¸±¨³ ³ ¸¸μ¢Ò³ Î²¥´μ³ ¨
¸μμÉ¢¥É¸É¢ÊÕÐ¨³ ±¨´¥É¨Î¥¸±¨³ ¢±² ¤μ³, ¶μÔÉμ³Ê ²¨¡μ ´ Î ²Ó´Ò¥, ²¨¡μ ±μ-
´¥Î´Ò¥ ¸μ¸ÉμÖ´¨Ö (²¨¡μ É¥ ¨ ¤·Ê£¨¥) ¤μ²¦´Ò ¸μ¤¥·¦ ÉÓ § ·Ö¦¥´´Ò° ²¥¶Éμ´
¨²¨ ( ´É¨)´¥°É·¨´μ∗∗. 
²μ±¨ Xs ¨ Xd ¸Î¨É ÕÉ¸Ö ³ ±·μ¸±μ¶¨Î¥¸±¨ · §¤¥²¥´-
´Ò³¨ ¢ ¶·μ¸É· ´¸É¢¥-¢·¥³¥´¨, ÎÉμ μ¡ÑÖ¸´Ö¥É ¸³Ò¸² É¥·³¨´  ®³ ±·μ¸±μ¶¨Î¥-
¸± Ö ¤¨ £· ³³ ¯.

6.2. �·¨³¥·Ò ³ ±·μ¤¨ £· ³³. �·μ¸É¥°Ï¨° ¶·¨³¥· ³ ±·μ¤¨ £· ³³Ò
(¸³. ·¨¸. 6) ¶·¨¢¥¤¥´ ´  ·¨¸. 7. ‘Ê³³  É ±¨Ì ¤¨ £· ³³ (¶μ ¨´¤¥±¸Ê i) ¤ ¥É
 ³¶²¨ÉÊ¤Ê ¶·μÍ¥¸¸ 

π+ ⊕ n → μ+ ⊕ τ−p, (185)

£¤¥ ¸¨³¢μ² ⊕ ¨¸¶μ²Ó§Ê¥É¸Ö ¤²Ö Ê± § ´¨Ö Éμ£μ, ÎÉμ ¢¥·Ï¨´Ò ¤¨ £· ³³Ò ³ -
±·μ¸±μ¶¨Î¥¸±¨ · §¤¥²¥´Ò ¢ ¶·μ¸É· ´¸É¢¥-¢·¥³¥´¨. �·μÍ¥¸¸Ò É¨¶  (185) ´ -
·ÊÏ ÕÉ ¤¢  ²¥¶Éμ´´ÒÌ Î¨¸² , ´μ ¸μÌ· ´ÖÕÉ ¨Ì ¸Ê³³Ê. �¡ÒÎ´μ ¨³¥´´μ ¶μ-
¤μ¡´Ò¥ ¶·μ¸ÉÒ¥ ·¥ ±Í¨¨ ¤ ÕÉ μ¸´μ¢´μ° ¢±² ¤ ¢ Î¨¸²  ¸μ¡ÒÉ¨° ¢ Ô±¸¶¥·¨-

∗� ¢ ¡μ²¥¥ μ¡Ð¥³ ¸²ÊÎ ¥ Å ´ ¡μ· ³¨ ¶ · ³¥É·μ¢ σa, σb.
∗∗ —Éμ¡Ò ¨§¡¥¦ ÉÓ ¨§²¨Ï´¨Ì Ê¸²μ¦´¥´¨°, ³Ò ¨¸±²ÕÎ ¥³ ¢μ§³μ¦´μ¸ÉÓ Éμ£μ, ÎÉμ ¢ Î¨¸²μ

¢´¥Ï´¨Ì μ¤´μ¶ ±¥É´ÒÌ ¸μ¸ÉμÖ´¨° ¢Ìμ¤ÖÉ ± ²¨¡·μ¢μÎ´Ò¥ ¨²¨ Ì¨££¸μ¢¸±¨¥ ¡μ§μ´Ò.
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�¨¸. 7. �·¨³¥· ³ ±·μ¸±μ¶¨Î¥¸±μ° Ë¥°´³ ´μ¢¸±μ° ¤¨ £· ³³Ò, μ¶¨¸Ò¢ ÕÐ¥° πμ2-
· ¸¶ ¤ ¢ ¶·μ¸É· ´¸É¢¥´´μ-¢·¥³¥´´μ° ÉμÎ±¥ x1 ¨ ¶μ¸²¥¤ÊÕÐ¥¥ ±¢ §¨Ê¶·Ê£μ¥ ´¥°É·¨-
´μ·μ¦¤¥´¨¥ τ -²¥¶Éμ´  ¢ ÉμÎ±¥ x2. ’μÎ±¨ x1 ¨ x2 ³μ£ÊÉ ¡ÒÉÓ · §¤¥²¥´Ò ³ ±·μ¸±μ¶¨-
Î¥¸±¨ ¡μ²ÓÏ¨³ ¶·μ¸É· ´¸É¢¥´´μ-¢·¥³¥´´Ò³ ¨´É¥·¢ ²μ³

³¥´É Ì ¶μ ¨¸¸²¥¤μ¢ ´¨Õ ´¥°É·¨´´ÒÌ μ¸Í¨²²ÖÍ¨° ¸  É³μ¸Ë¥·´Ò³¨ ¨ Ê¸±μ-
·¨É¥²Ó´Ò³¨ ( ´É¨)´¥°É·¨´μ. ‚ ¸É ´¤ ·É´μ³ ±¢ ´Éμ¢μ-³¥Ì ´¨Î¥¸±μ³ ¶μ¤Ìμ¤¥
¶·μÍ¥¸¸ (185) · ¸¸³ É·¨¢ ¥É¸Ö ± ± ¶μ¸²¥¤μ¢ É¥²Ó´μ¸ÉÓ É·¥Ì ´¥§ ¢¨¸¨³ÒÌ ¶μ¤-
¶·μÍ¥¸¸μ¢:

a) · ¸¶ ¤ ¶¨μ´  π+ → μ+νμ ¢ ¨¸ÉμÎ´¨±¥ (¢ ÉμÎ±¥ x1),
¡) · ¸¶·μ¸É· ´¥´¨¥ ´¥°É·¨´μ ¸ ®¶·¥¢· Ð¥´¨¥³¯ νμ ¢ ντ ,
¢) ±¢ §¨Ê¶·Ê£μ¥ ¢§ ¨³μ¤¥°¸É¢¨¥ ντn → τ+p ¢ ¤¥É¥±Éμ·¥ (¢ ÉμÎ±¥ x2).
� ¶·μÉ¨¢, ¢ ¤¨ £· ³³´μ³ ¶μ¤Ìμ¤¥ Š’� ³Ò ¨³¥¥³ ¤¥²μ ¸ ¥¤¨´Ò³ ¶·μ-

Í¥¸¸μ³ (185),   ¤μ¢μ²Ó´μ § £ ¤μÎ´μ¥ ±¢ ´Éμ¢μ-³¥Ì ´¨Î¥¸±μ¥ Ö¢²¥´¨¥ Ë²¥°-
¢μ·´μ£μ ¶¥·¥Ìμ¤  (®μ¸Í¨²²ÖÍ¨¨¯) νμ → ντ ¸¢μ¤¨É¸Ö ± ¡ ´ ²Ó´μ° ¨´É¥·Ë¥-
·¥´Í¨¨ ¤¨ £· ³³ ¸ ¢¨·ÉÊ ²Ó´Ò³¨ ¶μ²Ö³¨ ´¥°É·¨´μ νi μ¶·¥¤¥²¥´´μ° ³ ¸¸Ò;
¶·¨ ÔÉμ³ ¤ ¦¥ ´¥ ¢μ§´¨± ¥É ´¥μ¡Ìμ¤¨³μ¸É¨ ¢ ¨¸¶μ²Ó§μ¢ ´¨¨ ¸μ¸ÉμÖ´¨° ¨²¨
¶μ²¥° ´¥°É·¨´μ ¸ μ¶·¥¤¥²¥´´Ò³¨ Ë²¥°¢μ· ³¨ νμ ¨ ντ .

� ¸¸³μÉ·¨³ ¥Ð¥ ´¥¸±μ²Ó±μ ¶·¨³¥·μ¢ ³ ±·μ¤¨ £· ³³, ¶·¥¤¸É ¢²ÖÕÐ¨Ì
¶μÉ¥´Í¨ ²Ó´Ò° ¨´É¥·¥¸. �  ·¨¸. 8 ¶μ± § ´Ò Î¥ÉÒ·¥ ¤¨ £· ³³Ò ´¨§Ï¥£μ ¶μ-
·Ö¤±  ¶μ Ô²¥±É·μ¸² ¡μ³Ê ¢§ ¨³μ¤¥°¸É¢¨Õ, μ¶¨¸Ò¢ ÕÐ¨¥ μe3-· ¸¶ ¤ ¢ ¨¸-
ÉμÎ´¨±¥, ¸μ¶·μ¢μ¦¤ ¥³Ò° ±¢ §¨Ê¶·Ê£¨³ · ¸¸¥Ö´¨¥³ ¢¨·ÉÊ ²Ó´μ£μ ´¥°É·¨´μ
( ´É¨´¥°É·¨´μ) ´  ´¥°É·μ´¥ (¶·μÉμ´¥) ¸ ·μ¦¤¥´¨¥³ τ -²¥¶Éμ´  ¢ ¤¥É¥±Éμ·-
´μ° ¢¥·Ï¨´¥. � §Ê³¥¥É¸Ö, ¢ ‘Œ ¸ ¡¥§³ ¸¸μ¢Ò³¨ ´¥°É·¨´μ ¢¸¥ ÔÉ¨ ¶·μÍ¥¸¸Ò
¸É·μ£μ § ¶·¥Ð¥´Ò § ±μ´μ³ ¸μÌ· ´¥´¨Ö ²¥¶Éμ´´ÒÌ Î¨¸¥², ´μ ¸É ´μ¢ÖÉ¸Ö ¢μ§-
³μ¦´Ò³¨ ¶·¨ ´ ²¨Î¨¨ ¢ ² £· ´¦¨ ´¥ ¤¨· ±μ¢¸±μ£μ ¨²¨ ³ °μ· ´μ¢¸±μ£μ ³ ¸-
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�¨¸. 8. „¨ £· ³³Ò ´¨§Ï¥£μ ¶μ·Ö¤±  ¶μ Ô²¥±É·μ¸² ¡μ³Ê ¢§ ¨³μ¤¥°¸É¢¨Õ, μ¶¨¸Ò¢ Õ-
Ð¨¥ μe3-· ¸¶ ¤ ¢ ¨¸ÉμÎ´¨±¥ ¨ ±¢ §¨Ê¶·Ê£μ¥ ·μ¦¤¥´¨¥ τ -²¥¶Éμ´  ¢ ¤¥É¥±Éμ·¥

¸μ¢μ£μ Î²¥´ . �·¨ ÔÉμ³ ¤¨ £· ³³Ò   ¨ ¡ μÉ´μ¸ÖÉ¸Ö ± ¸²ÊÎ Õ ± ± ¤¨· ±μ¢¸±¨Ì,
É ± ¨ ³ °μ· ´μ¢¸±¨Ì ( ´É¨)´¥°É·¨´μ,   ¤¨ £· ³³Ò ¢ ¨ £ ¢μ§´¨± ÕÉ Éμ²Ó±μ
¤²Ö ³ °μ· ´μ¢¸±¨Ì ´¥°É·¨´μ (¸μ¢¶ ¤ ÕÐ¨Ì ¸  ´É¨´¥°É·¨´μ). ‚ ¶μ¸²¥¤´¥³
¸²ÊÎ ¥ ¤¨ £· ³³Ò  , £ ¨ ¡, ¢ ¶μ¶ ·´μ ¨´É¥·Ë¥·¨·ÊÕÉ ¤·Ê£ ¸ ¤·Ê£μ³. ‚ · ³-
± Ì ´ Ï¥£μ Ëμ·³ ²¨§³  ³ ¸¸¨¢´Ò¥ ´¥°É·¨´μ ¢μ ¢´¥Ï´¨Ì ²¨´¨ÖÌ ¤¨ £· ³³
·¨¸. 8 ¤μ²¦´Ò μ¶¨¸Ò¢ ÉÓ¸Ö ‚� Éμ£μ ¦¥ É¨¶ , ÎÉμ ¨ ¤²Ö ¢¸¥Ì ¤·Ê£¨Ì ³ ¸¸¨¢´ÒÌ
¶μ²¥°.

„¨ £· ³³Ò ´  ·¨¸. 9 μ¶¨¸Ò¢ ÕÉ μ¸´μ¢´ÊÕ ·¥ ±Í¨Õ pp-Í¨±²  ¢ ‘μ²´Í¥

1H + 1H → 2D + e+ + νe (Eν < 420 ±Ô‚)

¨ ¤¥É¥±É¨·μ¢ ´¨¥ ´¥°É·¨´μ ¢ GaÄGe-¤¥É¥±Éμ·¥ ¨ ¢ ¤¥É¥±Éμ·¥ ´  ¸¢μ¡μ¤´ÒÌ
Ô²¥±É·μ´ Ì. „¨ £· ³³Ò ¡ ¨ ¢ ¨´É¥·Ë¥·¨·ÊÕÉ. „¨ £· ³³Ò, ¨§μ¡· ¦¥´´Ò¥
´  ·¨¸. 10, μ¶¨¸Ò¢ ÕÉ (¢ ´¨§Ï¥³ ¶μ·Ö¤±¥ ¶μ Ô²¥±É·μ¸² ¡μ³Ê ¢§ ¨³μ¤¥°¸É¢¨Õ)
¸¨´É¥§ Ö¤·  ¤¥°É¥·¨Ö ¢ É ± ´ §Ò¢ ¥³μ° pep-·¥ ±Í¨¨

1H + 1H + e− → 2D + ν∗
i (Eν = 1,44 ŒÔ‚)
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�¨¸. 9. „¨ £· ³³Ò ´¨§Ï¥£μ ¶μ·Ö¤±  ¶μ Ô²¥±É·μ¸² ¡μ³Ê ¢§ ¨³μ¤¥°¸É¢¨Õ, μ¶¨¸Ò¢ Õ-
Ð¨¥ ¸¨´É¥§ ¤¥°É·μ´  ¢ pp-·¥ ±Í¨¨ ¢ ¨¸ÉμÎ´¨±¥ ¨ ´¥°É·¨´μ·μ¦¤¥´¨¥ Ô²¥±É·μ´  ´ 
Ö¤·¥ £ ²²¨Ö ( ) ¨ ´  ¸¢μ¡μ¤´μ³ Ô²¥±É·μ´¥ (¡, ¢) ¢ ¤¥É¥±Éμ·¥

�¨¸. 10. „¨ £· ³³Ò ´¨§Ï¥£μ ¶μ·Ö¤±  ¶μ Ô²¥±É·μ¸² ¡μ³Ê ¢§ ¨³μ¤¥°¸É¢¨Õ, μ¶¨¸Ò¢ Õ-
Ð¨¥ ¸¨´É¥§ ¤¥°É·μ´  ¢ pep-·¥ ±Í¨¨ ¢ ¨¸ÉμÎ´¨±¥ ¨ ´¥°É·¨´μ·μ¦¤¥´¨¥ Ô²¥±É·μ´  ´ 
Ö¤·¥ £ ²²¨Ö ( ) ¨ ´  ¸¢μ¡μ¤´μ³ Ô²¥±É·μ´¥ (¡, ¢) ¢ ¤¥É¥±Éμ·¥

¢ ¨¸ÉμÎ´¨±¥ (‘μ²´Í¥) ¨ ¶μ¸²¥¤ÊÕÐ¥¥ ¢§ ¨³μ¤¥°¸É¢¨¥ ¢¨·ÉÊ ²Ó´μ£μ ´¥°É·¨-
´μ ν∗

i ¸ £ ²²¨¥¢μ° ³¨Ï¥´ÓÕ ( ) ¨ Ô²¥±É·μ´´μ° ³¨Ï¥´ÓÕ (¡, ¢). —·¥§¢ÒÎ °´μ
®³¥¤²¥´´ Ö¯ pep-·¥ ±Í¨Ö μÉ¢¥É¸É¢¥´´  §  μ¡· §μ¢ ´¨¥ ¶·¨³¥·´μ 0,25 % ¤¥°-
É¥·¨Ö ¢ ‘μ²´Í¥ ¨ ¶·μÖ¢²Ö¥É¸Ö ¢ μ¤´μ° ¨§ ¢¥É¢¥° ¶·μÉμ´-¶·μÉμ´´μ° Í¥¶μÎ±¨
¶·¥¢· Ð¥´¨Ö ¢μ¤μ·μ¤  ¢ £¥²¨°. �¥¸³μÉ·Ö ´  ´¨ÎÉμ¦´Ò° ¢±² ¤ pep-·¥ ±Í¨¨ ¢
Ô´¥·£¥É¨±Ê ‘μ²´Í , μ´  ¤ ¥É ÌμÉÖ ¨ ³ ²Ò°, ´μ ¨§³¥·¨³Ò° ¢±² ¤ ¢ Î¨¸²μ ¸μ¡Ò-
É¨°, ¤¥É¥±É¨·Ê¥³ÒÌ ¢ £ ²²¨°-£¥·³ ´¨¥¢ÒÌ Ô±¸¶¥·¨³¥´É Ì (SAGE, GALLEX,
GNO). Š ¸μ¦ ²¥´¨Õ, ¶μ·μ£¨ ¤¥É¥±É¨·μ¢ ´¨Ö ¸μ²´¥Î´ÒÌ ´¥°É·¨´μ ¢ ¸μ¢·¥³¥´-
´ÒÌ ¢μ¤´μ-Î¥·¥´±μ¢¸±¨Ì ¶μ¤§¥³´ÒÌ ¤¥É¥±Éμ· Ì Super-Kamiokande ¨ SNO ¸Ê-
Ð¥¸É¢¥´´μ ¶·¥¢ÒÏ ÕÉ μ¦¨¤ ¥³ÊÕ ¸·¥¤´ÕÕ Ô´¥·£¨Õ ´¥°É·¨´μ (≈ 1,44 ŒÔ‚)
μÉ pep-·¥ ±Í¨¨ ¢ ‘μ²´Í¥, ¨ ¶μÔÉμ³Ê ¶·μÍ¥¸¸Ò, μÉ¢¥Î ÕÐ¨¥ ¤¨ £· ³³ ³ ¡
¨ ¢, ¶μ±  ´¥¤μ¸ÉÊ¶´Ò ¤²Ö Ô±¸¶¥·¨³¥´É ²Ó´μ£μ ¨§ÊÎ¥´¨Ö. Š ± ¨ ¢ ¶·¥¤Ò¤Ê-
Ð¥³ ¶·¨³¥·¥, ¤¨ £· ³³Ò ¡ ¨ ¢ ¨´É¥·Ë¥·¨·ÊÕÉ.

�±§μÉ¨Î¥¸±¨¥ ¶·μÍ¥¸¸Ò, ¶μ± § ´´Ò¥ ´  ·¨¸. 10, ¨²²Õ¸É·¨·ÊÕÉ Í¥²¥¸μ-
μ¡· §´μ¸ÉÓ ¨§ÊÎ¥´¨Ö ³ ±·μ¤¨ £· ³³ ¸ ¡μ²¥¥ Î¥³ ¤¢Ê³Ö in-¶ ±¥É ³¨ ¢ ± ¦¤μ³
¨§ ³ ±·μ¸±μ¶¨Î¥¸±¨ · §¤¥²¥´´ÒÌ ¡²μ±μ¢. ’ ±μ£μ ·μ¤  ¤¨ £· ³³Ò É ±¦¥ ¶·¥¤-
¸É ¢²ÖÕÉ ¨´É¥·¥¸ ¤²Ö ¨§ÊÎ¥´¨Ö ·¥ ±Í¨° ¸ ÊÎ ¸É¨¥³ ´¥°É·¨´μ ¢ ¶²μÉ´μ° £μ·Ö-
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Î¥° ¶² §³¥ · ´´¥° ‚¸¥²¥´´μ° ¨ ¢ ¸¢¥·Ì¶²μÉ´ÒÌ  ¸É·μË¨§¨Î¥¸±¨Ì μ¡Ñ¥±É Ì,
É ±¨Ì ± ± ´¥°É·μ´´Ò¥ ¨²¨ ±¢ ·±μ¢Ò¥ §¢¥§¤Ò. ‚ ±μ´É¥±¸É¥ É¥μ·¨¨ ´¥°É·¨´-
´ÒÌ μ¸Í¨²²ÖÍ¨° £² ¢´ Ö ¶·¨Î¨´  ¤²Ö · ¸¸³μÉ·¥´¨Ö ¤¨ £· ³³ ¸ ¶·μ¨§¢μ²Ó´Ò³
Î¨¸²μ³ in- ¨ out-¶ ±¥Éμ¢ ¢μ ¢´¥Ï´¨Ì ²¨´¨ÖÌ ´¥¸±μ²Ó±μ ¶·μ§ ¨Î´¥¥ Å ± ±
¡Ê¤¥É ¢¨¤´μ ¨§ ¤ ²Ó´¥°Ï¥£μ, ¤μ¶μ²´¨É¥²Ó´ Ö ¸¨³³¥É·¨Ö Ëμ·³Ê² ¤²Ö  ³¶²¨ÉÊ¤
μ¡Ð¥£μ ¢¨¤  ¶μ§¢μ²Ö¥É ´¥¸±μ²Ó±μ Ê¶·μ¸É¨ÉÓ ¨Ì  ´ ²¨§ §  ¸Î¥É Ê´¨Ë¨± Í¨¨
μ¡μ§´ Î¥´¨°.

6.3. �· ¢¨²  ”¥°´³ ´ . ”μ·³ ²Ó´μ¥ μ¶·¥¤¥²¥´¨¥ ´ Î ²Ó´μ£μ ¨ ±μ´¥Î-
´μ£μ ¸μ¸ÉμÖ´¨° ¤²Ö ¤¨ £· ³³Ò, ¶μ± § ´´μ° ´  ·¨¸. 6, ³μ¦´μ ´ ¶¨¸ ÉÓ ¢ ¢¨¤¥

|in〉 = |{pa, xa, sa}, a∈Is ⊕ Id〉, |out〉 = |{pb, xb, sb}, b∈Fs ⊕ Fd〉. (186)

‡¤¥¸Ó, ± ± ¨ ¢ · ¸¸³μÉ·¥´´μ³ ¢ÒÏ¥ ¶·¨³¥·¥ (185), ¸¨³¢μ² ⊕ ¶μ¤Î¥·±¨-
¢ ¥É, ÎÉμ ‚� ¨§ Is ¨ Id,   É ±¦¥ ¨§ Fs ¨ Fd ³ ±·μ¸±μ¶¨Î¥¸±¨ · §¤¥²¥´Ò.
�·¥¤¶μ² £ ¥É¸Ö, ±·μ³¥ Éμ£μ, ÎÉμ ¢¸¥ ¢Ìμ¤ÖÐ¨¥ ¶ ±¥ÉÒ (a) ´ Ìμ¤ÖÉ¸Ö ¢ μÉ¤ -
²¥´´μ³ ¶·μÏ²μ³,   ¢¸¥ ¢ÒÌμ¤ÖÐ¨¥ (b) Å ¢ μÉ¤ ²¥´´μ³ ¡Ê¤ÊÐ¥³ ¶μ μÉ´μ-
Ï¥´¨Õ ± ³μ³¥´ÉÊ (¨²¨ ¢·¥³¥´´�μ³Ê ¨´É¥·¢ ²Ê) ¢§ ¨³μ¤¥°¸É¢¨Ö ¢ ¡²μ± Ì Xs

¨ Xd. —Éμ¡Ò ¨¸¶μ²Ó§μ¢ ÉÓ ¸É ´¤ ·É´ÊÕ ¤¨ £· ³³´ÊÕ É¥Ì´¨±Ê, μ¸´μ¢ ´´ÊÕ
´  É¥μ·¥³ Ì ‚¨± , ³Ò ¤μ²¦´Ò · ¸¸³ É·¨¢ ÉÓ ²¨ÏÓ É ±¨¥ ±μ´Ë¨£Ê· Í¨¨ ±μ-
μ·¤¨´ É xa ¨ xb, ¤²Ö ±μÉμ·ÒÌ ¶ ±¥ÉÒ ¢ ± ¦¤μ³ ¨§ ®¶μ¤¸μ¸ÉμÖ´¨°¯ Is, Id,
Fs ¨ Fd ´¥ ¢§ ¨³μ¤¥°¸É¢ÊÕÉ ¤·Ê£ ¸ ¤·Ê£μ³, É. ¥. ¶·μ¸É· ´¸É¢¥´´Ò¥ ±μμ·¤¨-
´ ÉÒ Í¥´É·μ¢ ¶ ±¥Éμ¢ ¤μ²¦´Ò ¡ÒÉÓ ´ ¸Éμ²Ó±μ ¤ ²¥±¨ ¤·Ê£ μÉ ¤·Ê£ , ÎÉμ¡Ò
¸μ¸ÉμÖ´¨Ö (186) ³μ¦´μ ¡Ò²μ ¸ Ìμ·μÏ¥° ÉμÎ´μ¸ÉÓÕ  ¶¶·μ±¸¨³¨·μ¢ ÉÓ ¶·Ö-
³Ò³¨ ¶·μ¨§¢¥¤¥´¨Ö³¨  ¸¨³¶ÉμÉ¨Î¥¸±¨ ¸¢μ¡μ¤´ÒÌ μ¤´μ¶ ±¥É´ÒÌ ¸μ¸ÉμÖ´¨°
|pa, sa, xa〉, |pb, sb, xb〉, É. ¥.

|in〉 =

( ∏
a∈Is⊕Id

∫
dka φa(ka,pa) eikaxa

(2π)32Eka

√
2Ekaa

(a)†
kasa

)
|0〉,

|out〉 =

( ∏
b∈Fs⊕Fd

∫
dkb φb(kb,pb) eikbxb

(2π)32Ekb

√
2Ekb

a
(b)†
kbsb

)
|0〉.

(187)

�μ·Ö¤μ± ¸²¥¤μ¢ ´¨Ö μ¶¥· Éμ·μ¢ ·μ¦¤¥´¨Ö ¢ (187) ´¥ ¸ÊÐ¥¸É¢¥´, ¤ ¦¥ ¥¸²¨
μ´¨ ¸μμÉ¢¥É¸É¢ÊÕÉ Éμ¦¤¥¸É¢¥´´Ò³ ¶μ²Ö³, ¶μ¸±μ²Ó±Ê, ± ± ¡Ò²μ ¶μ± § ´μ
¢ ¶. 3.5, ±¢ ´Éμ¢Ò³¨ ±μ··¥²ÖÍ¨Ö³¨ ³¥¦¤Ê Éμ¦¤¥¸É¢¥´´Ò³¨ ‚�, ¤μ¸É ÉμÎ´μ
Ìμ·μÏμ · §¤¥²¥´´Ò³¨ ¢ ¶·μ¸É· ´¸É¢¥-¢·¥³¥´¨, ³μ¦´μ ¶·¥´¥¡·¥ÎÓ,   μ¡Ð¨°
§´ ±  ³¶²¨ÉÊ¤Ò · ¸¸¥Ö´¨Ö ´¥ ¢ ¦¥´. �¥·¥Î¨¸²¥´´Ò¥ É·¥¡μ¢ ´¨Ö (¢±²ÕÎ Ö ¶μ-
´ÖÉ¨¥ ³ ±·μ¸±μ¶¨Î¥¸±μ£μ · §¤¥²¥´¨Ö μ¡² ¸É¥° ¢§ ¨³μ¤¥°¸É¢¨Ö Xs ¨ Xd) Ë¥-
´μ³¥´μ²μ£¨Î¥¸±¨ ³μÉ¨¢¨·μ¢ ´Ò ¨ ¨´ÉÊ¨É¨¢´μ Ö¸´Ò, ´μ ¤μ¢μ²Ó´μ ®· §³ÒÉÒ¯
¢ ³ É¥³ É¨Î¥¸±μ³ ¸³Ò¸²¥. Œ É¥³ É¨Î¥¸±¨ Î¥É±¨¥ Ê¸²μ¢¨Ö ¡Ê¤ÊÉ ¸Ëμ·³Ê²¨-
·μ¢ ´Ò ¢ ¶. 6.9 ¶μ¸²¥ ¶μ²ÊÎ¥´¨Ö ¢¸¥Ì ´¥μ¡Ìμ¤¨³ÒÌ ¤²Ö ÔÉμ£μ ¶·μ³¥¦ÊÉμÎ´ÒÌ
·¥§Ê²ÓÉ Éμ¢.
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�μ·³¨·μ¢±Ê in- ¨ out-¸μ¸ÉμÖ´¨° ³μ¦´μ ´ ¶¨¸ ÉÓ ¢ ¢¨¤¥

〈in|in〉 =
∏

a∈Is⊕Id

2EaVa, 〈out|out〉 =
∏

b∈Fs⊕Fd

2EbVb, (188)

£¤¥ Eκ ≡ Epκ
≈ Epκ

¨ Vκ = Vκ(pκ) ¥¸ÉÓ, ¸μμÉ¢¥É¸É¢¥´´μ, ¸·¥¤´ÖÖ Ô´¥·£¨Ö ¨
ÔËË¥±É¨¢´Ò° μ¡Ñ¥³ ¶ ±¥É  κ; §¤¥¸Ó ¨ ¢ ¤ ²Ó´¥°Ï¥³ ¨´¤¥±¸ κ ¨¸¶μ²Ó§Ê¥É¸Ö
¤²Ö μ¡μ§´ Î¥´¨Ö ± ± ´ Î ²Ó´ÒÌ (a), É ± ¨ ±μ´¥Î´ÒÌ (b) ¶ ±¥Éμ¢. ‚´¥Ï´¨¥
¢Ìμ¤ÖÐ¨¥ ¨ ¢ÒÌμ¤ÖÐ¨¥ ²¨´¨¨ ¤¨ £· ³³,  ¸¸μÍ¨¨·μ¢ ´´Ò¥ ¸μ ¸¢μ¡μ¤´Ò³¨
¶μ²Ö³¨ Φa(ya) (a ∈ Is ⊕ Id) ¨ Φb(yb) (b ∈ Fs ⊕ Fd), ¤ ÕÉ Ë ±Éμ·Ò

〈0|Φa(ya)|pa, sa, xa〉 ¨ 〈pb, sb, xb|Φ†
b(yb)|0〉

¢  ³¶²¨ÉÊ¤¥ · ¸¸¥Ö´¨Ö. �μÔÉμ³Ê ¢ ¸μμÉ¢¥É¸É¢¨¨ ¸ ¶·¨´ÖÉÒ³ ´ ³¨ ¶·¨¡²¨¦¥-
´¨¥³ Ê§±¨Ì ¢ ¨³¶Ê²Ó¸´μ³ ¶·μ¸É· ´¸É¢¥ ¶ ±¥Éμ¢ ¸É ´¤ ·É´Ò° (¶²μ¸±μ¢μ²´μ-
¢μ°) Ë¥°´³ ´μ¢¸±¨° Ë ±Éμ·, ¸μμÉ¢¥É¸É¢ÊÕÐ¨° ¢´¥Ï´¥° ²¨´¨¨, ¤μ²¦¥´ ¡ÒÉÓ
Ê³´μ¦¥´ ´  {

ψa(pa, ya − xa) ¤²Ö a ∈ Is ⊕ Id,

ψ∗
b (pb, yb − xb) ¤²Ö b ∈ Fs ⊕ Fd,

(189)

£¤¥ ± ¦¤ Ö ¢μ²´μ¢ Ö ËÊ´±Í¨Ö ¤ ¥É¸Ö (108) ¨ μ¶·¥¤¥²Ö¥É¸Ö Ëμ·³Ë ±Éμ·μ³
φκ(k,pκ), § ¢¨¸ÖÐ¨³ μÉ ³ ¸¸Ò mκ ¨ ¤¨¸¶¥·¸¨¨ σκ ,   4-¢¥±Éμ· yκ (¶¥·¥³¥´-
´ Ö ¨´É¥£·¨·μ¢ ´¨Ö) ¥¸ÉÓ ±μμ·¤¨´ É  ¢´ÊÉ·¥´´¥° ÉμÎ±¨ (Ô²¥³¥´É ·´μ° ¢¥·-
Ï¨´Ò ¢§ ¨³μ¤¥°¸É¢¨Ö) ¢´¥Ï´¥° ²¨´¨¨ κ ¸ μ¶·¥¤¥²¥´´μ° ¢´ÊÉ·¥´´¥° ²¨´¨¥°
¤¨ £· ³³Ò. �μÔÉμ³Ê  ³¶²¨ÉÊ¤ , ¸μμÉ¢¥É¸É¢ÊÕÐ Ö ²Õ¡μ° ³ ±·μ¤¨ £· ³³¥,
¤μ²¦´  ¸μ¤¥·¦ ÉÓ ³´μ¦¨É¥²¨∫

dyκ ψκ(pκ , yκ − xκ)f(κ)(zκ − yκ), (190)

¢ ±μÉμ·ÒÌ f(κ)(yκ − zκ) Å ¸É·Ê±ÉÊ·´Ò° Ë ±Éμ·, ¸μμÉ¢¥É¸É¢ÊÕÐ¨° ¢§ ¨³μ-
¤¥°¸É¢¨Õ ¢´ÊÉ·¥´´¥° ²¨´¨¨ ¤¨ £· ³³Ò ¸ ¢´¥Ï´¨³ (¢Ìμ¤ÖÐ¨³) ¶μ²¥³ Φκ(yκ)
¢ ÉμÎ±¥ yκ (¤²Ö ±· É±μ¸É¨ ³Ò μ¶Ê¸± ¥³ ¢μ§³μ¦´Ò¥ É¥´§μ·´Ò¥ ¨²¨ ¸¶¨´μ·´Ò¥
¨´¤¥±¸Ò ¨ ¢¸¥  ·£Ê³¥´ÉÒ ËÊ´±Í¨¨ f(κ), ±·μ³¥ zκ − yκ). ‘ ÊÎ¥Éμ³ μ¶·¥¤¥²¥-
´¨Ö ËÊ´±Í¨¨ ψκ ¨´É¥£· ² (190) ³μ¦¥É ¡ÒÉÓ Éμ¦¤¥¸É¢¥´´μ ¶¥·¥¶¨¸ ´ ¢ ¢¨¤¥∫

dyκ

∫
dp

(2π)32Ep
e−ip(yκ−xκ)φκ(p,pκ)

∫
dk

(2π)4
e−ik(zκ−yκ)f̃(κ)(k) =

=
∫

dp
(2π)32Ep

e−ip(zκ−yκ)φκ(p,pκ)f̃(κ)(p),

£¤¥ f̃(κ)(p) ¥¸ÉÓ ËÊ·Ó¥-μ¡· § ËÊ´±Í¨¨ f(κ)(x). 
² £μ¤ ·Ö ¶·¥¤¶μ² £ ¥³μ³Ê
®δ-μ¡· §´μ³Ê¯ ¶μ¢¥¤¥´¨Õ Ëμ·³Ë ±Éμ·  φκ(p,pκ)  ·£Ê³¥´É p Ê ËÊ´±Í¨¨
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f̃(κ)(p) ³μ¦´μ § ³¥´¨ÉÓ ´  pκ = (Epκ
,pκ), ¶μ¸²¥ Î¥£μ ¨´É¥£· ² (190) ¶¥·¥-

¶¨Ï¥³ ¢ ¢¨¤¥∫
dyκ ψκ(pκ , yκ − xκ)f(κ)(zκ − yκ) ≈ ψκ(pκ , zκ − xκ)f̃(κ)(pκ). (191)

�ÉμÉ ·¥§Ê²ÓÉ É ¸¶· ¢¥¤²¨¢ ¤²Ö Ê§±¨Ì ‚� μ¡Ð¥£μ ¢¨¤ , ´μ ¢ ·¥ ²Ó´ÒÌ · ¸-
Î¥É Ì ³Ò ¡Ê¤¥³ ¨¸¶μ²Ó§μ¢ ÉÓ ¶·¨¡²¨¦¥´¨¥ ‘�ƒ�. ‘μμÉ´μÏ¥´¨¥,  ´ ²μ£¨Î-
´μ¥ (191), ³μ¦´μ ¶μ²ÊÎ¨ÉÓ ¨ ¤²Ö ¢ÒÌμ¤ÖÐ¨Ì ²¨´¨° ¤¨ £· ³³Ò. �μ¸±μ²Ó±Ê ¢
¶²μ¸±μ¢μ²´μ¢μ³ ¶·¥¤¥²¥ ¶· ¢ Ö Î ¸ÉÓ (191) ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° ¸É ´¤ ·É´Ò°
Ë¥°´³ ´μ¢¸±¨° Ë ±Éμ·, Éμ ¨§ (189) § ±²ÕÎ ¥³, ÎÉμ Ë¥°´³ ´μ¢¸±¨¥ ¶· ¢¨² 
¤²Ö ¢´ÊÉ·¥´´¨Ì ²¨´¨° ¤¨ £· ³³Ò ´¥ ¢¨¤μ¨§³¥´ÖÕÉ¸Ö.

6.4. ˆ´É¥£· ²Ò ¶¥·¥±·ÒÉ¨Ö. ‚ ¤ ²Ó´¥°Ï¥³ ³Ò μ£· ´¨Î¨³¸Ö ¶·μ¸ÉÒ³
¸²ÊÎ ¥³, ±μ£¤  ¢§ ¨³μ¤¥°¸É¢¨Ö ¢ ¡²μ± Ì Xs ¨ Xd ³μ¦´μ μ¶¨¸ ÉÓ ²μ± ²Ó-
´Ò³¨ ²¥¶Éμ´´Ò³¨ ¨²¨  ¤·μ´´Ò³¨ Éμ± ³¨ (Ö¢´Ò¥ Ëμ·³Ê²Ò ¡Ê¤ÊÉ ¶μ²ÊÎ¥´Ò
¢ ¸²¥¤ÊÕÐ¥³ ¶Ê´±É¥ ¤²Ö ¸¶¥Í¨ ²Ó´μ£μ ±² ¸¸  ¤¨ £· ³³). ’μ£¤ , ¶·¨´¨³ Ö ¢μ
¢´¨³ ´¨¥, ÎÉμ ËÊ·Ó¥-¶·¥¤¸É ¢²¥´¨¥ ´¥°É·¨´´μ£μ ¶·μ¶ £ Éμ·  ¸μ¤¥·¦¨É Ë -
§μ¢Ò° Ë ±Éμ· exp [iq(x − y)] (£¤¥ q Å 4-¨³¶Ê²Ó¸ ¢¨·ÉÊ ²Ó´μ£μ ´¥°É·¨´μ νi),
¢¸¥ ËÊ´±Í¨¨ ψκ ¨ ψ∗

κ
³μ£ÊÉ ¡ÒÉÓ μÉË ±Éμ·¨§μ¢ ´Ò μÉ ®¤¨´ ³¨Î¥¸±μ°¯ Î ¸É¨

¤¨ £· ³³Ò ¢ ¢¨¤¥ ¸²¥¤ÊÕÐ¨Ì ¤¢ÊÌ μ¡Ð¨Ì ³´μ¦¨É¥²¥° ¢ ¶μ¤Ò´É¥£· ²Ó´μ³
¢Ò· ¦¥´¨¨ ¤²Ö  ³¶²¨ÉÊ¤Ò · ¸¸¥Ö´¨Ö:

Vs(q) =
∫

dx e+iqx

[ ∏
a∈Is

ψa(pa, x − xa)

] [ ∏
b∈Fs

ψ∗
b (pb, x − xb)

]
,

Vd(q) =
∫

dy e−iqy

[ ∏
a∈Id

ψa(pa, y − xa)

][ ∏
b∈Fd

ψ∗
b (pb, y − xb)

]
.

(192)

‹μ·¥´Í-¨´¢ ·¨ ´É´Ò¥ ËÊ´±Í¨¨ (192) Ì · ±É¥·¨§ÊÕÉ ¶·μ¸É· ´¸É¢¥´´μ-¢·¥-
³¥´´μ¥ ¶¥·¥±·ÒÉ¨¥ in- ¨ out-¶ ±¥Éμ¢ ¢ ¨¸ÉμÎ´¨±¥ ¨ ¤¥É¥±Éμ·¥, Ê¸·¥¤´¥´´μ¥
¶μ ¢¸¥³Ê ¶·μ¸É· ´¸É¢Ê-¢·¥³¥´¨∗, ¨ ¢ ¤ ²Ó´¥°Ï¥³ ³Ò ¡Ê¤¥³ ´ §Ò¢ ÉÓ ¨Ì ¨´-
É¥£· ² ³¨ ¶¥·¥±·ÒÉ¨Ö. � §Ê³¥¥É¸Ö, Vs(q) ¨ Vd(q) Ö¢²ÖÕÉ¸Ö ËÊ´±Í¨Ö³¨ ´¥
Éμ²Ó±μ 4-¨³¶Ê²Ó¸  q, ´μ É ±¦¥ 4-¨³¶Ê²Ó¸μ¢ ¨ 4-±μμ·¤¨´ É ¢¸¥Ì ¢´¥Ï´¨Ì
¶ ±¥Éμ¢, ÊÎ ¸É¢ÊÕÐ¨Ì ¢ ·¥ ±Í¨¨; ÔÉ¨ ¶ · ³¥É·Ò μ¶ÊÐ¥´Ò ¤²Ö ±· É±μ¸É¨.
ˆ§ÊÎ¨³ μ¸´μ¢´Ò¥ ¸¢μ°¸É¢  ¨´É¥£· ²μ¢ ¶¥·¥±·ÒÉ¨Ö, ´¥μ¡Ìμ¤¨³Ò¥ ¤²Ö ¤ ²Ó-
´¥°Ï¥£μ  ´ ²¨§ .

6.5. �²μ¸±μ¢μ²´μ¢μ° ¶·¥¤¥². �¥É·Ê¤´μ ¢¨¤¥ÉÓ, ÎÉμ ¢ ¶²μ¸±μ¢μ²´μ¢μ³
¶·¥¤¥²¥ (σκ → 0, ∀κ) ¨´É¥£· ²Ò ¶¥·¥±·ÒÉ¨Ö (192) ¶¥·¥Ìμ¤ÖÉ ¢ μ¡ÒÎ´Ò¥
¸¨´£Ê²Ö·´Ò¥ Ë ±Éμ·Ò

Vs(q) → (2π)4δ(q − qs), Vd(q) → (2π)4δ(q + qd), (193)

∗” §μ¢Ò¥ ³´μ¦¨É¥²¨ e+iqx ¨ e−iqy ¢ (192) ³μ¦´μ ¨´É¥·¶·¥É¨·μ¢ ÉÓ ± ± ‚� ¢ÒÌμ¤ÖÐ¥£μ
¨ ¢Ìμ¤ÖÐ¥£μ ´¥°É·¨´μ.
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£¤¥ qs ¨ qd Å ¶¥·¥¤ ´´Ò¥ 4-¨³¶Ê²Ó¸Ò ¢ ¨¸ÉμÎ´¨±¥ ¨ ¤¥É¥±Éμ·¥, μ¶·¥¤¥²Ö¥³Ò¥
± ±

qs =
∑
a∈Is

pa −
∑
b∈Fs

pb ¨ qd =
∑
a∈Id

pa −
∑
b∈Fd

pb. (194)

δ-ËÊ´±Í¨¨ ¢ (193) μ¡¥¸¶¥Î¨¢ ÕÉ ÉμÎ´μ¥ ¸μÌ· ´¥´¨¥ Ô´¥·£¨¨-¨³¶Ê²Ó¸  ¢ ¢¥·-
Ï¨´ Ì Xs ¨ Xd (É. ¥. ¢ ®¶μ¤¶·μÍ¥¸¸ Ì¯ Is → Fs + νi ¨ νi + Id → Fd) ¨
¢ ·¥§Ê²ÓÉ É¥ ¸μÌ· ´¥´¨¥ Ô´¥·£¨¨-¨³¶Ê²Ó¸  ¢ ¶·μÍ¥¸¸¥ Is ⊕ Id → Fs ⊕ Fd ¢
Í¥²μ³: ∑

a∈Is⊕Id

pa =
∑

b∈Fs⊕Fd

pb.

�É³¥É¨³, ÎÉμ ¨´Ëμ·³ Í¨Ö μ ¶·μ¸É· ´¸É¢¥´´μ-¢·¥³¥´´ÒÌ ±μμ·¤¨´ É Ì ¢´¥Ï-
´¨Ì ¶ ±¥Éμ¢ ¶μ²´μ¸ÉÓÕ É¥·Ö¥É¸Ö ¢ ¶²μ¸±μ¢μ²´μ¢μ³ ¶·¥¤¥²¥.

6.6. ’¥´§μ·Ò ¶¥·¥±·ÒÉ¨Ö. �·¨ σκ 	= 0 ¨´É¥£· ²Ò ¶¥·¥±·ÒÉ¨Ö ´¥¸¨´-
£Ê²Ö·´Ò ¨ ³μ¦´μ μ¦¨¤ ÉÓ ´¥ ¡μ²¥¥ Î¥³ ¶·¨¡²¨¦¥´´μ£μ ¸μÌ· ´¥´¨Ö Ô´¥·£¨¨
¨ ¨³¶Ê²Ó¸  ¢ ¢¥·Ï¨´ Ì. „²Ö ±μ²¨Î¥¸É¢¥´´μ£μ μ¶¨¸ ´¨Ö ¶¥·¥°¤¥³ ± ³μ¤¥²¨
‘�ƒ� ¨ ¢¢¥¤¥³ É¥´§μ·Ò

T μν
κ

= σ2
κ
(uμ

κ
uν

κ
− gμν), (195)

£¤¥ uκ = pκ/mκ = Γκ(1,vκ) Å 4-¸±μ·μ¸ÉÓ ¶ ±¥É  κ. ’μ£¤  ¨´É¥£· ²Ò
¶¥·¥±·ÒÉ¨Ö (192) ¶·¨´¨³ ÕÉ ¢¨¤

Vs,d(q) =
∫

dx exp [i(±qx − qs,dx) − Υs,d(x)], (196)

£¤¥

Υs,d(x) =
∑

κ∈S,D

T μν
κ

(xκ − x)μ(xκ − x)ν , S = Is ⊕ Fs, D = Id ⊕ Fd.

�¶·¥¤¥²¨³ É ±¦¥ É¥´§μ·Ò

R
μν
s =
∑
κ∈S

T μν
κ

¨ R
μν
d =
∑
κ∈D

T μν
κ

. (197)

�μ¸±μ²Ó±Ê ²μ·¥´Í-¨´¢ ·¨ ´É´ Ö ±¢ ¤· É¨Î´ Ö Ëμ·³ 

T μν
κ

xμxν = σ2
κ

[
(uκx)2 − x2

]
= σ2

κ
x2




(¢ ±μÉμ·μ° x
 μ¡μ§´ Î ¥É ¶¥·¥³¥´´ÊÕ x ¢ ¸. ¸. μ. ¶ ±¥É  κ) ´¥μÉ·¨Í É¥²Ó´ ,
Éμ ±¢ ¤· É¨Î´Ò¥ Ëμ·³Ò Rμν

s xμxν ¨ R
μν
d xμxν É ±¦¥ ´¥μÉ·¨Í É¥²Ó´Ò. 
μ-

²¥¥ Éμ£μ, μ´¨ ¶μ²μ¦¨É¥²Ó´μ μ¶·¥¤¥²¥´Ò ¶μÎÉ¨ ¢¸Õ¤Ê, ¶μ¸±μ²Ó±Ê ³μ£ÊÉ μ¡· -
Ð ÉÓ¸Ö ¢ ´Ê²Ó, Éμ²Ó±μ ¥¸²¨ 3-¸±μ·μ¸É¨ vκ ¢¸¥Ì ¢Ìμ¤ÖÐ¨Ì ¨ ¢ÒÌμ¤ÖÐ¨Ì ¶ -
±¥Éμ¢ μ¤¨´ ±μ¢Ò ¨²¨, ¤·Ê£¨³¨ ¸²μ¢ ³¨, ¥¸²¨ ¸ÊÐ¥¸É¢Ê¥É ¸¨¸É¥³  μÉ¸Î¥É , ¢
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±μÉμ·μ° 3-¨³¶Ê²Ó¸Ò pκ ¢¸¥Ì ¶ ±¥Éμ¢ ¢ ¨¸ÉμÎ´¨±¥ ¨²¨ ¤¥É¥±Éμ·¥ μ¡· Ð ÕÉ¸Ö
¢ ´Ê²Ó. �μ¸²¥¤´¥¥ μ§´ Î ²μ ¡Ò, ÎÉμ ÔËË¥±É¨¢´μ 3-¨³¶Ê²Ó¸ ¢¨·ÉÊ ²Ó´μ£μ ´¥°-
É·¨´μ ³ ² ¶μ ¢¥²¨Î¨´¥∗; ¢ Î ¸É´μ¸É¨, ¢ ¶·¥¤¥²¥ ÉμÎ´μ£μ ¸μÌ· ´¥´¨Ö Ô´¥·£¨¨-
¨³¶Ê²Ó¸  ¢±² ¤ ¢  ³¶²¨ÉÊ¤Ê ¶·μÍ¥¸¸  ¸ ´Ê²¥¢Ò³¨ ¨³¶Ê²Ó¸ ³¨ ¢¸¥Ì ¢´¥Ï´¨Ì
Î ¸É¨Í ³μ¦¥É ¡ÒÉÓ μÉ²¨Î¥´ μÉ ´Ê²Ö ²¨ÏÓ ¶·¨ |q| ≡ 0. ‡  ¨¸±²ÕÎ¥´¨¥³
ÔÉμ£μ Ë¨§¨Î¥¸±¨ ³ ²μ¨´É¥·¥¸´μ£μ ¸²ÊÎ Ö ³μ¦´μ ¸Î¨É ÉÓ É¥´§μ·Ò Rμν

s ¨ R
μν
d

¶μ²μ¦¨É¥²Ó´μ-μ¶·¥¤¥²¥´´Ò³¨, ÎÉμ Ô±¢¨¢ ²¥´É´μ ¶μ²μ¦¨É¥²Ó´μ¸É¨ ¸μ¡¸É¢¥´-
´ÒÌ §´ Î¥´¨° ³ É·¨Í ||Rμν

s || ¨ ||Rμν
d ||. �μÔÉμ³Ê ¸ÊÐ¥¸É¢ÊÕÉ ¶μ²μ¦¨É¥²Ó´μ-

μ¶·¥¤¥²¥´´Ò¥ É¥´§μ·Ò R̃μν
s ¨ R̃

μν
d É ±¨¥, ÎÉμ

R̃
μλ
s (Rs)λν = δμ

ν ¨ R̃
μλ
d (Rd)λν = δμ

ν (198 )

¨²¨, ¢ ³ É·¨Î´μ° Ëμ·³¥,

R̃s,d = ||R̃μν
s,d|| = gR

−1
s,dg, Rs,d = ||Rμν

s,d||, (198¡)

£¤¥ g = ||gμν || = diag (1,−1,−1,−1). � §Ê³¥¥É¸Ö, |Rs,d| > 0 ¨ |R̃s,d| =
|Rs,d|−1. ŒÒ ¡Ê¤¥³ ´ §Ò¢ ÉÓ R

μν
s,d ¨ R̃

μν
s,d É¥´§μ· ³¨ ¶¥·¥±·ÒÉ¨Ö ¨ μ¡· É-

´Ò³¨ É¥´§μ· ³¨ ¶¥·¥±·ÒÉ¨Ö ¸μμÉ¢¥É¸É¢¥´´μ. Ÿ¢´Ò° ¢¨¤ ÔÉ¨Ì É¥´§μ·μ¢ ± ±
¤²Ö μ¡Ð¥£μ ¸²ÊÎ Ö, É ± ¨ ¤²Ö ±μ´±·¥É´ÒÌ ¶·μÍ¥¸¸μ¢ ¢ ¨¸ÉμÎ´¨±¥ ¨ ¤¥É¥±Éμ·¥
¤μ¢μ²Ó´μ £·μ³μ§¤μ±, ¨ ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ · ¸Î¥ÉÒ ¢¥¸Ó³  É·Ê¤μ¥³±¨. �μÔÉμ³Ê
É¥Ì´¨Î¥¸±¨¥ ·¥§Ê²ÓÉ ÉÒ ¢Ò´¥¸¥´Ò ¢ ¶·¨²μ¦¥´¨¥ 1. ’ ³ ¦¥ ¨§ÊÎ ÕÉ¸Ö ¸¢μ°-
¸É¢  ´¥±μÉμ·ÒÌ ¤·Ê£¨Ì ¢¥²¨Î¨´, ±μÉμ·Ò¥ ¸É·μÖÉ¸Ö ¨§ É¥´§μ·μ¢ ¶¥·¥±·ÒÉ¨Ö ¨
4-¨³¶Ê²Ó¸μ¢, ÊÎ ¸É¢ÊÕÐ¨Ì ¢ · ¸Î¥É Ì ³ ±·μ¸±μ¶¨Î¥¸±¨Ì ¤¨ £· ³³.

ˆ´É¥£· ² (196) ³μ¦¥É ¡ÒÉÓ ¢ÒÎ¨¸²¥´ ¢ Ö¢´μ³ ¢¨¤¥ ¸ ¶μ³μÐÓÕ Ìμ·μÏμ
¨§¢¥¸É´μ° Ëμ·³Ê²Ò ¤²Ö 4-³¥·´μ° £ Ê¸¸μ¢μ° ±¢ ¤· ÉÊ·Ò ¢ ¶·μ¸É· ´¸É¢¥ Œ¨´-
±μ¢¸±μ£μ (¸³. (349), ¶·¨²μ¦¥´¨¥ 2):

Vs,d(q) = (2π)4δ̃s,d(q∓qs,d) exp [−Ss,d ± i(q∓qs,d)Xs,d]. (199)

‡¤¥¸Ó ¨¸¶μ²Ó§μ¢ ´Ò ¸²¥¤ÊÕÐ¨¥ μ¡μ§´ Î¥´¨Ö:

δ̃s,d(K) =
1

(4π)2
√
|Rs,d|

exp
(
−1

4
R̃

μν
s,dKμKν

)
, (200)

Xμ
s,d = R̃

μν
s,d

∑
κ

T λ
κνxκλ = R̃

μν
s,d

∑
κ

σ2
κ

[(uκxκ)uκν − xκν ] , (201)

Ss,d =
∑
κ,κ′

Wμν
κκ

′xκμxκ
′ν , κ, κ′∈S ¨²¨ D. (202)

∗‚μμ¡Ð¥ £μ¢μ·Ö, 4-¨³¶Ê²Ó¸ q ¢ (196) ¶·μ¨§¢μ²¥´ ¨ ¢ μÉ¸ÊÉ¸É¢¨¥ ÉμÎ´μ£μ ¸μÌ· ´¥´¨Ö
Ô´¥·£¨¨-¨³¶Ê²Ó¸  ¢ ¢¥·Ï¨´ Ì ¤¨ £· ³³Ò μ¤´μ¢·¥³¥´´μ¥ μ¡· Ð¥´¨¥ ¢ ´Ê²Ó ¨³¶Ê²Ó¸μ¢ pκ μ§´ -
Î ¥É ²¨ÏÓ Éμ, ÎÉμ ´ ¨¡μ²¥¥ ¢¥·μÖÉ´μ¥ §´ Î¥´¨¥ |q| ³ ²μ, ¶·¨Î¥³ ¸É¥¶¥´Ó ³ ²μ¸É¨ |q| μ¶·¥¤¥²Ö-
¥É¸Ö ³ ²μ¸ÉÓÕ μÉ´μÏ¥´¨° σκ/mκ . �¨¦¥ ³Ò ÊÉμÎ´¨³ ÔÉμ ÊÉ¢¥·¦¤¥´¨¥.
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’¥´§μ·Ò Wμν
κκ

′ ¨³¥ÕÉ ¢¨¤

Wμν
κκ

′ = δκκ
′T μν

κ
− T μ

κμ′R̃
μ′ν′

s,d T ν
κ

′ν′ , Wμν
κκ

′ = W νμ
κ

′
κ
, (203)

£¤¥ ¨´¤¥±¸Ò s, d ´¥ ¢Ò¶¨¸ ´Ò Ö¢´μ, ´μ ¶μ¤· §Ê³¥¢ ÕÉ¸Ö. ‚ÒÖ¸´¨³ Ë¨§¨Î¥-
¸±¨° ¸³Ò¸² ¢¥²¨Î¨´ (200)Ä(202).

6.7. ” ±Éμ·Ò, μÉ¢¥É¸É¢¥´´Ò¥ §  ¡ ² ´¸ Ô´¥·£¨¨-¨³¶Ê²Ó¸ . Š ± ´¥-
É·Ê¤´μ ¢¨¤¥ÉÓ ¨§ ¨´É¥£· ²Ó´μ£μ ¶·¥¤¸É ¢²¥´¨Ö ¤²Ö ËÊ´±Í¨° (200)

δ̃s,d(K) =
∫

dx

(2π)4
exp (iKx − R

μν
s,dxμxν),

¢ ¶²μ¸±μ¢μ²´μ¢μ³ ¶·¥¤¥²¥ Ë ±Éμ·Ò δ̃s(q − qs) ¨ δ̃d(q + qd) ¢ (199) ¶·¥¢· Ð -
ÕÉ¸Ö ¢ μ¡ÒÎ´Ò¥ δ-ËÊ´±Í¨¨ δ(q − qs) ¨ δ(q + qd). �·¨ ³ ²ÒÌ, ´μ ´¥´Ê²¥¢ÒÌ
§´ Î¥´¨ÖÌ σκ ¢¥·μÖÉ´μ¸ÉÓ ¶·μÍ¥¸¸  Is⊕Id → Fs⊕Fd ¡Ê¤¥É ¸¨²Ó´μ ¶μ¤ ¢²¥´ 
¶·¨ ³ ²μ³ μÉ±²μ´¥´¨¨ μÉ ÉμÎ´μ£μ ¸μÌ· ´¥´¨Ö 4-¨³¶Ê²Ó¸ , É. ¥. ¶·¨ ´¥¡μ²Ó-
Ïμ³ ¤¨¸¡ ² ´¸¥ ³¥¦¤Ê ¶¥·¥¤ Î ³¨ 4-¨³¶Ê²Ó¸μ¢ qs ¨ qd ¢ ¢¥·Ï¨´ Ì ³ ±·μ-
¤¨ £· ³³Ò ¨ 4-¨³¶Ê²Ó¸μ³ ¢¨·ÉÊ ²Ó´μ£μ ´¥°É·¨´μ. ‚ ·¥ ²Ó´ÒÌ Ô±¸¶¥·¨³¥´É Ì
¨§³¥·ÖÕÉ¸Ö ¢¥·μÖÉ´μ¸É¨ ¶·μÍ¥¸¸μ¢, É¥³ ¨²¨ ¨´Ò³ μ¡· §μ³ Ê¸·¥¤´¥´´Ò¥ ¶μ
±μ´Ë¨£Ê· Í¨Ö³ ¢´¥Ï´¨Ì ¨³¶Ê²Ó¸μ¢, ¢±²ÕÎ Ö, ¢μμ¡Ð¥ £μ¢μ·Ö, ¨³¶Ê²Ó¸Ò ¤¥-
É¥±É¨·Ê¥³ÒÌ ¢Éμ·¨Î´ÒÌ Î ¸É¨Í, ¤²Ö ±μÉμ·ÒÌ Ê¸·¥¤´¥´¨¥ ¶·μ¨§¢μ¤¨É¸Ö ¶μ
±μ´¥Î´Ò³ ¨´É¥·¢ ² ³, § ¤ ¢ ¥³Ò³ Ê¸²μ¢¨Ö³¨ Ô±¸¶¥·¨³¥´É . �μÔÉμ³Ê Ë ±-
Éμ·Ò δ̃s(q − qs) ¨ δ̃d(q + qd) μÉ¢¥Î ÕÉ §  ¶·¨¡²¨¦¥´´μ¥ ¢ ¸É É¨¸É¨Î¥¸±μ³
¸³Ò¸²¥ ¸μÌ· ´¥´¨¥ Ô´¥·£¨¨ ¨ ¨³¶Ê²Ó¸  ¢ ¶μ¤¶·μÍ¥¸¸ Ì ·μ¦¤¥´¨Ö ¨ ¶μ£²μ-
Ð¥´¨Ö ´¥°É·¨´μ, ¶·¨Î¥³ ¤μ¶Ê¸É¨³ Ö ®· §¡ ² ´¸¨·μ¢± ¯ μ¶·¥¤¥²Ö¥É¸Ö μ¡· É-
´Ò³¨ É¥´§μ· ³¨ ¶¥·¥±·ÒÉ¨Ö, É. ¥., ¢ ±μ´¥Î´μ³ ¸Î¥É¥, ¢¥²¨Î¨´ ³¨ ®· §³ §μ±¯
4-¨³¶Ê²Ó¸μ¢ in- ¨ out-¶ ±¥Éμ¢. ‚ ¤ ²Ó´¥°Ï¥³, £μ¢μ·Ö μ ¶·¨¡²¨¦¥´´μ³ ¸μÌ· -
´¥´¨¨ Ô´¥·£¨¨-¨³¶Ê²Ó¸  ¢ ¢¥·Ï¨´ Ì, ³Ò ¡Ê¤¥³ ¶μ¤· §Ê³¥¢ ÉÓ, ÎÉμ ·¥ÎÓ ¨¤¥É
²¨ÏÓ μ É¥Ì ±μ´Ë¨£Ê· Í¨ÖÌ ¢´¥Ï´¨Ì ¨³¶Ê²Ó¸μ¢, ±μÉμ·Ò¥ ¢´μ¸ÖÉ ¸ÊÐ¥¸É¢¥´-
´Ò° ¢±² ¤ ¢ ¶μ²´ÊÕ ¢¥·μÖÉ´μ¸ÉÓ ¶·μÍ¥¸¸ , Ê¸·¥¤´¥´´ÊÕ ¶μ ¢¸¥³ ¢μ§³μ¦´Ò³
±μ´Ë¨£Ê· Í¨Ö³. Šμ´±·¥É´ Ö ·¥ ²¨§ Í¨Ö É ±μ£μ Ê¸·¥¤´¥´¨Ö ¡Ò²  · ¸¸³μÉ·¥´ 
¢ [58].

6.8. �·¨Í¥²Ó´Ò¥ ÉμÎ±¨, £¥μ³¥É·¨Î¥¸±¨¥ Ë ±Éμ·Ò ¶μ¤ ¢²¥´¨Ö, ¸¨³³¥-
É·¨¨ ¨ ¢¸¥ É ±μ¥. �·¥μ¡· §Ê¥³ ±¢ ¤· É¨Î´Ò¥ Ëμ·³Ò Ss ¨ Sd, ¢μ¸¶μ²Ó§μ-
¢ ¢Ï¨¸Ó μ¶·¥¤¥²¥´¨Ö³¨ (197), (202) ¨ (203):

Ss,d =
∑
κ,κ′

T μμ′

κ
(R̃s,d)μ′ν′T ν′ν

κ
′ xκμ (xκ − xκ

′)ν =

=
∑

κ

T μν
κ

xκμxκν −
∑
κ,κ′

T μμ′

κ
(R̃s,d)μ′ν′T ν′ν

κ
′ xκμxκ

′ν .
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‚¸É ¢¨¢ ¢ ¶μ¸²¥¤´¥¥ ¸² £ ¥³μ¥ ¥¤¨´¨Î´ÊÕ ³ É·¨ÍÊ ¨ ÊÎ¨ÉÒ¢ Ö (201) ¨ (202),
´ Ìμ¤¨³

Ss,d =
∑

κ

T μν
κ

xκμxκν −
(∑

κ

T μ
κμ′xκμ

)
R̃

μ′λ
s,d (Rs,d)λρR̃

ρν′

s,d×

×
(∑

κ
′

T ν
κ

′ν′xκ
′ν

)
=
∑

κ

T μν
κ

xκμxκν − (Rs,d)μνXμ
s,dX

ν
s,d,

μÉ±Ê¤ 

Ss,d =
∑

κ

Tκμν(xμ
κ
xν

κ
− Xμ

s,dX
ν
s,d). (204)

�μ²ÊÎ¥´´μ¥ ¢Ò· ¦¥´¨¥ ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° ¸·¥¤´¥¢§¢¥Ï¥´´μ¥ (¶μ ¢¸¥³ ¢´¥Ï-
´¨³ ¶ ±¥É ³ ¢ ¸μμÉ¢¥É¸É¢ÊÕÐ¥° ¢¥·Ï¨´¥ ¤¨ £· ³³Ò) ±¢ ¤· É¨Î´ÒÌ μÉ±²μ´¥-
´¨° ±μ³¶μ´¥´É 4-¢¥±Éμ·μ¢ xκ (κ ∈ S, D) μÉ ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì ±μ³¶μ´¥´É
¶·μ¸É· ´¸É¢¥´´μ-¢·¥³¥´´μ° ÉμÎ±¨ Xs,d, ¶·¨Î¥³ ·μ²Ó ®¢¥¸μ¢¯ ¨£· ÕÉ É¥´§μ·-
´Ò¥ ±μ³¶μ´¥´ÉÒ T μν

κ
. ’ ±¨³ μ¡· §μ³, ÉμÎ±¨ Xs ¨ Xd Ö¢²ÖÕÉ¸Ö Í¥´É· ³¨

¶·μ¸É· ´¸É¢¥´´μ-¢·¥³¥´´ÒÌ μ¡² ¸É¥°, ¢ ±μÉμ·ÒÌ ¶·μ¨¸Ìμ¤ÖÉ ¢§ ¨³μ¤¥°¸É¢¨Ö
¶ ±¥Éμ¢ ¢ ¨¸ÉμÎ´¨±¥ ¨ ¤¥É¥±Éμ·¥. —Éμ¡Ò ¶μ²´μ¸ÉÓÕ ¶·μÖ¸´¨ÉÓ Ë¨§¨Î¥¸±¨° ¨
£¥μ³¥É·¨Î¥¸±¨° ¸³Ò¸²Ò ÔÉμ£μ ·¥§Ê²ÓÉ É , ¶μ²¥§´μ ¤¥É ²Ó´μ ¨§ÊÎ¨ÉÓ ¸¢μ°¸É¢ 
¸¨³³¥É·¨¨ ¢¥²¨Î¨´ Xs,d ¨ Ss,d.

6.8.1. ƒ·Ê¶¶  É· ´¸²ÖÍ¨°. �¥É·Ê¤´μ ¤μ± § ÉÓ, ÎÉμ ±¢ ¤· É¨Î´Ò¥ Ëμ·-
³Ò Ss ¨ Sd ¨´¢ ·¨ ´É´Ò μÉ´μ¸¨É¥²Ó´μ É· ´¸²ÖÍ¨° ¢¸¥Ì ±μμ·¤¨´ É xκ ´ 
μ¤¨´ ¨ ÉμÉ ¦¥ ¶·μ¨§¢μ²Ó´Ò° 4-¢¥±Éμ· y,

xκ �−→ x′
κ

= xκ + y. (205)

‚ ¸ ³μ³ ¤¥²¥, ¶·¨ É ±μ³ ¶·¥μ¡· §μ¢ ´¨¨ Xs,d �−→ X ′
s,d = Xs,d +y ¨ ¶μÔÉμ³Ê

Ss,d �−→ S
′
s,d = Ss,d +

∑
κ

Tκμν(yμxν
κ

+ xμ
κ
yν − yμXν

s,d − Xμ
s,dy

ν) =

= Ss,d + 2yμ

∑
κ

T μ
κν(xν

κ
− Xν

s,d).

�μ¸±μ²Ó±Ê ¦¥, ¸μ£² ¸´μ μ¶·¥¤¥²¥´¨Õ (201),∑
κ

T μ
κνXν

s,d = (Rs,d)μ
νXν

s,d = (Rs,d)μ
ν R̃

νν′

s,d

∑
κ

T λ
κν′xκλ =

∑
κ

T μν
κ

xκν ,

¢¨¤¨³, ± ± ¨ ÊÉ¢¥·¦¤ ²μ¸Ó, ÎÉμ

S
′
s,d = Ss,d.

‘²¥¤Ê¥É μÉ³¥É¨ÉÓ, ÎÉμ ±¢ ¤· É¨Î´Ò¥ Ëμ·³Ò Ss ¨ Sd ¨´¢ ·¨ ´É´Ò É ±¦¥
μÉ´μ¸¨É¥²Ó´μ ¨´¢¥·¸¨¨ ¶·μ¸É· ´¸É¢¥´´μ-¢·¥³¥´´ÒÌ ±μμ·¤¨´ É, xκ �−→ −xκ .
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‘¤¥² ¢ É¥¶¥·Ó ¢ (204) ¶·¥μ¡· §μ¢ ´¨¥ (205) ¸ y = −Xs,d, ¶μ²ÊÎ ¥³ ¸²¥-
¤ÊÕÐ¥¥ ¶·¥¤¸É ¢²¥´¨¥ ¤²Ö ËÊ´±Í¨° Ss,d:

Ss,d =
∑

κ

T μν
κ

(xκ − Xs,d)μ (xκ − Xs,d)ν , (206 )

¨§ ±μÉμ·μ£μ ´¥³¥¤²¥´´μ ¸²¥¤Ê¥É, ÎÉμ ±¢ ¤· É¨Î´Ò¥ Ëμ·³Ò Ss ¨ Sd ´¥μÉ·¨-
Í É¥²Ó´Ò ¨, ¸²¥¤μ¢ É¥²Ó´μ, Ë ±Éμ·Ò exp (−Ss) ¨ exp (−Sd) ¢ (199) ¶μ¤ -
¢²ÖÕÉ  ³¶²¨ÉÊ¤Ê ¶·¨ μ¶·¥¤¥²¥´´ÒÌ ±μ´Ë¨£Ê· Í¨ÖÌ ¨³¶Ê²Ó¸μ¢ ¨ ±μμ·¤¨´ É
in- ¨ out-¶ ±¥Éμ¢. ˆ¸¶μ²Ó§ÊÖ μ¶·¥¤¥²¥´¨¥ (195), § ¶¨Ï¥³ (206 ) ¢ ¢¨¤¥

Ss,d =
∑

κ

σ2
κ
{[uκ(xκ − Xs,d)]2 − (xκ − Xs,d)2} = (206¡)

=
∑

κ

σ2
κ

∣∣x(κ)
κ

− X(κ)
s,d

∣∣2. (206¢)

‡¤¥¸Ó ¨ ¤ ²¥¥ ¨´¤¥±¸ ®(κ)¯ μ§´ Î ¥É, ÎÉμ ¸μμÉ¢¥É¸É¢ÊÕÐ¨° ¢¥±Éμ· § ¶¨¸ ´
¢ ¸. ¸. μ. ¶ ±¥É  κ. ˆ§ (206¢) ¸²¥¤Ê¥É, ÎÉμ ¶μ¤ ¢²¥´¨¥ ³ ²μ (É. ¥. Ss,d � 1)
¶·¨ É ±¨Ì ±μ´Ë¨£Ê· Í¨ÖÌ ±μμ·¤¨´ É ¨ ¨³¶Ê²Ó¸μ¢, ¤²Ö ±μÉμ·ÒÌ ¢¥²¨Î¨´Ò

σ2
κ

∣∣x(κ)
κ − X(κ)

s,d

∣∣2 ³ ²Ò ¶·¨ ¢¸¥Ì κ ∈ S, D.
6.8.2. ƒ·Ê¶¶  · ¢´μ³¥·´ÒÌ ¶·Ö³μ²¨´¥°´ÒÌ ¤¢¨¦¥´¨°. �Î¥¢¨¤´μ, Ss,d = 0,

±μ£¤  ¢¸¥ 4-±μμ·¤¨´ ÉÒ xκ ¸μ¢¶ ¤ ÕÉ ¤·Ê£ ¸ ¤·Ê£μ³ (¶·¨ ÔÉμ³ ¨§ · ¢¥´¸É¢ 
xκ = xs,d, ∀κ ∈ S, D ¸²¥¤Ê¥É, ÎÉμ Xs,d = xs,d). �μ Ö¢²Ö¥É¸Ö ²¨ ÔÉμ Ê¸²μ¢¨¥
´¥μ¡Ìμ¤¨³Ò³ ¤²Ö μ¡· Ð¥´¨Ö Ss,d ¢ ´Ê²Ó? Š ¸Î ¸ÉÓÕ, μÉ¢¥É ´  ÔÉμÉ ¢μ¶·μ¸
μÉ·¨Í É¥²¥´∗. —Éμ¡Ò Ê¢¨¤¥ÉÓ ÔÉμ, § ³¥É¨³, ÎÉμ 4-¢¥±Éμ· Xκ = (uκxκ)uκ−xκ

(  ¸²¥¤μ¢ É¥²Ó´μ, ¨ ¥£μ ±¢ ¤· É X2
κ

= x2
κ
− (uκxκ)2) ¨´¢ ·¨ ´É¥´ ¶μ μÉ´μ-

Ï¥´¨Õ ± ¶·¥μ¡· §μ¢ ´¨Õ

x0
κ
�−→ x̃0

κ
= x0

κ
+ θκ , xκ �−→ x̃κ = xκ + vκθκ, (207)

¢ ±μÉμ·μ³ θκ Å ¶·μ¨§¢μ²Ó´Ò° ¢¥Ð¥¸É¢¥´´Ò° ¶ · ³¥É· · §³¥·´μ¸É¨ ¢·¥-
³¥´¨. ‘²¥¤μ¢ É¥²Ó´μ, 4-¢¥±Éμ·Ò Xs,d ¨, ± ± ²¥£±μ ¢¨¤¥ÉÓ ¨§ ¶·¥¤¸É ¢²¥-
´¨Ö (204), ±¢ ¤· É¨Î´Ò¥ Ëμ·³Ò Ss,d ¨´¢ ·¨ ´É´Ò ¶μ μÉ´μÏ¥´¨Õ ± Ns,d-
¶ pa³¥É·¨Î¥¸±μ³Ê ³´μ¦¥¸É¢Ê ¶·¥μ¡· §μ¢ ´¨° (207), £¤¥ Ns (Nd) ¥¸ÉÓ Î¨¸²μ
μ¤´μ¶ ±¥É´ÒÌ ¸μ¸ÉμÖ´¨°, ¸μ¤¥·¦ Ð¨Ì¸Ö ¢ ´ Î ²Ó´μ³ ¨ ±μ´¥Î´μ³ ¸μ¸ÉμÖ´¨ÖÌ
¢ ¨¸ÉμÎ´¨±¥ (¤¥É¥±Éμ·¥). ‘μ¢μ±Ê¶´μ¸ÉÓ ¢¸¥Ì ¶·¥μ¡· §μ¢ ´¨° ¢¨¤  (207) μ¡· -
§Ê¥É £·Ê¶¶Ê, μ¶¨¸Ò¢ ÕÐÊÕ · ¢´μ³¥·´Ò¥ ¶·Ö³μ²¨´¥°´Ò¥ ¤¢¨¦¥´¨Ö ¶ ±¥Éμ¢,
É. ¥. ¸¤¢¨£¨ ¢¤μ²Ó ±² ¸¸¨Î¥¸±¨Ì ³¨·μ¢ÒÌ ²¨´¨° Í¥´É·μ¢ ¶ ±¥Éμ¢. �μÔÉμ³Ê
± ± Xs,d, É ± ¨ Ss,d μ¤´μ§´ Î´μ § ¤ ÕÉ¸Ö Ë¨±¸ Í¨¥° ¸±μ·μ¸É¥° vκ ¨ ¶·μ-
¨§¢μ²Ó´ÒÌ ¶·μ¸É· ´¸É¢¥´´μ-¢·¥³¥´´ÒÌ ÉμÎ¥± x̃κ ´  ÔÉ¨Ì ³¨·μ¢ÒÌ ²¨´¨ÖÌ.

∗®Š ¸Î ¸ÉÓÕ¯, É ± ± ± ¢ ¶·μÉ¨¢´μ³ ¸²ÊÎ ¥ ´¥ ³μ£²μ ¡Ò ¡ÒÉÓ ¨ ·¥Î¨ μ¡  ¸¨³¶ÉμÉ¨Î¥¸±¨
¸¢μ¡μ¤´ÒÌ ‚�, ¡¥§ Î¥£μ ´¥¢μ§³μ¦´μ ¡Ò²μ ¡Ò ¨¸¶μ²Ó§μ¢ ÉÓ É¥μ·¨Õ ¢μ§³ÊÐ¥´¨°.
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…¸²¨, ¢ Î ¸É´μ¸É¨, ±² ¸¸¨Î¥¸±¨¥ É· ¥±Éμ·¨¨ ¢¸¥Ì in- ¨ out-¶ ±¥Éμ¢ ¶¥·¥¸¥-
± ÕÉ¸Ö ¢ ¶·¨Í¥²Ó´μ° ÉμÎ±¥, Éμ Ss,d = 0 ¢ ²Õ¡μ° ÉμÎ±¥ ± ¦¤μ° ¨§ ÔÉ¨Ì
É· ¥±Éμ·¨°. ’ ±¨³ μ¡· §μ³, ¶ ±¥ÉÒ ³μ£ÊÉ ¡ÒÉÓ ³ ±·μ¸±μ¶¨Î¥¸±¨ · §¤¥²¥´Ò
¢ ¶·μ¸É· ´¸É¢¥-¢·¥³¥´¨ ¤μ ¨ ¶μ¸²¥ ¢§ ¨³μ¤¥°¸É¢¨Ö ¨ ¸Î¨É ÉÓ¸Ö  ¸¨³¶ÉμÉ¨Î¥-
¸±¨ ¸¢μ¡μ¤´Ò³¨, ´μ ¥¸²¨ ¢¥±Éμ·Ò ¸±μ·μ¸É¥° va in-¶ ±¥Éμ¢ ¨ ¢¥±Éμ·Ò −vb,
¶·μÉ¨¢μ´ ¶· ¢²¥´´Ò¥ ¸±μ·μ¸ÉÖ³  ¸¨³¶ÉμÉ¨Î¥¸±¨ ¸¢μ¡μ¤´ÒÌ out-¶ ±¥Éμ¢, ¢¸¥
®´ Í¥²¥´Ò¯ ¢ ÉμÎ±Ê Xs (¢ ¨¸ÉμÎ´¨±¥) ¨²¨ Xd (¢ ¤¥É¥±Éμ·¥), Éμ Ss ¨²¨ Sd

μ¡· Ð ÕÉ¸Ö ¢ ´Ê²Ó. �  μ¸´μ¢ ´¨¨ ÔÉμ£μ ¸¢μ°¸É¢  ¥¸É¥¸É¢¥´´μ ´ §¢ ÉÓ 4-¢¥±-
Éμ·Ò Xs ¨ Xd ¶·¨Í¥²Ó´Ò³¨ ÉμÎ± ³¨ in- ¨ out-¶ ±¥Éμ¢ ¢ ¨¸ÉμÎ´¨±¥ ¨ ¤¥É¥±-
Éμ·¥ ¸μμÉ¢¥É¸É¢¥´´μ.

—Éμ¡Ò ¸¤¥² ÉÓ ± ·É¨´Ê ¢§ ¨³μ¤¥°¸É¢¨Ö ¶ ±¥Éμ¢ ¡μ²¥¥ ´ £²Ö¤´μ°, ¶μ²¥§´μ
¢¢¥¸É¨ ¶μ´ÖÉ¨¥ ³¨·μ¢μ° É·Ê¡±¨ ‚�, μ¶·¥¤¥²Ö¥³μ° ± ± ¶·μ¸É· ´¸É¢¥´´μ-
¢·¥³¥´´μ° Í¨²¨´¤·¨Î¥¸±¨° μ¡Ñ¥³, § ³¥É ¥³Ò° ¤¢¨¦ÊÐ¨³¸Ö ¶μ ±² ¸¸¨Î¥¸±μ°
É· ¥±Éμ·¨¨ ¸¶²Õ¸´ÊÉÒ³ Ô²²¨¶¸μ¨¤μ³, ±μÉμ·Ò° ¸²Ê¦¨É μ¡· §´μ° ³μ¤¥²ÓÕ
‚�∗. �μ´ÖÉ´μ, ÎÉμ ¶μ¤ ¢²¥´¨¥ ¨´É¥£· ²  ¶¥·¥±·ÒÉ¨Ö (¨  ³¶²¨ÉÊ¤Ò), μ¡Ê¸²μ-
¢²¥´´μ¥ Ë ±Éμ·μ³ exp (−Ss) (exp (−Sd)), ³ ²�μ, ¥¸²¨ ¢¸¥ ³¨·μ¢Ò¥ É·Ê¡±¨ in-
¨ out-¶ ±¥Éμ¢ ¢ ¨¸ÉμÎ´¨±¥ (¤¥É¥±Éμ·¥) ¶¥·¥¸¥± ÕÉ¸Ö ¤·Ê£ ¸ ¤·Ê£μ³ (·¨¸. 11).
‚ μ¶·¥¤¥²¥´´μ³ ¸³Ò¸²¥ ‚� ¢¥¤ÊÉ ¸¥¡Ö ¶μ¤μ¡´μ ¢§ ¨³μ¶·μ´¨± ÕÐ¨³ μ¡² Î-
± ³. „²Ö ¨²²Õ¸É· Í¨¨ ÔÉμ£μ μ¡· §  ¶·¥¤¸É ¢¨³ ËÊ´±Í¨¨ Ss ¨ Sd ¢ ¢¨¤¥
μÉ´μÏ¥´¨° ¨´É¥£· ²μ¢ ¶¥·¥±·ÒÉ¨Ö ¸¶¥Í¨ ²Ó´μ£μ ¢¨¤ :

exp (−Ss,d) =

∫
dx
∏

κ∈S,D

∣∣ψκ(pκ , xκ − x)
∣∣∫

dx
∏

κ∈S,D

∣∣ψκ(pκ , x)
∣∣ . (208 )

‚ ¸¨²Ê ¨´¢ ·¨ ´É´μ¸É¨ ËÊ´±Í¨° |ψκ(pκ , xκ − x)| μÉ´μ¸¨É¥²Ó´μ ¶·¥μ¡· §μ-
¢ ´¨° (207) ³μ¦´μ § ³¥´¨ÉÓ ±μμ·¤¨´ ÉÒ xκ ¢ (208 ) ´  yκ , £¤¥

y0
κ

= X0
s,d, yκ = xκ + (X0

s,d − x0
κ
)vκ , κ ∈ S ¨²¨ D,

¨ ¶¥·¥¶¨¸ ÉÓ (208 ) ¢ ¢¨¤¥

exp (−Ss,d) =

∫
dx
∏

κ∈S,D

∣∣ψκ(pκ , yκ − x)
∣∣∫

dx
∏

κ∈S,D

∣∣ψκ(pκ , x)
∣∣ . (208¡)

’μ£¤  ¨§ £¥μ³¥É·¨Î¥¸±¨Ì ¸μμ¡· ¦¥´¨° ¸É ´μ¢¨É¸Ö μÎ¥¢¨¤´Ò³, ÎÉμ
exp (−Ss,d) < 1 ¶·¨ ´¥¸μ¢¶ ¤¥´¨¨ ²Õ¡μ° ¶ ·Ò ±μμ·¤¨´ É yκ ¨ yκ

′ ¢ μ¤¨´

∗� ¶μ³´¨³, ÎÉμ ¤¨ ³¥É· É ±μ£μ Ô²²¨¶¸μ¨¤ , ¶¥·¶¥´¤¨±Ê²Ö·´Ò° ¢¥±Éμ·Ê ´ ¨¡μ²¥¥ ¢¥·μÖÉ-
´μ£μ ¨³¶Ê²Ó¸  ‚� p (  §´ Î¨É, ¨ ¤¨ ³¥É· ±² ¸¸¨Î¥¸±μ° ³¨·μ¢μ° É·Ê¡±¨), · ¢¥´ d� ∝ 1/σ, Éμ£¤ 
± ± ¶ · ²²¥²Ó´Ò° ¢¥±Éμ·Ê p ¤¨ ³¥É· ¸¦ É Ë ±Éμ·μ³ Γp, ¢μ§´¨± ÕÐ¨³ ¢ ·¥§Ê²ÓÉ É¥ ²μ·¥´Í¥¢ 
¸μ±· Ð¥´¨Ö.
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�¨¸. 11. “¸²μ¢´Ò° μ¡· § ®±² ¸¸¨Î¥¸±¨Ì ³¨·μ¢ÒÌ É·Ê¡μ±¯ ¸É ²±¨¢ ÕÐ¨Ì¸Ö ‚�.
’·Ê¡±¨ ¨§μ¡· ¦ ÕÉ ¶·μ¸É· ´¸É¢¥´´μ-¢·¥³¥´´Ò¥ Í¨²¨´¤·¨Î¥¸±¨¥ μ¡Ñ¥³Ò, § ³¥É ¥-
³Ò¥ ±² ¸¸¨Î¥¸±¨ ¤¢¨¦ÊÐ¨³¨¸Ö Ô²²¨¶¸μ¨¤ ³¨, ¸²Ê¦ Ð¨³¨ ´ £²Ö¤´Ò³¨ ³μ¤¥²Ö³¨ ‚�.
�·¨Í¥²Ó´ Ö ÉμÎ±  X μ¤´μ§´ Î´μ μ¶·¥¤¥²Ö¥É¸Ö ¸±μ·μ¸ÉÖ³¨ vκ ¶ ±¥Éμ¢ ¨ ¶·μ¸É· ´-
¸É¢¥´´μ-¢·¥³¥´´Ò³¨ ÉμÎ± ³¨ x̃κ = x̃κ(θκ), ¶·μ¨§¢μ²Ó´μ ¢Ò¡· ´´Ò³¨ ´  μ¸ÖÌ ¸¨³-
³¥É·¨¨ É·Ê¡μ± (¶μ ±μÉμ·Ò³ ¢ ¸·¥¤´¥³ ¤¢¨¦ÊÉ¸Ö Í¥´É·Ò ¶ ±¥Éμ¢). �É¨ μ¸¨ μÉ´Õ¤Ó
´¥ μ¡Ö§ ´Ò ¶¥·¥¸¥± ÉÓ ÉμÎ±Ê X, ´μ ¥¸²¨ ±μ´Ë¨£Ê· Í¨Ö ±μμ·¤¨´ É ¨ ¸±μ·μ¸É¥° in-
¨ out-¶ ±¥Éμ¢ É ±μ¢ , ÎÉμ ¶·¨Í¥²Ó´ Ö ÉμÎ±  μ± §Ò¢ ¥É¸Ö ¢´ÊÉ·¨ μ¡² ¸É¨ ¶¥·¥¸¥Î¥-
´¨Ö ¢¸¥Ì ³¨·μ¢ÒÌ É·Ê¡μ± ¶ ±¥Éμ¢, Éμ ¶μ¤ ¢²¥´¨¥ É ±μ° ±μ´Ë¨£Ê· Í¨¨ ³ ²�μ (μÉ¸ÊÉ-
¸É¢Ê¥É ¢ ¸²ÊÎ ¥ ÉμÎ´μ£μ ¶¥·¥¸¥Î¥´¨Ö μ¸¥° ¢ ÉμÎ±¥ X); ¢ ¶·μÉ¨¢´μ³ ¦¥ ¸²ÊÎ ¥ μ´μ
¢¥²¨±μ

¨ ÉμÉ ¦¥ (®¶·¨Í¥²Ó´Ò°¯) ³μ³¥´É ¢·¥³¥´¨, ¶μ¸±μ²Ó±Ê ¶μ¤Ò´É¥£· ²Ó´μ¥ ¢Ò· -
¦¥´¨¥ ¢ Î¨¸²¨É¥²¥ μÉ´μÏ¥´¨Ö (208¡) ´¥ ¶·¥¢μ¸Ìμ¤¨É É ±μ¢μ£μ ¢ §´ ³¥´ É¥²¥.
�Éμ ÊÉ¢¥·¦¤¥´¨¥ ¸Ì¥³ É¨Î¥¸±¨ ¨²²Õ¸É·¨·Ê¥É ·¨¸. 12 ´  ¶·¨³¥·¥ ¶ ·Ò ¶¥-
·¥±·Ò¢ ÕÐ¨Ì¸Ö ¶ ±¥Éμ¢ 1 ¨ 2. � ±¥ÉÒ ¨§μ¡· ¦¥´Ò ´  ·¨¸Ê´±¥ ¢ ¸¨¸É¥³¥
¨Ì Í¥´É·  ¨´¥·Í¨¨ (p∗

1 + p∗
2 = 0), ¢ ±μÉμ·μ° μ´¨ ¢Ò£²Ö¤ÖÉ ± ± Ô²²¨¶¸μ¨¤Ò

¸ ÔËË¥±É¨¢´Ò³¨ μ¡Ñ¥³ ³¨ (π/2)3/2/(Γ∗σ
3
1,2), ¸¶²Õ¸´ÊÉÒ¥ ¢¤μ²Ó ´ ¶· ¢²¥-

´¨Ö ¢¥±Éμ·  p∗
1. ˆ§ ·¨¸. 12 ¢¨¤´μ, ÎÉμ ¤²Ö ²Õ¡ÒÌ §´ Î¥´¨° x∗ (  §´ Î¨É, ¨

¤²Ö ²Õ¡ÒÌ §´ Î¥´¨° ¶¥·¥³¥´´μ° ¨´É¥£·¨·μ¢ ´¨Ö ¢ (208¡)) ¸¶· ¢¥¤²¨¢μ ´¥· -
¢¥´¸É¢μ

∣∣ψ1(p∗
1, y

∗
1 − x∗)ψ2(p∗

2, y
∗
2 − x∗)

∣∣ < ∣∣ψ1(p∗
1, x

∗)ψ2(p∗
2, x

∗)
∣∣ ¶·¨ y∗

1 	= y∗
2 .

�μ´ÖÉ´μ, ÎÉμ μÉ´μÏ¥´¨¥ (208¡) ³ ²μ, ¥¸²¨ 4-±μμ·¤¨´ ÉÒ y∗
κ

¨ y∗
κ

′ ²Õ¡μ°
¶ ·Ò ¶ ±¥Éμ¢ κ ¨ κ′ ¸ÊÐ¥¸É¢¥´´μ μÉ²¨Î ÕÉ¸Ö ¤·Ê£ μÉ ¤·Ê£ .
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�¨¸. 12. ‘Ì¥³ É¨Î¥¸± Ö ¨²²Õ¸É· Í¨Ö ¤¢ÊÌ ±μ´Ë¨£Ê· Í¨° ¶ ·Ò ¶¥·¥±·Ò¢ ÕÐ¨Ì¸Ö ‚�
¢ ¸¨¸É¥³¥ ¨Ì Í¥´É·  ¨´¥·Í¨¨. Šμ´Ë¨£Ê· Í¨Ö ¸²¥¢  ¸μμÉ¢¥É¸É¢Ê¥É Ë ±Éμ·Ê

∣
∣ψ1(p1, y1−

x)ψ2(p2, y2−x)
∣
∣ =
∣
∣ψ1(p

∗
1, y

∗
1 −x∗)ψ2(−p∗

1, y
∗
2 −x∗)

∣
∣ ¢ ¶μ¤Ò´É¥£· ²Ó´μ³ ¢Ò· ¦¥´¨¨

Î¨¸²¨É¥²Ö,   ¸¶· ¢  Å Ë ±Éμ·Ê
∣
∣ψ1(p1, x)ψ2(p2, x)

∣
∣ =

∣
∣ψ1(p

∗
1, x

∗)ψ2(−p∗
1, x

∗)
∣
∣ ¢

¶μ¤Ò´É¥£· ²Ó´μ³ ¢Ò· ¦¥´¨¨ §´ ³¥´ É¥²Ö ¢ (208). ‘É·¥²± ³¨ ¶μ± § ´Ò ¨³¶Ê²Ó¸Ò ±p∗
1

’μ¦¤¥¸É¢μ (208¡) ³μ¦´μ ¶¥·¥¶¨¸ ÉÓ É ±¦¥ ¢ ¸²¥¤ÊÕÐ¥° Ô±¢¨¢ ²¥´É´μ°
Ëμ·³¥:

exp (−2Ss,d) =

∫
dx
∏

κ∈S,D

∣∣ψκ(pκ , yκ − x)
∣∣2

∫
dx
∏

κ∈S,D

∣∣ψκ(pκ , x)
∣∣2 . (209)

” ±Éμ· exp [−2(Ss + Sd)] ¢Ìμ¤¨É ¢ ±¢ ¤·¨·μ¢ ´´ÊÕ  ³¶²¨ÉÊ¤Ê · ¸¸¥Ö´¨Ö.

6.8.3. �·¨Í¥²Ó´Ò¥ ¢¥±Éμ·Ò. � °¤¥³ ¶·μ¸É· ´¸É¢¥´´μ¥ · ¸¸ÉμÖ´¨¥ ³¥¦¤Ê
¶·¨Í¥²Ó´μ° ÉμÎ±μ° ¨ ±² ¸¸¨Î¥¸±μ° ³¨·μ¢μ° ²¨´¨¥° ¶ ±¥É  x̃κ(θκ) = xκ +
vκθκ , É. ¥. ±² ¸¸¨Î¥¸±¨° ¶·¨Í¥²Ó´Ò° ¶ · ³¥É·

|bκ| = min
−∞<θκ<∞

∣∣x̃κ(θκ) − Xs,d

∣∣.
�Î¥¢¨¤´μ, ÎÉμ |bκ | = |xκ − Xs,d| ¤²Ö ´¥¶μ¤¢¨¦´μ£μ ¶ ±¥É  κ. �·¨Í¥²Ó´Ò°
¶ · ³¥É· ¤²Ö ¤¢¨¦ÊÐ¥£μ¸Ö ¶ ±¥É  μ¶·¥¤¥²Ö¥É¸Ö Ê¸²μ¢¨¥³

|vκ |θκ = nκ(Xs,d − xκ), nκ = vκ/|vκ |.

ˆ¸Ìμ¤Ö ¨§ ÔÉμ£μ Ê¸²μ¢¨Ö ¨ ¢·¥³¥´´μ ¶·¥¤¶μ² £ Ö, ÎÉμ vκ 	= 0, ¶μ¸É·μ¨³
4-¢¥±Éμ· bκ, ±μ³¶μ´¥´ÉÒ ±μÉμ·μ£μ · ¢´Ò

b0
κ

=(x0
κ
− X0

s,d) − |vκ |−1nκ(xκ − Xs,d),

bκ =(xκ − Xs,d) − [nκ(xκ − Xs,d)nκ .
(210)
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ˆ§ ¶μ¸²¥¤´¥£μ · ¢¥´¸É¢  ¸²¥¤Ê¥É, ÎÉμ

nκbκ = 0 ¨ nκ × bκ = nκ × (xκ − Xs,d), (211)

μÉ±Ê¤  ¶μ²ÊÎ ¥³
|bκ | = |nκ × (xκ − Xs,d)|.

’ ±¨³ μ¡· §μ³, |bκ | = 0, ¥¸²¨ ¢¥±Éμ· ¸±μ·μ¸É¨ vκ ±μ²²¨´¥ ·¥´ ¢¥±Éμ·Ê
xκ − Xs,d ¶·¨ ²Õ¡μ³ §´ Î¥´¨¨ |xκ − Xs,d| < ∞, É. ¥. ¥¸²¨ ±² ¸¸¨Î¥¸± Ö
³¨·μ¢ Ö ²¨´¨Ö Í¥´É·  ¶ ±¥É  κ ¶¥·¥¸¥± ¥É ¶·¨Í¥²Ó´ÊÕ ÉμÎ±Ê. Š·μ³¥ Éμ£μ,

b0
κ

= |bκ | = 0, ¥¸²¨ xκ − Xs,d = vκ(x0
κ
− X0

s,d). �μ¸±μ²Ó±Ê 4-¢¥±Éμ·

bκ = (b0
κ
,bκ) (μ¶·¥¤¥²¥´´Ò° ¸ ÉμÎ´μ¸ÉÓÕ ¤μ §´ ± ) Ö¢²Ö¥É¸Ö μÎ¥¢¨¤´Ò³ ·¥-

²ÖÉ¨¢¨¸É¸±¨³ μ¡μ¡Ð¥´¨¥³ μ¡ÒÎ´μ£μ ´¥·¥²ÖÉ¨¢¨¸É¸±μ£μ ¶·¨Í¥²Ó´μ£μ ¶ · ³¥-
É· , ¥¸É¥¸É¢¥´´μ ´ §¢ ÉÓ ¥£μ ¶·¨Í¥²Ó´Ò³ ¢¥±Éμ·μ³. “Î¨ÉÒ¢ Ö (211), ¶μ²ÊÎ ¥³

(uκbκ)2 − b2
κ

= Γ2
κ
(b0

κ
)2 − b2

κ
= (Γ2

κ
− 1)(b0

κ
)2 + b2

κ
. (212)

�μ¤¸É ¢¨¢ É¥¶¥·Ó ¢ (206¡) bκ ¢³¥¸Éμ xκ − Xs,d (¢¥²¨Î¨´  Ss,d ¶·¨ ÔÉμ³ ´¥
¨§³¥´¨É¸Ö) ¨ ÊÎ¨ÉÒ¢ Ö (212), ´ °¤¥³

Ss,d =
∑

κ∈S,D

σ2
κ
[(Γ2

κ
− 1)(b0

κ
)2 + b2

κ
] =
∑

κ∈S,D

σ2
κ

∣∣b(κ)
κ

∣∣2. (213)

‚ ¶μ¸²¥¤´¥³ ¢Ò· ¦¥´¨¨ ¢±² ¤ ± ¦¤μ£μ ¶ ±¥É  § ¶¨¸ ´ ¢ ¥£μ ¸μ¡¸É¢¥´´μ°

¸¨¸É¥³¥ μÉ¸Î¥É , ¢ ±μÉμ·μ°, ¥¸É¥¸É¢¥´´μ,
∣∣b(κ)

κ

∣∣ =
∣∣x(κ)

κ − X(κ)
s,d

∣∣; É ± ÎÉμ,

± ± ¨ ¸²¥¤μ¢ ²μ μ¦¨¤ ÉÓ, (213) ¸μ¢¶ ¤ ¥É ¸ (206¢). �¡  · ¢¥´¸É¢  ¢ (213)
μ¸É ÕÉ¸Ö ¸¶· ¢¥¤²¨¢Ò³¨ ¨ ¢ ¸²ÊÎ ¥, ±μ£¤  ´¥±μÉμ·Ò¥ ¶ ±¥ÉÒ ¶μ±μÖÉ¸Ö ¢ ². ¸.,
¶μ¸±μ²Ó±Ê, ± ± ¸²¥¤Ê¥É ¨§ (210),

lim
vκ→0

[(Γ2
κ
− 1)(b0

κ
)2 + b2

κ
] =
∣∣xκ − Xs,d

∣∣2. (214)

�μÔÉμ³Ê ¢·¥³¥´´�μ¥ μ£· ´¨Î¥´¨¥ vκ 	= 0, ¨¸¶μ²Ó§μ¢ ´´μ¥ ¶·¨ ¢Ò¢μ¤¥ (213),
³μ¦´μ ¸´ÖÉÓ.

”¨§¨Î¥¸±¨° ¸³Ò¸² ¶μ²ÊÎ¥´´μ£μ ·¥§Ê²ÓÉ É  ¢¶μ²´¥ ¶·μ§· Î¥´: ¢§ ¨³μ¤¥°-
¸É¢¨¥ in- ¨ out-¶ ±¥Éμ¢ ´¥ ¡Ê¤¥É ¶μ¤ ¢²¥´μ (É. ¥. ¢¥²¨Î¨´  Ss,d ¡Ê¤¥É ³ ² ),
¥¸²¨ ¢¸¥ ¶·¨Í¥²Ó´Ò¥ ¶ · ³¥É·Ò ³ ²Ò ¶μ ¸· ¢´¥´¨Õ ¸ ÔËË¥±É¨¢´Ò³¨ · §³¥-
· ³¨ ¶ ±¥Éμ¢ (∼ 1/σκ) ¢ ¨Ì ¸μ¡¸É¢¥´´ÒÌ ¸¨¸É¥³ Ì μÉ¸Î¥É . …¸²¨ ¢¸¥ ¶·¨-

Í¥²Ó´Ò¥ ¶ · ³¥É·Ò
∣∣b(κ)

κ

∣∣ μ¤¨´ ±μ¢Ò ¶μ ¶μ·Ö¤±Ê ¢¥²¨Î¨´Ò, Éμ ´ ¨¡μ²ÓÏ¨¥
¢±² ¤Ò ¢ Ss,d μ¡Ê¸²μ¢²¥´Ò ¶ ±¥É ³¨ ¸ ´ ¨¡μ²ÓÏ¨³¨ §´ Î¥´¨Ö³¨ ®· §³ §μ±¯
¨³¶Ê²Ó¸μ¢, ¸²¥¤μ¢ É¥²Ó´μ, ¨³¥ÕÉ ´ ¨³¥´ÓÏ¨¥ ÔËË¥±É¨¢´Ò¥ · §³¥·Ò∗. …¸²¨

∗�·¨ ÔÉμ³ ¸É ´μ¢¨É¸Ö μÎ¥¢¨¤´μ° Ë¨§¨Î¥¸± Ö ´¥¸μ¸ÉμÖÉ¥²Ó´μ¸ÉÓ ¶μ´ÖÉ¨° ÉμÎ¥Î´ÒÌ Î ¸É¨Í
(¶·¥¤¥²Ó´μ ²μ± ²¨§μ¢ ´´ÒÌ ¸μ¸ÉμÖ´¨°) ¨ ¶²μ¸±¨Ì ¢μ²´ (¸μ¸ÉμÖ´¨° ¸ μ¶·¥¤¥²¥´´Ò³¨ ¨³¶Ê²Ó-
¸ ³¨) ¢ · ³± Ì É¥μ·¨¨ ¢μ§³ÊÐ¥´¨° Š’�: ¶¥·¢Ò¥ ¢μμ¡Ð¥ ´¥ ³μ£ÊÉ ¢§ ¨³μ¤¥°¸É¢μ¢ ÉÓ ( ³¶²¨ÉÊ¤ 
μ¡· Ð ¥É¸Ö ¢ ´Ê²Ó ¶·¨ ´ ²¨Î¨¨ ®ÉμÎ¥Î´μ° Î ¸É¨ÍÒ¯ ¢ ²Õ¡μ³ ¨§ ¶μ¤¸μ¸ÉμÖ´¨° Is,d ¨²¨ Fs,d),  
¢Éμ·Ò¥ ¢§ ¨³μ¤¥°¸É¢ÊÕÉ ´  ²Õ¡ÒÌ · ¸¸ÉμÖ´¨ÖÌ.
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μÉ¢²¥ÎÓ¸Ö μÉ ¢μ§³μ¦´μ£μ ¢²¨Ö´¨Ö ¤¨´ ³¨±¨ ¢§ ¨³μ¤¥°¸É¢¨Ö ´  ¢¥²¨Î¨´Ê ®· §-
³ §μ±¯ ¨³¶Ê²Ó¸μ¢ ¢Éμ·¨Î´ÒÌ ¶ ±¥Éμ¢,   É ±¦¥ μÉ ÔËË¥±Éμ¢ Ë §μ¢μ£μ μ¡Ñ¥³ 
·¥ ±Í¨¨ ¨²¨ · ¸¶ ¤ , Éμ £¥μ³¥É·¨Î¥¸±μ¥ ¶μ¤ ¢²¥´¨¥  ³¶²¨ÉÊ¤Ò É¥³ ¸¨²Ó-
´¥¥, Î¥³ ¡μ²ÓÏ¥ Î ¸É¨Í (´  ¶· ±É¨±¥ Å ¢Éμ·¨Î´ÒÌ) ÊÎ ¸É¢Ê¥É ¢ ¶·μÍ¥¸¸¥.
” ±Éμ· ¶μ¤ ¢²¥´¨Ö ®´¥¶· ¢¨²Ó´ÒÌ¯ ±μ´Ë¨£Ê· Í¨° ³¨·μ¢ÒÌ ²¨´¨° ¶ ±¥Éμ¢
μ¶·¥¤¥²Ö¥É¸Ö ¢ ². ¸. ± ± ¢·¥³¥´´�Ò³¨, É ± ¨ ¶·μ¸É· ´¸É¢¥´´Ò³¨ ±μ³¶μ´¥´-
É ³¨ ¶·¨Í¥²Ó´ÒÌ 4-¢¥±Éμ·μ¢ bκ. �·¨ ÔÉμ³ ¢±² ¤Ò ´¥·¥²ÖÉ¨¢¨¸É¸±¨Ì ¨ Ê²ÓÉ·-
 ·¥²ÖÉ¨¢¨¸É¸±¨Ì ¶ ±¥Éμ¢ ¢ Ss,d ¨³¥ÕÉ ¢¨¤

σ2
κ

{
[(xκ−Xs,d)−vκ(x0

κ
−X0

s,d)]
2+[vκ(xκ−Xs,d)]2+O(|vκ |3)

}
(|vκ | � 1)

(215 )
¨

σ2
κ

{
Γ2

κ
[(x0

κ
− X0

s,d) − nκ(xκ − Xs,d)]2 + [nκ × (xκ − Xs,d)]2−
− (x0

κ
− X0

s,d)[(x
0
κ
− X0

s,d) − nκ(xκ − Xs,d)] + O(Γ−2
κ

)
}

(Γ2
κ
� 1)
(215¡)

¸μμÉ¢¥É¸É¢¥´´μ. ˆ§ (215 ) ¢¨¤´μ, ÎÉμ ¤²Ö ´¥·¥²ÖÉ¨¢¨¸É¸±¨Ì ‚� ¶μ¤ ¢²¥´¨¥
¸² ¡μ § ¢¨¸¨É μÉ ¢¥±Éμ·  ¸±μ·μ¸É¨ ¨ ¢·¥³¥´´�μ£μ ¨´É¥·¢ ²  x0

κ
−X0

s,d ¨ μ¶·¥-
¤¥²Ö¥É¸Ö ¢ μ¸´μ¢´μ³ ¶·μ¸É· ´¸É¢¥´´Ò³ · ¸¸ÉμÖ´¨¥³ ³¥¦¤Ê Í¥´É·μ³ ¶ ±¥É 
¨ ¶·¨Í¥²Ó´μ° ÉμÎ±μ°. „²Ö Ê²ÓÉ· ·¥²ÖÉ¨¢¨¸É¸±¨Ì ¶ ±¥Éμ¢, ´ ¶·μÉ¨¢, ¶μ¤ -
¢²¥´¨¥ ¸¨²Ó´μ § ¢¨¸¨É μÉ ¢¥²¨Î¨´Ò ¨ ´ ¶· ¢²¥´¨Ö ¸±μ·μ¸É¨,   É ±¦¥ μÉ
· §´μ¸É¨ ¢·¥³¥´ x0

κ
¨ X0

s,d. �μÖ¢²¥´¨¥ ¡μ²ÓÏμ£μ Ë ±Éμ·  Γ2
κ

¢ £² ¢´μ³
¸² £ ¥³μ³ ¢ (215¡) ¸¢Ö§ ´μ ¸ ²μ·¥´Í¥¢Ò³ ¸μ±· Ð¥´¨¥³ ÔËË¥±É¨¢´μ£μ μ¡Ñ-
¥³  ¶ ±¥É , ¶·¨¢μ¤ÖÐ¨³ ± Éμ³Ê, ÎÉμ μ¡² ¸ÉÓ ¥£μ ¶¥·¥±·ÒÉ¨Ö ¸ μ¸É ²Ó´Ò³¨
¶ ±¥É ³¨ ¸¨²Ó´μ Ê³¥´ÓÏ ¥É¸Ö. ‘ ÔÉ¨³ ¦¥ ¸¢Ö§ ´  ¸¨²Ó´ Ö § ¢¨¸¨³μ¸ÉÓ μÉ
´ ¶· ¢²¥´¨Ö ¢¥±Éμ·  ¸±μ·μ¸É¨: ÎÉμ¡Ò ¶μ¶ ¸ÉÓ ¢ ³ ²¥´Ó±ÊÕ ³¨Ï¥´Ó, ´Ê¦´μ
®Ìμ·μÏμ ¶·¨Í¥²¨ÉÓ¸Ö¯.

ˆ§ ¶·¥¤¸É ¢²¥´´μ£μ  ´ ²¨§  ¸²¥¤Ê¥É, ÎÉμ ¶·¨Í¥²Ó´Ò¥ ÉμÎ±¨ Xs ¨ Xd Ì -
· ±É¥·¨§ÊÕÉ ¶·μ¸É· ´¸É¢¥´´μ-¢·¥³¥´´μ¥ ¶μ²μ¦¥´¨¥ ÔËË¥±É¨¢´ÒÌ μ¡² ¸É¥°
¢§ ¨³μ¤¥°¸É¢¨Ö ¶ ±¥Éμ¢ ¢ ¨¸ÉμÎ´¨±¥ ¨ ¤¥É¥±Éμ·¥. ‚§ ¨³μ¤¥°¸É¢¨¥ ¶ ±¥Éμ¢ É¥³
¨´É¥´¸¨¢´¥¥, Î¥³ ¡²¨¦¥ μÉ ÔÉ¨Ì ÉμÎ¥± ¶·μÌμ¤ÖÉ ³¨·μ¢Ò¥ ²¨´¨¨ ¨Ì £¥μ³¥É·¨-
Î¥¸±¨Ì Í¥´É·μ¢. Šμ´Ë¨£Ê· Í¨Ö ³¨·μ¢ÒÌ ²¨´¨° ¨ ±μμ·¤¨´ ÉÒ ¶·¨Í¥²Ó´ÒÌ Éμ-
Î¥± ´¨± ± ´¥ ¸¢Ö§ ´Ò ¸ ¤¨´ ³¨±μ° (É. ¥. ¸ ² £· ´¦¨ ´μ³ ¢§ ¨³μ¤¥°¸É¢¨Ö), É ±
± ± μ¤´μ§´ Î´μ § ¤ ÕÉ¸Ö ±μμ·¤¨´ É ³¨ ¨ £·Ê¶¶μ¢Ò³¨ ¸±μ·μ¸ÉÖ³¨  ¸¨³¶Éμ-
É¨Î¥¸±¨ ¸¢μ¡μ¤´ÒÌ in- ¨ out-¶ ±¥Éμ¢,   É ±¦¥ ¨Ì ÔËË¥±É¨¢´Ò³¨ · §³¥· ³¨.
�μ, · §Ê³¥¥É¸Ö,  ³¶²¨ÉÊ¤Ê ¶·μÍ¥¸¸  Is ⊕ Id → Fs ⊕Fd, μ¶¨¸Ò¢ ¥³μ£μ ³ ±·μ-
¸±μ¶¨Î¥¸±μ° ¤¨ £· ³³μ° ·¨¸. 6, ³μ¦´μ ¢ÒÎ¨¸²¨ÉÓ Éμ²Ó±μ ¸ ÊÎ¥Éμ³ ¤¨´ ³¨±¨
¢§ ¨³μ¤¥°¸É¢¨Ö.

6.9. �¸¨³¶ÉμÉ¨Î¥¸±¨¥ Ê¸²μ¢¨Ö. ’¥¶¥·Ó ³Ò ³μ¦¥³, ´ ±μ´¥Í, ¢¥·´ÊÉÓ¸Ö
± Ë¨§¨Î¥¸±¨³ É·¥¡μ¢ ´¨Ö³, ¸Ëμ·³Ê²¨·μ¢ ´´Ò³ ¢ ´ Î ²¥ ¶. 6.3, ¨ ±μ´±·¥É¨-
§¨·μ¢ ÉÓ Ê¸²μ¢¨Ö, ¶·¨ ±μÉμ·ÒÌ in- ¨ out-¶ ±¥ÉÒ ³μ¦´μ ¸Î¨É ÉÓ ¸¢μ¡μ¤´Ò³¨.
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…¸²¨ £¥μ³¥É·¨Î¥¸±¨¥ Ë ±Éμ·Ò ¶μ¤ ¢²¥´¨Ö ´¥ ¸²¨Ï±μ³ ³ ²Ò (  Éμ²Ó±μ É ±¨¥
±μ´Ë¨£Ê· Í¨¨ ±μμ·¤¨´ É ¨ ¨³¶Ê²Ó¸μ¢ ¤ ÕÉ ¢±² ¤ ¢ ´ ¡²Õ¤ ¥³Ò¥ ¢¥²¨Î¨´Ò),
Éμ Ê¸²μ¢¨¥ Éμ£μ, ÎÉμ ÔËË¥±É¨¢´Ò¥ μ¡² ¸É¨ ¢§ ¨³μ¤¥°¸É¢¨Ö ‚� ¢ ¨¸ÉμÎ´¨±¥ ¨
¤¥É¥±Éμ·¥ ³ ±·μ¸±μ¶¨Î¥¸±¨ · §¤¥²¥´Ò ¢ ¶·μ¸É· ´¸É¢¥-¢·¥³¥´¨, Ô±¢¨¢ ²¥´É´μ
É·¥¡μ¢ ´¨Õ ³ ±·μ¸±μ¶¨Î¥¸±μ° · §¤¥²¥´´μ¸É¨ ¶·¨Í¥²Ó´ÒÌ ÉμÎ¥± Xs ¨ Xd.

Ê¤¥³ ¸Î¨É ÉÓ, ÎÉμ ¢·¥³¥´´�μ° ¨ ¶·μ¸É· ´¸É¢¥´´Ò° ¨´É¥·¢ ²Ò X0

d − X0
s ¨

|Xd − Xs| ¢¥²¨±¨ ¶μ ¸· ¢´¥´¨Õ ¸ ¢·¥³¥´´�Ò³¨ ¨ ¶·μ¸É· ´¸É¢¥´´Ò³¨ ¨´É¥·-

¢ ² ³¨ |x0
κ
−x0

κ
′ | ¨ |xκ −xκ

′ | ¤²Ö κ, κ′∈S ¨ κ, κ′∈D, É. ¥. ¶ ±¥ÉÒ ¨§ S ¨ D
§ ¢¥¤μ³μ ´¥ ¶¥·¥±·Ò¢ ÕÉ¸Ö. ’μ£¤  ¨¸±μ³Ò¥ Ê¸²μ¢¨Ö ¤²Ö ¶ ±¥Éμ¢ ¨§ S ¨ D
¤μ²¦´Ò ¡ÒÉÓ ´¥§ ¢¨¸¨³Ò ¤·Ê£ μÉ ¤·Ê£ . ŒÒ ¶·¥¤¶μ² £ ¥³, ÎÉμ ÔËË¥±É¨¢´Ò¥
· §³¥·Ò ¶ ±¥Éμ¢ ¢¥²¨±¨ ¶μ ¸· ¢´¥´¨Õ ¸ Ì · ±É¥·´Ò³ · ¤¨Ê¸μ³ ¢§ ¨³μ¤¥°-
¸É¢¨Ö ¢ ¢¥·Ï¨´ Ì ¤¨ £· ³³Ò, ¨ ¶μÔÉμ³Ê ´ Ï  ´ ²¨§ ¶·μ¡²¥³Ò ¡Ê¤¥É μ¸´μ¢ ´
¨¸±²ÕÎ¨É¥²Ó´μ ´  ¸¢μ°¸É¢ Ì £¥μ³¥É·¨Î¥¸±¨Ì Ë ±Éμ·μ¢ ¶μ¤ ¢²¥´¨Ö exp (−Ss)
¨ exp (−Sd), ´¥ § ¢¨¸ÖÐ¨Ì μÉ ¤¨´ ³¨±¨ ¢§ ¨³μ¤¥°¸É¢¨Ö.

�·¥¦¤¥ ¢¸¥£μ ´¥μ¡Ìμ¤¨³μ ¶μÉ·¥¡μ¢ ÉÓ, ÎÉμ¡Ò ¡Ò²¨ ¤μ¸É ÉμÎ´μ ¢¥²¨±¨
¢·¥³¥´´�Ò¥ ¨´É¥·¢ ²Ò X0

s,d − x0
a (a ∈ Is,d) ¨ x0

b − X0
s,d (b ∈ Fs,d). �´¨,

μ¤´ ±μ, ´¥ ³μ£ÊÉ ¡ÒÉÓ ¶·μ¨§¢μ²Ó´μ ¢¥²¨±¨, ¶μ¸±μ²Ó±Ê ¶ ±¥ÉÒ κ μ¸É ÕÉ¸Ö

¸É ¡¨²Ó´Ò³¨ (É. ¥. ´¥ · ¸¶²Ò¢ ÕÉ¸Ö) ¢ É¥Î¥´¨¥ ¢·¥³¥´¨
∣∣X0

s,d −x0
κ

∣∣ ²¨ÏÓ ¶·¨
Ê¸²μ¢¨¨ ∣∣X0(κ)

s,d − x0(κ)
κ

∣∣2 � m2
κ
/σ4

κ
, ∀κ ∈ S, D. (216)

“Î¨ÉÒ¢ Ö, ÎÉμ £¥μ³¥É·¨Î¥¸±¨¥ Ë ±Éμ·Ò ¶μ¤ ¢²¥´¨Ö ´¥ § ¢¨¸ÖÉ μÉ X
0(κ)
s,d

¨ x
0(κ)
κ , ¤μ¶Ê¸É¨³μ ¶μÉ·¥¡μ¢ ÉÓ, ÎÉμ¡Ò ²¥¢ Ö Î ¸ÉÓ (216) ¡Ò²  ¢¥²¨±  ¶μ

¸· ¢´¥´¨Õ ¸ ±¢ ¤· Éμ³ ÔËË¥±É¨¢´μ£μ · §³¥·  ¶ ±¥É , É. ¥.∣∣X0(κ)
s,d − x0(κ)

κ

∣∣2 � 1/σ2
κ
. (217)

�Éμ É·¥¡μ¢ ´¨¥ ´¥ ¶·μÉ¨¢μ·¥Î¨É Ê¸²μ¢¨Õ ¸É Í¨μ´ ·´μ¸É¨ ¶ ±¥É  (216), ¶μ-
¸±μ²Ó±Ê σ2

κ
� m2

κ
. …¸²¨, ±·μ³¥ Éμ£μ, κ Å ´¥¸É ¡¨²Ó´ Ö Î ¸É¨Í , Éμ ¸²¥¤Ê¥É

μ¦¨¤ ÉÓ, ÎÉμ ∣∣X0(κ)
s,d − x0(κ)

κ

∣∣ ∼ τκ , (218)

£¤¥ τκ Å ¢·¥³Ö ¦¨§´¨ κ. “¸²μ¢¨Ö (217) ¨ (218) ´¥ ¶·μÉ¨¢μ·¥Î É ¤·Ê£ ¤·Ê£Ê,
¥¸²¨ σ2

κ
τ2

κ
� 1, ÎÉμ Ö¢²Ö¥É¸Ö μ¤´¨³ ¨§ Ê¸²μ¢¨° ¶·¨³¥´¨³μ¸É¨ ‘�ƒ�, ®¶μ²´Ò°

´ ¡μ·¯ ±μÉμ·ÒÌ ¡Ò² ¶μ²ÊÎ¥´ ¢ ¶. 4.8 ¨ ¨³¥¥É ¢¨¤

1/τ2
κ
� σ2

κ
� mκ/τκ � m2

κ
. (219)

�μ¸±μ²Ó±Ê ¤²Ö ¢¸¥Ì ¨§¢¥¸É´ÒÌ ¤μ²£μ¦¨¢ÊÐ¨Ì Ô²¥³¥´É ·´ÒÌ Î ¸É¨Í ¨  Éμ³-
´ÒÌ Ö¤¥· mκτκ ≫ 1, ¤μ¶Ê¸É¨³Ò¥ ÔÉ¨³¨ Ê¸²μ¢¨Ö³¨ §´ Î¥´¨Ö ¶ · ³¥É·μ¢ σκ

³μ£ÊÉ ¢ ·Ó¨·μ¢ ÉÓ¸Ö ¢ ¢¥¸Ó³  Ï¨·μ±¨Ì ¶·¥¤¥² Ì (¸³. É ¡². 1).
ˆÉ ±,  ¸¨³¶ÉμÉ¨Î¥¸±¨¥ Ê¸²μ¢¨Ö ¤²Ö ¢·¥³¥´´�ÒÌ ¶ · ³¥É·μ¢ x0

κ
, ¶μ²´μ-

¸ÉÓÕ ¸μ£² ¸ÊÕÐ¨¥¸Ö ¸ Ê¸²μ¢¨Ö³¨ ¶·¨³¥´¨³μ¸É¨ ¶·¨¡²¨¦¥´¨Ö ‘�ƒ� (219),
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�¨¸. 13. ‘Ì¥³ É¨Î¥¸± Ö ¨²²Õ¸É· Í¨Ö
¸μ¡ÒÉ¨Ö, ¢ ±μÉμ·μ³ ´ Î ²Ó´ Ö 4-±μμ·-
¤¨´ É  Í¥´É·  in-¶ ±¥É  a · §¤¥²¥´  ¸
¶·¨Í¥²Ó´μ° ÉμÎ±μ° X ¶·μ¸É· ´¸É¢¥´-
´μ¶μ¤μ¡´Ò³ ¨´É¥·¢ ²μ³, ´μ Î ¸ÉÓ ÔË-
Ë¥±É¨¢´μ£μ μ¡Ñ¥³  ¶ ±¥É  ´ Ìμ¤¨É¸Ö
¢´ÊÉ·¨ ¸¢¥Éμ¢μ£μ ±μ´Ê¸  ¸ Í¥´É·μ³ ¢
ÉμÎ±¥ X. �¸É ²Ó´Ò¥ in- ¨ out-¶ ±¥ÉÒ,
±μμ·¤¨´ ÉÒ ¨ ¸±μ·μ¸É¨ ±μÉμ·ÒÌ μ¶·¥-
¤¥²ÖÕÉ (¢³¥¸É¥ ¸ xa ¨ va) ¶μ²μ¦¥´¨¥
¶·¨Í¥²Ó´μ° ÉμÎ±¨, ´¥ ¶μ± § ´Ò

¨³¥ÕÉ ¢¨¤ (217),   ¶· ¢¨²Ó´ Ö ¢·¥³¥´´� Ö ¶μ¸²¥¤μ¢ É¥²Ó´μ¸ÉÓ ¢ ². ¸. § ¤ ¥É¸Ö
´¥· ¢¥´¸É¢ ³¨

x0
a < X0

s,d < x0
b (a ∈ Is,d, b ∈ Fs,d). (220)

�É¨ ´¥· ¢¥´¸É¢  ²μ·¥´Í-¨´¢ ·¨ ´É´Ò, ¥¸²¨ ÉμÎ±¨ xa,b ¨ Xs,d · §¤¥²¥´Ò ¢·¥-
³¥´¨¶μ¤μ¡´Ò³¨ ¨´É¥·¢ ² ³¨. …¸²¨ ¦¥ ¤²Ö ´¥±μÉμ·ÒÌ κ ¨´É¥·¢ ²Ò
(xκ − Xs,d)2 ¶·μ¸É· ´¸É¢¥´´μ¶μ¤μ¡´Ò, Éμ ´¥· ¢¥´¸É¢  (220) ¨³¥ÕÉ ¸³Ò¸²
Éμ²Ó±μ ¢ ² ¡μ· Éμ·´μ° ¸¨¸É¥³¥ μÉ¸Î¥É , É ± ± ± ¢·¥³¥´´ Ö ¶μ¸²¥¤μ¢ É¥²Ó-
´μ¸ÉÓ ¤¢ÊÌ ¸μ¡ÒÉ¨°, · §¤¥²¥´´ÒÌ ¶·μ¸É· ´¸É¢¥´´μ¶μ¤μ¡´Ò³ ¨´É¥·¢ ²μ³, ´¥
Ö¢²Ö¥É¸Ö ²μ·¥´Í-¨´¢ ·¨ ´É´Ò³ ¶μ´ÖÉ¨¥³.

�Éμ μ¡¸ÉμÖÉ¥²Ó¸É¢μ ¸²¥¤Ê¥É ¨³¥ÉÓ ¢ ¢¨¤Ê, ¶μ¸±μ²Ó±Ê ¶ ±¥É (´ ¶·¨³¥·,
¤²Ö μ¶·¥¤¥²¥´´μ¸É¨, ¶ ±¥É a ¢ ¨¸ÉμÎ´¨±¥) ³μ¦¥É ÊÎ ¸É¢μ¢ ÉÓ ¢μ ¢§ ¨³μ-
¤¥°¸É¢¨¨ (É. ¥. ´¥ ¤ ¢ ÉÓ ¡μ²ÓÏμ£μ ¶μ¤ ¢²ÖÕÐ¥£μ ¢±² ¤  ¢ Ss), ¤ ¦¥ ¥¸²¨
(xa − Xs)2 < 0, ¶·¨ Ê¸²μ¢¨¨, ÎÉμ ÉμÎ±¨ ¢´ÊÉ·¨ Î ¸É¨ ¥£μ ÔËË¥±É¨¢´μ£μ
μ¡Ñ¥³  · §¤¥²¥´Ò ¸ ¸μμÉ¢¥É¸É¢ÊÕÐ¥° ¶·¨Í¥²Ó´μ° ÉμÎ±μ° ¢·¥³¥´¨¶μ¤μ¡´Ò³¨
¨´É¥·¢ ² ³¨, É ± ± ± ¶·¨ ÔÉμ³ ¶·¨Í¥²Ó´ Ö ÉμÎ±  ³μ¦¥É ´ Ìμ¤¨ÉÓ¸Ö ¢´ÊÉ·¨
±² ¸¸¨Î¥¸±μ° ³¨·μ¢μ° É·Ê¡±¨ ¶ ±¥É  a (·¨¸. 13)∗. � ·ÊÏ¥´¨Ö Ê¸²μ¢¨Ö ³¨±·μ-
¶·¨Î¨´´μ¸É¨ §¤¥¸Ó, ±μ´¥Î´μ ¦¥, ´¥ ¶·μ¨¸Ìμ¤¨É Å ¢¸¥ ®¸¨£´ ²Ò¯ · ¸¶·μ¸É· -
´ÖÕÉ¸Ö ¸É·μ£μ ¢´ÊÉ·¨ ¸¢¥Éμ¢ÒÌ ±μ´Ê¸μ¢. �¤´ ±μ, ¢ ¶·¨´Í¨¶¥, É ±μ£μ ·μ¤ 
¢§ ¨³μ¤¥°¸É¢¨Ö ³μ£ÊÉ ¶·¨¢μ¤¨ÉÓ ± ´ ¡²Õ¤ ¥³Ò³ ÔËË¥±É ³, ¨³¨É¨·ÊÕÐ¨³
´ ·ÊÏ¥´¨¥ ¶·¨Î¨´´μ¸É¨.

’·¥¡μ¢ ´¨¥ ¶·μ¸É· ´¸É¢¥´´μ° Ê¤ ²¥´´μ¸É¨ ¶ ±¥Éμ¢ μÉ ¶·¨Í¥²Ó´ÒÌ Éμ-
Î¥± ´¥ Ö¢²Ö¥É¸Ö, ¢μμ¡Ð¥ £μ¢μ·Ö, ´¥μ¡Ìμ¤¨³Ò³. „¥°¸É¢¨É¥²Ó´μ, ´¥±μÉμ·Ò¥

∗ˆ§ £¥μ³¥É·¨Î¥¸±¨Ì ¸μμ¡· ¦¥´¨° ¶μ´ÖÉ´μ, ÎÉμ ¤²Ö É ±¨Ì ¸μ¡ÒÉ¨° 0 < |b�
a| < d�

a/2

(£¤¥ d�
a Å ÔËË¥±É¨¢´Ò° ¶μ¶¥·¥Î´Ò° · §³¥· ¶ ±¥É ). ‘²¥¤μ¢ É¥²Ó´μ, σ2

a|b�
a|2 < 0,605 ¨

exp (−σ2
a|b�

a|2) � 0,546.



96 ��“Œ�‚ „.‚., ��“Œ�‚ ‚. �.

¶ ±¥ÉÒ (´ ¶·¨³¥·, · ¸¶ ¤ ÕÐ¨°¸Ö ³¥§μ´ ¨²¨ μ¡· §μ¢ ¢Ï¨°¸Ö ¶·¨ ¥£μ · ¸-
¶ ¤¥ § ·Ö¦¥´´Ò° ²¥¶Éμ´ ¢ ¨¸ÉμÎ´¨±¥, Ö¤·μ-³¨Ï¥´Ó ¢ ¤¥É¥±Éμ·¥ ¨ É. ¤.) ³μ£ÊÉ
¶μ±μ¨ÉÓ¸Ö ¢ ². ¸. ¤μ ¨²¨ ¶μ¸²¥ ¢§ ¨³μ¤¥°¸É¢¨Ö. �μ Éμ£¤  μ´¨ ¤μ²¦´Ò ¡ÒÉÓ
¶·μ¸É· ´¸É¢¥´´μ ¡²¨§±¨ ± ¸μμÉ¢¥É¸É¢ÊÕÐ¨³ ¶·¨Í¥²Ó´Ò³ ÉμÎ± ³; ¢ ¶·μÉ¨¢-
´μ³ ¸²ÊÎ ¥, ¸μ£² ¸´μ (214),  ³¶²¨ÉÊ¤  · ¸¸¥Ö´¨Ö ¡Ê¤¥É ³ ²  ¨§-§  ³ ²μ¸É¨
Ë ±Éμ·μ¢ exp (−Ss) ¨²¨ exp (−Sd). Ÿ¸´μ, μ¤´ ±μ, ÎÉμ ¢¸¥ ¶ ±¥ÉÒ ¢ in- ¨
out-¸μ¸ÉμÖ´¨ÖÌ ¤μ²¦´Ò ¡ÒÉÓ ¶·μ¸É· ´¸É¢¥´´μ Ê¤ ²¥´Ò ¤·Ê£ μÉ ¤·Ê£ , É. ¥. · §-
´μ¸É¨ ¶·μ¸É· ´¸É¢¥´´ÒÌ ±μμ·¤¨´ É ± ¦¤μ° ¶ ·Ò ¶ ±¥Éμ¢ κ, κ′ ¤μ²¦´Ò ¡ÒÉÓ
¢¥²¨±¨ ¶μ ¸· ¢´¥´¨Õ ¸ · §³¥· ³¨ ÔÉ¨Ì ¶ ±¥Éμ¢. Š ± ¶μ¤¸± §Ò¢ ¥É ¶·¥¤¸É -
¢²¥´¨¥ (208¡) ¨ ¨²²Õ¸É·¨·ÊÕÐ¨° ¥£μ ·¨¸. 12, ´ ¨¡μ²¥¥ ¶·μ¸Éμ ÔÉμ É·¥¡μ-
¢ ´¨¥ Ëμ·³Ê²¨·Ê¥É¸Ö ¢ ¸. Í. ¨. ¶ ·Ò. �μ¸±μ²Ó±Ê ¨³¶Ê²Ó¸Ò ¶ ±¥Éμ¢ ¢ ¸. Í. ¨.
±μ²²¨´¥ ·´Ò (p∗

κ
= −p∗

κ
′ = n∗|p∗

κ
|),   ¨´É¥·¥¸ ¶·¥¤¸É ¢²Ö¥É ²¨ÏÓ ¸²ÊÎ °,

±μ£¤  ±² ¸¸¨Î¥¸±¨° ¶·¨Í¥²Ó´Ò° ¶ · ³¥É·
∣∣n∗ × (x∗

κ
− x∗

κ
′)
∣∣ ´¥ ¶·¥¢μ¸Ìμ¤¨É

¸ÊÐ¥¸É¢¥´´μ ¶μ¶¥·¥Î´Ò¥ · §³¥·Ò ± ¦¤μ£μ ¨§ ¶ ±¥Éμ¢, Éμ · ¸¸ÉμÖ´¨¥ ³¥¦¤Ê
¶ ±¥É ³¨ ¤μ²¦´μ ¡ÒÉÓ ¢¥²¨±μ ¶μ ¸· ¢´¥´¨Õ ¸ ¨Ì ¶·μ¤μ²Ó´Ò³¨ · §³¥· ³¨.
�¶Ê¸± Ö ¶μ¸ÉμÖ´´Ò° μ¡Ð¨° ³´μ¦¨É¥²Ó ¶μ·Ö¤±  ¥¤¨´¨ÍÒ, § ¶¨Ï¥³ ÔÉμ Ê¸²μ-
¢¨¥ ¢ ¢¨¤¥ ∣∣x∗

κ
− x∗

κ
′

∣∣2 � 1
(σκΓ∗

κ
)2

+
1

(σκ
′Γ∗

κ
′)2

, (221)

£¤¥ Γ∗
κ,κ′ = E∗

κ,κ′/mκ,κ′ . …¸²¨, ¢ Î ¸É´μ¸É¨, ¶ ±¥ÉÒ κ ¨ κ′ Ö¢²ÖÕÉ¸Ö ¸μ-
¸ÉμÖ´¨Ö³¨ Éμ¦¤¥¸É¢¥´´ÒÌ Î ¸É¨Í ¸ μ¤¨´ ±μ¢Ò³¨ ¨³¶Ê²Ó¸ ³¨ (É ± ÎÉμ Γ∗

κ
=

Γ∗
κ

′ = 1) ¨ ¶·μ¥±Í¨Ö³¨ ¸¶¨´μ¢, Éμ Ê¸²μ¢¨¥ (217) ¸μ¢¶ ¤ ¥É ¸ Ê¸²μ¢¨¥³ ¨¸-
Î¥§´μ¢¥´¨Ö ±¢ ´Éμ¢ÒÌ ±μ··¥²ÖÍ¨° ´  ¡μ²ÓÏ¨Ì · ¸¸ÉμÖ´¨ÖÌ ³¥¦¤Ê ¶ ±¥É ³¨
Éμ¦¤¥¸É¢¥´´ÒÌ ¡μ§μ´μ¢ ¨²¨ Ë¥·³¨μ´μ¢. �·¨Í¥²Ó´Ò¥ ¶ · ³¥É·Ò É ±¨Ì ¶ -
±¥Éμ¢ ³μ£ÊÉ ¡ÒÉÓ ¸±μ²Ó Ê£μ¤´μ ³ ²Ò, ¥¸²¨ μ¤¨´ ¨§ ´¨Ì ´ Ìμ¤¨É¸Ö ¢ in-,  
¤·Ê£μ° Å ¢ out-¸μ¸ÉμÖ´¨¨, É. ¥. ¶ ·  ¶ ±¥Éμ¢ μ¶¨¸Ò¢ ¥É, ¶μ ¸ÊÉ¨, ¸μ¸ÉμÖ´¨¥
μ¤´μ° Î ¸É¨ÍÒ-¸¶¥±É Éμ· . …¸²¨ ¦¥ μ¡  Éμ¦¤¥¸É¢¥´´ÒÌ ¶ ±¥É  ¶·¨´ ¤²¥¦ É
in- ¨²¨ out-¸μ¸ÉμÖ´¨Õ μ¤´μ° ¨§ ¢¥·Ï¨´ ¤¨ £· ³³Ò, Éμ ¸μμÉ¢¥É¸É¢ÊÕÐ Ö  ³-
¶²¨ÉÊ¤  ¡Ê¤¥É ¶μ¤ ¢²¥´ , ¶μ¸±μ²Ó±Ê · ¸¸ÉμÖ´¨¥ ³¥¦¤Ê ´¨³¨ ´¥ ³¥´Ö¥É¸Ö ¸μ
¢·¥³¥´¥³∗. ˆ§ (221) ¸²¥¤Ê¥É, ÎÉμ ¶ ·  Ê²ÓÉ· ·¥²ÖÉ¨¢¨¸É¸±¨Ì (¢ ¸. Í. ¨.) ¶ -
±¥Éμ¢ ´¥ ¢§ ¨³μ¤¥°¸É¢ÊÕÉ ¤·Ê£ ¸ ¤·Ê£μ³ ¤ ¦¥ ´  μÉ´μ¸¨É¥²Ó´μ ³ ²ÒÌ · ¸-
¸ÉμÖ´¨ÖÌ.

‚ μ¡Ð¥³ ¸²ÊÎ ¥ Ê¸²μ¢¨Ö (217) ¨ (221) ´¥ μ¡Ö§ É¥²Ó´μ ´¥§ ¢¨¸¨³Ò μ¤´μ μÉ
¤·Ê£μ£μ (ÔÉμ ¡Ê¤¥É ¢¨¤´μ ¢ · ¸¸³ É·¨¢ ¥³μ³ ´¨¦¥ ¶·μ¸Éμ³ ¶·¨³¥·¥); ¢ ¦´μ

∗�Éμ ¶μ¤ ¢²¥´¨¥ ´¨± ± ´¥ ¸¢Ö§ ´μ ¸ ¶·¨´Í¨¶μ³ ¨¸±²ÕÎ¥´¨Ö � Ê²¨: ¥¸²¨ ²Õ¡Ò¥ ¤¢  ¶ ±¥É 
(´¥ μ¡Ö§ É¥²Ó´μ μ¶¨¸Ò¢ ÕÐ¨¥ ¸μ¸ÉμÖ´¨Ö Éμ¦¤¥¸É¢¥´´ÒÌ Ë¥·³¨μ´μ¢) ¨³¥ÕÉ μ¤¨´ ±μ¢Ò¥ ¸±μ·μ-
¸É¨ ¨ ¤ ²¥±¨ ¤·Ê£ μÉ ¤·Ê£  ¢ μ¤¨´ ± ±μ°-Éμ ³μ³¥´É ¢·¥³¥´¨, Éμ ¨Ì ±² ¸¸¨Î¥¸±¨¥ ³¨·μ¢Ò¥ É·Ê¡±¨
´¥ ¶¥·¥¸¥± ÕÉ¸Ö. Š ÔÉμ³Ê ¸²¥¤Ê¥É ¤μ¡ ¢¨ÉÓ, ÎÉμ ¶ · ³¥É·Ò σκ ¨ σ

κ
′ ¤²Ö ¶ ±¥Éμ¢ Éμ¦¤¥¸É¢¥´´ÒÌ

Î ¸É¨Í ´¥ Ö¢²ÖÕÉ¸Ö ËÊ´¤ ³¥´É ²Ó´Ò³¨ Ì · ±É¥·¨¸É¨± ³¨ ¸μμÉ¢¥É¸É¢ÊÕÐ¥£μ ±¢ ´Éμ¢μ£μ ¶μ²Ö ¨
³μ£ÊÉ, ¢μμ¡Ð¥ £μ¢μ·Ö, ´¥ ¸μ¢¶ ¤ ÉÓ ¤·Ê£ ¸ ¤·Ê£μ³.
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²¨ÏÓ, ÎÉμ μ´¨ ´¥ Ö¢²ÖÕÉ¸Ö ¢§ ¨³μ¨¸±²ÕÎ ÕÐ¨³¨. �¥· ¢¥´¸É¢  (221) ¤μ²¦´Ò
¡ÒÉÓ ¸μ£² ¸μ¢ ´Ò ¸ Ê¸²μ¢¨Ö³¨ ´¥· ¸¶²Ò¢ ´¨Ö ¶ ±¥Éμ¢, É. ¥. ¸ (216) ¨ ¸  ´ -
²μ£¨Î´Ò³¨ ´¥· ¢¥´¸É¢ ³¨ ¤²Ö ¶·μ¸É· ´¸É¢¥´´ÒÌ ±μμ·¤¨´ É∣∣X(κ)

s,d − x(κ)
κ

∣∣2 � m2
κ
/σ4

κ
. (222)

…¸²¨ (± ± ¶·¥¤¶μ² £ ¥É¸Ö)
∣∣n∗ × (x∗

κ
− x∗

κ
′)
∣∣2 � 1/σ2

κ
+ 1/σ2

κ
′ ¤²Ö ± ¦¤μ°

¶ ·Ò κ, κ′ ¨§ S ¨²¨ D, Éμ ¢ ¸. Í. ¨. ²Õ¡μ° É ±μ° ¶ ·Ò ¶·¨Í¥²Ó´ Ö ÉμÎ±  X∗
s,d

· ¸¶μ²μ¦¥´  ³¥¦¤Ê ¶ ±¥É ³¨ κ ¨ κ′ ´  ´¥¡μ²ÓÏμ³ · ¸¸ÉμÖ´¨¨ μÉ ¨Ì ³¨·μ¢ÒÌ
É·Ê¡μ±∗. �μÔÉμ³Ê ¸ ÊÎ¥Éμ³ (217) ¨³¥¥³∣∣x∗

κ
− x∗

κ
′

∣∣ = ∣∣(x∗
κ
− X∗

s,d) + (X∗
s,d − x∗

κ
′)
∣∣ � ∣∣x∗

κ
− X∗

s,d

∣∣+ ∣∣x∗
κ

′ − X∗
s,d

∣∣ =
= Γ∗

κ

√[
x(κ)

κ − X(κ)
s,d + v∗

κ
(x0(κ)

κ − X
0(κ)
s,d )
]2 − [v∗

κ
× (x(κ)

κ − X(κ)
s,d )
]2+

+Γ∗
κ

′

√[
x(κ′)

κ
′ − X(κ′)

s,d + v∗
κ

′(x
0(κ′)
κ

′ − X
0(κ′)
s,d )
]2 − [v∗

κ
′ × (x(κ′)

κ
′ − X(κ′)

s,d )
]2

,

£¤¥ v∗
κ

= p∗
κ
/E∗

κ
¨ v∗

κ
′ = p∗

κ
′/E∗

κ
′ Å ¸±μ·μ¸É¨ ¶ ±¥Éμ¢ κ ¨ κ′ ¢ ¸. Í. ¨.

�μ¸±μ²Ó±Ê, ± ± ¸²¥¤Ê¥É ¨§ ¶·¥μ¡· §μ¢ ´¨° ‹μ·¥´Í , v∗
κ
× (x∗

κ
− X∗

s,d) =

v∗
κ
× (x(κ)

κ − X(κ)
s,d ) (¨  ´ ²μ£¨Î´μ ¤²Ö κ

′), Éμ ¸¶· ¢¥¤²¨¢μ ¶·¨¡²¨¦¥´´μ¥
´¥· ¢¥´¸É¢μ∣∣x∗

κ
− x∗

κ
′

∣∣ � Γ∗
κ
(
∣∣x(κ)

κ
− X(κ)

s,d

∣∣+ ∣∣v∗
κ

∣∣∣∣x0(κ)
κ

− X
0(κ)
s,d

∣∣)+
+ Γ∗

κ
′(
∣∣x(κ′)

κ
′ − X(κ′)

s,d

∣∣+ ∣∣v∗
κ

′

∣∣∣∣x0(κ′)
κ

′ − X
0(κ′)
s,d

∣∣),
¢ ±μÉμ·μ³ ¶·¨´ÖÉÒ ¢μ ¢´¨³ ´¨¥ ¢§ ¨³´Ò¥ μ·¨¥´É Í¨¨ ¶·μ¸É· ´¸É¢¥´´ÒÌ ¢¥±-
Éμ·μ¢ ¨ ¸±μ·μ¸É¥° ¢ · §´ÒÌ ¸¨¸É¥³ Ì μÉ¸Î¥É . ’ ±¨³ μ¡· §μ³, ÊÎ¨ÉÒ¢ Ö Ê¸²μ-
¢¨Ö (216) ¨ (222), ³μ¦´μ ÊÉ¢¥·¦¤ ÉÓ, ÎÉμ ¶·¨ ²Õ¡ÒÌ ¸±μ·μ¸ÉÖÌ v∗

κ,κ′

∣∣x∗
κ
− x∗

κ
′

∣∣2 � 4
(

E∗
κ

σ2
κ

+
E∗

κ
′

σ2
κ

′

)2

. (223)

‘· ¢´¨¢ Ö (223) c (221), § ±²ÕÎ ¥³, ÎÉμ Ê¸²μ¢¨Ö ¶·¨³¥´¨³μ¸É¨ ¶·¨¡²¨¦¥´¨Ö
‘�ƒ� (216) ¨ (222) ´¥ ¶·μÉ¨¢μ·¥Î É É·¥¡μ¢ ´¨Õ ¶·μ¸É· ´¸É¢¥´´μ° · §¤¥²¥´-
´μ¸É¨ ¶ ±¥Éμ¢, É. ¥. ´¨± ±¨Ì ¤μ¶μ²´¨É¥²Ó´ÒÌ μ£· ´¨Î¥´¨° ´  ¶ · ³¥É·Ò σκ,κ′

´¥ ¢μ§´¨± ¥É.
�·μ¨²²Õ¸É·¨·Ê¥³ Ê¸²μ¢¨¥ (221) ´  ¶·μ¸É¥°Ï¥³, ´μ ¢ ¦´μ³ ¤²Ö μ¸Í¨²-

²ÖÍ¨μ´´ÒÌ Ô±¸¶¥·¨³¥´Éμ¢ ¶·¨³¥·¥, ±μ£¤  ¸μ¸ÉμÖ´¨Ö Is ¨ Fs ¸μ¤¥·¦ É ²¨ÏÓ

∗’μÎ´¥¥ £μ¢μ·Ö, · ¸¸ÉμÖ´¨¥ μÉ X∗
s,d ¤μ ±² ¸¸¨Î¥¸±¨Ì É· ¥±Éμ·¨° Í¥´É·μ¢ ¶ ±¥Éμ¢ κ ¨ κ′

¢ ¸. Í. ¨. ³´μ£μ ³¥´ÓÏ¥ · ¸¸ÉμÖ´¨Ö ³¥¦¤Ê ÔÉ¨³¨ Í¥´É· ³¨.
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¶μ μ¤´μ³Ê ¶ ±¥ÉÊ. „²Ö μ¶·¥¤¥²¥´´μ¸É¨ · ¸¸³μÉ·¨³ ¤¢ÊÌÎ ¸É¨Î´Ò° · ¸¶ ¤
π → μν ¢ ¨¸ÉμÎ´¨±¥ (¸³. ·¨¸. 7) ¨ § ¶¨Ï¥³ ¸μμÉ¢¥É¸É¢ÊÕÐ¨° ÔÉμ³Ê ¶·μÍ¥¸¸Ê
¤¢ÊÌ¶ ±¥É´Ò° ¨´É¥£· ²∗

Vπμ =
∫

dx |ψπ(pπ , xπ − x)||ψμ(pμ, xμ − x)|

¢ ¸. Í. ¨. ¶¨μ´  ¨ ³Õμ´  (p∗
π = −p∗

μ ≡ p∗). �μ¸²¥ § ³¥´Ò ¶¥·¥³¥´´μ°

¨´É¥£·¨·μ¢ ´¨Ö x �−→ x + (x∗
π + x∗

μ)/2 ¨³¥¥³

Vπμ =
∫

dx

∣∣∣∣ψπ

(
p∗, x +

x∗
μ − x∗

π

2

)
ψμ

(
−p∗, x +

x∗
π − x∗

μ

2

)∣∣∣∣ .
� ¸Î¥É ÔÉμ£μ ¨´É¥£· ²  ¢ ³μ¤¥²¨ ‘�ƒ� ¸¢μ¤¨É¸Ö ¢ ¶μ¸²¥¤μ¢ É¥²Ó´μ³Ê ¢ÒÎ¨-
¸²¥´¨Õ Î¥ÉÒ·¥Ì ¸É ´¤ ·É´ÒÌ £ Ê¸¸μ¢ÒÌ ±¢ ¤· ÉÊ·, ±μÉμ·μ¥ ¢ ·¥§Ê²ÓÉ É¥ ¤ ¥É

Vπμ =
π2mπmμ

σπσμ(σ2
π + σ2

μ)(E∗
π + E∗

μ)|p∗|
exp

(
−

σ2
πσ2

μ

σ2
π + σ2

μ

|b∗
πμ|2
)

, (224)

£¤¥ E∗
π =
√

p2
∗ + m2

π ¨ E∗
μ =
√

p2
∗ + m2

μ Å Ô´¥·£¨¨ ¶¨μ´  ¨ ³Õμ´ , n∗ =

p∗/|p∗| Å ¥¤¨´¨Î´Ò° ¢¥±Éμ·,  

|b∗
πμ| =

∣∣n∗ × (x∗
μ − x∗

π)
∣∣

Å ±² ¸¸¨Î¥¸±¨° ¶·¨Í¥²Ó´Ò° ¶ · ³¥É· ¢ ¸. Í. ¨. ¶¨μ´  ¨ ³Õμ´ . �μ¤¸É ¢¨¢
¢Ò· ¦¥´¨¥ (224) ¢ (208¡), ´ Ìμ¤¨³∗∗

Ss =
(

1
σ2

π

+
1
σ2

μ

)−1

|b∗
πμ|2. (225)

…¸²¨ ¢¥±Éμ·Ò n∗ ¨ x∗
μ −x∗

π ±μ²²¨´¥ ·´Ò, Éμ, ± ± ¢¨¤´μ ¨§ (225), Ss = 0 ¶·¨
²Õ¡μ³ · ¸¸ÉμÖ´¨¨ ³¥¦¤Ê Í¥´É· ³¨ ¢μ²´μ¢ÒÌ ¶ ±¥Éμ¢ ¶¨μ´  ¨ ³Õμ´ . …¸²¨
ÔÉμ · ¸¸ÉμÖ´¨¥ ¤μ¸É ÉμÎ´μ ¢¥²¨±μ, ´ ¶·¨³¥·, |x∗

μ −x∗
π |2 � 1/σ2

π + 1/σ2
μ (É ±

ÎÉμ Ê¸²μ¢¨¥ (221) § ¢¥¤μ³μ ¢Ò¶μ²´Ö¥É¸Ö), Éμ ËÊ´±Í¨Ö Ss ³ ²  ¶μ ¢¥²¨Î¨´¥

∗‡¤¥¸Ó ¨ ¤μ ±μ´Í  ¤ ´´μ£μ · §¤¥²  π ¨ μ Å ´¥ ²μ·¥´Í¥¢Ò ¨´¤¥±¸Ò,   ³¥É±¨ Î ¸É¨Í.
∗∗‘· ¢´¨¢ Ö (225) ¸ (213), ¶μ²ÊÎ ¥³ É ±¦¥ ¸¢Ö§Ó ¶·¨Í¥²Ó´ÒÌ ¶ · ³¥É·μ¢

|b∗
πμ|2 =

(
1 +

σ2
π

σ2
μ

)∣∣b(π)
π

∣∣2 +

(
1 +

σ2
μ

σ2
π

) ∣∣b(μ)
μ

∣∣2,

¨§ ±μÉμ·μ° ¸²¥¤Ê¥É, ¢ Î ¸É´μ¸É¨, ÎÉμ
∣∣b(π)

π

∣∣ = ∣∣b(μ)
μ

∣∣ = 0 ¶·¨ |b∗
πμ| = 0.
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²¨ÏÓ ¶·¨ ¤μ¸É ÉμÎ´μ ³ ²ÒÌ Ê£² Ì α∗ ³¥¦¤Ê ¢¥±Éμ· ³¨ n∗ ¨ x∗
μ−x∗

π,   ¨³¥´´μ
¶·¨ α2

∗ � ρ−2
∗ , £¤¥

ρ∗ =
(

1
σ2

π

+
1
σ2

μ

)−1/2

|x∗
μ − x∗

π |;

¸ ·μ¸Éμ³ α∗ ËÊ´±Í¨Ö Ss ¡Ò¸É·μ ¢μ§· ¸É ¥É,   Ë ±Éμ· exp (−Ss) Ê³¥´ÓÏ ¥É¸Ö,

ÎÉμ ¨¸±²ÕÎ ¥É ¢μ§³μ¦´μ¸ÉÓ πμ2-· ¸¶ ¤  ¸ α2
∗ � ρ−2

∗ . ‡ ¢¨¸¨³μ¸ÉÓ exp (−Ss)
μÉ ρ∗ ¨ α∗ ¶μ± § ´  ´  ·¨¸. 14 ¤²Ö ¨´É¥·¢ ²μ¢ 102 � ρ∗ � 104 ¨ |α∗| � 10−4.

�¨¸. 14. ƒ¥μ³¥É·¨Î¥¸±¨° Ë ±Éμ· ¶μ¤ ¢²¥´¨Ö
exp (−Ss) ¤²Ö ¤¢ÊÌÎ ¸É¨Î´μ£μ · ¸¶ ¤  ¢ § ¢¨-
¸¨³μ¸É¨ μÉ ρ∗ ¨ α∗

‚ Ô±¸¶¥·¨³¥´É¥ ³Ò ¢¸¥£¤  ¢¨-
¤¨³, ÎÉμ ·μ¦¤¥´´Ò° ¢ πμ2-
· ¸¶ ¤¥ ³Õμ´ ¢Ò²¥É ¥É ¨§ Éμ°
¸ ³μ° ÉμÎ±¨ (ÉμÎ´¥¥, ¶·μ¸É· ´-
¸É¢¥´´μ° μ¡² ¸É¨, μ£· ´¨Î¥´´μ°
· §·¥Ï¥´¨¥³ ¶·¨¡μ· ), ¢ ±μÉμ-
·μ° ¨¸Î¥§ ¶¨μ´. ‚ ¸. Í. ¨. ¶¨-
μ´  ¨ ³Õμ´  ÔÉμ ± ± · § ¨ μ§´ -
Î ¥É, ÎÉμ ¶·¨Í¥²Ó´Ò° ¶ · ³¥É·
|b∗

πμ| ≈ α∗ρ∗ · ¢¥´ ´Ê²Õ ¨²¨
μÎ¥´Ó ³ ². ’¥³ ¸ ³Ò³ ³Ò ¶μ²Ê-
Î ¥³ μ¡ÑÖ¸´¥´¨¥ ®μÎ¥¢¨¤´μ£μ¯
Ô±¸¶¥·¨³¥´É ²Ó´μ£μ Ë ±É , ´¥-
μ¡ÑÖ¸´¨³μ£μ ¢ · ³± Ì É¥μ·¨¨ ¸
¶²μ¸±¨³¨ ¢μ²´ ³¨∗.

�μ´ÖÉ´μ, ÎÉμ Ê¸²μ¢¨Ö É¨-
¶  (217) ¨ (221) ´¥ ³μ£ÊÉ ¡ÒÉÓ
¤ ¦¥ ¸Ëμ·³Ê²¨·μ¢ ´Ò ¤²Ö μ¤´μ-
Î ¸É¨Î´ÒÌ Ëμ±μ¢¸±¨Ì ¸μ¸ÉμÖ´¨° ¸É ´¤ ·É´μ° É¥μ·¨¨ ¢μ§³ÊÐ¥´¨° Š’�, ¨¸-
¶μ²Ó§ÊÕÐ¥° ¤μ¢μ²Ó´μ ¡¥¸¸μ¤¥·¦ É¥²Ó´μ¥ Ê¸²μ¢¨¥  ¸¨³¶ÉμÉ¨Î¥¸±μ° ¸¢μ¡μ¤Ò
®´  ¡¥¸±μ´¥Î´μ¸É¨¯. ’ ±μ¥ Ê¸²μ¢¨¥ ´¥¶·¨³¥´¨³μ, ¢ Î ¸É´μ¸É¨, ± ´¥¸É ¡¨²Ó-
´Ò³ Î ¸É¨Í ³, ±μÉμ·Ò¥ Ö¢²ÖÕÉ¸Ö μ¸´μ¢´Ò³ ¨¸ÉμÎ´¨±μ³ ( ´É¨)´¥°É·¨´μ ¢μ
³´μ£¨Ì Ô±¸¶¥·¨³¥´É Ì ¶μ ¨¸¸²¥¤μ¢ ´¨Õ ´¥°É·¨´´ÒÌ μ¸Í¨²²ÖÍ¨°.

‚ ¢ÒÏ¥¨§²μ¦¥´´μ³  ´ ²¨§¥ ³Ò ¶·¥´¥¡·¥£ ²¨ · §³¥· ³¨ μ¡² ¸É¨ ¢§ ¨³μ-
¤¥°¸É¢¨Ö rI ¢ ¢¥·Ï¨´ Ì, ÎÉμ ¤μ¶Ê¸É¨³μ, ¥¸²¨ ÔËË¥±É¨¢´Ò¥ · §³¥·Ò ¢μ²´μ¢ÒÌ
¶ ±¥Éμ¢ ¸ÊÐ¥¸É¢¥´´μ ¶·¥¢ÒÏ ÕÉ rI . �Éμ É·¥¡μ¢ ´¨¥ § ¢¥¤μ³μ ¢Ò¶μ²´Ö¥É¸Ö,
±μ£¤  ·¥ÎÓ ¨¤¥É μ ¸² ¡ÒÌ ¨ ¸¨²Ó´ÒÌ ¢§ ³μ¤¥°¸É¢¨ÖÌ. �·¨ ÊÎ¥É¥ Ô²¥±É·μ-
³ £´¨É´ÒÌ ¢§ ¨³μ¤¥°¸É¢¨° ¶·¥¤¸É ¢²¥´´Ò° §¤¥¸Ó  ´ ²¨§ (± ± ¨ ¸É ´¤ ·É´Ò°
¶μ¤Ìμ¤ Š’�) ´¥ Ö¢²Ö¥É¸Ö, ¢¥·μÖÉ´μ, ¨¸Î¥·¶Ò¢ ÕÐ¨³ ¨ Éμ£¤  ¸Ëμ·³Ê²¨·μ¢ ´-
´Ò¥ §¤¥¸Ó Ê¸²μ¢¨Ö ³μ£ÊÉ ¡ÒÉÓ ´¥¤μ¸É ÉμÎ´Ò³¨.

∗ŒÒ μ¸É ¢²Ö¥³ μÉ±·ÒÉÒ³ ¢μ¶·μ¸ μ ¢μ§³μ¦´μ¸É¨ Ô±¸¶¥·¨³¥´É ²Ó´μ£μ ¨§³¥·¥´¨Ö ¶·¨Í¥²Ó-
´μ£μ ¶ · ³¥É·  |b∗

πμ|, ±μÉμ·μ¥ ¶μ§¢μ²¨²μ ¡Ò ¶·μ¢¥·¨ÉÓ ¢ÒÏ¥¨§²μ¦¥´´Ò¥ ¶μ¸É·μ¥´¨Ö.
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6.10. ” §μ¢Ò¥ Ë ±Éμ·Ò. ˆ´É¥£· ²Ò ¶¥·¥±·ÒÉ¨Ö (199) ´¥ Ö¢²ÖÕÉ¸Ö
É· ´¸²ÖÍ¨μ´´μ-¨´¢ ·¨ ´É´Ò³¨ ¨§-§  ´ ²¨Î¨Ö Ë §μ¢ÒÌ Ë ±Éμ·μ¢
exp [±i(q∓qs,d)Xs,d]. ‡ ³¥É¨³, μ¤´ ±μ, ÎÉμ q-§ ¢¨¸¨³Ò° ³´μ¦¨É¥²Ó ¢ ¶·μ-

¨§¢¥¤¥´¨¨ Vs(q)Vd(q) ¶·μ¶μ·Í¨μ´ ²¥´ É· ´¸²ÖÍ¨μ´´μ-¨´¢ ·¨ ´É´μ³Ê Ë §μ-
¢μ³Ê Ë ±Éμ·Ê

exp [iq(Xs − Xd)]. (226)

‚ ·¥§Ê²ÓÉ É¥ (¸³. ¸²¥¤ÊÕÐ¨° ¶Ê´±É) ±¢ ¤· É ³μ¤Ê²Ö  ³¶²¨ÉÊ¤Ò μ± §Ò¢ ¥É¸Ö
É· ´¸²ÖÍ¨μ´´μ-¨´¢ ·¨ ´É´Ò³. Š ± ¶μ± § ´μ ¢ [58], ¨³¥´´μ Ë ±Éμ· (226) μÉ-
¢¥É¸É¢¥´ §  μ¸Í¨²²ÖÍ¨μ´´μ¥ ¶μ¢¥¤¥´¨¥ ±¢ ¤·¨·μ¢ ´´μ°  ³¶²¨ÉÊ¤Ò (± ± ËÊ´±-
Í¨¨ Xs −Xd) ¶·¨ Ê¸²μ¢¨¨, ÎÉμ ¶·¨Í¥²Ó´Ò¥ ÉμÎ±¨ Xs ¨ Xd ³ ±·μ¸±μ¶¨Î¥¸±¨
· §¤¥²¥´Ò.

6.11. �¡Ñ¥³Ò ¶¥·¥±·ÒÉ¨Ö. �·¨  ´ ²¨§¥ ¨§³¥·Ö¥³ÒÌ Ì · ±É¥·¨¸É¨± (É -
±¨Ì ± ± ¸±μ·μ¸ÉÓ ¸Î¥É  ´¥°É·¨´´ÒÌ ¸μ¡ÒÉ¨° ¢ Ê¸É ´μ¢±¥) ¶μ²¥§´μ ¨¸¶μ²Ó§μ-
¢ ÉÓ ¶·¥¤¸É ¢²¥´¨¥ ¤²Ö ¢¥²¨Î¨´ |Vs(q)|2 ¨ |Vd(q)|2, ´¥¸±μ²Ó±μ μÉ²¨Î ÕÐ¥¥¸Ö
μÉ Éμ£μ, ±μÉμ·μ¥ ³μ¦¥É ¡ÒÉÓ ¶μ²ÊÎ¥´μ ¢ ·¥§Ê²ÓÉ É¥ ´¥¶μ¸·¥¤¸É¢¥´´μ£μ ¶·¨³¥-
´¥´¨Ö Ëμ·³Ê²Ò (199). “¤μ¡´¥¥ ¢μ§¢· É¨ÉÓ¸Ö ± μ¶·¥¤¥²¥´¨Õ (196) ¨ § ¶¨¸ ÉÓ
|Vs,d(q)|2 ¢ ¸²¥¤ÊÕÐ¥³ ¢¨¤¥:

|Vs,d(q)|2 =
∫

dx

∫
dy exp [i(qs,d ± q)(x − y) − Υs,d(x) − Υs,d(y)].

�μ¸²¥ § ³¥´Ò ¶¥·¥³¥´´ÒÌ ¨´É¥£·¨·μ¢ ´¨Ö x = x′ + y′/2 ¨ y = x′ − y′/2
(¸ ¥¤¨´¨Î´Ò³ Ö±μ¡¨ ´μ³) ¶μ¸²¥¤´¨° ¨´É¥£· ² ³μ¦´μ ¶¥·¥¶¨¸ ÉÓ ± ±

|Vs,d(q)|2 =
∫

dy′ exp
[
i(qs,d ± q)y′ − 1

2
R

μν
s,d y′

μy′
ν

] ∫
dx′ exp [−2Υs,d(x′)].

(227)
‚¢μ¤Ö μ¡μ§´ Î¥´¨Ö

δs,d(K) =
∫

dx

(2π)4
exp
(

iKx − 1
2
R

μν
s,dxμxν

)
=

exp
(
−1

2
R̃

μν
s,dKμKν

)
(2π)2
√

|Rs,d|
,

(228)

Vs,d =
∫

dx
∏

κ∈S,D

∣∣ψκ(pκ , xκ − x)
∣∣2 =

π2 exp (−2Ss,d)
4
√
|Rs,d|

, (229)

¶·¥¤¸É ¢¨³ (227) ¢ ¸²¥¤ÊÕÐ¥° ±μ³¶ ±É´μ° Ëμ·³¥:

|Vs,d(q)|2 = (2π)4δs,d(q ∓ qs,d)Vs,d. (230)

”Ê´±Í¨¨ δs(K) ¨ δd(K), ±μ´¥Î´μ, ´¥ ¸μ¢¶ ¤ ÕÉ ¸ ¨¸¶μ²Ó§μ¢ ¢Ï¨³¨¸Ö · ´¥¥

ËÊ´±Í¨Ö³¨ δ̃s(K) ¨ δ̃d(K), ´μ ¨³¥ÕÉ ÉμÉ ¦¥ ¸ ³Ò° ¶²μ¸±μ¢μ²´μ¢μ° ¶·¥¤¥²
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(É. ¥. ¢ ÔÉμ³ ¶·¥¤¥²¥ δs,d(K) = δ̃s,d(K) = δ(K)) ¨ ¶μ¤μ¡´Ò¥ ¦¥ ¸¢μ°¸É¢ .
”¨§¨Î¥¸±¨° ¸³Ò¸² ¨ ¸¢μ°¸É¢  ¸¨³³¥É·¨¨ ËÊ´±Í¨° (229) μÎ¥¢¨¤´Ò ¨§ ¶·¥-
¤Ò¤ÊÐ¥£μ · ¸¸³μÉ·¥´¨Ö,   ¨Ì ¨´É¥£· ²Ó´μ¥ ¶·¥¤¸É ¢²¥´¨¥ ¶μ¤¸± §Ò¢ ¥É, ÎÉμ

¢¥²¨Î¨´Ò Vs ¨ Vd ³μ¦´μ É· ±Éμ¢ ÉÓ ± ± 4-³¥·´Ò¥ μ¡Ñ¥³Ò ¶¥·¥±·ÒÉ¨Ö in- ¨
out-¶ ±¥Éμ¢ ¢ ¨¸ÉμÎ´¨±¥ ¨ ¤¥É¥±Éμ·¥. ˆ§ Ö¢´μ£μ ¢¨¤  ÔÉ¨Ì ËÊ´±Í¨° ¸²¥¤Ê¥É,

ÎÉμ μ´¨ ¶·¨´¨³ ÕÉ ³ ±¸¨³ ²Ó´Ò¥ §´ Î¥´¨Ö, V 0
s,d = π2/(4

√
|Rs,d|), ±μ£¤ 

±² ¸¸¨Î¥¸±¨¥ ³¨·μ¢Ò¥ ²¨´¨¨ ¶ ±¥Éμ¢ ¶¥·¥¸¥± ÕÉ¸Ö ¢ ¶·¨Í¥²Ó´ÒÌ ÉμÎ± Ì.

7. �Œ�‹ˆ’“„� ���–…‘‘�
‘ ��†„…�ˆ…Œ ‡��Ÿ†…��›• ‹…�’���‚

‚ ˆ‘’�—�ˆŠ… ˆ „…’…Š’��… ˆ ‚ˆ�’“�‹œ�›Œ �…‰’�ˆ��

‚ ± Î¥¸É¢¥ ¶· ±É¨Î¥¸±¨ ¢ ¦´μ£μ ¶·¨²μ¦¥´¨Ö Ëμ·³ ²¨§³  · ¸¸³μÉ·¨³
±² ¸¸ ¶·μÍ¥¸¸μ¢∗

Is ⊕ Id → F ′
s + �+

α ⊕ F ′
d + �−β , (231)

¨¤ÊÐ¨Ì §  ¸Î¥É ¸² ¡μ£μ § ·Ö¦¥´´μ£μ Éμ± . ‡¤¥¸Ó Is, Id, F ′
s ¨ F ′

d μ¡μ§´ -
Î ÕÉ ¸μ¢μ±Ê¶´μ¸É¨  ¸¨³¶ÉμÉ¨Î¥¸±¨ ¸¢μ¡μ¤´ÒÌ ‚�, μ¶¨¸Ò¢ ÕÐ¨Ì ¸μ¸ÉμÖ´¨Ö
 ¤·μ´μ¢,   �+

α ¨ �−β Å ¶ ±¥ÉÒ § ·Ö¦¥´´ÒÌ ²¥¶Éμ´μ¢ (α, β = e, μ, τ ). …¸²¨
α 	= β, Éμ ¶·μÍ¥¸¸ (231) ¨¤¥É ¸ ´ ·ÊÏ¥´¨¥³ ²¥¶Éμ´´ÒÌ Î¨¸¥² Lα ¨ Lβ ,
ÎÉμ ¢μ§³μ¦´μ Éμ²Ó±μ §  ¸Î¥É μ¡³¥´  ³ ¸¸¨¢´Ò³¨ (¤¨· ±μ¢¸±¨³¨ ¨²¨ ³ °μ-
· ´μ¢¸±¨³¨) ´¥°É·¨´μ. ‚ £² ¢´μ³ ´¥¨¸Î¥§ ÕÐ¥³ ¶μ·Ö¤±¥ ¶μ Ô²¥±É·μ¸² ¡μ³Ê
¢§ ¨³μ¤¥°¸É¢¨Õ ¶·μÍ¥¸¸ (231) μ¶¨¸Ò¢ ¥É¸Ö ¸Ê³³μ° ¤¨ £· ³³, ¶μ± § ´´ÒÌ
´  ·¨¸. 15. �Ê¸ÉÓ Xs ¨ Xd Å ¶·¨Í¥²Ó´Ò¥ ÉμÎ±¨, μ¶·¥¤¥²Ö¥³Ò¥ Ëμ·³Ê-
²μ° (201) (¢ ±μÉμ·μ° Fs = F ′

s + �+
α ¨ Fd = F ′

d + �−β ). �·¥¤¶μ² £ ¥É¸Ö, ÎÉμ μ´¨
(  §´ Î¨É, ¨ ÔËË¥±É¨¢´Ò¥ μ¡² ¸É¨ ¢§ ¨³μ¤¥°¸É¢¨Ö ¢ ¨¸ÉμÎ´¨±¥ ¨ ¤¥É¥±Éμ·¥,
Ê¸²μ¢´μ μÉ³¥Î¥´´Ò¥ ´  ·¨¸. 15 ÏÉ·¨Ìμ¢Ò³¨ ±·¨¢Ò³¨) ³ ±·μ¸±μ¶¨Î¥¸±¨ · §-
¤¥²¥´Ò ¢ ¶·μ¸É· ´¸É¢¥-¢·¥³¥´¨ ¨ ÎÉμ ¢Ò¶μ²´¥´Ò ¢¸¥  ¸¨³¶ÉμÉ¨Î¥¸±¨¥ Ê¸²μ-
¢¨Ö, μ¡¸Ê¦¤ ¢Ï¨¥¸Ö ¢ ¶. 6.9. ’μ£¤  ´ Î ²Ó´Ò¥ ¨ ±μ´¥Î´Ò¥ ¸μ¸ÉμÖ´¨Ö ³μ¦´μ
¸Î¨É ÉÓ ¶·Ö³Ò³¨ ¶·μ¨§¢¥¤¥´¨Ö³¨ ¸¢μ¡μ¤´ÒÌ μ¤´μ¶ ±¥É´ÒÌ ¸μ¸ÉμÖ´¨° ¨ ¨¸-
¶μ²Ó§μ¢ ÉÓ ´μ·³¨·μ¢±Ê (188).

‚ · ³± Ì ‘Œ (³¨´¨³ ²Ó´μ · ¸Ï¨·¥´´μ° ¤μ¡ ¢²¥´¨¥³ ³ ¸¸μ¢μ° ³ É·¨ÍÒ
´¥°É·¨´μ) ±¢ ·±-²¥¶Éμ´´Ò¥ ¡²μ±¨ ¤¨ £· ³³Ò ¢ ´¨§Ï¥³ ´¥¨¸Î¥§ ÕÐ¥³ ¶μ-
·Ö¤±¥ μ¶¨¸Ò¢ ÕÉ¸Ö ² £· ´¦¨ ´μ³

LW (x) = − g

2
√

2
[j	(x)W (x) + jq(x)W (x) + Ô. ¸.],

∗�É³¥É¨³, ÎÉμ ¶·¨³¥·Ò, ¶μ± § ´´Ò¥ ´  ·¨¸. 8 ¨ 10 (¶. 6.2), ± ÔÉμ³Ê ±² ¸¸Ê ´¥ μÉ´μ¸ÖÉ¸Ö, ´μ
É¥Ì´¨±  · ¸Î¥É  ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì  ³¶²¨ÉÊ¤ ´¥ É·¥¡Ê¥É ¸ÊÐ¥¸É¢¥´´ÒÌ ¨§³¥´¥´¨° ¶μ ¸· ¢´¥´¨Õ
¸ · §¢¨¢ ¥³μ° ´¨¦¥.
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�¨¸. 15. Œ ±·μ¸±μ¶¨Î¥¸± Ö ¤¨ £· ³³ , μ¶¨¸Ò¢ ÕÐ Ö ¶·μÍ¥¸¸ (231)

¢ ±μÉμ·μ³ g Å SU(2) ±μ´¸É ´É  ¸¢Ö§¨; j	 ¨ jq Å ²¥¶Éμ´´Ò° ¨ ±¢ ·±μ¢Ò°
§ ·Ö¦¥´´Ò¥ Éμ±¨,

jμ
	 (x) =

∑
αi

V ∗
αiνi(x)Oμ�α(x),

jμ
q (x) =

∑
qq′

V
′∗
qq′q(x)Oμq′(x);

Vαi (α = e, μ, τ , i = 1, 2, 3) ¨ Vqq′ (q = u, c, t, q′ = d, s, b) Å Ô²¥³¥´ÉÒ
³ É·¨Í ¸³¥Ï¨¢ ´¨Ö ´¥°É·¨´μ ¨ ±¢ ·±μ¢ (V = VPMNS ¨ V′ = VCKM) ¸μμÉ-
¢¥É¸É¢¥´´μ; Oμ = γμ(1 − γ5); �α,β(x) Å ¶μ²Ö § ·Ö¦¥´´ÒÌ ²¥¶Éμ´μ¢,   ¤²Ö
μ¸É ²Ó´ÒÌ ¶μ²¥° ¨ γ-³ É·¨Í „¨· ±  ¨¸¶μ²Ó§μ¢ ´Ò ¸É ´¤ ·É´Ò¥ μ¡μ§´ Î¥´¨Ö.
�¤·μ´´Ò¥ ¡²μ±¨ (§ ±· Ï¥´´Ò¥ μ¡² ¸É¨ ´  ¤¨ £· ³³¥ ·¨¸. 15), ±μÉμ·Ò¥ ´¥
³μ£ÊÉ ¡ÒÉÓ · ¸¸Î¨É ´Ò ¶μ É¥μ·¨¨ ¢μ§³ÊÐ¥´¨°, ¡Ê¤ÊÉ μ¶¨¸Ò¢ ÉÓ¸Ö Ë¥´μ³¥-
´μ²μ£¨Î¥¸±¨³¨  ¤·μ´´Ò³¨ Éμ± ³¨. �μ·³¨·μ¢ ´´ Ö ¡¥§· §³¥·´ Ö  ³¶²¨ÉÊ¤ 
¶·μÍ¥¸¸  (231)

〈out|S|in〉(〈in|in〉〈out|out〉)−1/2 def= Aβα
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¤ ¥É¸Ö Î¥É¢¥·ÉÒ³ ¶μ·Ö¤±μ³ É¥μ·¨¨ ¢μ§³ÊÐ¥´¨° ¶μ ±μ´¸É ´É¥ g:

Aβα =
1
N

(
−ig

2
√

2

)4

×

× 〈Fs ⊕ Fd|T
∫

dx dx′ dy dy′ : j	(x)W (x) :: jq(x′)W †(x′) : ×

× : j†	 (y)W †(y) :: j†q(y′)W (y′) : Sh|Is ⊕ Id〉.

‡¤¥¸Ó

Sh = T exp
[
i

∫
dzLh(z)

]
,

  Lh(z) Å ² £· ´¦¨ ´ ¸¨²Ó´ÒÌ ¨ Ô²¥±É·μ³ £´¨É´ÒÌ ¢§ ¨³μ¤¥°¸É¢¨° ‘Œ,
μÉ¢¥É¸É¢¥´´Ò° §  ´¥¶¥·ÉÊ·¡ É¨¢´Ò¥ ¶·μÍ¥¸¸Ò Ë· £³¥´É Í¨¨ ¨  ¤·μ´¨§ Í¨¨;
T ¨ : . . . : Å μ¡ÒÎ´Ò¥ ¸¨³¢μ²Ò Ì·μ´μ²μ£¨Î¥¸±μ£μ ¨ ´μ·³ ²Ó´μ£μ Ê¶μ·Ö¤μ-
Î¥´¨Ö ²μ± ²Ó´ÒÌ μ¶¥· Éμ·μ¢. �μ·³¨·μ¢μÎ´Ò° ³´μ¦¨É¥²Ó N ¢ ¶·¨¡²¨¦¥´¨¨
‘�ƒ� μ¶·¥¤¥²Ö¥É¸Ö Ëμ·³Ê²μ°

N 2 = 〈in|in〉〈out|out〉 =
∏

κ∈Is⊕Id⊕Fs⊕Fd

2EκVκ . (232)

� ¸¸³μÉ·¨³  ¤·μ´´Ò° ³ É·¨Î´Ò° Ô²¥³¥´É

〈F ′
s ⊕ F ′

d|T [: jμ
q (x) :: j†νq (y) : Sh]|Is ⊕ Id〉 =

∫ [ ∏
a

dka φa(ka,pa) eikaxa

(2π)32Eka

]
×

×
∫ [ ∏

b

dkb φ∗
b (kb,pb) e−ikbxb

(2π)32Ekb

]
〈{kb}|T [: jμ

q (x) :: j†νq (y) : Sh]|{ka}〉.

(233)

‡¤¥¸Ó ³Ò ¢μ¸¶μ²Ó§μ¢ ²¨¸Ó μ¶·¥¤¥²¥´¨¥³ ‚�

|pκ , sκ, xκ〉κ =
∫

dkφκ(k,pκ) ei(k−pκ )xκ

(2π)32Ek
|k, sκ〉κ (234)

¨ ¢¢¥²¨ ¸μ±· Ð¥´´μ¥ μ¡μ§´ Î¥´¨¥ ¤²Ö ³´μ£μÎ ¸É¨Î´ÒÌ Ëμ±μ¢¸±¨Ì ¸μ¸ÉμÖ´¨°

| . . . ,ka, sa, . . . ; a∈Is ⊕ Id〉 = |{ka}〉, | . . . ,kb, sb, . . . ; b∈F ′
s ⊕ F ′

d〉 = |{kb}〉.

„²Ö ¸É ¡¨²Ó´ÒÌ μÉ´μ¸¨É¥²Ó´μ ¸¨²Ó´ÒÌ ¨ Ô²¥±É·μ³ £´¨É´ÒÌ ¢§ ¨³μ¤¥°¸É¢¨°
´ Î ²Ó´ÒÌ ¨ ±μ´¥Î´ÒÌ  ¤·μ´μ¢, · §´¥¸¥´´ÒÌ ´  ³ ±·μ¸±μ¶¨Î¥¸±μ¥ · ¸¸ÉμÖ-
´¨¥ ³¥¦¤Ê ¨¸ÉμÎ´¨±μ³ ¨ ¤¥É¥±Éμ·μ³, ³ É·¨Î´Ò° Ô²¥³¥´É (233) ³μ¦¥É ¡ÒÉÓ
¶·¨¢¥¤¥´ ± ¢¨¤Ê

〈F ′
s ⊕ F ′

d|T [: jμ
q (x) :: j†νq (y) : Sh]|Is ⊕ Id〉 =

= Π′(x, y; {pκ, xκ})J μ
s (Xs; {pa, pb})J ν∗

d (Xd; {pa, pb}), (235)
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£¤¥

Π′(x, y; {pκ, xκ}) =

=

[ ∏
a∈Is

e−ipaxaψa(pa, xa − x)

]⎡⎣ ∏
b∈F ′

s

eipbxbψ∗
b (pb, xb − x)

⎤⎦×
×
[ ∏

a∈Id

e−ipaxaψa(pa, xa − y)

]⎡⎣ ∏
b∈F ′

d

eipbxbψ∗
b (pb, xb − y)

⎤⎦ ,

  Js ¨ Jd Å ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ c-Î¨¸²μ¢Ò¥  ¤·μ´´Ò¥ Éμ±¨ ¢ ¨¸ÉμÎ´¨±¥ ¨
¤¥É¥±Éμ·¥. „μ± § É¥²Ó¸É¢μ ®Ë ±Éμ·¨§ Í¨μ´´μ° Ëμ·³Ê²Ò¯ (235) ¤ ´μ ¢ ¶·¨-
²μ¦¥´¨¨ 3. Ÿ¢´Ò° ¢¨¤  ¤·μ´´ÒÌ Éμ±μ¢ ¤²Ö ´ Ï¨Ì Í¥²¥° ´¥ ¶μÉ·¥¡Ê¥É¸Ö.

‚¢¥¤¥³ ¶·¨Î¨´´Ò¥ ËÊ´±Í¨¨ ƒ·¨´  ¤²Ö ´¥°É·¨´μ ¨ W -¡μ§μ´ :

Gj(x − y) = 〈T [νj(x)νj(y)]〉
0

=
∫

dq

(2π)4
Δj(q) e−iq(x−y),

GW
μν(x − y) = 〈T [Wμ(x)W †

ν (y)]〉
0

=
∫

dk

(2π)4
Δμν(k) e−ik(x−y).

(236)

‡¤¥¸Ó

Δj(q) =
i

q̂ − mj + i0
=

i(q̂ + mj)
q2 − m2

j + i0
(q̂ = qμγμ) (237)

¨

Δμν(k) = −i
gμν − kμkν/m2

W

k2 − m2
W + i0

(238)

Å £μ²Ò¥ ¶·μ¶ £ Éμ·Ò j-£μ ´¥°É·¨´μ (¸ ³ ¸¸μ° mj) ¨ W -¡μ§μ´  (¸ ³ ¸-
¸μ° mW ) ¸μμÉ¢¥É¸É¢¥´´μ, ¶·¨Î¥³ ¶μ¸²¥¤´¨° § ¶¨¸ ´ ¢ Ê´¨É ·´μ° ± ²¨¡·μ¢±¥.
’¥¶¥·Ó, ¶μ¸²¥ ¸É ´¤ ·É´ÒÌ ¶·¥μ¡· §μ¢ ´¨°, ¶·¨Ìμ¤¨³ ± ¸²¥¤ÊÕÐ¥³Ê ¢Ò· -
¦¥´¨Õ ¤²Ö  ³¶²¨ÉÊ¤Ò:

Aβα =
g4

64N
∑

j

V ∗
αjVβj

∫
dx dx′ dy dy′ Aj(x, x′, y, y′), (239)

¢ ±μÉμ·μ³

Aj(x, x′, y, y′) = J ν∗
d GW

νν′ (y−y′)u(pβ)Oν′
Gj(y′−x′)Oμ′

GW
μ′μ(x′−x) v(pα)×

× J μ
s ψ∗

α(pα, x′ − xα)ψ∗
β(pβ , y′ − xβ)Π′(x, y; {pκ, xκ});
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¸¶¨´μ¢Ò¥ ¨´¤¥±¸Ò ¨  ·£Ê³¥´ÉÒ ËÊ´±Í¨° Js ¨ Jd ´¥ ¢Ò¶¨¸ ´Ò ¤²Ö ±· É-

±μ¸É¨. ˆ´É¥£·¨·μ¢ ´¨¥ ËÊ´±Í¨¨ Aj(x, x′, y, y′) ¶μ ¶¥·¥³¥´´μ° y′ ¶·¨¢μ¤¨É
± Ë ±Éμ·Ê

Ij
νν′ =
∫

dy′ ψ∗
β(pβ , y′ − xβ)GW

νν′(y − y′)Gj(y′ − x′) =

=
∫

dp e−ipxβφ∗
β(p,pβ)

(2π)32Ep

∫
dk e−ikyΔνν′(k)

(2π)4

∫
dq eiqx′

Δj(q)
(2π)4

×

×
∫

dy′ ei(k−q+p)y′
=
∫

dp
(2π)32Ep

φ∗
β(p,pβ) e−ip(xβ−y)×

×
∫

dq

(2π)4
Δνν′(q − p)Δj(q) eiq(x′−y).

�μ²Ó§ÊÖ¸Ó μ¶·¥¤¥²¥´¨Ö³¨ (236) ¨ ´ Ï¨³ ¸É ´¤ ·É´Ò³ ¶·¨¡²¨¦¥´¨¥³, ³μ¦¥³
¶¥·¥¶¨¸ ÉÓ ÔÉμÉ ¨´É¥£· ² ¢ ¢¨¤¥

Ij
νν′ = ψ∗

β(pβ , y − xβ)
∫

dq

(2π)4
Δνν′(q − pβ)Δj(q) eiq(x′−y).

ˆ´É¥£·¨·μ¢ ´¨¥ ¶μ ¶¥·¥³¥´´μ° x′ ¶·μ¢μ¤¨É¸Ö ¸μ¢¥·Ï¥´´μ  ´ ²μ£¨Î´μ, ¶·¨-
¢μ¤Ö ± Ë ±Éμ·Ê

ψ∗
β(pβ , y−xβ)ψ∗

α(pα, x−xα)
∫

dq

(2π)4
Δνν′(q−pβ)Δj(q)Δμ′μ(q+pα) eiq(x−y)

¢ ¶μ¤Ò´É¥£· ²Ó´μ³ ¢Ò· ¦¥´¨¨ ¤²Ö  ³¶²¨ÉÊ¤Ò (239). ‘μ¡¨· Ö ¢¸¥ ³´μ¦¨-
É¥²¨, ÊÎ¨ÉÒ¢ Ö μ¶·¥¤¥²¥´¨¥ ¨´É¥£· ²μ¢ ¶¥·¥±·ÒÉ¨Ö (192) ¨ ¢¢μ¤Ö É¥´§μ·´ÊÕ
ËÊ´±Í¨Õ

G
j
νν′μ′μ({pκ , xκ}) =

∫
dq

(2π)4
Vd(q)Vs(q)Δνν′(q − pβ)Δj(q)Δμ′μ(q + pα),

(240)
¶·¨Ìμ¤¨³ ± ¸²¥¤ÊÕÐ¥³Ê ¢Ò· ¦¥´¨Õ ¤²Ö  ³¶²¨ÉÊ¤Ò (239):

Aβα =
g4

64N
∑

j

VβjJ ν∗
d u(pβ)Oν′

G
j
νν′μ′μ({pκ, xκ})Oμ′

v(pα)J μ
s V ∗

αj . (241)

7.1. �¸¨³¶ÉμÉ¨±   ³¶²¨ÉÊ¤Ò ¶·¨ ¡μ²ÓÏ¨Ì L. „²Ö ´ Ï¨Ì Í¥²¥° ¶·¥¤¸É -
¢²Ö¥É ¨´É¥·¥¸ ¨§ÊÎ¨ÉÓ  ¸¨³¶ÉμÉ¨Î¥¸±μ¥ ¶μ¢¥¤¥´¨¥ ËÊ´±Í¨¨ (240) ¶·¨ ¡μ²Ó-
Ïμ³ ¶·μ¸É· ´¸É¢¥´´μ³ · ¸¸ÉμÖ´¨¨ ³¥¦¤Ê ¶·¨Í¥²Ó´Ò³¨ ÉμÎ± ³¨ Xs ¨ Xd.
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�Éμ ³μ¦´μ ¸¤¥² ÉÓ ¸ ¶μ³μÐÓÕ É¥μ·¥³Ò ƒ·¨³Ê¸ Ä‘Éμ±¨´£¥·  (ƒ‘) [33], ±μ-
Éμ· Ö ÊÉ¢¥·¦¤ ¥É ¸²¥¤ÊÕÐ¥¥∗.

�Ê¸ÉÓ Φ(q) ∈ C3(R3) Å ËÊ´±Í¨Ö, Ê¡Ò¢ ÕÐ Ö ¢³¥¸É¥ ¸μ ¸¢μ¨³¨ ¶¥·¢μ°
¨ ¢Éμ·μ° ¶·μ¨§¢μ¤´Ò³¨ ´¥ ³¥¤²¥´´¥¥, Î¥³ |q|−2 ¶·¨ |q| → ∞, κ2 ∈ R,
l = L/L, L = |L| ¨

J(L, κ) =
∫

dq
(2π)3

Φ(q) e−iqL

q2 − κ2 − iε
. (243)

’μ£¤  ¢  ¸¨³¶ÉμÉ¨Î¥¸±μ³ ¶·¥¤¥²¥ L → ∞ ¶·¨ κ > 0

J(L, κ) =
eiκLΦ(−κl)

4πL

[
1 + O

(
1

L1/2

)]
, (244)

Éμ£¤  ± ± ¶·¨ κ2 < 0 ¨´É¥£· ² (243) Ê¡Ò¢ ¥É ± ± L−2.
�·¨´¨³ Ö ¢μ ¢´¨³ ´¨¥ μ¶·¥¤¥²¥´¨¥ (240) ¨ Ö¢´Ò° ¢¨¤ ¨´É¥£· ²μ¢ ¢ (199)

¨ ¶·μ¶ £ Éμ·  ´¥°É·¨´μ ¢ (237), ¢¨¤¨³, ÎÉμ ¢ ´ Ï¥³ ¸²ÊÎ ¥

L = Xd − Xs, T = X0
d − X0

s , κ2 = q2
0 − m2

j .

”Ê´±Í¨Ö, ¸μμÉ¢¥É¸É¢ÊÕÐ Ö Φ(q) ¢ É¥μ·¥³¥ ƒ‘, ¸ ÉμÎ´μ¸ÉÓÕ ¤μ ´¥¸ÊÐ¥¸É¢¥´-
´μ£μ (´¥ § ¢¨¸ÖÐ¥£μ μÉ q) ³´μ¦¨É¥²Ö ¨³¥¥É ¢¨¤∗∗

δ̃s(q − qs)δ̃d(q + qd)Δνν′(q − pβ)(q̂ + mj)Δμ′μ(q + pα). (245)

�¥·¢μ¥ É·¥¡μ¢ ´¨¥ É¥μ·¥³Ò ³μ¦¥É Ëμ·³ ²Ó´μ ´ ·ÊÏ ÉÓ¸Ö ¶μ²Õ¸ ³¨ £μ²ÒÌ
¡μ§μ´´ÒÌ ¶·μ¶ £ Éμ·μ¢ (238). —Éμ¡Ò ¨¸±²ÕÎ¨ÉÓ ÔÉÊ ¢μ§³μ¦´μ¸ÉÓ, ¡Ê¤¥³
¨¸¶μ²Ó§μ¢ ÉÓ ¢³¥¸Éμ (238) ¶¥·¥´μ·³¨·μ¢ ´´Ò° (¶μ²´Ò°) ¶·μ¶ £ Éμ·, Ê ±μÉμ-
·μ£μ ´¥É ¸¨´£Ê²Ö·´μ¸É¨ ¢ ·¥§μ´ ´¸´μ° μ¡² ¸É¨, ¤²Ö Î¥£μ ¤μ¸É ÉμÎ´μ ¸¤¥² ÉÓ
¢ §´ ³¥´ É¥²¥ (238) ¸É ´¤ ·É´ÊÕ § ³¥´Ê m2

W �−→ m2
W − imW ΓW , £¤¥ ΓW Å

¶μ²´ Ö Ï¨·¨´  W -¡μ§μ´ ∗∗∗.

∗‚ · ¡μÉ¥ [123] ¤μ± § ´μ, ÎÉμ ¶·¨ ´¥¸±μ²Ó±μ ¡μ²¥¥ ¦¥¸É±¨Ì Ê¸²μ¢¨ÖÌ, ´ ² £ ¥³ÒÌ ´ 
ËÊ´±Í¨Õ Φ(q),  ¸¨³¶ÉμÉ¨±  ¨´É¥£· ²  (243) ¨³¥¥É ¢¨¤

J(L,κ) =
eiκL

4πL

{
1 − i

L

[
(l∇q) +

κ

2
(l ×∇q)2

]
+O
(

1

L2

)}
Φ(q)

∣∣∣∣
q=−κl

. (242)

…¸²¨ ¦¥ Φ(q) ∈ S(R3) (ÎÉμ ¨³¥¥É ³¥¸Éμ ¢μ ¢¸¥Ì ¶· ±É¨Î¥¸±¨ ¨´É¥·¥¸´ÒÌ ¸²ÊÎ ÖÌ), Éμ ¨´É¥-
£· ² (243) ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ°  ¸¨³¶ÉμÉ¨Î¥¸±¨° ·Ö¤ ¶μ μ¡· É´Ò³ ¸É¥¶¥´Ö³ L,   |J(L,κ)|2 Å
 ¸¨³¶ÉμÉ¨Î¥¸±¨° ·Ö¤ ¶μ μ¡· É´Ò³ ¸É¥¶¥´Ö³ L2. ‘¢μ°¸É¢  ÔÉ¨Ì ·Ö¤μ¢ ¤¥É ²Ó´μ ¨§ÊÎ¥´Ò ¢
· ¡μÉ Ì [123Ä125],   ´¥±μÉμ·Ò¥ Ë¨§¨Î¥¸±¨¥ ¶·¨²μ¦¥´¨Ö ÔÉ¨Ì ·¥§Ê²ÓÉ Éμ¢ · ¸¸³ É·¨¢ ÕÉ¸Ö
¢ [126Ä129].

∗∗‡ ³¥É¨³, ÎÉμ ¸² £ ¥³μ¥ ∝ mj ¢ ¢Ò· ¦¥´¨¨ (245) ´¥ ¤ ¥É ¢±² ¤  ¢  ³¶²¨ÉÊ¤Ê (241) ¨§-§ 

³ É·¨Î´ÒÌ ³´μ¦¨É¥²¥° Oμ′
¨ Oν′

.
∗∗∗
μ²¥¥  ±±Ê· É´ Ö ³μ¤¨Ë¨± Í¨Ö ÔÉμ£μ ·¥Í¥¶É  μ¡¸Ê¦¤ ¥É¸Ö, ´ ¶·¨³¥·, ¢ [130, 131];

¸³. É ±¦¥ ¸¸Ò²±¨ ¢ ÔÉ¨Ì · ¡μÉ Ì.
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�μ¸±μ²Ó±Ê ¶·¨ |q| → ∞ ËÊ´±Í¨¨ δ̃s(q−qs) ¨ δ̃d(q+qd) Ê¡Ò¢ ÕÉ ¡Ò¸É·¥¥
²Õ¡μ° ¸É¥¶¥´¨ |q|−1, § ±²ÕÎ ¥³, ÎÉμ ËÊ´±Í¨Ö (245) Ê¤μ¢²¥É¢μ·Ö¥É Ê¸²μ¢¨Ö³
É¥μ·¥³Ò ƒ‘. �μÔÉμ³Ê ¢ £² ¢´μ³ ¶μ 1/L ¶μ·Ö¤±¥ ËÊ´±Í¨Ö (240) ¢¥¤¥É ¸¥¡Ö ± ±

G
j
νν′μ′μ({pκ, xκ}) =

e−S−iΘ

8π2L

∞∫
−∞

dq0 e−i(q0T−|qj |L)δ̃s(qj − qs)δ̃d(qj + qd)×

× Δνν′(qj − pβ)(q̂j + mj)Δμ′μ(qj + pα), (246)

£¤¥

qj = (q0,qj), qj =
√

q2
0 − m2

j l, l = L/L,

S = Ss + Sd ¨ Θ = Xsqs + Xdqd.

�μ¸±μ²Ó±Ê Ë ±Éμ·Ò δ̃s(qj − qs) ¨ δ̃d(qj + qd) ¶μ¤ §´ ±μ³ ¨´É¥£· ²  ¢ ¶· ¢μ°
Î ¸É¨ (246) ¨³¥ÕÉ ± ± ËÊ´±Í¨¨ ¶¥·¥³¥´´μ° q0 μ¸É·Ò¥, ¡²¨§±¨¥ ¤·Ê£ ± ¤·Ê£Ê
³ ±¸¨³Ê³Ò, ¨´É¥£· ² ´ ¸ÒÐ ¥É¸Ö Ê§±μ° μ±·¥¸É´μ¸ÉÓÕ ÔÉ¨Ì ³ ±¸¨³Ê³μ¢, ¨ ¥£μ
μÍ¥´±Ê ³μ¦´μ ¸¤¥² ÉÓ ¸É ´¤ ·É´Ò³ ³¥Éμ¤μ³ ¶¥·¥¢ ² . �¨¦¥ ¢¸¥ ¢ÒÎ¨¸²¥´¨Ö
¡Ê¤ÊÉ ¶·μ¢μ¤¨ÉÓ¸Ö ¢ · ³± Ì ³μ¤¥²¨ ‘�ƒ�.

�μ¶· ¢±¨ ± É¥μ·¥³¥ ƒ‘ μ¡¸Ê¦¤ ÕÉ¸Ö ¢ · ¡μÉ¥ [123].
7.2. ˆ´É¥£·¨·μ¢ ´¨¥ ¶μ q0. ‘μ£² ¸´μ (200)

δ̃s(qj − qs)δ̃d(qj + qd) =
1

(4π)4
√
|Rs||Rd|

exp
[
−1

4
Fj(q0)

]
,

Fj(q0) = R̃
μν
s (qj − qs)μ(qj − qs)ν + R̃

μν
d (qj + qd)μ(qj + qd)ν .

‚¢μ¤Ö μ¡μ§´ Î¥´¨Ö

F0 = R̃
μν
s qsμqsν + R̃

μν
d qdμqdν , Y μ = R̃

μν
s qsν − R̃

μν
d qdν ,

Rμν = R̃
μν
s + R̃

μν
d ,

(247)

¶¥·¥¶¨Ï¥³ ¢Ò· ¦¥´¨¥ ¤²Ö Fj(q0) ¢ ¢¨¤¥

Fj(q0) = F0 − 2Yμqμ
j + Rμνqμ

j qν
j . (248)

�±¸É·¥³Ê³ ÔÉμ° ËÊ´±Í¨¨ μ¶·¥¤¥²Ö¥É¸Ö Ê· ¢´¥´¨¥³

dFj(q0)
dq0

=
2

|qj |
[Rq0|qj | − (Rl)(q0 − |qj |)2 − Y0|qj | + (Yl)q0] = 0, (249)

¢ ±μÉμ·μ³

R = Rμν lμlν = R00 − 2(Rl) +�, � = Rknlkln,

R = (R01, R02, R03), Y = (Y1, Y2, Y3) ¨ l = (1, l).
(250)
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‡¤¥¸Ó, ± ± ¨ ¢¸Õ¤Ê ¤ ²¥¥, ¶·¥¤¶μ² £ ¥É¸Ö ¸Ê³³¨·μ¢ ´¨¥ ¶μ ¶μ¢Éμ·ÖÕÐ¨³¸Ö
² É¨´¸±¨³ ¨´¤¥±¸ ³ (k, n = 1, 2, 3). Šμ·¥´Ó (249), q0 = Ej , ¡Ê¤¥É ÉμÎ±μ°
¶¥·¥¢ ² , ¥¸²¨ ¢Éμ· Ö ¶·μ¨§¢μ¤´ Ö

d2Fj(q0)
dq2

0

=2R +
2(q0 − |qj |)

|qj |3
[(Rl)(q0 + 2|qj |)(q0 − |qj |)−(Yl)(q0 + |qj |)] =

(251 )

= 2R +
2
v3

j

[
(Rl)(1 + 2vj)(1 − vj)2 −

(Yl)
mjΓ3

j

]
(251¡)

(£¤¥ vj = |qj |/q0 ¨ Γj = q0/mj) ¶μ²μ¦¨É¥²Ó´  ¢ ÔÉμ° ÉμÎ±¥. �¨¦¥ · ¸¸³μ-
É·¨³ ¤¢  ´ ¨¡μ²¥¥ ¨´É¥·¥¸´ÒÌ Î ¸É´ÒÌ ¸²ÊÎ Ö, ¤²Ö ±μÉμ·ÒÌ ³μ¦´μ ¶μ²ÊÎ¨ÉÓ
μÉ´μ¸¨É¥²Ó´μ ¶·μ¸ÉÒ¥ ¶·¨¡²¨¦¥´´Ò¥ ·¥Ï¥´¨Ö (249). �¡Ð¥¥ ·¥Ï¥´¨¥ ¨§ÊÎ -
¥É¸Ö ¢ ¶·¨²μ¦¥´¨¨ 4.

7.2.1. “²ÓÉ· ·¥²ÖÉ¨¢¨¸É¸±¨° ¸²ÊÎ °. � ¸¸³μÉ·¨³ ±μ´Ë¨£Ê· Í¨¨ ¨³-
¶Ê²Ó¸μ¢ ¢´¥Ï´¨Ì ¶ ±¥Éμ¢, ¤²Ö ±μÉμ·ÒÌ ¢Ò¶μ²´ÖÕÉ¸Ö Ê¸²μ¢¨Ö

q0
s ∼ −q0

d ∼ |qs| ∼ |qd|. (252)

�ÉμÉ Î ¸É´Ò° ¸²ÊÎ ° ·¥ ²¨§Ê¥É¸Ö ¢μ ¢¸¥Ì ¡¥§ ¨¸±²ÕÎ¥´¨Ö ¸μ¢·¥³¥´´ÒÌ ´¥°-
É·¨´´ÒÌ Ô±¸¶¥·¨³¥´É Ì ¨ ¶μÔÉμ³Ê ¶·¥¤¸É ¢²Ö¥É ´ ¨¡μ²ÓÏ¨° ¶· ±É¨Î¥¸±¨°
¨´É¥·¥¸.

‚ ¶²μ¸±μ¢μ²´μ¢μ³ ¶·¥¤¥²¥ (σκ = 0, ∀κ) ¨ ¢ ¶·¥¤¶μ²μ¦¥´¨¨, ÎÉμ mj = 0
(¢ ¤ ²Ó´¥°Ï¥³ ¡Ê¤¥³ ´ §Ò¢ ÉÓ ÔÉμÉ ¸¶¥Í¨ ²Ó´Ò° ¸²ÊÎ ° ®�‚0-¶·¥¤¥²μ³¯),
ÉμÎ´μ¥ ¸μÌ· ´¥´¨¥ Ô´¥·£¨¨-¨³¶Ê²Ó¸  ¢ ± ¦¤μ° ¢¥·Ï¨´¥ ¤¨ £· ³³Ò É·¥¡Ê¥É
¢Ò¶μ²´¥´¨Ö ¸É·μ£¨Ì · ¢¥´¸É¢

q0
s = −q0

d, qs = −qd = q0
s l.

�·¨ ÔÉμ³ ¸μ£² ¸´μ (247) ¨ (250) ±μ·¥´Ó Ê· ¢´¥´¨Ö (249) · ¢¥´

q0 = lim
σκ=0,∀κ

Y0 − (Yl)
R

= q0
s (253)

¨ ¥¸ÉÓ ´¥ ÎÉμ ¨´μ¥, ± ± Ô´¥·£¨Ö ·¥ ²Ó´μ£μ ¡¥§³ ¸¸μ¢μ£μ ´¥°É·¨´μ (qj = E0l,
q2
j = 0).

‚ μ¡Ð¥³ ¸²ÊÎ ¥ σκ 	= 0, ¶·¨ ¢Ò¶μ²´¥´¨¨ Ê¸²μ¢¨° (252) ¨ ¶·¨ ¥¸É¥-
¸É¢¥´´μ³ ¤μ¶μ²´¨É¥²Ó´μ³ ¶·¥¤¶μ²μ¦¥´¨¨, ÎÉμ ³ ¸¸Ò ´¥°É·¨´μ mj ³ ²Ò ¶μ
¸· ¢´¥´¨Õ ¸ ³¨´¨³ ²Ó´Ò³¨  ¡¸μ²ÕÉ´Ò³¨ §´ Î¥´¨Ö³¨ ¶¥·¥¤ Î Ô´¥·£¨¨ q0

s

¨ q0
d ¢ ¢¥·Ï¨´ Ì ¤¨ £· ³³Ò∗, ·¥Ï¥´¨¥ (249) ³μ¦¥É ¡ÒÉÓ ´ °¤¥´μ ¢ ¢¨¤¥ ·Ö¤ 

∗�μ¤· §Ê³¥¢ ¥É¸Ö, ÎÉμ ³¨´¨³Ê³ ¡¥·¥É¸Ö ¶μ ¢¸¥³Ê ³´μ¦¥¸É¢Ê ´ ¨¡μ²¥¥ ¢¥·μÖÉ´ÒÌ ¨³¶Ê²Ó-
¸μ¢ pκ ¢´¥Ï´¨Ì ¶ ±¥Éμ¢ ¢ ¨¸ÉμÎ´¨±¥ ¨ ¤¥É¥±Éμ·¥, ±μÉμ·μ¥ μ¶·¥¤¥²Ö¥É¸Ö Ê¸²μ¢¨Ö³¨ ±μ´±·¥É´μ£μ
Ô±¸¶¥·¨³¥´É .
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¶μ ¸É¥¶¥´Ö³ ³ ²μ£μ ¡¥§· §³¥·´μ£μ ¶ · ³¥É· 

rj =
m2

j

2E2
ν

. (254)

‚ μ¶·¥¤¥²¥´¨¨ ¢ (254) Ë¨£Ê·¨·Ê¥É ®·¥¶·¥§¥´É É¨¢´ Ö¯ Ô´¥·£¨Ö ¢¨·ÉÊ ²Ó´μ£μ
´¥°É·¨´μ∗

Eν =
(Y l)
R

, (255)

±μÉμ· Ö ¸μ¢¶ ¤ ¥É ¸ ¶¥·¥¤ Î¥° Ô´¥·£¨¨ q0
s ¢ �‚0-¶·¥¤¥²¥ ¨ ¡²¨§±  ± ´¥°

¶μ ¢¥²¨Î¨´¥ ¶·¨ ¤μ¸É ÉμÎ´μ ³ ²ÒÌ σκ (´¨¦¥ ³Ò ÊÉμÎ´¨³ ÔÉμ ÊÉ¢¥·¦¤¥-
´¨¥). ‘μ£² ¸´μ μ¶·¥¤¥²¥´¨Õ ¢ (255) Eν Ö¢²Ö¥É¸Ö ¢· Ð É¥²Ó´μ-¨´¢ ·¨ ´É´μ°
ËÊ´±Í¨¥° ¨³¶Ê²Ó¸μ¢, ³ ¸¸ ¨ ¤¨¸¶¥·¸¨° ¨³¶Ê²Ó¸μ¢ ¢¸¥Ì ¢´¥Ï´¨Ì ¶ ±¥Éμ¢.

² £μ¤ ·Ö ¶·¨¡²¨¦¥´´μ³Ê ¸μÌ· ´¥´¨Õ Ô´¥·£¨¨-¨³¶Ê²Ó¸  ÔÉ  ¢¥²¨Î¨´  ´¥μ-
É·¨Í É¥²Ó´  ¨ ¶·¥μ¡· §Ê¥É¸Ö ± ± ´Ê²¥¢ Ö ±μ³¶μ´¥´É  4-¨³¶Ê²Ó¸ .

ˆÉ ±, § ¶¨Ï¥³ ¢¥²¨Î¨´Ò q0 ¨ |qj | =
√

q0 − m2
j ¢ ¢¨¤¥ ¸É¥¶¥´´ÒÌ ·Ö¤μ¢

q0 ≡ Ej = Eν

(
1 −

∞∑
n=1

CE
n rn

j

)
, |qj | ≡ Pj = Eν

(
1 −

∞∑
n=1

CP
n rn

j

)
. (256)

“¤μ¡´μ ¶¥·¥¶¨¸ ÉÓ (249) ¢ ¸²¥¤ÊÕÐ¥° Ëμ·³¥:

q0|qj | − m (q0 − |qj |)2 − Eν [(n + 1)|qj | − nq0] = 0, (257)

£¤¥ Ë¨£Ê·¨·ÊÕÉ ¡¥§· §³¥·´Ò¥ ¢· Ð É¥²Ó´μ-¨´¢ ·¨ ´É´Ò¥ ËÊ´±Í¨¨

n =
(Yl)
(Y l)

¨ m =
(Rl)
R

.

ˆ§ (257) ¢¨¤´μ, ÎÉμ ±μÔËË¨Í¨¥´ÉÒ CE
n ¨ CP

n ¤²Ö ¢¸¥Ì n � 1 ¢Ò· ¦ ÕÉ¸Ö
Éμ²Ó±μ Î¥·¥§ ÔÉ¨ ¤¢¥ ËÊ´±Í¨¨. ŠμÔËË¨Í¨¥´ÉÒ ²¥£±μ ´ °É¨ ¸ ¶μ³μÐÓÕ ¸É ´-
¤ ·É´μ° ·¥±Ê··¥´É´μ° ¶·μÍ¥¤Ê·Ò, É. ¥. ¶μ¤¸É ´μ¢±μ° ·Ö¤μ¢ (256) ¢ (257), · §-
²μ¦¥´¨¥³ ¶μ²ÊÎ ÕÐ¥£μ¸Ö ¢Ò· ¦¥´¨Ö ¢ ·Ö¤ ¶μ ¶ · ³¥É·Ê rj ¨ ¶·¨· ¢´¨¢ ´¨¥³
´Ê²Õ ³´μ¦¨É¥²¥° ¶·¨ ¸É¥¶¥´ÖÌ rj . ‚Ò¶¨Ï¥³ §¤¥¸Ó ¶¥·¢Ò¥ É·¨ ¶ ·Ò:

CE
1 = n,

CE
2 = n

(
2n +

3
2

)
− m,

CE
3 = n

(
7n

2 + 9n +
5
2

)
− (5n + 2)m;

(258)

∗‡¤¥¸Ó ν Å ´¥ ²μ·¥´Í¥¢ ¨´¤¥±¸.
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CP
1 = n + 1,

CP
2 = (n + 1)

(
2n +

1
2

)
− m,

CP
3 = (n + 1)

(
7n

2 + 5n +
1
2

)
− (5n + 3)m.

(259)

�¥É·Ê¤´μ ¢¨¤¥ÉÓ, ÎÉμ ±μÔËË¨Í¨¥´ÉÒ Ê¤μ¢²¥É¢μ·ÖÕÉ ¸μμÉ´μÏ¥´¨Õ ¸¨³³¥É·¨¨

CP
n = (−1)nCE

n

∣∣
n−→−(n+1)

.

ˆ§ (257) ¸²¥¤Ê¥É, ÎÉμ ÔÉμ ¸¢μ°¸É¢μ ¸¶· ¢¥¤²¨¢μ ¤²Ö ¢¸¥Ì n. ‚¥²¨Î¨´Ò Ej

¨ pj = Pj l ¥¸É¥¸É¢¥´´μ ¨´É¥·¶·¥É¨·μ¢ ÉÓ ± ±, ¸μμÉ¢¥É¸É¢¥´´μ, ÔËË¥±É¨¢´Ò¥
(¨²¨ ´ ¨¡μ²¥¥ ¢¥·μÖÉ´Ò¥) Ô´¥·£¨Õ ¨ 3-¨³¶Ê²Ó¸ ¢¨·ÉÊ ²Ó´μ£μ ³ ¸¸¨¢´μ£μ ´¥°-
É·¨´μ νj . ‘ ¨Ì ¶μ³μÐÓÕ ³μ¦´μ μ¶·¥¤¥²¨ÉÓ É ±¦¥ ÔËË¥±É¨¢´ÊÕ ¸±μ·μ¸ÉÓ
´¥°É·¨´μ vj = vjl = pj/Ej , ¤²Ö ±μÉμ·μ° ´ Ìμ¤¨³

vj = 1 − rj −
(

2n +
1
2

)
r2
j −
(

7n
2 + 5n +

1
2
− 2m

)
r3
j + O(r4

j ). (260)

Š ± ¨ ¸²¥¤μ¢ ²μ μ¦¨¤ ÉÓ, 0 < 1 − vj � 1, É. ¥. ´¥°É·¨´μ Ê²ÓÉ· ·¥²ÖÉ¨¢¨¸É-
¸±¨¥. �μ¸±μ²Ó±Ê, ±·μ³¥ Éμ£μ∗,

R = Rμν lμlν = FE−2
ν , (261)

£¤¥
F ≡ [Rμνqμqν ]q=Eν l > 0, (262)

¢¨¤¨³, ÎÉμ ¢Éμ· Ö ¶·μ¨§¢μ¤´ Ö ¢ (251) ¢ ÉμÎ±¥ q0 = Ej ¨ rj � 1 ¶μ²μ¦¨-
É¥²Ó´ ,

d2Fj(q0)
dq2

0

∣∣∣∣
q0=Ej

= 2R{1− 2nrj − 3[2n(n + 1) − m]r2
j−

− [3n(n + 1)(8n + 5) − 2(9n + 5)m]r3
j + O(r4

j )}, (263)

¨, ¸²¥¤μ¢ É¥²Ó´μ, ËÊ´±Í¨Ö Fj(q0) ¨³¥¥É ¢ ÔÉμ° ÉμÎ±¥  ¡¸μ²ÕÉ´Ò° ³¨´¨³Ê³.
�É³¥É¨³ ¥Ð¥ · §, ÎÉμ ¢¥²¨Î¨´Ò Ej , pj ¨ vj μ¤´μ§´ Î´μ μ¶·¥¤¥²ÖÕÉ¸Ö ´¥
Éμ²Ó±μ ´ ¨¡μ²¥¥ ¢¥·μÖÉ´Ò³¨ ¨³¶Ê²Ó¸ ³¨ pκ ¢´¥Ï´¨Ì ¶ ±¥Éμ¢ ¢ ¨¸ÉμÎ´¨±¥
¨ ¤¥É¥±Éμ·¥, ´μ É ±¦¥ ¨Ì ³ ¸¸ ³¨ ¨ ¤¨¸¶¥·¸¨Ö³¨ ¨³¶Ê²Ó¸μ¢.

∗� ¶μ³´¨³, ÎÉμ ±¢ ¤· É¨Î´Ò¥ Ëμ·³Ò R̃μν
s qμqν ¨ R̃μν

d qμqν ¶μ²μ¦¨É¥²Ó´Ò ¤²Ö ¶·μ¨§¢μ²Ó-
´μ£μ 4-¢¥±Éμ·  q �≡ 0.
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— ¸É´Ò° ¸²ÊÎ ° ±μ´Ë¨£Ê· Í¨¨ ¢´¥Ï´¨Ì ¨³¶Ê²Ó¸μ¢. „²Ö ¨²²Õ¸É· Í¨¨ ¶μ-
²ÊÎ¥´´ÒÌ ·¥§Ê²ÓÉ Éμ¢ · ¸¸³μÉ·¨³ ¸¶¥Í¨ ²Ó´ÊÕ ±μ´Ë¨£Ê· Í¨Õ ¢´¥Ï´¨Ì ¨³-
¶Ê²Ó¸μ¢

q0
s = −q0

d ≡ E > 0, qs = −qd ≡ Pl, P > 0, (264)

μÉ¢¥Î ÕÐÊÕ ÉμÎ´μ³Ê ¸μÌ· ´¥´¨Õ Ô´¥·£¨¨ ¨ ¨³¶Ê²Ó¸ , ®¶¥·¥É¥± ÕÐ¨Ì¯ ¨§ S
¢ D. 
Ê¤¥³ ´ §Ò¢ ÉÓ ¢¥²¨Î¨´Ê Q2 = E2 − P2 ¢¨·ÉÊ ²Ó´μ¸ÉÓÕ ´¥°É·¨´μ.

“²ÓÉ· ·¥²ÖÉ¨¢¨¸É¸±¨° ¸²ÊÎ ° μ¶·¥¤¥²Ö¥É¸Ö Ê¸²μ¢¨Ö³¨ |Q2| � E2 ¨ m2
j � E2,

´μ ¢¨·ÉÊ ²Ó´μ¸ÉÓ, ±μ´¥Î´μ, ´¥ μ¡Ö§ ´  ¸μ¢¶ ¤ ÉÓ ¸ m2
j ¤ ¦¥ ¶μ ¶μ·Ö¤±Ê ¢¥-

²¨Î¨´Ò. �¥É·Ê¤´μ ¶μ± § ÉÓ, ÎÉμ ¤²Ö ±μ´Ë¨£Ê· Í¨¨ ¢ (264)

Eν = E
[
1 + n0

(
1 − P

E

)]
,

n = n0 −
(

1 − P
E

)(
n
2
0 −

�

R

)[
1 + n0

(
1 − P

E

)]−1

,

£¤¥

n0 =
(Rl) −�

R
= m − �

R
. (265)

� §²μ¦¨¢ Eν ¨ n ¶μ ³ ²μ³Ê ¶ · ³¥É·Ê Q2/E2, ¶μ²ÊÎ¨³

Eν = E
[
1 + n0

Q2

2E2

(
1 +

Q2

2E2
+

Q4

8E4
+ . . .

)]
,

n = n0 + (m − n0 − n
2
0)

Q2

2E2

[
1 − (2n0 − 1)

Q2

4E2
+ (2n

2
0 − 2n0 + 1)

Q4

8E4
+ . . .

]
,

£¤¥, ± ± μ¡ÒÎ´μ, ÉμÎ± ³¨ μ¡μ§´ Î¥´Ò ¶μ¶· ¢±¨ ¢Ò¸Ï¨Ì ¶μ·Ö¤±μ¢. ’ ±¨³
μ¡· §μ³, Eν → E ¨ n → n0 ¶·¨ Q2 → 0. �¥·¥· §² £ Ö ¶μ²ÊÎ¥´´Ò¥ ¢ÒÏ¥
¢Ò· ¦¥´¨Ö ¤²Ö Ej ¨ Pj ¶μ ¤¢Ê³ ³ ²Ò³ (´¥§ ¢¨¸¨³Ò³) ¶ · ³¥É· ³ Q2/E2

¨ m2
j/E2, ´ °¤¥³

Ej =E +
Q2 − m2

j

2E

[
n0

(
1 +

Q2

4E2

)
+
(
4n

2
0 + 3n0 − 2m

) m2
j

4E2
+ . . .

]
,

Pj =P +
Q2 − m2

j

2E

[
(n0 + 1)

(
1 +

Q2

4E2

)
+ (4n

2
0 + 5n0 − 2m + 1)

m2
j

4E2
+ . . .

]
.

�É¸Õ¤  ¢¨¤´μ, ¢ Î ¸É´μ¸É¨, ÎÉμ ÔËË¥±É¨¢´ Ö Ô´¥·£¨Ö (¨³¶Ê²Ó¸) ´¥°É·¨´μ
³μ¦¥É ¡ÒÉÓ ± ± ³¥´ÓÏ¥, É ± ¨ ¡μ²ÓÏ¥ ¶¥·¥¤ ´´μ° Ô´¥·£¨¨ E (¶¥·¥¤ ´´μ£μ
¨³¶Ê²Ó¸  P); ¥¸É¥¸É¢¥´´μ, Ej = E ¨ Pj = P ¶·¨ Q2 = m2

j (¨ Éμ²Ó±μ
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¢ ÔÉμ³ ¸²ÊÎ ¥). „·Ê£¨³¨ ¸²μ¢ ³¨, ¤ ¦¥ ¶·¨ ÉμÎ´μ³ ¡ ² ´¸¥ ¶¥·¥¤ ´´ÒÌ
4-¨³¶Ê²Ó¸μ¢ ¢ ¢¥·Ï¨´ Ì ¤¨ £· ³³Ò ÔËË¥±É¨¢´Ò° 4-¨³¶Ê²Ó¸ ¢¨·ÉÊ ²Ó´μ£μ

´¥°É·¨´μ (Ej , Pjl), ¢μμ¡Ð¥ £μ¢μ·Ö, ´¥ ¸μ¢¶ ¤ ¥É ¸ (E ,Pl). � §²μ¦¥´¨¥ ¤²Ö
ÔËË¥±É¨¢´μ° ¸±μ·μ¸É¨ ´¥°É·¨´μ ¨³¥¥É ¢¨¤

vj = 1 −
m2

j

2E2

[
1 − n0

Q2

E2
+ (4n0 + 1)

m2
j

4E2
+ . . .

]
,

É ± ÎÉμ £² ¢´ Ö ¶μ¶· ¢±  ± Ê²ÓÉ· ·¥²ÖÉ¨¢¨¸É¸±μ³Ê ¶·¥¤¥²Ê vj = 1 ´¥ § ¢¨¸¨É
μÉ ¢¨·ÉÊ ²Ó´μ¸É¨ ´¥°É·¨´μ.

7.2.2. �¥·¥²ÖÉ¨¢¨¸É¸±¨° ¸²ÊÎ °. � ¸¸³μÉ·¨³ É¥¶¥·Ó ¶·μÉ¨¢μ¶μ²μ¦´Ò°
¸²ÊÎ °, μÉ¢¥Î ÕÐ¨° ¸²¥¤ÊÕÐ¥° ±μ´Ë¨£Ê· Í¨¨ ¢´¥Ï´¨Ì ¨³¶Ê²Ó¸μ¢:

q0
s ∼ −q0

d ∼ mj � |qs| ∼ |qd|. (266)

�ÉμÉ ¸²ÊÎ ° ¶·¥¤¸É ¢²Ö¥É ¶μÉ¥´Í¨ ²Ó´Ò° ¨´É¥·¥¸ ¤²Ö ¡Ê¤ÊÐ¨Ì Ô±¸¶¥·¨³¥´-
Éμ¢ ¶μ ¨§ÊÎ¥´¨Õ (¶μ±  £¨¶μÉ¥É¨Î¥¸±¨Ì) ÉÖ¦¥²ÒÌ ´¥°É·¨´μ,   É ±¦¥ ¤²Ö ±μ¸-
³μ²μ£¨Î¥¸±¨Ì ¶·¨²μ¦¥´¨°. “¤μ¡´μ ¶¥·¥¶¨¸ ÉÓ (249) ¢ É¥·³¨´ Ì ¸±μ·μ¸É¨
¢¨·ÉÊ ²Ó´μ£μ ´¥°É·¨´μ vj = |qj |/q0:

mj√
1 − v2

j

[
R − (Rl)

(1 − vj)2

vj

]
= Y0 −

(Yl)
vj

. (267)

‚¢¥¤¥³ ¡¥§· §³¥·´Ò° 4-¢¥±Éμ· �j = (�0
j , �j) ¸ ±μ³¶μ´¥´É ³¨

�μ
j =

1
�

(
Rμ

0 − 1
mj

Y μ

)
. (268)

�¥É·Ê¤´μ ¢¨¤¥ÉÓ, ÎÉμ ¶·¨ ¢Ò¶μ²´¥´¨¨ Ê¸²μ¢¨° ¢ (266) ÔÉ¨ ±μ³¶μ´¥´ÉÒ ³ ²Ò
¶μ  ¡¸μ²ÕÉ´μ° ¢¥²¨Î¨´¥. ‚ ¸ ³μ³ ¤¥²¥, ¶μ¤¸É ¢¨¢ ¢ μ¶·¥¤¥²¥´¨¥ ¢ (268)
¢Ò· ¦¥´¨¥ ¤²Ö 4-¢¥±Éμ·  Y , ±μÉμ·μ¥ ¢ ¶μ±μ³¶μ´¥´É´μ° § ¶¨¸¨ ¨³¥¥É ¢¨¤

Y μ = R̃
μ0
s q0

s − R̃
μ0
d q0

d + R̃
μk
s qk

s − R̃
μk
d qk

d ,

´ °¤¥³

�μ
j =

1
mj�

[R̃μ0
s (mj − q0

s) + R̃
μ0
d (mj + q0

d) − R̃
μk
s qk

s + R̃
μk
d qk

d ]. (269)

�μ¸±μ²Ó±Ê ¢¸¥ ¸² £ ¥³Ò¥ ¢ (269) ¸μ¤¥·¦ É ³ ²Ò¥ ³´μ¦¨É¥²¨ (1 − q0
s/mj ,

qk
s /mj ¨ É. ¤.), ³μ¦´μ § ±²ÕÎ¨ÉÓ, ÎÉμ |�jμ| � 1. “Î¨ÉÒ¢ Ö ÔÉμ, ¡Ê¤¥³ ¨¸± ÉÓ

·¥Ï¥´¨¥ Ê· ¢´¥´¨Ö (267) ¢ ¢¨¤¥ ¤¢μ°´μ£μ ¸É¥¶¥´´μ£μ ·Ö¤ 

vj = v̄j

[
1 +

∞∑
n=1

∞∑
m=0

C(v)
nm(�jl)

n�m
j0

]
, (270)
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£¤¥

v̄j =
(�jl)

1 + �j0
.

‚Ò¶¨Ï¥³ ¶¥·¢Ò¥ Ï¥¸ÉÓ ¡¥§· §³¥·´ÒÌ ±μÔËË¨Í¨¥´É´ÒÌ ËÊ´±Í¨° C
(v)
nm:

C
(v)
10 = − 1

2
C

(v)
11 = 3C

(v)
12 =

3(Rl)
2�

,

C
(v)
20 =

9(Rl)2

2�2
− R00

2�
+

1
2
,

C
(v)
21 = − 18(Rl)2

�2
+

3R00

2�
+

3
2
,

C
(v)
30 =

3(Rl)
8�

[
45(Rl)2

�2
− 10R00

�
− 23

3

]
.

(271)

ˆ§ (270) ¨ (271) ¶μ²ÊÎ ¥³

Ej = mj +
mjv

2
j

2

(
1 +

3
4
δj + . . .

)
,

Pj = mjvj

(
1 +

1
2
δj + . . .

)
.

(272)

‡¤¥¸Ó ËÊ´±Í¨Ö

δj = (�jl)
2

[
1 +

3(Rl)
�

(�jl) − �j0

]
μ¶·¥¤¥²Ö¥É ¢¥²¨Î¨´Ê £² ¢´ÒÌ ·¥²ÖÉ¨¢¨¸É¸±¨Ì ¶μ¶· ¢μ±,   ÉμÎ± ³¨ μ¡μ§´ -
Î¥´Ò ¶μ¶· ¢±¨ ¢Ò¸Ï¨Ì ¶μ·Ö¤±μ¢ ¶μ (�jl) ¨ �j0. Š ± ¢¨¤¨³, ´¥·¥²ÖÉ¨¢¨¸É-
¸±μ¥ ¸μμÉ´μÏ¥´¨¥ ³¥¦¤Ê ÔËË¥±É¨¢´Ò³¨ ¸±μ·μ¸ÉÓÕ, Ô´¥·£¨¥° ¨ ¨³¶Ê²Ó¸μ³
μ¸É ¥É¸Ö ¸¶· ¢¥¤²¨¢Ò³ ¢¶²μÉÓ ¤μ ¢Éμ·μ£μ ¶μ·Ö¤±  ¶μ (�jl) ¨ ·¥²ÖÉ¨¢¨¸É¸±¨¥
¶μ¶· ¢±¨ ± Ej ¨ Pj ¶μ²μ¦¨É¥²Ó´Ò. Œμ¦´μ ¶μ± § ÉÓ, ÎÉμ ËÊ´±Í¨Ö � ¶μ²μ¦¨-
É¥²Ó´ . “Î¨ÉÒ¢ Ö ÔÉμÉ Ë ±É, ²¥£±μ Ê¢¨¤¥ÉÓ, ÎÉμ ¢Éμ· Ö ¶·μ¨§¢μ¤´ Ö ¢ (251¡)
¶μ²μ¦¨É¥²Ó´  ¢ ¸É Í¨μ´ ·´μ° ÉμÎ±¥. „¥°¸É¢¨É¥²Ó´μ, ¶μ¤¸É ¢¨¢ (270) ¨ (271)
¢ (251¡), ¶μ²ÊÎ¨³

d2Fj(q0)
dq2

0

∣∣∣∣
q0=Ej

= 2R +
2�
v̄2

j

[
1 − 6(Rl)

�
(�jl) + �j0 + . . .

]
> 0. (273)

‚μ§´¨± ÕÐ Ö §¤¥¸Ó μ¸μ¡¥´´μ¸ÉÓ ¶·¨ v̄j = 0 ´¥ ¤μ²¦´  ¢Ò§Ò¢ ÉÓ ´¥¤μÊ³¥´¨Ö,
¶μ¸±μ²Ó±Ê μ´  ²¨ÏÓ ¶μ¤É¢¥·¦¤ ¥É ¨´ÉÊ¨É¨¢´μ¥ μ¦¨¤ ´¨¥ Éμ£μ, ÎÉμ  ³¶²¨ÉÊ¤ 
¶·μÍ¥¸¸  ¸ ®¶μ±μÖÐ¨³¸Ö¯ ´¥°É·¨´μ ¢ ¶·μ³¥¦ÊÉμÎ´μ³ ¸μ¸ÉμÖ´¨¨ ¤μ²¦´  · ¢-
´ÖÉÓ¸Ö ´Ê²Õ. ’¥³ ´¥ ³¥´¥¥ ÔÉμÉ ¸²ÊÎ ° É·¥¡Ê¥É ¡μ²¥¥ ¤¥É ²Ó´μ£μ ¨§ÊÎ¥´¨Ö
Ê¸²μ¢¨° ¶·¨³¥´¨³μ¸É¨ ³¥Éμ¤  ¶¥·¥¢ ²  ¨ É¥μ·¥³Ò ƒ‘. �É¨ ¢μ¶·μ¸Ò ¡Ê¤ÊÉ
μ¡¸Ê¦¤ ÉÓ¸Ö ¢ μÉ¤¥²Ó´μ° · ¡μÉ¥.
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�¡· É¨³¸Ö ± ¸¶¥Í¨ ²Ó´μ³Ê ¸²ÊÎ Õ ÉμÎ´μ£μ ¡ ² ´¸  ¶¥·¥¤ Î¨ Ô´¥·£¨¨
¨ ¨³¶Ê²Ó¸  ¢ ¢¥·Ï¨´ Ì ³ ±·μ¤¨ £· ³³Ò. 
Ê¤¥³ ¨¸¶μ²Ó§μ¢ ÉÓ μ¡μ§´ Î¥-
´¨Ö (264), ¨ ¢ ¸μμÉ¢¥É¸É¢¨¨ ¸ (266) ¶·¨³¥³, ÎÉμ

0 � E
mj

− 1 � 1 ¨ 0 � P
mj

� 1.

ˆ³¥¥³

�μ
j =

1
�

[
Rμ

k lk
P
m j

− Rμ
0

(
E

mj
− 1
)]

¨, ¸²¥¤μ¢ É¥²Ó´μ,

�j0 =
(Rl)
�

P
mj

− R00

�

(
E

mj
− 1
)

, (�jl) =
P
mj

− (Rl)
�

(
E

mj
− 1
)

.

�μ¤¸É ¢¨¢ ´ °¤¥´´Ò¥ ¸μμÉ´μÏ¥´¨Ö ¢ (270), ÊÎ¨ÉÒ¢ Ö (271) ¨ ¶¥·¥· §²μ-
¦¨¢ ¶μ²ÊÎ¥´´μ¥ ¢Ò· ¦¥´¨¥ ¶μ ¸É¥¶¥´Ö³ ¤¢ÊÌ ³ ²ÒÌ ´¥§ ¢¨¸¨³ÒÌ ¶ · ³¥-
É·μ¢ P/mj ¨ E/mj−1, ¶·¨Ìμ¤¨³ ± ¸²¥¤ÊÕÐ¥³Ê ¢Ò· ¦¥´¨Õ ¤²Ö ÔËË¥±É¨¢´μ°
¸±μ·μ¸É¨ ¢¨·ÉÊ ²Ó´μ£μ ´¥°É·¨´μ:

vj = v̄j

{
1 +

(Rl)
2�

P
mj

+
[
R00

�
− 3(Rl)2

2�2

](
E

mj
− 1
)

+ . . .

}
, v̄j = (�jl).

(274)
ˆ§ (274) ´ Ìμ¤¨³ ÔËË¥±É¨¢´ÊÕ Ô´¥·£¨Õ ¨ ¨³¶Ê²Ó¸ ¢¨·ÉÊ ²Ó´μ£μ ´¥°É·¨´μ ¢
²¨¤¨·ÊÕÐ¥³ ¶μ·Ö¤±¥ ¶μ P/mj ¨ E/mj − 1:

Ej ≈ mj +
mj v̄

2
j

2
, Pj ≈ mj v̄j .

�É¨ ¶·μ¸ÉÒ¥ Ëμ·³Ê²Ò ¶μ²´μ¸ÉÓÕ μÉ¢¥Î ÕÉ ¨´ÉÊ¨É¨¢´Ò³ μ¦¨¤ ´¨Ö³ ²¨ÏÓ

¶·¨ |E/mj − 1| � P2/m2
j . ‚ ÔÉμ³ (¨ Éμ²Ó±μ ¢ ÔÉμ³) Î ¸É´μ³ ¸²ÊÎ ¥

v̄j ≈ P
mj

, Ej ≈ mj +
P2

2mj
¨ Pj ≈ P .

7.3. �±μ´Î É¥²Ó´ Ö Ëμ·³Ê²  ¤²Ö  ³¶²¨ÉÊ¤Ò. ‚ÒÏ¥ ¡Ò²μ ¤μ± § ´μ,
ÎÉμ ± ± ¢ Ê²ÓÉ· ·¥²ÖÉ¨¢¨¸É¸±μ³, É ± ¨ ¢ ´¥·¥²ÖÉ¨¢¨¸É¸±μ³ ¸²ÊÎ ÖÌ ËÊ´±-
Í¨Ö Fj(q0) ¨³¥¥É  ¡¸μ²ÕÉ´Ò° ³¨´¨³Ê³ ¶·¨ q0 = Ej ; ¢ μ±·¥¸É´μ¸É¨ ³¨´¨-
³Ê³  μ´  ³μ¦¥É ¡ÒÉÓ  ¶¶·μ±¸¨³¨·μ¢ ´  ¶ · ¡μ²μ°:

Fj(q0) � Fj(Ej) +
(q0 − Ej)2

4D2
j

. (275)

‡¤¥¸Ó ¢¢¥¤¥´  ¶μ²μ¦¨É¥²Ó´μ μ¶·¥¤¥²¥´´ Ö ËÊ´±Í¨Ö

1
Dj

=

√[
2d2Fj(q0)

dq2
0

]
q0=Ej

, (276)
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±μÉμ·ÊÕ, ± ± ³Ò Ê¢¨¤¨³ ´¨¦¥, ³μ¦´μ ¨´É¥·¶·¥É¨·μ¢ ÉÓ ± ± ´¥μ¶·¥¤¥²¥´-
´μ¸ÉÓ ÔËË¥±É¨¢´μ° Ô´¥·£¨¨ ¢¨·ÉÊ ²Ó´μ£μ ´¥°É·¨´μ. ‚ Ê²ÓÉ· ·¥²ÖÉ¨¢¨¸É¸±μ³
¸²ÊÎ ¥, · ¸¸³μÉ·¥´¨¥³ ±μÉμ·μ£μ ³Ò μ£· ´¨Î¨³¸Ö ¢ ¤ ²Ó´¥°Ï¥³,

Dj =
1 + nrj + O(r2

j )

2
√

R
� D

vj
� D, D =

1
2
√

R
=

Eν

2
√

F
. (277)

‚ · ³± Ì ¸¤¥² ´´ÒÌ ´ ³¨ ¶·¨¡²¨¦¥´¨° ËÊ´±Í¨Õ Dj ³μ¦´μ ¸ ¡μ²ÓÏμ° ÉμÎ-
´μ¸ÉÓÕ ¸Î¨É ÉÓ ´¥ § ¢¨¸ÖÐ¥° μÉ j, É. ¥. Ê´¨¢¥·¸ ²Ó´μ° ¤²Ö ¢¸¥Ì ´¥°É·¨´μ νj ,
¶μ¸±μ²Ó±Ê rj � 1,   ËÊ´±Í¨Ö D ¸ ³  ¶μ ¸¥¡¥ ³ ²  ¶μ ¸· ¢´¥´¨Õ ¸ Ô´¥·£¨-
Ö³¨ ´¥°É·¨´μ, ¤μ¸ÉÊ¶´Ò³¨ ¢ ¸μ¢·¥³¥´´ÒÌ Ô±¸¶¥·¨³¥´É Ì. �·¨³¥³ É¥¶¥·Ó ¢μ
¢´¨³ ´¨¥, ÎÉμ ¢ μ±·¥¸É´μ¸É¨ ¸É Í¨μ´ ·´μ° ÉμÎ±¨ Ej ¢¸¥ ³´μ¦¨É¥²¨ ¶μ¤Ò´-
É¥£· ²Ó´μ£μ ¢Ò· ¦¥´¨Ö ¢ ¶· ¢μ° Î ¸É¨ (246), §  ¨¸±²ÕÎ¥´¨¥³ Ô±¸¶μ´¥´ÉÒ

exp
[
−1

4
Fj(q0) − i

(
q0T −

√
q2
0 − m2

jL
)]

,

Ö¢²ÖÕÉ¸Ö ¸² ¡μ ³¥´ÖÕÐ¨³¨¸Ö ËÊ´±Í¨Ö³¨ ¶¥·¥³¥´´μ° ¨´É¥£·¨·μ¢ ´¨Ö q0 ¨
³μ£ÊÉ ¡ÒÉÓ ¶μÔÉμ³Ê ¢Ò´¥¸¥´Ò ¨§-¶μ¤ ¨´É¥£· ²  ¢ ÉμÎ±¥ q0 = Ej . ˆ¸¶μ²Ó-
§ÊÖ (275) ¨ · §²μ¦¥´¨¥√

q2
0 − m2

j = Pj +
1
vj

(q0 − Ej) −
m2

j

2P 3
j

(q0 − Ej)2 + . . . ,

¶·¨Ìμ¤¨³ ± ¸²¥¤ÊÕÐ¥³Ê ¶·μ¸Éμ³Ê ¨´É¥£· ²Ê:

Ij =

∞∫
−∞

dq0 exp
[
− i(EjT − PjL) + i

(
L

vj
− T

)
(q0 − Ej)−

− 1
4
Fj(Ej) −

(
1

4D2
j

+
im2

jL

2P 3
j

)
(q0 − Ej)2

]
.

‚¢μ¤Ö ±μ³¶²¥±¸´μ§´ Î´ÊÕ Ë §μ¢ÊÕ ËÊ´±Í¨Õ

Ωj(T, L) = i(EjT − PjL) + D̃
2
j

(
L

vj
− T

)2

, (278)

¢ ±μÉμ·μ°

D̃
2
j =

D2
j

1 + irj
� D2

1 + irj
, rj =

2m2
jD

2
jL

P 3
j

�
2m2

jD
2L

E3
ν

=
L

τLj
, (279)
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£¤¥ ¶ · ³¥É· τj,L μ± §Ò¢ ¥É¸Ö ¢ ÉμÎ´μ¸É¨ É ±¨³ ¦¥, ± ± ¢ ±¢ ´Éμ¢μ-³¥Ì ´¨-
Î¥¸±μ³ ¸²ÊÎ ¥ (53), ¶μ²ÊÎ ¥³

Ij = 2
√

πD̃j exp
[
−1

4
Fj(Ej) − Ωj(T, L)

]
.

Šμ³¶²¥±¸´ Ö ®¤¨¸¶¥·¸¨Ö¯ D̃j § ¢¨¸¨É μÉ ÔËË¥±É¨¢´μ° Ô´¥·£¨¨ ´¥°É·¨´μ ¨ μÉ
¶·μ¸É· ´¸É¢¥´´μ£μ · ¸¸ÉμÖ´¨Ö L ³¥¦¤Ê ¶·¨Í¥²Ó´Ò³¨ ÉμÎ± ³¨ ¢ ¨¸ÉμÎ´¨±¥ ¨
¤¥É¥±Éμ·¥; ¥¥ ³μ¤Ê²Ó ¨  ·£Ê³¥´É ¤ ÕÉ¸Ö ¸²¥¤ÊÕÐ¨³¨ Ëμ·³Ê² ³¨:

|D̃j | � D(1 + r
2
j)

−1/4, arg (D̃j) �
1
2

arctan (rj).

‘μ¡· ¢ ¢¸¥ ³´μ¦¨É¥²¨, ³Ò ¶μ²ÊÎ ¥³ ¸²¥¤ÊÕÐ¥¥ μ±μ´Î É¥²Ó´μ¥ ¢Ò· ¦¥´¨¥
¤²Ö ËÊ´±Í¨¨ ¢ (246):

G
j
νν′μ′μ({pκ, xκ}) =

= Δνν′(pj − pβ)p̂jΔμ′μ(pj + pα)|Vd(pj)Vs(pj)|
D̃je−Ωj−iΘ

i4π3/2L
. (280)

‡¤¥¸Ó ¢¢¥¤¥´ 4-¢¥±Éμ· pj = (Ej , Pjl) ¨ μ¶ÊÐ¥´ ¢±² ¤, ¶·μ¶μ·Í¨μ´ ²Ó´Ò° mj

(¸³. ¢Éμ·ÊÕ ¸´μ¸±Ê ´  ¸. 106). ” §μ¢Ò° Ë ±Éμ· −i e−iΘ ¢ (280) ´¥¸ÊÐ¥¸É¢¥´,
¶μ¸±μ²Ó±Ê μ´ ¨¸Î¥§ ¥É ¢ ±¢ ¤· É¥ ³μ¤Ê²Ö  ³¶²¨ÉÊ¤Ò.


² £μ¤ ·Ö ´ ²¨Î¨Õ ®· §³ § ´´ÒÌ¯ δ-ËÊ´±Í¨° δ̃s(pj − qs) ¨ δ̃d(pj + qd),
¢Ìμ¤ÖÐ¨Ì ¢ ¢Ò· ¦¥´¨Ö ¤²Ö ¨´É¥£· ²μ¢ ¶¥·¥±·ÒÉ¨Ö Vs(pj) ¨ Vd(pj) ¨ μÉ¢¥É-
¸É¢¥´´ÒÌ §  ¶·¨¡²¨¦¥´´μ¥ ¸μÌ· ´¥´¨¥ Ô´¥·£¨¨-¨³¶Ê²Ó¸  (pj ≈ qs ≈ −qd),  
É ±¦¥ ¶·¥¤¶μ² £ ¥³μ° ³ ²μ¸É¨ ³ ¸¸ ´¥°É·¨´μ ¶μ ¸· ¢´¥´¨Õ ¸ ·¥¶·¥§¥´É É¨¢-
´μ° Ô´¥·£¨¥° Eν , ³Ò ³μ¦¥³ ¶μ²μ¦¨ÉÓ mj = 0 ¢μ ¢¸¥³ ¶·¥¤Ô±¸¶μ´¥´Í¨ ²Ó´μ³
Ë ±Éμ·¥ ¢ ¶· ¢μ° Î ¸É¨ (280). �·¨³¥´¨³ É¥¶¥·Ó Éμ¦¤¥¸É¢μ

P−p̂νP+ = P−u−(pν)u−(pν)P+

(¢ ±μÉμ·μ³ P± = (1/2)(1 ± γ5), pν = Eνl, ¨ u−(pν) Å μ¡ÒÎ´Ò° ¤¨· ±μ¢-
¸±¨° ¡¨¸¶¨´μ· ¤²Ö ¸¢μ¡μ¤´μ£μ ¡¥§³ ¸¸μ¢μ£μ ²¥¢μ¸¶¨· ²Ó´μ£μ ´¥°É·¨´μ ν) ¨
μ¶·¥¤¥²¨³ ¸ ¥£μ ¶μ³μÐÓÕ ³ É·¨Î´Ò¥ Ô²¥³¥´ÉÒ

Ms =
g2

8
u−(pν)J μ

s Δμμ′(pν + pα)Oμ′
u(pα),

M∗
d =

g2

8
v(pβ)Oμ′

Δμ′μ(pν − pβ)J ∗μ
d u−(pν),

(281)
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μ¶¨¸Ò¢ ÕÐ¨¥ ·μ¦¤¥´¨¥ ¨ ¶μ£²μÐ¥´¨¥ ·¥ ²Ó´μ£μ ¡¥§³ ¸¸μ¢μ£μ ´¥°É·¨´μ ¢ ·¥-
 ±Í¨ÖÌ Is → F ′

s�
+
αν ¨ νId → F ′

d�
−
β ¸μμÉ¢¥É¸É¢¥´´μ∗. ’μ£¤  ¸ ÊÎ¥Éμ³ ¢ÒÏ¥¶·¨-

¢¥¤¥´´ÒÌ ·¥§Ê²ÓÉ Éμ¢ ³Ò ¶μ²ÊÎ ¥³ μ±μ´Î É¥²Ó´μ¥ ¢Ò· ¦¥´¨¥ ¤²Ö  ³¶²¨ÉÊ¤Ò
¢ (241):

Aβα =
∑

j

Aj
βα,

Aj
βα =

|Vs(pj)Vd(pj)|MsM
∗
d

i4π3/2NL
V ∗

αjD̃jVβj e−Ωj−iΘ.

(282)

�μ²¥§´μ ¢Ò¤¥²¨ÉÓ ¢ ÔÉμ° Ëμ·³Ê²¥ ´¥ § ¢¨¸ÖÐ¨° μÉ j μ¡Ð¨° ³´μ¦¨É¥²Ó,
μÉ¢¥É¸É¢¥´´Ò° §  ¶·¨¡²¨¦¥´´μ¥ ¸μÌ· ´¥´¨¥ Ô´¥·£¨¨-¨³¶Ê²Ó¸  ¢ ¢¥·Ï¨´ Ì.
„²Ö ÔÉμ£μ, ¨¸¶μ²Ó§ÊÖ (200) ¨ μ¶·¥¤¥²¥´¨Ö ¢ (247), § ¶¨Ï¥³

δ̃s(pj − qs) δ̃d(pj + qd) = δ̃s(pν − qs) δ̃d(pν + qd) e−Θj ,

£¤¥

Θj =
1
4
[2(Yμ − Rμμ′pμ′

ν ) + Rμμ′(pν − pj)μ′
](pν − pj)μ =

=
1
2
{Eν [(Rl) − R00] + Y0}(Eν − Ej) +

1
2
{Eν [(Rl) −�] − (Yl)}(Eν − Pj)+

+
1
4
[R00(Eν − Ej)2 − 2(Rl)(Eν − Ej)(Eν − Pj) +�(Eν − Pj)2].

’μ£¤   ³¶²¨ÉÊ¤Ê (282) ³μ¦´μ ¶·¥¤¸É ¢¨ÉÓ ¢ ¸²¥¤ÊÕÐ¥³ ¢¨¤¥:

Aβα =
|Vs(pν)Vd(pν)|MsM

∗
d

i4π3/2NL

∑
j

V ∗
αjD̃jVβje−Ωj−Θj−iΘ. (283)

ˆ¸¶μ²Ó§ÊÖ (256), ³μ¦´μ ¶·¥¤¸É ¢¨ÉÓ ËÊ´±Í¨Õ Θj ¢ ¢¨¤¥ · §²μ¦¥´¨Ö ¶μ rj :

Θj = m2
jR

[
(n0 − n) +

1
2
(m − n − n

2)rj+

+
(

n +
1
2

)
(m − n − n

2)r2
j + O(r3

j )
]

.

∗�·¨ ¤μ¶μ²´¨É¥²Ó´ÒÌ Ê¸²μ¢¨ÖÌ |(pν + pα)2| 	 m2
W ¨ |(pν − pβ)2| 	 m2

W ¶·μ¶ £ Éμ·
W -¡μ§μ´  ³μ¦´μ ¶·¨¡²¨¦¥´´μ § ¶¨¸ ÉÓ ± ± −igμν/m2

W , ÎÉμ ¸μμÉ¢¥É¸É¢Ê¥É Î¥ÉÒ·¥ÌË¥·³¨-
μ´´μ° É¥μ·¨¨ ¸² ¡μ£μ ¢§ ¨³μ¤¥°¸É¢¨Ö. ’μ£¤ , ¢μ¸¶μ²Ó§μ¢ ¢Ï¨¸Ó ¨§¢¥¸É´Ò³ Éμ¦¤¥¸É¢μ³ ‘Œ
g2/8 = GF m2

W /
√

2, ³μ¦´μ ¶¥·¥¶¨¸ ÉÓ ³ É·¨Î´Ò¥ Ô²¥³¥´ÉÒ (281) ¢ ¢¨¤¥

Ms ≈ −i
GF√

2
u−(pν)J μ

s Oμv(pα), M∗
d ≈ −i

GF√
2

u(pβ)J ∗μ
d Oμu−(pν).

�¤´ ±μ ÔÉμ ´¥¸±μ²Ó±μ μ£· ´¨Î¨É¥²Ó´μ¥ Ê¶·μÐ¥´¨¥ (´¥¶·¨³¥´¨³μ¥, ¢ Î ¸É´μ¸É¨, ¶·¨ ¸¢¥·Ì¢Ò¸μ-
±¨Ì Ô´¥·£¨ÖÌ) ´¥ Ö¢²Ö¥É¸Ö ´¥μ¡Ìμ¤¨³Ò³ ¨ ´¥ ¡Ê¤¥É ¨¸¶μ²Ó§μ¢ ÉÓ¸Ö ¢ ¤ ²Ó´¥°Ï¥³  ´ ²¨§¥.
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� ¶μ³´¨³, ÎÉμ ËÊ´±Í¨Ö n0 μ¶·¥¤¥²Ö¥É¸Ö ¸μ£² ¸´μ (265) ¨ ¸μ¢¶ ¤ ¥É ¸ n ¢
¸²ÊÎ ¥ ÉμÎ´μ£μ ¸μÌ· ´¥´¨Ö Ô´¥·£¨¨-¨³¶Ê²Ó¸  ¢ ¢¥·Ï¨´ Ì (¸³. ¶. 7.2.1). �·¨
¢Ò¶μ²´¥´¨¨

|n|rj � 1 ¨ |m|rj � |n|, ∀j, (284)

³μ¦´μ ´ ¶¨¸ ÉÓ ¶·¨¡²¨¦¥´´μ

Θj ≈ m2
jR

[
(n0 − n) +

1
2
(m − n − n

2)rj

]
,

  ¢ μ±·¥¸É´μ¸É¨ ³ ±¸¨³Ê³  ¶·μ¨§¢¥¤¥´¨Ö δ̃s(pν − qs)δ̃d(pν + qd) (É. ¥. ¶·¨
qs ≈ −qd ≈ pν) ³μ¦´μ ¶·¥´¥¡·¥ÎÓ ¨ §´ ±μ´¥μ¶·¥¤¥²¥´´μ° · §´μ¸ÉÓÕ n0 − n.
’μ£¤ 

Θj ≈
m4

jR(m − n0 − n2
0)

4E2
ν

=
m4

j [R00� − (Rl)2]
4RE2

ν

. (285)

Œμ¦´μ ¤μ± § ÉÓ, ÎÉμ ÔÉ  ¢¥²¨Î¨´  ¶μ²μ¦¨É¥²Ó´ .
ˆ§ ¢Ò¢μ¤  Ëμ·³Ê²Ò (283) ¨ ¥¥ ¸É·Ê±ÉÊ·Ò ¢¨¤´μ, ÎÉμ μ´  ¸¶· ¢¥¤²¨¢  ´¥

Éμ²Ó±μ ¤²Ö · ¸¸³μÉ·¥´´μ£μ ±² ¸¸  ¶·μÍ¥¸¸μ¢, ´μ, ¶·¨ ¸μμÉ¢¥É¸É¢ÊÕÐ¥³ ¶¥-
·¥μ¶·¥¤¥²¥´¨¨ ³ É·¨Î´ÒÌ Ô²¥³¥´Éμ¢ (281), ¨ ¤²Ö ²Õ¡ÒÌ ¤·Ê£¨Ì ¶·μÍ¥¸¸μ¢,
¨¤ÊÐ¨Ì §  ¸Î¥É μ¡³¥´  ¢¨·ÉÊ ²Ó´Ò³¨ ´¥°É·¨´μ ³¥¦¤Ê ¢¥·Ï¨´ ³¨ ³ ±·μ¤¨ -
£· ³³Ò. �¥É·Ê¤´μ μ¡μ¡Ð¨ÉÓ ·¥§Ê²ÓÉ É (282) ¨ ´  ¸²ÊÎ ° ·¥ ±Í¨° ¸ μ¡³¥-
´μ³  ´É¨´¥°É·¨´μ, ¤²Ö Î¥£μ ¸²¥¤Ê¥É ¸¤¥² ÉÓ ¢ ´¥° § ³¥´Ê V �−→ V† (É. ¥.
V ∗

αj �−→ Vαj , Vβj �−→ V ∗
βj) ¨ ¤μ²¦´Ò³ μ¡· §μ³ ³μ¤¨Ë¨Í¨·μ¢ ÉÓ ³ É·¨Î´Ò¥

Ô²¥³¥´ÉÒ (281).
7.4. 	ËË¥±É¨¢´Ò° ¢μ²´μ¢μ° ¶ ±¥É Ê²ÓÉ· ·¥²ÖÉ¨¢¨¸É¸±μ£μ ´¥°É·¨´μ.

‚¥·´¥³¸Ö ± ¢Ò· ¦¥´¨Õ (282). ‚Ìμ¤ÖÐ Ö ¢ ´¥£μ Ë §μ¢ Ö ËÊ´±Í¨Ö (278) ³μ¦¥É
¡ÒÉÓ Éμ¦¤¥¸É¢¥´´μ ¶¥·¥¶¨¸ ´  ¢ ¶·¨¡²¨¦¥´´μ∗ ²μ·¥´Í-¨´¢ ·¨ ´É´μ° Ëμ·³¥:

Ωj(T, L) = i(pjX) +
2D̃2

j

E2
ν

[(pjX)2 − m2
jX

2], (286)

£¤¥ X = Xd − Xs. �Î¥¢¨¤´μ (pjX)2 − m2
jX

2 = 0 ¶·¨ L = vjT . �μ´ÖÉ´μ,
μ¤´ ±μ, ÎÉμ ¶·¨ ´¥¢Ò·μ¦¤¥´´μ³ ¸¶¥±É·¥ ³ ¸¸ ´¥°É·¨´μ ¢¥²¨Î¨´Ò (pjX)2 −
m2

jX
2 ´¥ ³μ£ÊÉ μ¡· Ð ÉÓ¸Ö ¢ ´Ê²Ó ¸· §Ê ¶·¨ ¢¸¥Ì §´ Î¥´¨ÖÌ j. �μÔÉμ³Ê μÉ´μ-

Ï¥´¨¥ L/T = |X|/X0, ±μÉμ·μ¥ § ¤ ¥É¸Ö ¶·μ¸É· ´¸É¢¥´´μ-¢·¥³¥´´Ò³¨ ±μ´-
Ë¨£Ê· Í¨Ö³¨ ¨ ¸±μ·μ¸ÉÖ³¨ ¢´¥Ï´¨Ì ¢μ²´μ¢ÒÌ ¶ ±¥Éμ¢ ¨ ´¨± ± ´¥ ¸¢Ö§ ´μ
¸ ÔËË¥±É¨¢´Ò³¨ ¸±μ·μ¸ÉÖ³¨ ¢¨·ÉÊ ²Ó´ÒÌ ´¥°É·¨´μ, ´¥²Ó§Ö ¨´É¥·¶·¥É¨·μ-
¢ ÉÓ ± ± ´¥±μÉμ·ÊÕ ¸·¥¤´ÕÕ ¸±μ·μ¸ÉÓ ´¥°É·¨´μ. ˆÉ ±, ¶·¨ Ë¨±¸¨·μ¢ ´´ÒÌ
§´ Î¥´¨ÖÌ j ¨ T ¢¥±Éμ· δx = L − vjT , ¢μμ¡Ð¥ £μ¢μ·Ö, μÉ²¨Î¥´ μÉ ´Ê²Ö,

∗”Ê´±Í¨Ö D̃2
j/E2

ν ¨´¢ ·¨ ´É´  ¸ ÉμÎ´μ¸ÉÓÕ ¤μ ¶μ¶· ¢μ± O(rj).
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´μ ±μ²²¨´¥ ·¥´ ¢¥±Éμ·Ê ¸±μ·μ¸É¨ vj = vjl. �¥É·Ê¤´μ Ê¡¥¤¨ÉÓ¸Ö, ÎÉμ ¶·¨
¶·μ¨§¢μ²Ó´μ ´ ¶· ¢²¥´´μ³ ¢¥±Éμ·¥ δx ¨³¥¥É ³¥¸Éμ Éμ¦¤¥¸É¢μ

(pjX)2 − m2
jX

2 = E2
j (δx · l)2 + (δx × l)2 = E2

j δx2
‖ + m2

jδx
2
⊥, (287)

£¤¥ δx‖ ¨ δx⊥ Å ¸μ¸É ¢²ÖÕÐ¨¥ δx, ´ ¶· ¢²¥´´Ò¥ ¶ · ²²¥²Ó´μ ¨ ¶¥·¶¥´¤¨-
±Ê²Ö·´μ ¢¥±Éμ·Ê l. ’μ£¤  ¨§ (287) ¸²¥¤Ê¥É, ÎÉμ ¶·¨

2|D̃j |2(δx2
‖ + Γ−2

j δx2
⊥) < 1 (288)

(£¤¥, · §Ê³¥¥É¸Ö, Γj = Ej/mj � Eν/mj) Ë ±Éμ· exp (−|Ωj |) Ê³¥´ÓÏ ¥É¸Ö ´¥
¡μ²¥¥ Î¥³ ¢ e · § ¶μ ¸· ¢´¥´¨Õ ¸μ ¸¢μ¨³ ³ ±¸¨³ ²Ó´Ò³ §´ Î¥´¨¥³, ·¥ ²¨§Ê-
ÕÐ¨³¸Ö ¶·¨ δx = 0. �¡² ¸ÉÓ, § ¤ ´´ Ö Ê¸²μ¢¨¥³ (288), ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ°

¢´ÊÉ·¥´´μ¸ÉÓ Ô²²¨¶¸μ¨¤  ¢· Ð¥´¨Ö c · ¤¨Ê¸μ³ 1/(
√

2|D̃j |), ¸¶²Õ¸´ÊÉμ£μ ¢ Γj

· § ¢¤μ²Ó ´ ¶· ¢²¥´¨Ö l.
� ¸¸³μÉ·¨³ É¥¶¥·Ó ¶·¥μ¡· §μ¢ ´¨¥, ¶·¨ ±μÉμ·μ³ ¶μ²μ¦¥´¨Ö Í¥´É·μ¢ ¢¸¥Ì

¢´¥Ï´¨Ì ¶ ±¥Éμ¢ ¢ ¨¸ÉμÎ´¨±¥, ¢¥²¨Î¨´  T ¨ ¥¤¨´¨Î´Ò° ¢¥±Éμ· l μ¸É ÕÉ¸Ö
´¥¨§³¥´´Ò³¨,   ¢¸¥ ¶ ±¥ÉÒ κ ∈ Fd ¸³¥Ð¥´Ò ´  ¢¥²¨Î¨´Ê δx; ¤²Ö ¶·μ¸ÉμÉÒ
¶μ²μ¦¨³ δx = δx⊥. �·¨ É ±μ³ ¶·¥μ¡· §μ¢ ´¨¨ ¶·¨Í¥²Ó´ Ö ÉμÎ±  Xd ¨
¢¥±Éμ· L ¸¤¢¨£ ÕÉ¸Ö ´  ÉÊ ¦¥ ¢¥²¨Î¨´Ê,

Xd �−→ X′
d = Xd + δx, L �−→ L′ = L + δx.

�μ¸±μ²Ó±Ê ¸μ¤¥·¦ Ð¨°¸Ö ¢ (282) Ë ±Éμ· ¶μ¤ ¢²¥´¨Ö exp (−Sd) ¨´¢ ·¨ ´É¥´
μÉ´μ¸¨É¥²Ó´μ ¶·μ¸É· ´¸É¢¥´´ÒÌ É· ´¸²ÖÍ¨° xκ �−→ xκ + δx ¨ ¢¸¥ ¢´¥Ï´¨¥

¨³¶Ê²Ó¸Ò ¶·μÍ¥¸¸  ´¥ ³¥´ÖÕÉ¸Ö, Éμ ¢¥²¨Î¨´Ê A′j
βα = Aj

βα|xd →x′
d

³μ¦´μ ¨´-

É¥·¶·¥É¨·μ¢ ÉÓ ± ±  ³¶²¨ÉÊ¤Ê ¢¥·μÖÉ´μ¸É¨ ¢§ ¨³μ¤¥°¸É¢¨Ö j-£μ ´¥°É·¨´μ ¸
4-¨³¶Ê²Ó¸μ³ pj = (Ej , Pjl) ¢ ÉμÎ±¥ X′

d (·¨¸. 16). •μÉÖ É ± Ö ¨´É¥·¶·¥É Í¨Ö
³μ¦¥É ¶μ± § ÉÓ¸Ö ¨¸±Ê¸¸É¢¥´´μ°, ´¨¦¥, ¶·¨ ¨§ÊÎ¥´¨¨ ¢Ò· ¦¥´¨Ö ¤²Ö ¸±μ·μ-
¸É¨ ¸Î¥É  ´¥°É·¨´´ÒÌ ¸μ¡ÒÉ¨°, ³Ò ¶·¨¢¥¤¥³  ·£Ê³¥´ÉÒ ¢ ¥¥ ¶μ²Ó§Ê. …¸²¨

· ¸¸ÉμÖ´¨¥ L ¤μ¸É ÉμÎ´μ ¢¥²¨±μ,   ¨³¥´´μ 4|D̃j |2L2 � 1, Éμ ¥£μ μÉ´μ¸¨-
É¥²Ó´μ¥ ¨§³¥´¥´¨¥ §  ¸Î¥É ¸³¥Ð¥´¨° δx, Ê¤μ¢²¥É¢μ·ÖÕÐ¨Ì Ê¸²μ¢¨Õ (288),
´¥¸ÊÐ¥¸É¢¥´´μ,

L′/L − 1 ≈ δx2

2L2
� 1,

¨ ¶μ¤ ¢²¥´¨¥  ³¶²¨ÉÊ¤Ò Aj
βα μ¶·¥¤¥²Ö¥É¸Ö Éμ²Ó±μ Ë ±Éμ·μ³ exp (−|Ωj|),

±μÉμ·Ò° ¡²¨§μ± ± ¥¤¨´¨Í¥ ¶·¨ 2|D̃j |2δx2
⊥ � Γ2

j . �·¨ ÔÉμ³  ¡¸μ²ÕÉ´Ò¥
¢¥²¨Î¨´Ò ¶μ¶¥·¥Î´μ£μ ¸³¥Ð¥´¨Ö δx⊥ ¨ · §´μ¸É¨ ¤²¨´ L′ − L ≈ δx2/(2L)
³μ£ÊÉ μ± § ÉÓ¸Ö ´ ¸Éμ²Ó±μ ¢¥²¨±¨, ÎÉμ μÉ´μÏ¥´¨¥ L′/T ¶·¥¢Ò¸¨É ¥¤¨´¨ÍÊ.
…¸²¨ μÏ¨¡μÎ´μ ¨´É¥·¶·¥É¨·μ¢ ÉÓ ÔÉμ μÉ´μÏ¥´¨¥ ± ± ¸±μ·μ¸ÉÓ ÉμÎ¥Î´μ£μ
´¥°É·¨´μ, Éμ ³μ¦´μ ¶·¨°É¨ ± ´¥¶· ¢¨²Ó´μ³Ê ¢Ò¢μ¤Ê μ ´ ·ÊÏ¥´¨¨ ¸¶¥Í¨ ²Ó-
´μ° É¥μ·¨¨ μÉ´μ¸¨É¥²Ó´μ¸É¨.
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�¨¸. 16. ‘Ì¥³ , ¨²²Õ¸É·¨·ÊÕÐ Ö ÔËË¥±É ¸³¥Ð¥´¨Ö Í¥´É·μ¢ ¢¸¥Ì ¶ ±¥Éμ¢ ¢ ¤¥É¥±Éμ·¥
´  ¢¥²¨Î¨´Ê δx

�μ²¥§´μ ¶μÖ¸´¨ÉÓ ÔÉμÉ Î¨¸Éμ ±¢ ´Éμ¢Ò° ÔËË¥±É ´  ¡μ²¥¥ ´ £²Ö¤´μ³ ¶·¨-
³¥·¥, ¢¢¥¤Ö ¢ · ¸¸³μÉ·¥´¨¥ ÔËË¥±É¨¢´Ò° ‚� ´¥°É·¨´μ. „²Ö ÔÉμ£μ ¢Ò¤¥²¨³
¨§  ³¶²¨ÉÊ¤Ò (282) ¸²¥¤ÊÕÐ¨° Ë ±Éμ·:

u−(pν)
1
L

e−Ωj(T,L)u−(pν) ≈ u−(pj)
1
L

e−Ωj(T,L)u−(pj) (289)

(´ ¶μ³´¨³, ÎÉμ ¸¶¨´μ·Ò u−(pν) ¨ u−(pν) ¸μ¤¥·¦ É¸Ö ¢ ³ É·¨Î´ÒÌ Ô²¥³¥´-

É Ì (281)). �·¥´¥¡·¥£ Ö ³´¨³μ° Î ¸ÉÓÕ ËÊ´±Í¨¨ D̃2
j , ¢Ò· ¦¥´¨¥ (289) ³μ¦´μ

¶¥·¥¶¨¸ ÉÓ ¢ ¢¨¤¥ ¶·μ¨§¢¥¤¥´¨Ö

1
|Xd − Xs|

ψ
j

Xs
(pj , Xd − Xs)ψj

Xd
(pj , Xs − Xd), (290)

¢ ±μÉμ·μ³

ψj
y(pj , x) = exp

{
−i(pjy) −

D2
j

E2
ν

[
(pjx)2 − m2

jx
2
]}

u−(pj)

¨

ψ
j

y(pj , x) = [ψj
y(pj , x)]†γ0 = u−(pj) exp

{
i(pjy) −

D2
j

E2
ν

[
(pjx)2 − m2

jx
2
]}

.

‘· ¢´¨¢ Ö ¸¶¨´μ·´ÊÕ ËÊ´±Í¨Õ ψy(pj , x) ¸ ¢μ²´μ¢μ° ËÊ´±Í¨¥° Ë¥·³¨μ´´μ£μ
¶ ±¥É  μ¡Ð¥£μ ¢¨¤  ¢ ¶·¨¡²¨¦¥´¨¨ ‘�ƒ�

ψy(p, s, x) = e−ipxus(p)ψ(p, x − y) =

= us(p) exp
{
−i(py)− σ2

m2
[(px)2 − m2x2]

}
,

¢¨¤¨³, ÎÉμ ¸¶¨´μ·´ÊÕ ËÊ´±Í¨Õ ψj
Xd

(pj , Xs − Xd) ³μ¦´μ ¨´É¥·¶·¥É¨·μ-
¢ ÉÓ ± ± ¢μ²´μ¢ÊÕ ËÊ´±Í¨Õ ¢ x-¶·¥¤¸É ¢²¥´¨¨, μ¶¨¸Ò¢ ÕÐÊÕ ¢Ìμ¤ÖÐ¨° ‚�
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·¥ ²Ó´μ£μ ³ ¸¸¨¢´μ£μ ´¥°É·¨´μ νj , ·μ²Ó ¶ · ³¥É·  σ ¢ ±μÉμ·μ° ¨£· ¥É ¢¥²¨-

Î¨´  σj = Dj/Γj . ‚Éμ·μ° ¸¶¨´μ·´Ò° ¸μ³´μ¦¨É¥²Ó ¢ (290), ψ
j

Xs
(pj , Xd −

Xs)/|Xd − Xs|, ¥¸É¥¸É¢¥´´μ ¨´É¥·¶·¥É¨·μ¢ ÉÓ ± ± ¢ÒÌμ¤ÖÐÊÕ ¨§ ¨¸ÉμÎ´¨± 
¸Ë¥·¨Î¥¸±ÊÕ ´¥°É·¨´´ÊÕ ¢μ²´Ê ´  · ¸¸ÉμÖ´¨¨ |Xd − Xs| μÉ ÉμÎ±¨ ·μ¦¤¥-
´¨Ö Xs.

�μ²¥§´μ ¶μÖ¸´¨ÉÓ ¶μ²ÊÎ¥´´Ò° ·¥§Ê²ÓÉ É ´  ¡μ²¥¥ ¶·μ¸Éμ³ ±¢ ´Éμ¢μ-
³¥Ì ´¨Î¥¸±μ³ Ö§Ò±¥, ¶·μ¢¥¤Ö ¢ÒÎ¨¸²¥´¨Ö,  ´ ²μ£¨Î´Ò¥ · ¸Î¥ÉÊ  ³¶²¨ÉÊ¤Ò
¶¥·¥Ìμ¤  ¢ ŠŒ-¶μ¤Ìμ¤¥ (¸³. (61)). � °¤¥³  ³¶²¨ÉÊ¤Ê ¶¥·¥Ìμ¤  ¨§ ¸μ¸ÉμÖ´¨Ö
‚� νj ¢ ¨¸ÉμÎ´¨±¥, § ¤ ´´μ£μ ´ ¨¡μ²¥¥ ¢¥·μÖÉ´Ò³ ¨³¶Ê²Ó¸μ³ pj , ¤¨¸¶¥·-
¸¨¥° ¨³¶Ê²Ó¸  σsj ¨ 4-±μμ·¤¨´ Éμ° Xs, ¢ ¸μ¸ÉμÖ´¨¥ ‚� νj ¢ ¤¥É¥±Éμ·¥ ¸
É¥³ ¦¥ ¨³¶Ê²Ó¸μ³, ´μ ¸ ¤¨¸¶¥·¸¨¥° σdj ¨ 4-±μμ·¤¨´ Éμ° Xd (¶·¥´¥¡·¥£ ¥³
· ¸¶²Ò¢ ´¨¥³ ‚� ¢ ±μ´Ë¨£Ê· Í¨μ´´μ³ ¶·μ¸É· ´¸É¢¥, É. ¥. · ¡μÉ ¥³ ¢ ·¥¦¨³¥
‘�ƒ�-¶·¨¡²¨¦¥´¨Ö):

1
Nsd

〈pj , Xd; σdj |pj , Xs; σsj〉 =

(
2σsjσdj

σ2
sj + σ2

dj

)3/2

ψ(pj , Xd − Xs, σj). (291)

‡¤¥¸Ó
1
σ2

j

=
1

σ2
sj

+
1

σ2
dj

(292)

¨ Nsd =
√
〈pj , Xd; σdj |pj , Xd; σdj〉〈pj , Xs; σsj |pj , Xs; σsj〉. ŒÒ ¶μ²ÊÎ¨²¨ ¢Ò-

· ¦¥´¨¥, ¶·μ¶μ·Í¨μ´ ²Ó´μ¥ ËÊ´±Í¨¨ ψ(p, x) ¢ ‘�ƒ�-¶·¨¡²¨¦¥´¨¨, ±μÉμ·μ¥

¸²¥¤Ê¥É ¸· ¢´¨ÉÓ ¸ e−Ωj(T,L). ‚ ·¥§Ê²ÓÉ É¥ ¶μ²ÊÎ ¥³ σj = Dj/Γj . ‘μμÉ¢¥É-
¸É¢¥´´μ, Dj Å ÔËË¥±É¨¢´ Ö ´¥μ¶·¥¤¥²¥´´μ¸ÉÓ Ô´¥·£¨¨ ´¥°É·¨´μ ¸ ÊÎ¥Éμ³
¢§ ¨³μ¤¥°¸É¢¨° ¢ ¨¸ÉμÎ´¨±¥ ¨ ¤¥É¥±Éμ·¥, ±μÉμ·ÊÕ ¸²¥¤Ê¥É ¸· ¢´¨ÉÓ ¸ ¢¥²¨-
Î¨´μ° σp, μ¶·¥¤¥²¥´´μ° ¸μ£² ¸´μ (63). �μ¸±μ²Ó±Ê σsj ¨ σdj Å ¤¨¸¶¥·¸¨¨
´¥°É·¨´´μ£μ ‚� ¢ ¨¸ÉμÎ´¨±¥ ¨ ¤¥É¥±Éμ·¥ ¸μμÉ¢¥É¸É¢¥´´μ, Éμ ²¥£±μ ´ °É¨ ¨Ì
Ö¢´Ò° ¢¨¤, ¶¥·¥¶¨¸ ¢ ¶¥·¢ÊÕ Ëμ·³Ê²Ê ¢ (250) ¢ ¢¨¤¥ R = σ2

xs + σ2
xd, £¤¥

σ2
xs = R̃μν

s lμlν , σ2
xd = R̃

μν
d lμlν . �¥É·Ê¤´μ ¶μ´ÖÉÓ Ë¨§¨Î¥¸±¨° ¸³Ò¸² ¢¥²¨-

Î¨´ σxs ¨ σxd ± ± ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì ¶·μ¸É· ´¸É¢¥´´ÒÌ ¤¨¸¶¥·¸¨° ‚� ´¥°-
É·¨´μ ¢ ¨¸ÉμÎ´¨±¥ ¨ ¤¥É¥±Éμ·¥, ±μÉμ·Ò¥ ¸¢Ö§ ´Ò ¸ ¤¨¸¶¥·¸¨Ö³¨ ¨³¶Ê²Ó¸μ¢
¸É ´¤ ·É´Ò³¨ ¤²Ö £ Ê¸¸μ¢  ¶ ±¥É  ¸μμÉ´μÏ¥´¨Ö³¨

σ−2
sj = 4σ2

xs = 4R̃
μν
s lμlν , σ−2

dj = 4σ2
xd = 4R̃

μν
d lμlν . (293)

„¥°¸É¢¨É¥²Ó´μ, ¶·Ö³ Ö ¶μ¤¸É ´μ¢±  σsj ¨ σdj , μ¶·¥¤¥²¥´´ÒÌ ¢ (293) ¨ (292)
¤²Ö ¢ÒÎ¨¸²¥´¨Ö  ³¶²¨ÉÊ¤Ò ¢ (291), ¤ ¥É, ¸ ÉμÎ´μ¸ÉÓÕ ¤μ ¡¥§· §³¥·´μ£μ

³´μ¦¨É¥²Ö ¶μ·Ö¤±  ¥¤¨´¨ÍÒ, e−Ωj(T,L) ¸ ËÊ´±Í¨¥° Dj , μ¶·¥¤¥²¥´´μ° ¸μ-
£² ¸´μ (276).
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�μ¸±μ²Ó±Ê D̃j Å ±μ³¶²¥±¸´μ§´ Î´ Ö ËÊ´±Í¨Ö, Ë ±Éμ·¨§ Í¨Ö ¢¨¤  (290) ¢
μ¡Ð¥³ ¸²ÊÎ ¥ ¸É ´μ¢¨É¸Ö ´¥¢μ§³μ¦´μ°, ´μ ¸μμÉ¢¥É¸É¢ÊÕÐÊÕ ¶μ¶· ¢±Ê, ¶·¥¤-
¸É ¢²ÖÕÐÊÕ μÎ¥¢¨¤´Ò° ¨´É¥·¥¸ ¤²Ö ´¥°É·¨´´μ°  ¸É·μË¨§¨±¨, ³μ¦´μ ¨´-
É¥·¶·¥É¨·μ¢ ÉÓ ± ± ·¥§Ê²ÓÉ É ¸¢μ¥μ¡· §´μ° ¨´É¥·Ë¥·¥´Í¨¨ · ¸¶²Ò¢ ÕÐ¨Ì¸Ö
in- ¨ out-¶ ±¥Éμ¢ ´¥°É·¨´μ. �É  ¶μ¶· ¢±  ¸É ´μ¢¨É¸Ö ¸ÊÐ¥¸É¢¥´´μ° ´  μÎ¥´Ó
¡μ²ÓÏ¨Ì · ¸¸ÉμÖ´¨ÖÌ L ¨ ¶·¨¢μ¤¨É ± μ¡Ð¥³Ê ¶μ¤ ¢²¥´¨Õ  ³¶²¨ÉÊ¤Ò (241) ¨
± ³μ¤¨Ë¨± Í¨¨ μ¸Í¨²²ÖÍ¨μ´´ÒÌ Ë ±Éμ·μ¢ ∝ exp [i ImΩj(T, L)]. „¥É ²Ó´μ¥
¨§ÊÎ¥´¨¥ ÔÉ¨Ì ÔËË¥±Éμ¢ ¢μ§³μ¦´μ Éμ²Ó±μ ¶μ¸·¥¤¸É¢μ³  ´ ²¨§  ´ ¡²Õ¤ ¥³ÒÌ
¢¥²¨Î¨´ (É ±¨Ì ± ± ¸±μ·μ¸ÉÓ ¸Î¥É  ¸μ¡ÒÉ¨° ¤ ´´μ£μ É¨¶  ¢ Ê¸É ´μ¢±¥), ±μÉμ-
·Ò¥ ¶μ²ÊÎ ÕÉ¸Ö ¶μ¸²¥ ´ ¤²¥¦ Ð¥£μ Ê¸·¥¤´¥´¨Ö ±¢ ¤· É  ³μ¤Ê²Ö  ³¶²¨ÉÊ¤Ò
¶μ ¢¸¥³ ´¥¨§³¥·Ö¥³Ò³ ¶¥·¥³¥´´Ò³, μÉ ±μÉμ·ÒÌ § ¢¨¸¨É  ³¶²¨ÉÊ¤  (241).
’ ±μ¥ Ê¸·¥¤´¥´¨¥ § ¢¨¸¨É μÉ ¸É É¨¸É¨Î¥¸±¨Ì · ¸¶·¥¤¥²¥´¨° (¢ ¡μ²¥¥ μ¡Ð¥³
¸²ÊÎ ¥ Å μÉ ±¨´¥É¨±¨)  ´¸ ³¡²¥° in-¶ ±¥Éμ¢ ¨ μÉ ¶·μÍ¥¤Ê·Ò ¤¥É¥±É¨·μ¢ -

´¨Ö [57,58]. ‡¤¥¸Ó ³Ò μ£· ´¨Î¨³¸Ö ¸²ÊÎ ¥³, ±μ£¤  ³´¨³μ° Î ¸ÉÓÕ D̃j ³μ¦´μ
¶·¥´¥¡·¥ÎÓ, ¨ ´ °¤¥³ Ê¸²μ¢¨Ö ¶·¨³¥´¨³μ¸É¨ ÔÉμ£μ ¶·¨¡²¨¦¥´¨Ö. ˆ¸¶μ²Ó-
§ÊÖ (277) ¨ (279), § ¶¨Ï¥³

rj � 105

F

( mj

1 Ô‚

)2(1 ƒÔ‚

Eν

)(
L

104 ±³

)
. (294)

�É¸Õ¤  ¢¨¤´μ, ÎÉμ rj � 1 ¤²Ö ¢¸¥Ì ¸μ¢·¥³¥´´ÒÌ Ô±¸¶¥·¨³¥´Éμ¢ ¸ ·¥ ±-
Éμ·´Ò³¨ (Eν � 1 ŒÔ‚, L � 103 ±³), Ê¸±μ·¨É¥²Ó´Ò³¨ (Eν � 100 ŒÔ‚,
L � 103 ±³) ¨  É³μ¸Ë¥·´Ò³¨ (Eν � 100 ŒÔ‚, L � 1,3 ·104 ±³) ( ´É¨)´¥°É·¨-

´μ ¶·¨ Ê¸²μ¢¨¨, ÎÉμ mj � 1 Ô‚ ¨ F � 107. ‚ ¶. �1.3.2 ³Ò ¶·μ¤¥³μ´¸É·¨·Ê¥³
´  É¨¶¨Î´ÒÌ ¶·¨³¥· Ì, ÎÉμ ¢ μ¡² ¸É¨ ¶·¨³¥´¨³μ¸É¨ ³μ¤¥²¨ ‘�ƒ� Ê¸²μ¢¨¥

F � 107 ¢Ò¶μ²´Ö¥É¸Ö ®¸ ¡μ²ÓÏ¨³ § ¶ ¸μ³¯∗. �·¨ ÔÉμ³ D̃2
j � D2

j � D2 ¨,
¸²¥¤μ¢ É¥²Ó´μ,

σ2
j

m2
j

� D2

E2
ν

=
1

2E2
νR

� 1
2F

. (295)

�É¸Õ¤  ¸ ÊÎ¥Éμ³ ¶·¨´ÖÉÒÌ ´ ³¨ Ê¸²μ¢¨° Ê§μ¸É¨ ¢´¥Ï´¨Ì ¶ ±¥Éμ¢ ¢ ¨³¶Ê²Ó¸-
´μ³ ¶·μ¸É· ´¸É¢¥, σ2

κ
� m2

κ
,  ¢Éμ³ É¨Î¥¸±¨ ¸²¥¤Ê¥É, ÎÉμ σ2

j /m2
j � 10−7 ¨

σ2
j L2 � m2

j/σ2
j (Ê¸²μ¢¨¥ ¸É ¡¨²Ó´μ¸É¨ ¶ ±¥É ).

Š ± ¶μ± § ´μ ¢ ¶. 4.7, ´¥μ¶·¥¤¥²¥´´μ¸É¨ Ô´¥·£¨¨ ¨ ±μ³¶μ´¥´É ¨³¶Ê²Ó¸ 
Ê²ÓÉ· ·¥²ÖÉ¨¢¨¸É¸±μ£μ ¢μ²´μ¢μ£μ ¶ ±¥É  ¢ ¶·¨¡²¨¦¥´¨¨ ‘�ƒ� ¥¸ÉÓ

δEp ≈ |δp| ≈ |δp‖| ≈
√

2 ln 2 Γpσ, |δp⊥| ≈ 2
√

ln 2σ

∗‚ Î ¸É´μ¸É¨, ÊÎ¨ÉÒ¢ Ö ¸μ¢·¥³¥´´Ò¥ ±μ¸³μ²μ£¨Î¥¸±¨¥ μ£· ´¨Î¥´¨Ö ´  ¸Ê³³Ê ³ ¸¸ ´¥°É·¨´μ
(¸³., ´ ¶·¨³¥·, [132]).
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(δp‖ × p = 0, δp⊥ · p = 0), É ± ÎÉμ ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ ´¥μ¶·¥¤¥²¥´´μ¸É¨ ¤²Ö
Ê²ÓÉ· ·¥²ÖÉ¨¢¨¸É¸±μ£μ ´¥°É·¨´´μ£μ ¶ ±¥É  · ¢´Ò

δEj ≈ |δpj | ≈ |δpj‖| ≈ 2
√

ln 2 D, |δpj⊥| ≈ 2
√

2 ln 2 D/Γj � |δpj‖|,

É. ¥. ËÊ´±Í¨Ö D, § ¢¨¸ÖÐ Ö μÉ ³ ¸¸, ¨³¶Ê²Ó¸μ¢ ¨ ®· §³ §μ±¯ ¨³¶Ê²Ó¸μ¢ ¢´¥Ï-
´¨Ì in- ¨ out-¶ ±¥Éμ¢, Ì · ±É¥·¨§Ê¥É ´¥μ¶·¥¤¥²¥´´μ¸ÉÓ Ô´¥·£¨¨ ´¥°É·¨´μ,
  1/D μ¶·¥¤¥²Ö¥É (¸ ÉμÎ´μ¸ÉÓÕ ¤μ Î¨¸²μ¢μ£μ ³´μ¦¨É¥²Ö ¶μ·Ö¤±  ¥¤¨´¨ÍÒ)
ÔËË¥±É¨¢´Ò° · §³¥· ´¥°É·¨´´μ£μ ¢μ²´μ¢μ£μ ¶ ±¥É , ¶μ¶¥·¥Î´Ò° ± ¨³¶Ê²Ó-
¸Ê pj . � £²Ö¤´Ò³ μ¡· §μ³ ¢μ²´μ¢μ£μ ¶ ±¥É  Ê²ÓÉ· ·¥²ÖÉ¨¢¨¸É¸±μ£μ ´¥°É·¨´μ
³μ¦¥É ¸²Ê¦¨ÉÓ μ£·μ³´Ò°, ´μ Î·¥§¢ÒÎ °´μ Éμ´±¨° ¤¨¸±, μÉ´μÏ¥´¨¥ ¶μ¶¥-
·¥Î´μ£μ ¨ ¶·μ¤μ²Ó´μ£μ · §³¥·μ¢ ±μÉμ·μ£μ · ¢´μ Γj � 1. �É´μ¸¨É¥²Ó´ Ö
´¥μ¶·¥¤¥²¥´´μ¸ÉÓ Ô´¥·£¨¨ ¨ ¨³¶Ê²Ó¸  ´¥°É·¨´μ

δEj

Ej
� δPj

Pj
∼ D

Eν
∼ 1√

F

¢¸¥£¤  μÎ¥´Ó ³ ²  ¨ ´¥ § ¢¨¸¨É μÉ Ô´¥·£¨¨ ¨ ³ ¸¸Ò ´¥°É·¨´μ. ˆ³¥´´μ ¢ ÔÉμ³
¸³Ò¸²¥ ¸²¥¤Ê¥É ¶μ´¨³ ÉÓ ¸É ´¤ ·É´μ¥ ±¢ ´Éμ¢μ-³¥Ì ´¨Î¥¸±μ¥ ¶·¥¤¶μ²μ¦¥-
´¨¥ μ Éμ³, ÎÉμ ¸μ¸ÉμÖ´¨Ö ´¥°É·¨´μ ¸ μ¶·¥¤¥²¥´´Ò³¨ ³ ¸¸ ³¨ |νi〉 (  ¸²¥¤μ-
¢ É¥²Ó´μ, ¨ ¸μ¸ÉμÖ´¨Ö ¸ μ¶·¥¤¥²¥´´Ò³¨ Ë²¥°¢μ· ³¨ |να〉) μ¡² ¤ ÕÉ μ¶·¥¤¥-
²¥´´Ò³¨ 4-¨³¶Ê²Ó¸ ³¨.

Š ± ¨ ¢¸Ö±¨° ‘�ƒ�, ´¥°É·¨´´Ò° ‚� ¢ ¸·¥¤´¥³ ¤¢¨¦¥É¸Ö ¶μ ®±² ¸¸¨Î¥-
¸±μ° É· ¥±Éμ·¨¨¯ Lj = vjT , ±¢ ´Éμ¢Ò¥ μÉ±²μ´¥´¨Ö μÉ ±μÉμ·μ°, δLj , ¶μ¤ -
¢²¥´Ò (¢  ³¶²¨ÉÊ¤¥) Ë ±Éμ·μ³

exp

{
−2D

2

[
(δLj)2

Γ2
j

+
(LδLj)2

L2

]}
.

ˆ§-§  ³ ²μ¸É¨ μÉ´μÏ¥´¨Ö D2/Γ2
j ∼ m2

j/F ¶μ¶¥·¥Î´Ò¥ μÉ±²μ´¥´¨Ö ³μ£ÊÉ ¡ÒÉÓ

³ ±·μ¸±μ¶¨Î¥¸±¨ ¢¥²¨±¨ (¡¥¸±μ´¥Î´μ ¢¥²¨±¨ ¢ ¸²ÊÎ ¥ ¡¥§³ ¸¸μ¢μ£μ ´¥°-
É·¨´μ). �ÉμÉ ¢Ò¢μ¤ ¸μ¢¶ ¤ ¥É ¸ ·¥§Ê²ÓÉ Éμ³, ¸Ëμ·³Ê²¨·μ¢ ´´Ò³ ¢ ´ Î ²¥
¤ ´´μ£μ ¶Ê´±É  ¡¥§  ¶¥²²ÖÍ¨¨ ± ¶μ´ÖÉ¨Õ ´¥°É·¨´´μ£μ ¢μ²´μ¢μ£μ ¶ ±¥É .

ˆÉ ±, ³Ò Ê¡¥¤¨²¨¸Ó, ÎÉμ ÔËË¥±É¨¢´Ò° ‚� Ê²ÓÉ· ·¥²ÖÉ¨¢¨¸É¸±μ£μ ´¥°-
É·¨´μ ¢μ¸¶·μ¨§¢μ¤¨É ¢¸¥ ¸¢μ°¸É¢  ‘�ƒ� μ¡Ð¥£μ ¢¨¤  ¸ Éμ° ²¨ÏÓ ¸ÊÐ¥-
¸É¢¥´´μ° μ£μ¢μ·±μ°, ÎÉμ ¶ · ³¥É· σj § ¢¨¸¨É, ¢μμ¡Ð¥ £μ¢μ·Ö, μÉ ¨³¶Ê²Ó¸μ¢
(  É ±¦¥ ³ ¸¸ ¨ ¤¨¸¶¥·¸¨° ¨³¶Ê²Ó¸μ¢) ¢¸¥Ì ¢´¥Ï´¨Ì ¶ ±¥Éμ¢. ‡¤¥¸Ó ´¥μ¡-
Ìμ¤¨³μ μÉ³¥É¨ÉÓ, ÎÉμ ÔÉ  § ¢¨¸¨³μ¸ÉÓ μÉ´Õ¤Ó ´¥ Ö¢²Ö¥É¸Ö ¸¶¥Í¨Ë¨Î¥¸±¨³
¸¢μ°¸É¢μ³ ´¥°É·¨´μ ¨²¨ ±μ¢ ·¨ ´É´μ£μ Ëμ·³ ²¨§³ , ¶μ¸±μ²Ó±Ê, ± ± μ¡¸Ê-
¦¤ ²μ¸Ó ¢ ¶. 3.3, ‚�, μ¶¨¸Ò¢ ÕÐ¨° ¸μ¸ÉμÖ´¨¥ ²Õ¡μ° ³ ¸¸¨¢´μ° Î ¸É¨ÍÒ,
¤μ²¦¥´ § ¢¨¸¥ÉÓ μÉ ¨³¶Ê²Ó¸μ¢ Î ¸É¨Í, ÊÎ ¸É¢μ¢ ¢Ï¨Ì ± ± ¢ ¥¥ μ¡· §μ¢ -
´¨¨, É ± ¨, ¢μμ¡Ð¥ £μ¢μ·Ö, ¶μ£²μÐ¥´¨¨,   ¨¸¶μ²Ó§μ¢ ´´μ¥ ´ ³¨ ¸μ£² Ï¥´¨¥
σκ = const Ö¢²Ö¥É¸Ö ´¥ ¡μ²¥¥ Î¥³ ¶·¨¡²¨¦¥´¨¥³, ¶·¨´ÖÉÒ³ ¤²Ö Ê¶·μÐ¥´¨Ö
É¥μ·¨¨.
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8. ŒˆŠ��‘Š��ˆ—…‘Š�Ÿ ‚…��Ÿ’��‘’œ
Œ�Š��‘Š��ˆ—…‘Šˆ ��‡�…‘…��›• ‘��›’ˆ‰

’¥¶¥·Ó ¸ ¶μ³μÐÓÕ (282) ¨ Ëμ·³Ê² ¤²Ö Î¥ÉÒ·¥Ì³¥·´ÒÌ μ¡Ñ¥³μ¢ ¶¥·¥±·Ò-
É¨Ö Vs,d, ¢Ò¢¥¤¥´´ÒÌ ¢ ¶. 6.11, ³Ò ¶μ²ÊÎ ¥³ ¢Ò· ¦¥´¨¥ ¤²Ö ³¨±·μ¸±μ¶¨Î¥-
¸±μ° ¢¥·μÖÉ´μ¸É¨ ¶·μÍ¥¸¸  (231):

|Aβα|2 =
(2π)4δs(pν − qs)Vs|Ms|2∏

κ∈S

2EκVκ

(2π)4δd(pν + qd)Vd|Md|2∏
κ∈D

2EκVκ

×

× 1
2(2π)3L2

∣∣∣∣∑
j

D̃jV
∗
αjVβj e−Ωj−Θj

∣∣∣∣2. (296)

�Éμ ¢Ò· ¦¥´¨¥ § ¢¨¸¨É μÉ ±μμ·¤¨´ É xκ ¨ ¸·¥¤´¨Ì ¨³¶Ê²Ó¸μ¢ pκ ¢¸¥Ì ÊÎ ¸É-
¢ÊÕÐ¨Ì ¢ ·¥ ±Í¨¨ ‚�,   É ±¦¥ μÉ ¶ · ³¥É·μ¢ σκ . ‚¥·μÖÉ´μ¸ÉÓ (296) ¨¸Î¥-
§ ÕÐ¥ ³ ² , ¥¸²¨ ³ ²μ ¶·μ¨§¢¥¤¥´¨¥ μ¡Ñ¥³μ¢ ¶¥·¥±·ÒÉ¨Ö

VsVd =
(π

2

)4
(|Rs||Rd|)−1/2 exp [−2(Ss + Sd)],

É. ¥. ¥¸²¨ in- ¨ out-¶ ±¥ÉÒ ¢ ¨¸ÉμÎ´¨±¥ ¨ ¤¥É¥±Éμ·¥ ´¥ ¶¥·¥¸¥± ÕÉ¸Ö ¢ ¶·μ-
¸É· ´¸É¢¥´´μ-¢·¥³¥´´ÒÌ μ¡² ¸ÉÖÌ, μ±·Ê¦ ÕÐ¨Ì ¶·¨Í¥²Ó´Ò¥ ÉμÎ±¨ Xs ¨ Xd.

�É³¥É¨³, ÎÉμ ¨ 4-¢¥±Éμ· pν Ö¢²Ö¥É¸Ö ËÊ´±Í¨¥° pκ ¨ σκ , ¶·¨Î¥³ pν =
qs = −qd ¢ ¶·¥¤¥²¥ σκ = 0, ∀κ. �μÔÉμ³Ê ¶·¨ ¤μ¸É ÉμÎ´μ ³ ²ÒÌ σκ

δs(pν − qs) δd(pν + qd) ≈ δs(0)δd(0) = (2π)−4(|Rs||Rd|)−1/2.

—¥³ ¦¥ μ¶·¥¤¥²Ö¥É¸Ö ¶·¨¡²¨¦¥´´μ¥ · ¢¥´¸É¢μ qs ¨ qd? „²Ö μÉ¢¥É  ´  ÔÉμÉ ¢μ-
¶·μ¸ ¶·¥μ¡· §Ê¥³ ¢Ò· ¦¥´¨¥ (296) ¸¶μ¸μ¡μ³, ¶·¥¤²μ¦¥´´Ò³ Š ·¤ ²²μ³ [42].
ˆ¸¶μ²Ó§ÊÖ Ö¢´Ò° ¢¨¤ ËÊ´±Í¨° δs,d ¨ D, ´¥É·Ê¤´μ ¢Ò¢¥¸É¨ ¸²¥¤ÊÕÐ¥¥ ¶·¨-
¡²¨¦¥´´μ¥ ¸μμÉ´μÏ¥´¨¥∗:

√
2πDδs(pν − qs)δd(pν + qd)F (pν) =

∫
dE′

ν δs(p′ν − qs)δd(p′ν + qd)F (p′ν),

∗�Éμ ¸μμÉ´μÏ¥´¨¥ ¸¶· ¢¥¤²¨¢μ ¸ Éμ° ¦¥ ÉμÎ´μ¸ÉÓÕ, ¸ ± ±μ° ¡Ò²  ¶μ²ÊÎ¥´  Ëμ·³Ê²  (282)
¤²Ö  ³¶²¨ÉÊ¤Ò,   ¨³¥´´μ, ¸ ÉμÎ´μ¸ÉÓÕ ¨¸¶μ²Ó§μ¢ ´´μ£μ ¶·¨ ¢Ò¢μ¤¥ ³¥Éμ¤  ¶¥·¥¢ ² .
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¢ ±μÉμ·μ³ F (pν) Å ¶·μ¨§¢μ²Ó´ Ö ³¥¤²¥´´μ ³¥´ÖÕÐ Ö¸Ö ËÊ´±Í¨Ö pν ,   p′ν =
(E′

ν ,p′
ν) = E′

ν l. ‘ ¶μ³μÐÓÕ ÔÉμ£μ ¸μμÉ´μÏ¥´¨Ö ¶μ²ÊÎ ¥³

|Aβα|2 =
∫

dEν
(2π)4δs(pν − qs)Vs|Ms|2∏

κ∈S

2EκVκ

(2π)4δd(pν + qd)Vd|Md|2∏
κ∈D

2EκVκ

×

× D

2
√

2π(2π)3L2

∣∣∣∣∑
j

V ∗
αjVβje

−Ωj−Θj
1

1 + irj

∣∣∣∣2, (297)

£¤¥ ÏÉ·¨Ì Ê ®´¥³μ°¯ ¶¥·¥³¥´´μ° ¨´É¥£·¨·μ¢ ´¨Ö Eν μ¶ÊÐ¥´, ´μ É¥¶¥·Ó μ´ 
(± ± ¨ ¢¥±Éμ· pν = Eν l) Ê¦¥ ´¨± ± ´¥ ¸¢Ö§ ´  ¸ ¶ · ³¥É· ³¨ ¢´¥Ï´¨Ì ¶ ±¥-
Éμ¢. ‚ · ³± Ì ¸¤¥² ´´ÒÌ ¶·¨¡²¨¦¥´¨° Ëμ·³Ê²Ò (296) ¨ (297) Ô±¢¨¢ ²¥´É´Ò,
´μ ¨§ (297) ¢¨¤´μ, ÎÉμ § ±μ´ ¸μÌ· ´¥´¨Ö Ô´¥·£¨¨-¨³¶Ê²Ó¸  ·¥£Ê²¨·Ê¥É¸Ö ¶μ-
¤Ò´É¥£· ²Ó´Ò³¨ Ë ±Éμ· ³¨ δs(pν −qs) ¨ δd(pν +qd), ±μÉμ·Ò¥ ¶·¨ ¤μ¸É ÉμÎ´μ
³ ²ÒÌ σκ ³μ¦´μ § ³¥´¨ÉÓ μ¡ÒÎ´Ò³¨ δ-ËÊ´±Í¨Ö³¨. �μ²ÊÎ¥´´Ò° ·¥§Ê²ÓÉ É
¶μ¸²Ê¦¨É μ¸´μ¢μ° ¤²Ö · ¸Î¥É  ¢¥²¨Î¨´, ¨§³¥·Ö¥³ÒÌ ¢ ¸μ¢·¥³¥´´ÒÌ Ô±¸¶¥·¨-
³¥´É Ì ¶μ ´¥°É·¨´´Ò³ μ¸Í¨²²ÖÍ¨Ö³.

9. ‚…��Ÿ’��‘’œ ˆ ‘Š���‘’œ ‘—…’�

‚Ò· ¦¥´¨¥ (297) Ö¢²Ö¥É¸Ö ´ ¨¡μ²¥¥ μ¡Ð¨³ ·¥§Ê²ÓÉ Éμ³ ´ Ï¥° É¥μ·¨¨.
‚ Éμ ¦¥ ¢·¥³Ö μ´μ ¸²¨Ï±μ³  ¡¸É· ±É´μ ¤²Ö ´¥¶μ¸·¥¤¸É¢¥´´μ° μ¡· ¡μÉ±¨
¨  ´ ²¨§  ¤ ´´ÒÌ ¸μ¢·¥³¥´´ÒÌ ´¥°É·¨´´ÒÌ Ô±¸¶¥·¨³¥´Éμ¢. ‚ ¡μ²ÓÏ¨´¸É¢¥
ÔÉ¨Ì Ô±¸¶¥·¨³¥´Éμ¢ ¨´Ëμ·³ Í¨Ö μ ±μμ·¤¨´ É Ì Î ¸É¨Í ¢ ¨¸ÉμÎ´¨±¥,   Î Ð¥
¢¸¥£μ ¨ ¢ ¤¥É¥±Éμ·¥ ´¥¤μ¸ÉÊ¶´  ¨²¨ ´¥ ¨¸¶μ²Ó§Ê¥É¸Ö ¶·¨ μ¡· ¡μÉ±¥ ¤ ´´ÒÌ.

μ²¥¥ Éμ£μ, ¨§³¥·ÖÕÉ¸Ö, ± ± ¶· ¢¨²μ, ²¨ÏÓ ¨³¶Ê²Ó¸Ò ¢Éμ·¨Î´ÒÌ Î ¸É¨Í ¢
¤¥É¥±Éμ·¥. „²Ö ¶μ²ÊÎ¥´¨Ö ·¥ ²Ó´μ ´ ¡²Õ¤ ¥³μ° ¢¥²¨Î¨´Ò ¢¥·μÖÉ´μ¸ÉÓ (297)
¸²¥¤Ê¥É ¤μ²¦´Ò³ μ¡· §μ³ Ê¸·¥¤´¨ÉÓ (¶·μ¸Ê³³¨·μ¢ ÉÓ) ¶μ ¢¸¥³ ´¥¨§³¥·Ö¥³Ò³
¨²¨ ´¥¨¸¶μ²Ó§Ê¥³Ò³ ¢  ´ ²¨§¥ ¶¥·¥³¥´´Ò³ ¢Ìμ¤ÖÐ¨Ì (¢ÒÌμ¤ÖÐ¨Ì) ¸μ¸ÉμÖ-
´¨° Î ¸É¨Í. ŒÒ ¡Ê¤¥³ ´ §Ò¢ ÉÓ É ±ÊÕ ¶·μÍ¥¤Ê·Ê ³ ±·μ¸±μ¶¨Î¥¸±¨³ Ê¸·¥¤´¥-
´¨¥³. „²Ö ± ¦¤μ£μ ±μ´±·¥É´μ£μ Ô±¸¶¥·¨³¥´É  ³ ±·μ¸±μ¶¨Î¥¸±μ¥ Ê¸·¥¤´¥´¨¥
³μ¦´μ ¶·μ¢¥¸É¨ Éμ²Ó±μ ¸ ÊÎ¥Éμ³ ·¥ ²Ó´ÒÌ Ë¨§¨Î¥¸±¨Ì Ê¸²μ¢¨°, ¶μ¸É·μ¨¢
¤²Ö ÔÉμ£μ  ¤¥±¢ É´ÊÕ ³ É¥³ É¨Î¥¸±ÊÕ ³μ¤¥²Ó ·¥ ²Ó´μ£μ Ô±¸¶¥·¨³¥´É . �μ
ÔÉμ° ¶·¨Î¨´¥ (¨ ¢ ÔÉμ³ ¸³Ò¸²¥) ¤ ²Ó´¥°Ï¨°  ´ ²¨§ ¸É ´μ¢¨É¸Ö ³μ¤¥²Ó´μ-
§ ¢¨¸¨³Ò³.

9.1. Œ ±·μ¸±μ¶¨Î¥¸±μ¥ Ê¸·¥¤´¥´¨¥. ‚ ¤ ²Ó´¥°Ï¥³ ³Ò ¡Ê¤¥³ ¨¸¶μ²Ó-
§μ¢ ÉÓ ¶·μ¸ÉÊÕ, ´μ ¤μ¸É ÉμÎ´μ ·¥ ²¨¸É¨Î´ÊÕ ³μ¤¥²Ó, ¢ ±μÉμ·μ° ¶·¥¤¶μ² -
£ ¥É¸Ö, ÎÉμ · ¸¶·¥¤¥²¥´¨Ö ‚� in-Î ¸É¨Í ¶μ ¸·¥¤´¨³ ¨³¶Ê²Ó¸ ³, ¶·μ¥±Í¨Ö³
¸¶¨´μ¢ ¨ ±μμ·¤¨´ É ³ ¢ ¨¸ÉμÎ´¨±¥ ¨ ¤¥É¥±Éμ·¥ (· ¸¸³ É·¨¢ ¥³ÒÌ ¸¥°Î ¸ ± ±
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Ë¨§¨Î¥¸±¨¥ ³ ±·μ¸±μ¶¨Î¥¸±¨¥ μ¡Ñ¥±ÉÒ) ³μ¦´μ μ¶¨¸ ÉÓ ±² ¸¸¨Î¥¸±¨³¨ μ¤-
´μÎ ¸É¨Î´Ò³¨ ËÊ´±Í¨Ö³¨ · ¸¶·¥¤¥²¥´¨Ö fa(pa, sa, xa), ´μ·³¨·μ¢ ´´Ò³¨ ¢
± ¦¤Ò° ³μ³¥´É ¢·¥³¥´¨ ¸μ£² ¸´μ Ê¸²μ¢¨Õ

∑
sa

∫
dxa dpa

(2π)3
fa(pa, sa, xa) = Na(x0

a) (a ∈ Is,d),

£¤¥ Na(x0
a) Å ¶μ²´μ¥ Î¨¸²μ Î ¸É¨Í a ¢ ³μ³¥´É ¢·¥³¥´¨ x0

a. ŒÒ ³μ¦¥³ É¥-
¶¥·Ó ÊÉμÎ´¨ÉÓ (  ¢¥·´¥¥, ¶¥·¥μ¶·¥¤¥²¨ÉÓ) É¥·³¨´Ò ®¨¸ÉμÎ´¨±¯ ¨ ®¤¥É¥±Éμ·¯,
¨¸¶μ²Ó§μ¢ ¢Ï¨¥¸Ö ¶·¨ · ¸Î¥É¥  ³¶²¨ÉÊ¤Ò ¤²Ö μ¡μ§´ Î¥´¨Ö ¡²μ±μ¢ ³ ±·μ¸±μ-
¶¨Î¥¸±¨Ì Ë¥°´³ ´μ¢¸±¨Ì ¤¨ £· ³³. ‚ ¤ ²Ó´¥°Ï¥³ ³Ò ¡Ê¤¥³ ´ §Ò¢ ÉÓ ®¨¸-
ÉμÎ´¨±μ³¯ ¨ ®¤¥É¥±Éμ·μ³¯ ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ Ô±¸¶¥·¨³¥´É ²Ó´Ò¥ Ê¸É·μ°¸É¢ 
¨ (¢  ¡¸É· ±É´μ³, ´μ ³ É¥³ É¨Î¥¸±¨ ¡μ²¥¥ ÉμÎ´μ³ ¸³Ò¸²¥) ´μ¸¨É¥²¨ S ¨ D
¶·μ¨§¢¥¤¥´¨° ËÊ´±Í¨° · ¸¶·¥¤¥²¥´¨Ö ¶μ ¶·μ¸É· ´¸É¢¥´´μ-¢·¥³¥´´Ò³ ¶¥·¥-

³¥´´Ò³
(
É. ¥. S = supp

{xa}

∏
a

fa, a ∈ Is ¨  ´ ²μ£¨Î´μ ¤²Ö D
)
, ±μÉμ·Ò¥ ¡Ê¤¥³

¸Î¨É ÉÓ μ£· ´¨Î¥´´Ò³¨ ¨ ´¥¶¥·¥¸¥± ÕÐ¨³¨¸Ö. �μ²μ¦¨³, ÎÉμ Ì · ±É¥·´Ò¥
¶·μ¸É· ´¸É¢¥´´Ò¥ · §³¥·Ò S ¨ D ³ ²Ò ¶μ ¸· ¢´¥´¨Õ ¸ · ¸¸ÉμÖ´¨¥³ ³¥¦¤Ê
´¨³¨, ´μ μÎ¥´Ó ¢¥²¨±¨ ¶μ ¸· ¢´¥´¨Õ ¸ ÔËË¥±É¨¢´Ò³¨ · §³¥· ³¨ ¢¸¥Ì ¤¢¨¦Ê-
Ð¨Ì¸Ö ¢ ´¨Ì ¢μ²´μ¢ÒÌ ¶ ±¥Éμ¢. „²Ö μ¶·¥¤¥²¥´´μ¸É¨ ¶·¥¤¶μ²μ¦¨³, ÎÉμ ¢ ´ -
Ï¥³ Ô±¸¶¥·¨³¥´É¥ ¶μ¤²¥¦ É ¨§³¥·¥´¨Õ Éμ²Ó±μ ¸·¥¤´¨¥ ¨³¶Ê²Ó¸Ò ¢Éμ·¨Î´ÒÌ
Î ¸É¨Í ¢ D, ¶·¨Î¥³ (¡² £μ¤ ·Ö ¡μ²ÓÏμ³Ê · ¸¸ÉμÖ´¨Õ ³¥¦¤Ê S ¨ D) ³μ¦´μ
¶·¥´¥¡·¥ÎÓ Ëμ´μ³ μÉ ¢Éμ·¨Î´ÒÌ Î ¸É¨Í, ¶μ¶ ¤ ÕÐ¨Ì ¢ D ¨§ S. ‚ ÔÉ¨Ì ¶·¥¤-
¶μ²μ¦¥´¨ÖÌ ³ ±·μ¸±μ¶¨Î¥¸±¨ Ê¸·¥¤´¥´´ Ö ¢¥·μÖÉ´μ¸ÉÓ ¶·μÍ¥¸¸  (231) ³μ¦¥É
¡ÒÉÓ § ¶¨¸ ´  ¢ ¸²¥¤ÊÕÐ¥³ ¢¨¤¥:

〈〈|Aβα|2〉〉 =
∑
spins

∫ ∏
a∈Is

dxa dpa fa(pa, sa, xa)
(2π)32EaVa

∫ ∏
b∈Fs

dxb dpb

(2π)32EbVb
Vs×

×
∫ ∏

a∈Id

dxa dpa fa(pa, sa, xa)
(2π)32EaVa

∫ ∏
b∈Fd

dxb[dpb]
(2π)32EbVb

Vd×

×
∫

dEν(2π)4δs(pν − qs)|Ms|2(2π)4δd(pν + qd)|Md|2×

× D

2
√

π(2π)3L2

∣∣∣∣∑
j

V ∗
αjVβj e−Ωj−Θj

∣∣∣∣2. (298)

‡¤¥¸Ó ¨ ¤ ²¥¥ ¸¨³¢μ²
∑

spins

μ¡μ§´ Î ¥É Ê¸·¥¤´¥´¨¥ ¶μ ¸¶¨´ ³ ¢¸¥Ì in-Î ¸É¨Í ¨

¸Ê³³¨·μ¢ ´¨¥ ¶μ ¸¶¨´ ³ ¢¸¥Ì out-Î ¸É¨Í ¢ S ¨ D,   ¸¨³¢μ² [dpb] μ§´ Î ¥É,

ÎÉμ ¶μ ¶¥·¥³¥´´μ° pb ¨´É¥£·¨·μ¢ ´¨¥ ´¥ ¶·μ¨§¢μ¤¨É¸Ö, É. ¥.
∫
[dpb] = dpb.

’¥³ ¸ ³Ò³ ¢ (298) ´¥Ö¢´μ ¶μ¤· §Ê³¥¢ ¥É¸Ö, ÎÉμ ¨³¶Ê²Ó¸Ò ¢¸¥Ì ¢Éμ·¨Î´ÒÌ
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Î ¸É¨Í ¢ ¤¥É¥±Éμ·¥ ³μ£ÊÉ ¨§³¥·ÖÉÓ¸Ö∗. �¥É·Ê¤´μ ¢¨¤¥ÉÓ, ÎÉμ (298) ¶·¥¤¸É -
¢²Ö¥É ¸μ¡μ° ¶μ²´μ¥ Î¨¸²μ, dNαβ, ·¥£¨¸É·¨·Ê¥³ÒÌ ¢ D ¸μ¡ÒÉ¨° ¸ Î ¸É¨Í ³¨
b ∈ Fd, ¨³¶Ê²Ó¸Ò ±μÉμ·ÒÌ ´ Ìμ¤ÖÉ¸Ö ¢ ¨´É¥·¢ ² Ì μÉ pb ¤μ pb + dpb, É. ¥.

〈〈|Aβα|2〉〉 = dNαβ
∗∗. „²Ö ¶·μ¸ÉμÉÒ ³Ò ¶·¥´¥¡·¥£ ¥³ ÔËË¥±É ³¨ ¶μ·Ö¤± 

L/τLj (¸³. (279)), ±μÉμ·Ò¥ ¸¢Ö§ ´Ò ¸ · ¸¶²Ò¢ ´¨¥³ ÔËË¥±É¨¢´μ£μ ‚� ´¥°-
É·¨´μ ´  μÎ¥´Ó ¡μ²ÓÏ¨Ì · ¸¸ÉμÖ´¨ÖÌ. �É¨ ÔËË¥±ÉÒ ¶μÉ¥´Í¨ ²Ó´μ ¨´É¥·¥¸´Ò
¤²Ö Ô±¸¶¥·¨³¥´Éμ¢ ¸  ¸É·μË¨§¨Î¥¸±¨³¨ ´¥°É·¨´μ, ´μ, ± ± ¶· ¢¨²μ, ´¥¸ÊÐ¥-
¸É¢¥´´Ò ¢ ´ §¥³´ÒÌ μ¸Í¨²²ÖÍ¨μ´´ÒÌ Ô±¸¶¥·¨³¥´É Ì, ¢±²ÕÎ Ö Ô±¸¶¥·¨³¥´ÉÒ
¸ ¸μ²´¥Î´Ò³¨ ´¥°É·¨´μ. �¥±μÉμ·Ò¥ ·¥§Ê²ÓÉ ÉÒ, μÉ´μ¸ÖÐ¨¥¸Ö ± ®¸¢¥·Ì¤²¨´-
´Ò³ ¡ § ³¯, ¶·¨¢¥¤¥´Ò ¢ ¶·¨²μ¦¥´¨¨ 5.

ˆ´É¥£·¨·μ¢ ´¨¥ ¶μ ±μμ·¤¨´ É ³ ¶ ±¥Éμ¢ ¢ (298) ³μ¦´μ ¢Ò¶μ²´¨ÉÓ ¢ Ö¢-
´μ³ ¢¨¤¥, ¥¸²¨ ¢μ¸¶μ²Ó§μ¢ ÉÓ¸Ö ¨´É¥£· ²Ó´Ò³ ¶·¥¤¸É ¢²¥´¨¥³ (229) ¤²Ö μ¡Ñ-
¥³μ¢ ¶¥·¥±·ÒÉ¨Ö Vs,d ¨ ÊÎ¥¸ÉÓ, ÎÉμ ËÊ´±Í¨¨ · ¸¶·¥¤¥²¥´¨Ö fa ¢ S ¨ D, · ¢´μ

± ± ¨ Ë ±Éμ· e−Ωj−Ω∗
i /L2, § ³¥É´μ ³¥´ÖÕÉ¸Ö ¢μ ¢·¥³¥´¨ ¨ ¶·μ¸É· ´¸É¢¥ ²¨ÏÓ

´  ³ ±·μ¸±μ¶¨Î¥¸±¨Ì ³ ¸ÏÉ ¡ Ì, Éμ£¤  ± ± ¶μ¤Ò´É¥£· ²Ó´Ò¥ Ë ±Éμ·Ò ¢ Vs ¨
Vd ¸ÊÐ¥¸É¢¥´´μ μÉ²¨Î´Ò μÉ ´Ê²Ö ²¨ÏÓ ¢ ³ ²μ° μ±·¥¸É´μ¸É¨ ¸μμÉ¢¥É¸É¢ÊÕÐ¥°
¶¥·¥³¥´´μ° ¨´É¥£·¨·μ¢ ´¨Ö.

�μÖ¸´¨³ ÔÉμ ´  ¡μ²¥¥ Ëμ·³ ²Ó´μ³ Ö§Ò±¥. � ¨³¥´´μ, ¶μ± ¦¥³, ÎÉμ ¶·¨
²Õ¡ÒÌ ±μ´Ë¨£Ê· Í¨ÖÌ ¢´¥Ï´¨Ì ¨³¶Ê²Ó¸μ¢ ¨ ¶·μ¨§¢μ²Ó´μ³ §´ Î¥´¨¨ x ´ °-
¤¥É¸Ö É ± Ö ±μ´Ë¨£Ê· Í¨Ö ¶·μ¸É· ´¸É¢¥´´μ Ê¤ ²¥´´ÒÌ ¤·Ê£ μÉ ¤·Ê£  ÉμÎ¥± xκ ,
¶·¨ ±μÉμ·μ°

�s,d ≡
∏

κ∈S,D

∣∣ψκ(pκ , xκ − x)
∣∣2 = 1,

É. ¥. �s ¨ �d ¤μ¸É¨£ ÕÉ ¸¢μ¨Ì ³ ±¸¨³ ²Ó´ÒÌ §´ Î¥´¨°. �Ê¸ÉÓ ¤²Ö μ¶·¥-
¤¥²¥´´μ¸É¨ κ ∈ S. ‚ ¸¨²Ê ¨´¢ ·¨ ´É´μ¸É¨ ËÊ´±Í¨°

∣∣ψκ(pκ , xκ − x)
∣∣ μÉ-

´μ¸¨É¥²Ó´μ ¸¤¢¨£μ¢ ¢¤μ²Ó ³¨·μ¢ÒÌ ²¨´¨° Í¥´É·μ¢ ¶ ±¥Éμ¢ ³μ¦´μ § ³¥´¨ÉÓ
±μμ·¤¨´ ÉÒ xκ ´  yκ, £¤¥

y0
κ

= X0
s , yκ = xκ +

(
X0

s − x0
κ

)
vκ .

�Î¥¢¨¤´μ, ÎÉμ �s =
∏
κ

∣∣ψκ(pκ , yκ − x)
∣∣2 = 1 ¶·¨ yκ = x, É. ¥. ¢ μ¤¨´ ¨

ÉμÉ ¦¥ ³μ³¥´É ¢·¥³¥´¨, ´μ ¶·¨ ´¥¸μ¢¶ ¤ ÕÐ¨Ì ¶·μ¸É· ´¸É¢¥´´ÒÌ ±μμ·¤¨-
´ É Ì xκ = x + (x0

κ
− x0)vκ , ±μÉμ·Ò¥ ¶μ ¶μ¸É·μ¥´¨Õ ¤μ¸É ÉμÎ´μ Ê¤ ²¥´Ò

∗� §Ê³¥¥É¸Ö, ÔÉμ ¤μ¶ÊÐ¥´¨¥ ¸μ¢¥·Ï¥´´μ ´¥ μ¡Ö§ É¥²Ó´μ; ®· ¸¸É ´μ¢±  ±¢ ¤· É´ÒÌ ¸±μ¡μ±¯
¢ (298) ¤¨±ÉÊ¥É¸Ö Ê¸²μ¢¨Ö³¨ ±μ´±·¥É´μ£μ Ô±¸¶¥·¨³¥´É . ’ ±, ¢ ¶μ±  £¨¶μÉ¥É¨Î¥¸±μ³ Ô±¸¶¥·¨-
³¥´É¥ ¸ ®³¥Î¥´Ò³¨¯ ´¥°É·¨´μ ¨§³¥·¥´¨Õ ¶μ¤²¥¦ É ¨³¶Ê²Ó¸Ò ¢¸¥Ì ¢Éμ·¨Î´ÒÌ Î ¸É¨Í ´¥ Éμ²Ó±μ
¢ ¤¥É¥±Éμ·¥, ´μ ¨ ¢ ¨¸ÉμÎ´¨±¥.

∗∗„²Ö ¶·μ¸ÉμÉÒ ³Ò · ¸¸³ É·¨¢ ¥³ ®¨¤¥ ²Ó´Ò°¯ Ô±¸¶¥·¨³¥´É, ÔËË¥±É¨¢´μ¸ÉÓ ·¥£¨¸É· Í¨¨
¢ ±μÉμ·μ³ · ¢´  1, ÌμÉÖ Ëμ·³ ²¨§³, μÎ¥¢¨¤´μ, ¶μ§¢μ²Ö¥É ²¥£±μ ÊÎ¥¸ÉÓ ·¥ ²Ó´Ò¥ ÔËË¥±É¨¢´μ¸ÉÓ
¨  ±¸¥¶É ´¸ ¤¥É¥±Éμ· ,   É ±¦¥ É·¨££¥·´Ò¥ Ê¸²μ¢¨Ö ¨ ±·¨É¥·¨¨ μÉ¡μ·  ¸μ¡ÒÉ¨°.
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¤·Ê£ μÉ ¤·Ê£ , ¨¡μ ¶¥·¥³¥´´Ò¥ x0
κ

Å ¢´¥Ï´¨¥, ¨ ³Ò § ¤ ²¨ ¤²Ö ´¨Ì ´Ê¦-
´Ò¥ Ê¸²μ¢¨Ö. �·¨ ÔÉμ³, ¥¸É¥¸É¢¥´´μ, Xs = x (¶μ¸±μ²Ó±Ê Xs ´¥ ³¥´Ö¥É¸Ö

¶·¨ § ³¥´¥ xκ ´  yκ). ‡¤¥¸Ó ´¥Ö¢´μ ¶·¥¤¶μ² £ ¥É¸Ö, ÎÉμ ´¥ ¡μ²¥¥ Î¥³ μ¤¨´
¶ ±¥É ³μ¦¥É ¨³¥ÉÓ ´Ê²¥¢ÊÕ ¸±μ·μ¸ÉÓ. �μ ¶μ´ÖÉ´μ, ÎÉμ ¢±² ¤Ò ¢ ¨´É¥£· ²
μÉ ±μ´Ë¨£Ê· Í¨°, ¢ ±μÉμ·ÒÌ ¶ ·  (¨²¨ ¡μ²ÓÏ¥¥ Î¨¸²μ) ¶ ±¥Éμ¢ ¨³¥¥É ´Ê²¥-
¢Ò¥ ¸±μ·μ¸É¨, ´¥¸ÊÐ¥¸É¢¥´´Ò. �·¥´¥¡·¥£ Ö ¨³¨ ¨ ±· ¥¢Ò³¨ ÔËË¥±É ³¨, ³Ò
³μ¦¥³ § ¶¨¸ ÉÓ (298) ¢ ¢¨¤¥

dNαβ =
∑
spins

∫
dx

∫
dy

∫
d Ps

∫
d Pd

∫
dEν

D

∣∣∣∣∑
j

V ∗
αjVβj e−Ωj−Θj

∣∣∣∣2
16π7/2|y − x|2 ,

(299)
£¤¥ ¤¨ËË¥·¥´Í¨ ²Ó´Ò¥ Ëμ·³Ò dPs,d μ¶·¥¤¥²¥´Ò ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

dPs =
∏
a∈Is

dpa fa(pa, sa, x)
(2π)32Ea

∏
b∈Fs

dpb

(2π)32Eb
(2π)4δs(pν − qs)|Ms|2, (300 )

dPd =
∏

a∈Id

dpa fa(pa, sa, y)
(2π)32Ea

∏
b∈Fd

[dpb]
(2π)32Eb

(2π)4δd(pν + qd)|Md|2. (300¡)

„²Ö ±μ³¶²¥±¸´μ° Ë §Ò Ωj ¢ (299) ¶μ-¶·¥¦´¥³Ê ¸¶· ¢¥¤²¨¢μ μ¶·¥¤¥²¥-
´¨¥ (278) ¨ ¥£μ ²μ·¥´Í-¨´¢ ·¨ ´É´ Ö Ëμ·³  (286), ¢ ±μÉμ·ÒÌ É¥¶¥·Ó

T = X0 = y0 − x0, X = y − x, L = |X|, X = (X0,X),

  μ¸É ²Ó´Ò¥ μ¡μ§´ Î¥´¨Ö É ±¨¥ ¦¥, ± ± · ´ÓÏ¥. ‘²¥¤Ê¥É ¶μ¤Î¥·±´ÊÉÓ, ÎÉμ
¸μμ¡· ¦¥´¨Ö, ¨¸¶μ²Ó§μ¢ ´´Ò¥ ¶·¨ ¢Ò¢μ¤¥ (299), μ¸´μ¢ ´Ò ´  ¸¢μ°¸É¢ Ì ¶·¨-
´ÖÉμ° ´ ³¨ ³ É¥³ É¨Î¥¸±μ° ³μ¤¥²¨, ±μÉμ· Ö ³μ¦¥É ´¥ μÉ¢¥Î ÉÓ Ê¸²μ¢¨Ö³ ·¥-
 ²Ó´ÒÌ Ô±¸¶¥·¨³¥´Éμ¢ ¶μ ¨¸¸²¥¤μ¢ ´¨Õ ´¥°É·¨´´ÒÌ μ¸Í¨²²ÖÍ¨°. ŒÒ É ±¦¥
´¥Ö¢´μ ¨¸¶μ²Ó§μ¢ ²¨ Ô±¸¶¥·¨³¥´É ²Ó´Ò¥ μ£· ´¨Î¥´¨Ö ´  ´¥°É·¨´´Ò¥ ³ ¸¸Ò,
¶μ§¢μ²ÖÕÐ¨¥ ¸Î¨É ÉÓ, ÎÉμ Im (Ωj + Ω∗

i ) ¸ÊÐ¥¸É¢¥´´μ ³¥´Ö¥É¸Ö ²¨ÏÓ ´  ³ -
±·μ¸±μ¶¨Î¥¸±¨ ¡μ²ÓÏ¨Ì ¶·μ¸É· ´¸É¢¥´´ÒÌ ³ ¸ÏÉ ¡ Ì Lij ,   Re (Ωj +Ω∗

i ) Å
´  ³ ¸ÏÉ ¡ Ì ³´μ£μ ¡μ²ÓÏ¨Ì Lij . � ¶μ³´¨³, μ¤´ ±μ, ÎÉμ É ± Ö ¨´É¥·¶·¥É -
Í¨Ö μ¸´μ¢ ´  ´  ±¢ ´Éμ¢μ-³¥Ì ´¨Î¥¸±μ³  ´ ²¨§¥ Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ¤ ´´ÒÌ.
�μÔÉμ³Ê ¸· ¢´¨É¥²Ó´μ ¶·μ¸É Ö, ´μ ¶·¨¡²¨¦¥´´ Ö Ëμ·³Ê²  (299) ´¥ Ô±¢¨¢ -
²¥´É´ , ¢μμ¡Ð¥ £μ¢μ·Ö, ¡μ²¥¥ μ¡Ð¥³Ê ¢Ò· ¦¥´¨Õ (298) ¨ É¥³ ¡μ²¥¥ (297).

‚ (299) ¨´É¥£·¨·μ¢ ´¨¥ ¶μ ¶¥·¥³¥´´Ò³ x0 ¨ y0 ¢ ¨¸ÉμÎ´¨±¥ ¨ ¤¥É¥±-
Éμ·¥ Ëμ·³ ²Ó´μ ¶·μ¨§¢μ¤¨É¸Ö ¶μ ¨´É¥·¢ ² ³ ¢·¥³¥´, ¤²Ö ±μÉμ·ÒÌ μ¶·¥¤¥-
²¥´Ò ËÊ´±Í¨¨ fa. ’ ±¨³ μ¡· §μ³, (299) ³μ¦´μ ¶·¨³¥´ÖÉÓ ± Ï¨·μ±μ³Ê ±·Ê£Ê
Ô±¸¶¥·¨³¥´Éμ¢ ± ± ¸μ ¸É Í¨μ´ ·´Ò³¨, É ± ¨ ´¥¸É Í¨μ´ ·´Ò³¨ ¨¸ÉμÎ´¨± ³¨
¨ ¤¥É¥±Éμ· ³¨. ‘ Í¥²ÓÕ ¤ ²Ó´¥°Ï¥£μ Ê¶·μÐ¥´¨Ö  ´ ²¨§  ¶·μ¢¥¤¥³ ¢ (299)
¨´É¥£·¨·μ¢ ´¨¥ ¶μ ÔÉ¨³ ¶¥·¥³¥´´Ò³. ŒÒ ¸¤¥² ¥³ ÔÉμ ¤²Ö ¶·μ¸Éμ° ³μ¤¥²¨,
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±μÉμ· Ö, μ¤´ ±μ, ²¥£±μ μ¡μ¡Ð ¥É¸Ö ´  ¡μ²¥¥ ·¥ ²¨¸É¨Î´Ò° ¸²ÊÎ °. ˆ³¥´´μ,
¶·¥¤¶μ²μ¦¨³, ÎÉμ ËÊ´±Í¨¨ · ¸¶·¥¤¥²¥´¨Ö fa ¢ S ¨ D ¸² ¡μ § ¢¨¸ÖÉ μÉ ¢·¥-
³¥´¨ ¢ É¥Î¥´¨¥ Ô±¸¶¥·¨³¥´É , É ± ÎÉμ ¨Ì ³μ¦´μ ¸ Ìμ·μÏ¥° ÉμÎ´μ¸ÉÓÕ § ³¥-
´¨ÉÓ ®¶·Ö³μÊ£μ²Ó´Ò³¨¯ § ¢¨¸¨³μ¸ÉÖ³¨ ¢¨¤ 

fa(pa, sa; x) = θ(x0 − x0
1)θ(x

0
2 − x0)f̄a(pa, sa;x) ¤²Ö a ∈ Is,

fa(pa, sa; y) = θ(y0 − y0
1)θ(y

0
2 − y0)f̄a(pa, sa;y) ¤²Ö a ∈ Id,

(301)

£¤¥ ËÊ´±Í¨¨ f̄a μÉ ¢·¥³¥´¨ ´¥ § ¢¨¸ÖÉ. ‘ÉÊ¶¥´Î ÉÒ¥ ËÊ´±Í¨¨ ¤²Ö · ¸¶·¥¤¥-
²¥´¨° Î ¸É¨Í ¢ ¤¥É¥±Éμ·¥ ¸²¥¤Ê¥É ¶μ´¨³ ÉÓ ± ±  ¶¶ · É´Ò¥ ¨²¨ ¶·μ£· ³³´Ò¥
É·¨££¥·´Ò¥ Ê¸²μ¢¨Ö. �¥·¨μ¤Ò ¸É Í¨μ´ ·´μ¸É¨ τs = x0

2−x0
1 ¨ τd = y0

2−y0
1 ³μ-

£ÊÉ ¡ÒÉÓ μÎ¥´Ó ¢¥²¨±¨ (± ± ¢ Ô±¸¶¥·¨³¥´É Ì ¸ ¸μ²´¥Î´Ò³¨ ¨  É³μ¸Ë¥·´Ò³¨
´¥°É·¨´μ, ¢ ±μÉμ·ÒÌ, ¶μ´ÖÉ´μ, τs ≫ τd) ¨²¨ μÎ¥´Ó ³ ²Ò (± ± ¢ Ô±¸¶¥·¨-
³¥´É Ì ¸ ¨³¶Ê²Ó¸´Ò³¨ ¶ÊÎ± ³¨ μÉ Ê¸±μ·¨É¥²Ö, ¢ ±μÉμ·ÒÌ μ¡ÒÎ´μ τs � τd).
‚ ²Õ¡μ³ ¸²ÊÎ ¥ ³μ¤¥²Ó (301) ¶·¥¤¶μ² £ ¥É, ÎÉμ ¨´É¥·¢ ²Ò ¢·¥³¥´¨ ®¢±²ÕÎ¥-
´¨Ö¯ ¨ ¢·¥³¥´¨ ®¢Ò±²ÕÎ¥´¨Ö¯ ¨¸ÉμÎ´¨±  (¤¥É¥±Éμ· ) ¶·¥´¥¡·¥¦¨³μ ³ ²Ò ¶μ
¸· ¢´¥´¨Õ ¸ τs (τd). �·¨ ¨¸¶μ²Ó§μ¢ ´¨¨ ³μ¤¥²¨ (301) ¥¤¨´¸É¢¥´´Ò° ³´μ-
¦¨É¥²Ó ¢ ¶μ¤Ò´É¥£· ²Ó´μ³ ¢Ò· ¦¥´¨¨ (299), § ¢¨¸ÖÐ¨° μÉ ¶¥·¥³¥´´ÒÌ x0

¨ y0, Å ÔÉμ e−Ωj−Ω∗
i , É ± ÎÉμ § ¤ Î  ¸¢μ¤¨É¸Ö ± · ¸Î¥ÉÊ μÉ´μ¸¨É¥²Ó´μ ¶·μ-

¸Éμ£μ ¨´É¥£· ² 

J =

y0
2∫

y0
1

dy0

x0
2∫

x0
1

dx0 exp [−Ωj(y0 − x0, L) − Ω∗
i (y

0 − x0, L)] ≡

≡
√

π

2D
τd exp (iϕij −� 2

ij)Sij . (302)

‚ (302) ¨¸¶μ²Ó§μ¢ ´Ò ¸²¥¤ÊÕÐ¨¥ μ¡μ§´ Î¥´¨Ö:

Sij =
exp (−�2

ij)
4τdD

2∑
l,l′=1

(−1)l+l′+1Ierf
[
2D

(
x0
l − y0

l′ +
L
vij

)
− i�ij

]
, (303)

ϕij =
2πL

Lij
, �ij = (vj − vi)DL =

2πDL

EνLij
, �ij =

ΔEij

4D
=

πn

2DLij
, (304)

Lij =
4πEν

Δm2
ij

, Δm2
ij = m2

i − m2
j , ΔEij = Ei − Ej ,

2
vij

=
1
vi

+
1
vj

,

(305)

Ierf (z) =

z∫
0

dz′ erf (z′) +
1√
π

= z erf (z) +
1√
π

e−z2
, (306)

  erf (z) Å ¨´É¥£· ² μÏ¨¡μ±. „²Ö ¡μ²¥¥ ·¥ ²¨¸É¨Î´μ£μ μ¶¨¸ ´¨Ö Ô±¸¶¥·¨-
³¥´É ²Ó´μ° ¸¨ÉÊ Í¨¨ ¸ ¨³¶Ê²Ó¸´Ò³ ¶ÊÎ±μ³ Î ¸É¨Í ¢ ¨¸ÉμÎ´¨±¥ (´ ¶·¨³¥·,
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³¥§μ´μ¢ ¢ · ¸¶ ¤´μ³ ± ´ ²¥) ³μ¤¥²Ó (301) ´¥É·Ê¤´μ μ¡μ¡Ð¨ÉÓ, ´ ¶·¨³¥·,
¢±²ÕÎ¨¢ ¢ ´¥¥ ¸¥·¨Õ ¶·Ö³μÊ£μ²Ó´ÒÌ (¨²¨ ¡μ²¥¥ ¸²μ¦´ÒÌ) ¨³¶Ê²Ó¸μ¢, ¶¥·¥-
³¥¦ ÕÐ¨Ì¸Ö ¶ Ê§ ³¨, ¢ É¥Î¥´¨¥ ±μÉμ·ÒÌ fa = 0. ŒÒ, μ¤´ ±μ, μ¸É ´μ¢¨³¸Ö
´  ¶·μ¸É¥°Ï¥³ ¸²ÊÎ ¥ (301), ±μÉμ·Ò° ¢μ¸¶·μ¨§¢μ¤¨É ´ ¨¡μ²¥¥ ¸ÊÐ¥¸É¢¥´´Ò¥
ÔËË¥±ÉÒ. ‘ ÊÎ¥Éμ³ (302) ¢³¥¸Éμ (299) ¶μ²ÊÎ ¥³

dNαβ =τd

∑
spins

∫
dx
∫

dy
∫

d Ps

∫
d Pd

∫
dEν

Pαβ(Eν , |y − x|)
4(2π)3|y − x|2 , (307 )

=
τd

VDVS

∫
dx
∫

dy
∫

dΦν

∫
dσνD Pαβ(Eν , |y − x|). (307¡)

� ¶μ³´¨³, ÎÉμ μ¸´μ¢´ Ö Ëμ·³Ê²  (297), ¨§ ±μÉμ·μ° ¶μ²ÊÎ¥´μ ¢Ò· ¦¥-
´¨¥ (307 ), ¡Ò²  ¢Ò¢¥¤¥´  ¡¥§ ÊÎ¥É  · ¸¶²Ò¢ ´¨Ö ÔËË¥±É¨¢´μ£μ ¢μ²´μ¢μ£μ
¶ ±¥É  ´¥°É·¨´μ. Š ± ¡Ò²μ ¶μ± § ´μ, ÔÉμ ¶·¨¡²¨¦¥´¨¥ Ìμ·μÏμ · ¡μÉ ¥É ¤²Ö
· ¸¸ÉμÖ´¨° L, Ê¤μ¢²¥É¢μ·ÖÕÐ¨Ì Ê¸²μ¢¨Õ (294), ¨§ ±μÉμ·μ£μ ¢¨¤´μ, ÎÉμ Ëμ·-
³Ê²  (297) ¶·¨³¥´¨³  ¤²Ö ¢¸¥Ì ¸μ¢·¥³¥´´ÒÌ Ô±¸¶¥·¨³¥´Éμ¢ ¸ ·¥ ±Éμ·´Ò³¨

(Eν � 1 ŒÔ‚, L � 103 ±³), Ê¸±μ·¨É¥²Ó´Ò³¨ (Eν � 100 ŒÔ‚, L � 103 ±³)

¨  É³μ¸Ë¥·´Ò³¨ (Eν � 100 ŒÔ‚, L � 1,3 · 104 ±³) ( ´É¨)´¥°É·¨´μ ¶·¨

Ê¸²μ¢¨¨, ÎÉμ mj � 1 Ô‚ ¨ F � 107; μ¡  ¶μ¸²¥¤´¨Ì Ê¸²μ¢¨Ö ¢Ò¶μ²´ÖÕÉ¸Ö ¸
¡μ²ÓÏ¨³ § ¶ ¸μ³. ‚ ¶·¨²μ¦¥´¨¨ 5 · ¸¸³ É·¨¢ ¥É¸Ö ¡μ²¥¥ μ¡Ð Ö ¸¨ÉÊ Í¨Ö,
±μ£¤  · ¸¶²Ò¢ ´¨¥ ´¥°É·¨´´μ£μ ¶ ±¥É  ¸É ´μ¢¨É¸Ö ¸ÊÐ¥¸É¢¥´´Ò³. ’ ±μ° ·¥-
¦¨³ ¶·¥¤¸É ¢²Ö¥É ¶μÉ¥´Í¨ ²Ó´Ò° ¨´É¥·¥¸ ¤²Ö Ô±¸¶¥·¨³¥´Éμ¢ ¸  ¸É·μË¨§¨Î¥-
¸±¨³¨ ´¥°É·¨´μ. �¨¦¥ ³Ò μ£· ´¨Î¨³¸Ö Ê¸²μ¢¨Ö³¨ ®§¥³´ÒÌ¯ Ô±¸¶¥·¨³¥´Éμ¢.

„¨ËË¥·¥´Í¨ ²Ó´Ò¥ Ëμ·³Ò d Ps,d ¢ (307 ) μ¶·¥¤¥²¥´Ò ¸μ£² ¸´μ (300), £¤¥
ËÊ´±Í¨¨ fa ¸²¥¤Ê¥É § ³¥´¨ÉÓ ´  f̄a,   ¢Ò· ¦¥´¨¥ (307¡) § ¶¨¸ ´μ ¸ ÊÎ¥Éμ³
Éμ¦¤¥¸É¢ 

∑
spins

d Ps d Pd dEν

4(2π)3|y − x|2 =
∑

spins∈S

d Ps dpν

(2π)32Eν |y − x|2 dΩν

∑
spins∈D

dPd

2Eν
≡

≡ dΦν dσνD
VDVS

,

£¤¥ VS ¨ VD Å ¶·μ¸É· ´¸É¢¥´´Ò¥ μ¡Ñ¥³Ò ¨¸ÉμÎ´¨±  ¨ ¤¥É¥±Éμ· . „¨ËË¥·¥´-
Í¨ ²Ó´ Ö Ëμ·³  dΦν μ¶·¥¤¥²¥´  É ±¨³ μ¡· §μ³, ÎÉμ ¨´É¥£· ²

dx
VS

∫
dΦν

dEν
= dx

∑
spins∈S

∫
d Ps Eν

2(2π)3|y − x|2 (308)



Š‚��’�‚�-��‹…‚�Ÿ ’…��ˆŸ �…‰’�ˆ��›• �‘–ˆ‹‹Ÿ–ˆ‰ 131

¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° ´¥ ÎÉμ ¨´μ¥, ± ± ¶²μÉ´μ¸ÉÓ ¶μÉμ±  ´¥°É·¨´μ ¢ D, ±μÉμ·Ò¥
¢μ§´¨± ÕÉ ¢ S §  ¸Î¥É ·¥ ±Í¨°∗ Is → F ′

s�
+
α ν. ‚¥²¨Î¨´  dσνD μ¶·¥¤¥²¥´ 

É ±, ÎÉμ
1

VD

∫
dy dσνD =

∑
spins∈D

∫
dy d Pd

2Eν
(309)

¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° ¤¨ËË¥·¥´Í¨ ²Ó´μ¥ ¶μ¶¥·¥Î´μ¥ ¸¥Î¥´¨¥ · ¸¸¥Ö´¨Ö ´¥°-
É·¨´μ ´  ¤¥É¥±Éμ·¥ D ± ± Í¥²μ³. ‚ Î ¸É´μ³ (¨ ¢ ¦´¥°Ï¥³ ´  ¶· ±É¨±¥)
¸²ÊÎ ¥ · ¸¸¥Ö´¨Ö ´¥°É·¨´μ ¢ ·¥ ±Í¨¨ νa → F ′

d�−β ¨ ¶·¨ ¤μ¸É ÉμÎ´μ Ê§±μ³ · ¸-
¶·¥¤¥²¥´¨¨ Î ¸É¨Í-³¨Ï¥´¥° a ¶μ ¨³¶Ê²Ó¸ ³ ¤¨ËË¥·¥´Í¨ ²Ó´ Ö Ëμ·³  dσνD
¶·¥¢· Ð ¥É¸Ö ¢ Ô²¥³¥´É ·´μ¥ ¤¨ËË¥·¥´Í¨ ²Ó´μ¥ ¶μ¶¥·¥Î´μ¥ ¸¥Î¥´¨¥ ÔÉμ°
·¥ ±Í¨¨, Ê³´μ¦¥´´μ¥ ´  Î¨¸²μ Î ¸É¨Í ¸μ·É  a ¢ ¤¥É¥±Éμ·¥.

�¡· É¨³¸Ö, ´ ±μ´¥Í, ± ¶μ¤Ò´É¥£· ²Ó´μ³Ê Ë ±Éμ·Ê

Pαβ(Eν , L) =
∑
ij

VαiVβjV
∗
αjV

∗
βiSij exp (iϕij −� 2

ij − Θij), (310)

£¤¥

Θij = Θi + Θj , (311)

Θj =
m2

j

2D2

[
(n0 − n) +

1
2
(m − n − n

2)rj +
(

n +
1
2

)
(m − n − n

2)r2
j + O(r3

j )
]
.

(312)

� ¶μ³´¨³, ÎÉμ ËÊ´±Í¨Ö n0 ¸μ¢¶ ¤ ¥É ¸ n ¢ ¸²ÊÎ ¥ ÉμÎ´μ£μ ¸μÌ· ´¥´¨Ö Ô´¥·-
£¨¨-¨³¶Ê²Ó¸  ¢ ¢¥·Ï¨´ Ì ¤¨ £· ³³Ò ·¨¸. 15. �μÔÉμ³Ê ¢ μ±·¥¸É´μ¸É¨ ³ ±¸¨-
³Ê³  ¶·μ¨§¢¥¤¥´¨Ö δ̃s(pν − qs)δ̃d(pν + qd) (É. ¥. ¶·¨ qs ≈ −qd ≈ pν), ¤ ÕÐ¥°

μ¸´μ¢´μ° ¢±² ¤ ¢ ¸±μ·μ¸ÉÓ ¸Î¥É , ³μ¦´μ ¶·¥´¥¡·¥ÎÓ §´ ±μ¶¥·¥³¥´´μ° · §´μ-
¸ÉÓÕ n0 − n ¢ (312). “Î¨ÉÒ¢ Ö ¸¢μ°¸É¢  ËÊ´±Í¨¨ n, ³μ¦´μ É ±¦¥ ¶·¥´¥¡·¥ÎÓ
¢ (312) ¢±² ¤ ³¨ ¶μ·Ö¤±  O(r2

j ) ¨ ¢ÒÏ¥. Š ± ¡Ò²μ ¶μ± § ´μ, ¢ ÔÉμ³ ¶·¨¡²¨-

¦¥´¨¨ Θj > 0. �·¨ Sij = 1, Θij = 0 ¨ �ij = 0 Ë ±Éμ· (310) ¸μ¢¶ ¤ ¥É ¸
¨§¢¥¸É´Ò³ ±¢ ´Éμ¢μ-³¥Ì ´¨Î¥¸±¨³ ¢Ò· ¦¥´¨¥³ ¤²Ö ¢¥·μÖÉ´μ¸É¨ ´¥°É·¨´´ÒÌ
Ë²¥°¢μ·´ÒÌ ¶¥·¥Ìμ¤μ¢

P(QM)
αβ (Eν , L) =

∑
ij

VαiVβjV
∗
αjV

∗
βi exp (iϕij). (313)

…¸É¥¸É¢¥´´μ ¶μÔÉμ³Ê ¸Î¨É ÉÓ (310) μ¡μ¡Ð¥´¨¥³ ±¢ ´Éμ¢μ-³¥Ì ´¨Î¥¸±μ£μ ·¥-
§Ê²ÓÉ É .

∗ƒμ¢μ·Ö ÉμÎ´¥¥, ¨´É¥£· ² (308) ¥¸ÉÓ Î¨¸²μ ´¥°É·¨´μ, ¢μ§´¨± ÕÐ¨Ì §  ¥¤¨´¨ÍÊ ¢·¥³¥´¨
¢ μ¡Ñ¥³¥ dx ¸ Í¥´É·μ³ ¢ ÉμÎ±¥ x ∈ S , · ¸¶·μ¸É· ´ÖÕÐ¨Ì¸Ö ¢´ÊÉ·¨ É¥²¥¸´μ£μ Ê£²  dΩν ¢
´ ¶· ¢²¥´¨¨ l = (y − x)/|y − x| ¨ ¶¥·¥¸¥± ÕÐ¨Ì ¶¥·¶¥´¤¨±Ê²Ö·´ÊÕ ± l ¥¤¨´¨Î´ÊÕ ¶²μÐ ¤±Ê
c Í¥´É·μ³ ¢ ÉμÎ±¥ y ∈ D.
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‚ ¶. 10.3 ¡Ê¤¥É ¶μ± § ´μ, ÎÉμ |Sij | < 1, É ± ÎÉμ (¢ · ³± Ì ¨¸¶μ²Ó§μ¢ ´-
´ÒÌ ¶·¨¡²¨¦¥´¨°) ¢¸¥ ±¢ ´Éμ¢μ-¶μ²¥¢Ò¥ ¶μ¶· ¢±¨ ¶·¨¢μ¤ÖÉ ± Ê³¥´ÓÏ¥´¨Õ
¢¥²¨Î¨´Ò (310) ¶μ μÉ´μÏ¥´¨Õ ± ¥¥ ±¢ ´Éμ¢μ-³¥Ì ´¨Î¥¸±μ³Ê  ´ ²μ£Ê (313).
�μ³¨³μ ÔÉμ° ±μ²¨Î¥¸É¢¥´´μ° · §´¨ÍÒ ¢ ¦´μ ¨³¥ÉÓ ¢ ¢¨¤Ê ¨ ÉμÉ ¶·¨´Í¨¶¨-
 ²Ó´Ò° Ë ±É, ÎÉμ ¢¥·μÖÉ´μ¸É´ Ö ¨´É¥·¶·¥É Í¨Ö ¢¥²¨Î¨´Ò Pαβ ¸É ´μ¢¨É¸Ö,
¸É·μ£μ £μ¢μ·Ö, ´¥¢μ§³μ¦´μ°, ¶μ¸±μ²Ó±Ê ¢Ìμ¤ÖÐ¨¥ ¢ ´¥¥ ËÊ´±Í¨¨ D, n ¨ m

(¶μ¸²¥¤´¨¥ ¤¢¥, ´ ¶μ³´¨³, ¸μ¤¥·¦ É¸Ö ¢ Ë ±Éμ· Ì Sij ¨ ¢ Ë § Ì Θij) § ¢¨¸ÖÉ
μÉ ¨³¶Ê²Ó¸μ¢ ¢´¥Ï´¨Ì ¶ ±¥Éμ¢ κ ¨ Ô´¥·£¨¨ ´¥°É·¨´μ, ¶·¨Î¥³ ¨³¶Ê²Ó¸Ò pκ ¸
κ ∈ Is⊕Id⊕Fs ¨ Eν Ö¢²ÖÕÉ¸Ö ¶¥·¥³¥´´Ò³¨ ¨´É¥£·¨·μ¢ ´¨Ö. „¥°¸É¢¨É¥²Ó´μ,
Ë §μ¢Ò¥ μ¡Ñ¥³Ò ¶·μÍ¥¸¸μ¢ (231) ¨ ¶μ¢¥¤¥´¨¥ ËÊ´±Í¨° D, n ¨ m ¢´ÊÉ·¨ ÔÉ¨Ì
μ¡Ñ¥³μ¢ · §²¨Î´Ò ¤²Ö · §´ÒÌ ¶ · ²¥¶Éμ´μ¢ (�α, �β), ÎÉμ μ¡Ê¸²μ¢²¥´μ ± ± ±¨-
´¥³ É¨±μ° ·¥ ±Í¨° ¢ S ¨ D (¢ Î ¸É´μ¸É¨, ¨Ì ¶μ·μ£ ³¨), É ± ¨ ´¥μ¶·¥¤¥²¥´´μ-
¸ÉÖ³¨ ¨³¶Ê²Ó¸μ¢ ²¥¶Éμ´´ÒÌ ¶ ±¥Éμ¢ σe, σμ ¨ στ , ±μÉμ·Ò¥ ¢μ¢¸¥ ´¥ μ¡Ö§ ´Ò
¡ÒÉÓ μ¤¨´ ±μ¢Ò³¨ ¤ ¦¥ ¶μ ¶μ·Ö¤±Ê ¢¥²¨Î¨´Ò. ’ ±¨³ μ¡· §μ³, ¢¥²¨Î¨´  Pαβ

´¥ Ê¤μ¢²¥É¢μ·Ö¥É, ¢μμ¡Ð¥ £μ¢μ·Ö, μ¦¨¤ ¥³Ò³ ®¸É ´¤ ·É´Ò³¯ ¸μμÉ´μÏ¥´¨Ö³
É¨¶  (19), Ö¢²ÖÕÐ¨³¸Ö ¢ ±¢ ´Éμ¢μ-³¥Ì ´¨Î¥¸±μ° É¥μ·¨¨ ´¥°É·¨´´ÒÌ μ¸Í¨²-
²ÖÍ¨° ¶·μ¸ÉÒ³ ¸²¥¤¸É¢¨¥³ Ê´¨É ·´μ¸É¨ ³ É·¨ÍÒ ¸³¥Ï¨¢ ´¨Ö V = ||Vαi||.

‚ ·¥ ²Ó´ÒÌ Ô±¸¶¥·¨³¥´É Ì ¸¨ÉÊ Í¨Ö μ¸²μ¦´Ö¥É¸Ö ¥Ð¥ ¨ É¥³, ÎÉμ ¸±μ-
·μ¸ÉÓ ¸Î¥É  ´¥°É·¨´´ÒÌ ¸μ¡ÒÉ¨° (¢ ´ Ï¥³ ±μ´±·¥É´μ³ ¸²ÊÎ ¥ Å ¸μ¡ÒÉ¨°
¸ ·μ¦¤¥´¨¥³ ²¥¶Éμ´  �β) ¢ ´¨Ì μ¡ÒÎ´μ μ¶·¥¤¥²Ö¥É¸Ö ·¥ ±Í¨Ö³¨ ´¥ μ¤´μ£μ
± ±μ£μ-²¨¡μ É¨¶ ,   ¡μ²ÓÏ¨³ Î¨¸²μ³ ¶·μÍ¥¸¸μ¢ · §´μ£μ É¨¶ , ´ ¶·¨³¥· (± ± ¢
Ô±¸¶¥·¨³¥´É Ì ¸  É³μ¸Ë¥·´Ò³¨ ¨ Ê¸±μ·¨É¥²Ó´Ò³¨ ´¥°É·¨´μ), · ¸¶ ¤ ³¨ ³¥-
§μ´μ¢ (πμ2, Kμ2, Kμ3, Ke3 ¨ É. ¤.) ¨ ³Õμ´μ¢ ¢ ¨¸ÉμÎ´¨±¥ ( É³μ¸Ë¥· , · ¸¶ ¤-
´Ò° ± ´ ² Ê¸±μ·¨É¥²Ö),   É ±¦¥ ¢¸¥¢μ§³μ¦´Ò³¨ ¢§ ¨³μ¤¥°¸É¢¨Ö³¨ ´¥°É·¨´μ
¢ ¤¥É¥±Éμ·¥ Å μÉ (±¢ §¨)Ê¶·Ê£¨Ì ¤μ £²Ê¡μ±μ´¥Ê¶·Ê£¨Ì. ” §μ¢Ò¥ μ¡Ñ¥³Ò ¨
ËÊ´±Í¨¨ D ¨ n ¡Ê¤ÊÉ ¸ÊÐ¥¸É¢¥´´μ · §´Ò³¨ ¤²Ö · §´ÒÌ ±μ³¡¨´ Í¨° É ±¨Ì
®¶μ¤¶·μÍ¥¸¸μ¢¯ ¢ S ¨ D. „²Ö ²ÊÎÏ¥£μ ¢μ¸¶·¨ÖÉ¨Ö ÔÉ¨Ì Ë ±Éμ¢ ¶μ²¥§´μ ³Ò-
¸²¥´´μ ¸´ ¡¤¨ÉÓ ËÊ´±Í¨¨ D, n ¨ m,   É ±¦¥ ¢¸¥ § ¢¨¸ÖÐ¨¥ μÉ ÔÉ¨Ì ËÊ´±Í¨°
¢¥²¨Î¨´Ò ¨´¤¥±¸ ³¨ α ¨ β.

…Ð¥ μ¤´μ ®É¥Ì´¨Î¥¸±μ¥¯, ´μ ¢¥¸Ó³  ´¥É·¨¢¨ ²Ó´μ¥ § É·Ê¤´¥´¨¥ ¶·¨ ¨´-
É¥·¶·¥É Í¨¨ Ëμ·³Ê²Ò (310) ¨  ´ ²¨§¥ Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ¤ ´´ÒÌ ¸¢Ö§ ´μ
¸ § ¢¨¸¨³μ¸ÉÓÕ Ë ±Éμ·μ¢ Sij (±μÉμ·Ò¥ ³Ò ¡Ê¤¥³ ´ §Ò¢ ÉÓ ¢ ¤ ²Ó´¥°Ï¥³
Ë ±Éμ· ³¨ ¤¥±μ£¥·¥´É´μ¸É¨) μÉ ®¨´¸É·Ê³¥´É ²Ó´ÒÌ¯ ¶ · ³¥É·μ¢ x0

1,2 ¨ y0
1,2.

”μ·³Ê²  (303) ¡Ò²  ¶μ²ÊÎ¥´  ¡¥§ ± ±¨Ì-²¨¡μ ¶·¥¤¶μ²μ¦¥´¨° μ ®¸¨´Ì·μ´¨-

§ Í¨¨¯ ¢·¥³¥´´�ÒÌ ¨´É¥·¢ ²μ¢ (x0
1, x

0
2) ¨ (y0

1 , y
0
2). �¥Ê¤¨¢¨É¥²Ó´μ ¶μÔÉμ³Ê,

ÎÉμ Ë ±Éμ·Ò ¤¥±μ£¥·¥´É´μ¸É¨ ³μ£ÊÉ μ± § ÉÓ¸Ö ¸±μ²Ó Ê£μ¤´μ ³ ²Ò ¶μ ³μ¤Ê²Õ,
¥¸²¨ ÔÉ¨ ¨´É¥·¢ ²Ò ´¥ ¸μ£² ¸μ¢ ´Ò ¸ ÊÎ¥Éμ³ Éμ£μ μÎ¥¢¨¤´μ£μ Ë ±É , ÎÉμ Ì -
· ±É¥·´μ¥ ¢·¥³Ö ¶·¨Ìμ¤  Ê²ÓÉ· ·¥²ÖÉ¨¢¨¸É¸±¨Ì ´¥°É·¨´μ ¨§ S ¢ D ¶·¨³¥·´μ
· ¢´μ ¸·¥¤´¥³Ê · ¸¸ÉμÖ´¨Õ L̄ ³¥¦¤Ê S ¨ D. �·¨³¥· ´¥¸¨´Ì·μ´¨§¨·μ¢ ´´μ£μ
¨§³¥·¥´¨Ö ¶μ± § ´ ´  ·¨¸. 17, £¤¥ t′ = L + t ¨ ¶·¥¤¶μ² £ ¥É¸Ö, ÎÉμ |t| � τ
(¤²Ö ¶·μ¸ÉμÉÒ ¶μ² £ ¥³ τs = τd). �·¨´Í¨¶ ¶·¨Î¨´´μ¸É¨ Š’� ¨ §¤· ¢Ò°
¸³Ò¸² ¶μ¤¸± §Ò¢ ÕÉ, ÎÉμ Ë ±Éμ· Sij ¤μ²¦¥´ ¸É·¥³¨ÉÓ¸Ö ± ´Ê²Õ ¶·¨ É ±¨Ì
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�¨¸. 17. “¶·μÐ¥´´ Ö (¸¨³³¥É·¨§μ¢ ´´ Ö) · §³¥É±  ´¥¸¨´Ì·μ´¨§¨·μ¢ ´´μ£μ ¨§³¥·¥-
´¨Ö. ‚Ò¤¥²¥´Ò ¢·¥³¥´´�Ò¥ ®μ±´ ¯ ¨¸¶Ê¸± ´¨Ö ¨ ¶μ£²μÐ¥´¨Ö ´¥°É·¨´μ. �·¥¤¶μ² £ -
¥É¸Ö, ÎÉμ t′ = L + t ¨ |t| � τ

Ê¸²μ¢¨ÖÌ. �¡Ð Ö Ëμ·³Ê²  ¤²Ö Sij ´¥ Éμ²Ó±μ ¶μ¤É¢¥·¦¤ ¥É ÔÉ¨ μ¦¨¤ ´¨Ö,
´μ ¨ ¶μ§¢μ²Ö¥É ¶μ²ÊÎ¨ÉÓ § ±μ´, ¶μ ±μÉμ·μ³Ê ¶·μ¨¸Ìμ¤¨É ¶μ¤ ¢²¥´¨¥ ¸±μ·μ-
¸É¨ ¸Î¥É . ŒÒ ´¥ ¡Ê¤¥³ μ¸É ´ ¢²¨¢ ÉÓ¸Ö ´  ÔÉμ³ ¢μ¶·μ¸¥ ¶μ¤·μ¡´¥¥, É ± ± ±
´ ¨¡μ²ÓÏ¨° ¨´É¥·¥¸ ¶·¥¤¸É ¢²ÖÕÉ ¸¨´Ì·μ´¨§¨·μ¢ ´´Ò¥ ¨§³¥·¥´¨Ö.

�¥·¥¤ μ¡¸Ê¦¤¥´¨¥³ ·μ²¨ Ë ±Éμ·μ¢ ¤¥±μ£¥·¥´É´μ¸É¨ ¸¤¥² ¥³ ¥Ð¥ μ¤´μ,
¶μ¸²¥¤´¥¥, Ê¶·μÐ¥´¨¥ Ëμ·³Ê²Ò ¤²Ö Î¨¸²  ¸μ¡ÒÉ¨°, ¸´μ¢  ¢μ¸¶μ²Ó§μ¢ ¢Ï¨¸Ó
¶·¥¤¶μ²μ¦¥´¨¥³ μ Éμ³, ÎÉμ Ì · ±É¥·´Ò¥ · §³¥·Ò S ¨ D (¶μ ±· °´¥° ³¥·¥ Ì -
· ±É¥·´Ò¥ ²¨´¥°´Ò¥ · §³¥·Ò ¢¤μ²Ó ´¥°É·¨´´μ£μ ¶ÊÎ± ) ¤μ¸É ÉμÎ´μ ³ ²Ò ¶μ
¸· ¢´¥´¨Õ ¸ L̄. �Éμ ¸ÊÐ¥¸É¢¥´´μ¥ ¤²Ö ¤ ²Ó´¥°Ï¥£μ Ê¸²μ¢¨¥ ´¥¶·¨³¥´¨³μ ¤²Ö
·Ö¤  Ê¸±μ·¨É¥²Ó´ÒÌ ¨ ·¥ ±Éμ·´ÒÌ Ô±¸¶¥·¨³¥´Éμ¢ ¸ ±μ·μÉ±μ° ¡ §μ°; ¤²Ö É -
±¨Ì Ô±¸¶¥·¨³¥´Éμ¢  ´ ²¨§ ¸ÊÐ¥¸É¢¥´´μ Ê¸²μ¦´Ö¥É¸Ö∗. ’μ£¤  ¢ (307¡) ³μ¦´μ
§ ³¥´¨ÉÓ |y − x| ´  L̄,   ¤¨ËË¥·¥´Í¨ ²Ó´Ò¥ Ëμ·³Ò dΦν ¨ dσνD Å ´  ¨Ì
Ê¸·¥¤´¥´´Ò¥ (¸μμÉ¢¥É¸É¢¥´´μ ¶μ S ¨ D) §´ Î¥´¨Ö dΦ̄ν ¨ dσ̄νD . ‚ ·¥§Ê²ÓÉ É¥
¶μ²ÊÎ ¥³

dNαβ = τd

∫
dΦ̄ν

∫
dσ̄νD Pαβ(Eν , L̄). (314)

�μ´ÖÉ´μ, ÎÉμ μ¡² ¸ÉÓ ¶·¨³¥´¨³μ¸É¨ ¶·¨¡²¨¦¥´¨Ö (314) ¸ÊÐ¥¸É¢¥´´μ �Ê¦¥,
Î¥³ Ê (307), ÎÉμ ¸¢Ö§ ´μ ¸ ¤μ¶μ²´¨É¥²Ó´Ò³¨ μ£· ´¨Î¥´¨Ö³¨ ´  ËÊ´±Í¨¨ · ¸-
¶·¥¤¥²¥´¨Ö f̄a,   É ±¦¥ ´   ¡¸μ²ÕÉ´Ò¥ · §³¥·Ò ¨ £¥μ³¥É·¨Õ S ¨ D, ´¥Ö¢´μ
¨¸¶μ²Ó§μ¢ ´´Ò¥ ¶·¨ ¶¥·¥Ìμ¤¥ μÉ (307) ± (314). ‚ ·¥¦¨³¥ ®¡¥§ · ¸¶²Ò¢ ´¨Ö¯
´¥°É·¨´´μ£μ ‚� ¨³¥¥³

Pαβ(Eν , L) =
∑
ij

VαiVβjV
∗
αjV

∗
βiSij exp (iϕij −� 2

ij). (315)

�¡¸Ê¤¨³ ¢Ìμ¤ÖÐ¨¥ ¢ (315) ËÊ´±Í¨¨. ”Ê´±Í¨Ö �ij μÉ¢¥Î ¥É §  ¶μ¤ ¢²¥´¨¥ ¨´-
É¥·Ë¥·¥´Í¨¨ ´  · ¸¸ÉμÖ´¨ÖÌ, ¶·¥¢ÒÏ ÕÐ¨Ì ¤²¨´Ê ±μ£¥·¥´É´μ¸É¨ ¢ ·¥¦¨³¥

∗� §Ê³¥¥É¸Ö, ÔÉμ Ê¸²μ¦´¥´¨¥ ´¥ ¸²¥¤Ê¥É μÉ´μ¸¨ÉÓ ± ´¥¤μ¸É É±Ê ´ Ï¥£μ Ëμ·³ ²¨§³ , ¶μ-
¸±μ²Ó±Ê ±¢ ´Éμ¢μ-³¥Ì ´¨Î¥¸±¨¥ Ëμ·³Ê²Ò ¢ É ±μ° ¸¨ÉÊ Í¨¨ ¶·μ¸Éμ ´¥ · ¡μÉ ÕÉ.
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¶·¥´¥¡·¥¦¨³μ ³ ²μ£μ ¢±² ¤  ÔËË¥±É  ¶·μ¸É· ´¸É¢¥´´μ° ¤¨¸¶¥·¸¨¨ ‚�:

�ij =
(vj − vi)DL√

2
=

√
2πDL

EνLij
=

L

Lcoh
ij

, (316)

£¤¥ ¢¥²¨Î¨´ 

Lcoh
ij =

EνLosc
ij√

2πD
(317)

Ö¢²Ö¥É¸Ö ±¢ ´Éμ¢μ-¶μ²¥¢Ò³ μ¡μ¡Ð¥´¨¥³ ±¢ ´Éμ¢μ-³¥Ì ´¨Î¥¸±μ° ¤²¨´Ò ±μ£¥-
·¥´É´μ¸É¨ ¢ (73¡), Ëμ·³ ²Ó´μ ¸μ¢¶ ¤ Ö ¸ ´¥° ¶·¨ § ³¥´¥ σp → D. �μ¢Ò°
¶μ ¸· ¢´¥´¨Õ ¸ ±¢ ´Éμ¢μ-³¥Ì ´¨Î¥¸±¨³ · ¸¸³μÉ·¥´¨¥³ ¡¥§· §³¥·´Ò° Ë ±-
Éμ· Sij (´ §μ¢¥³ ¥£μ ËÊ´±Í¨¥° ¤¥±μ£¥·¥´É´μ¸É¨) ÊÎ¨ÉÒ¢ ¥É ±μ´¥Î´Ò¥ ¨´É¥·-
¢ ²Ò ¨´É¥£·¨·μ¢ ´¨Ö ¶μ ¢·¥³¥´ ³ · ¡μÉÒ ¨¸ÉμÎ´¨±  ¨ ¤¥É¥±Éμ· ,   É ±¦¥
¢μ§³μ¦´μ¥ μÉ¸ÊÉ¸É¢¨¥ ¸¨´Ì·μ´¨§ Í¨¨ ¢·¥³¥´ ¨¸¶Ê¸± ´¨Ö ¨ ¤¥É¥±É¨·μ¢ ´¨Ö
´¥°É·¨´μ. ˆ§ÊÎ¨³ ¥£μ ¶μ¤·μ¡´¥¥.

10. ”“�Š–ˆŸ „…Š�ƒ…�…�’��‘’ˆ

‚ ¤ ´´μ³ · §¤¥²¥ ³Ò  ´ ²¨§¨·Ê¥³ Ë ±Éμ·Ò ¤¥±μ£¥·¥´É´μ¸É¨ ¨ ³¥Éμ¤¨±Ê
¨Ì ¨§³¥·¥´¨Ö ¢ ´¥°É·¨´´ÒÌ Ô±¸¶¥·¨³¥´É Ì. �¥±μÉμ·Ò¥ ¤μ¶μ²´¨É¥²Ó´Ò¥ ·¥-
§Ê²ÓÉ ÉÒ ¸μ¤¥·¦ É¸Ö ¢ ¶·¨²μ¦¥´¨¨ 6. „μ ¸¨Ì ¶μ· ´ Ï¥ · ¸¸³μÉ·¥´¨¥ ¶·μÍ¥¸-
¸μ¢ ¢§ ¨³μ¤¥°¸É¢¨Ö ¢ ¨¸ÉμÎ´¨±¥ ¨ ¤¥É¥±Éμ·¥ ¡Ò²μ ¢¥¸Ó³  μ¡Ð¨³, ¢ Î ¸É´μ-
¸É¨, ´¥ ¶·¥¤¶μ² £ ²μ¸Ó, ÎÉμ ¨´É¥·¢ ²Ò ¢·¥³¥´¨ ¨¸¶Ê¸± ´¨Ö ¨ ¤¥É¥±É¨·μ¢ ´¨Ö
´¥°É·¨´μ ± ±¨³-²¨¡μ μ¡· §μ³ ¸¨´Ì·μ´¨§¨·μ¢ ´Ò ¤·Ê£ ¸ ¤·Ê£μ³. �¥É·Ê¤´μ
¶μ± § ÉÓ, ÎÉμ ¢ ¸²ÊÎ ¥ μÉ¸ÊÉ¸É¢¨Ö ¸¨´Ì·μ´¨§ Í¨¨ ÔËË¥±É¨¢´ÒÌ ¢·¥³¥´ ¨¸-
¶Ê¸± ´¨Ö ¨ ¤¥É¥±É¨·μ¢ ´¨Ö ´¥°É·¨´μ X0

s ¨ X0
d (ÉμÎ´μ¥ Ê¸²μ¢¨¥ ¡Ê¤¥É ¸Ëμ·-

³Ê²¨·μ¢ ´μ ÎÊÉÓ ´¨¦¥) Ë ±Éμ·Ò Sij ³μ£ÊÉ ¡ÒÉÓ ¸±μ²Ó Ê£μ¤´μ ³ ²Ò. “¦¥ μ¤´μ
ÔÉμ ¢ ¦´μ¥ μ¡¸ÉμÖÉ¥²Ó¸É¢μ μ¡ÑÖ¸´Ö¥É, ¶μÎ¥³Ê ®¢¥·μÖÉ´μ¸ÉÓ μ¸Í¨²²ÖÍ¨°¯ § -
±²ÕÎ ¥É¸Ö ´ ³¨ ¢ ± ¢ÒÎ±¨. �Î¥¢¨¤´μ, ÎÉμ ¢¥²¨Î¨´Ò Pαβ ¢μμ¡Ð¥ ´¥ Ö¢²ÖÕÉ¸Ö
¢¥·μÖÉ´μ¸ÉÖ³¨ Ë²¥°¢μ·´ÒÌ ¶¥·¥Ìμ¤μ¢, ¶μ¸±μ²Ó±Ê ´¥ Ê¤μ¢²¥É¢μ·ÖÕÉ ¸μμÉ´μ-
Ï¥´¨Ö³ Ê´¨É ·´μ¸É¨ (19). �·¨Î¨´  ÔÉμ£μ § ±²ÕÎ ¥É¸Ö ¢ Éμ³, ÎÉμ Ë ±Éμ·Ò
Sij ¨ �ij § ¢¨¸ÖÉ μÉ ¨³¶Ê²Ó¸μ¢, ³ ¸¸ ¨ ¤¨¸¶¥·¸¨° ¢´¥Ï´¨Ì ‚�, É. ¥. (Ëμ·-
³ ²Ó´μ) § ¢¨¸ÖÉ μÉ ¨´¤¥±¸μ¢ α ¨ β. ‘μμÉ´μÏ¥´¨Ö Ê´¨É ·´μ¸É¨ ¶·¨¡²¨¦¥´´μ
¢Ò¶μ²´ÖÕÉ¸Ö, Éμ²Ó±μ ¥¸²¨ ÔÉ¨ § ¢¨¸¨³μ¸É¨ ¤μ¸É ÉμÎ´μ ¸² ¡Ò¥ ¨²¨ ¸ ³¨ Ë ±-
Éμ·Ò ¤¥±μ£¥·¥´É´μ¸É¨ ´¥¸ÊÐ¥¸É¢¥´´Ò (Sij ≈ δij , �ij � 1). �ÉμÉ ÔËË¥±É
Ö¢²Ö¥É¸Ö ¶·Ö³Ò³ ¨ ¤μ¢μ²Ó´μ ´¥É·¨¢¨ ²Ó´Ò³ ¸²¥¤¸É¢¨¥³ ±¢ ´Éμ¢μ-¶μ²¥¢μ£μ
¶μ¤Ìμ¤ . Š ± ³Ò Ê¢¨¤¨³ ´¨¦¥, ¤¨ £μ´ ²Ó´Ò¥ ËÊ´±Í¨¨ Sii ´¥ § ¢¨¸ÖÉ μÉ ³ ¸¸
´¥°É·¨´μ,   §´ Î¨É, ¨ μÉ ¨´¤¥±¸  i. “´¨¢¥·¸ ²Ó´ Ö ËÊ´±Í¨Ö S0 = Sii μ¶¨¸Ò-
¢ ¥É ¶μ¤ ¢²¥´¨¥ Î¨¸²  ¸μ¡ÒÉ¨° ¢ ¸²ÊÎ ÖÌ ´¥¸¨´Ì·μ´¨§¨·μ¢ ´´ÒÌ ¶·μÍ¥¸¸μ¢
¨§²ÊÎ¥´¨Ö ¨ ¤¥É¥±É¨·μ¢ ´¨Ö ´¥°É·¨´μ,   É ±¦¥ ¥¸²¨ ¢·¥³Ö Ô±¸¶μ§¨Í¨¨ ¤¥-
É¥±Éμ·  ²¨¡μ ¸ÊÐ¥¸É¢¥´´μ ¡μ²ÓÏ¥ ¢·¥³¥´¨ · ¡μÉÒ ¨¸ÉμÎ´¨± , ²¨¡μ ³´μ£μ
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³¥´ÓÏ¥ ¶·μ¸É· ´¸É¢¥´´μ-¢·¥³¥´´μ° ®Ï¨·¨´Ò¯ ÔËË¥±É¨¢´μ£μ ´¥°É·¨´´μ£μ
‚�. �É¨ ÔËË¥±ÉÒ ´¥ ¸¢Ö§ ´Ò ¸ ¨´É¥·Ë¥·¥´Í¨¥° ´¥°É·¨´´ÒÌ ¸μ¸ÉμÖ´¨°,
¶μÔÉμ³Ê ¶·¥¤¸É ¢²Ö¥É¸Ö μ¶· ¢¤ ´´Ò³ ¶¥·¥μ¶·¥¤¥²¨ÉÓ ®¢¥·μÖÉ´μ¸ÉÓ μ¸Í¨²²Ö-
Í¨°¯ ´¥°É·¨´μ, ¢Ò¤¥²¨¢ ³´μ¦¨É¥²Ó S0:

Pαβ(Eν , L) = S0Pαβ(Eν , L),

£¤¥

Pαβ(Eν , L) =
1
S0

∑
ij

VαiVβjV
∗
αjV

∗
βiSij exp (iϕij −� 2

ij). (318)

’ ±μ¥ ¶¥·¥μ¶·¥¤¥²¥´¨¥, μ¤´ ±μ, ´¥¶·¨´Í¨¶¨ ²Ó´μ ¨ Ö¢²Ö¥É¸Ö ¤¥²μ³ ¢±Ê¸ ,
¶μ¸±μ²Ó±Ê ¢ μ¡Ð¥³ ¸²ÊÎ ¥ ¤²Ö ¢¥²¨Î¨´ Pαβ(Eν , L) ¸μμÉ´μÏ¥´¨Ö (19) É ±¦¥
´¥ ¢Ò¶μ²´ÖÕÉ¸Ö.

„ ²¥¥ ¡Ê¤¥³ ¶·¥¤¶μ² £ ÉÓ, ÎÉμ ¢·¥³¥´  ¨¸¶Ê¸± ´¨Ö ¨ ¤¥É¥±É¨·μ¢ ´¨Ö ´¥°-
É·¨´μ ¸¨´Ì·μ´¨§¨·μ¢ ´Ò, ¨ ¨§ÊÎ¨³ ´μ¢Ò¥ ÔËË¥±ÉÒ, ¸¢Ö§ ´´Ò¥ ¸ ±μ´¥Î´μ¸ÉÓÕ
¨´É¥·¢ ²μ¢ ¨¸¶Ê¸± ´¨Ö ¨ ¤¥É¥±É¨·μ¢ ´¨Ö ´¥°É·¨´μ.

10.1. ‘¨´Ì·μ´¨§¨·μ¢ ´´Ò¥ ¨§³¥·¥´¨Ö. ‡ ³¥É¨³, ÎÉμ ³¨´¨³Ê³ μ¡Ð¥£μ
Ë ±Éμ·  ¶μ¤ ¢²¥´¨Ö

exp

{
−2

[
D2

i

v2
i

(L − viT )2 +
D2

j

v2
j

(L − vjT )2
]}

¢ ¶μ¤Ò´É¥£· ²Ó´μ³ ¢Ò· ¦¥´¨¨ (302) ·¥ ²¨§Ê¥É¸Ö ¶·¨ T = L/vij . �μÔÉμ³Ê
¢·¥³Ö L/vij ³μ¦´μ É· ±Éμ¢ ÉÓ ± ± ÔËË¥±É¨¢´μ¥ (¨²¨ ´ ¨¡μ²¥¥ ¢¥·μÖÉ´μ¥)
¢·¥³Ö § ¤¥·¦±¨ ³¥¦¤Ê ¸μ§¤ ´¨¥³ ¨ ¶μ£²μÐ¥´¨¥³ ¢¨·ÉÊ ²Ó´ÒÌ ´¥°É·¨´μ νi

¨ νj . �μ¸±μ²Ó±Ê

vij ≈ vi + vj

2
≈ 1 −

m2
i + m2

j

4E2
ν

,

Éμ ÔÉμ ¢·¥³Ö § ¤¥·¦±¨ ¶· ±É¨Î¥¸±¨ · ¢´μ L. Œμ¦´μ μ¦¨¤ ÉÓ ¶μÔÉμ³Ê, ÎÉμ
¸±μ·μ¸ÉÓ ¸Î¥É  ¡Ê¤¥É ³ ±¸¨³ ²Ó´μ°, ¥¸²¨ ¶¥·¨μ¤Ò, ¢ É¥Î¥´¨¥ ±μÉμ·ÒÌ ¨¸ÉμÎ-
´¨± ¨ ¤¥É¥±Éμ· ®¢±²ÕÎ¥´Ò¯, ¤μ²¦´Ò³ μ¡· §μ³ ¸¤¢¨´ÊÉÒ ¤·Ê£ μÉ´μ¸¨É¥²Ó´μ

¤·Ê£  É ±¨³ μ¡· §μ³, ÎÉμ ¢·¥³¥´´Ò¥ μ±´  [x0
1, x

0
2] ¨ [y0

1 − L, y0
2 − L] ¶¥·¥¸¥-

± ÕÉ¸Ö. „²Ö É ±¨Ì ®¸¨´Ì·μ´¨§¨·μ¢ ´´ÒÌ ¨§³¥·¥´¨°¯ ³μ¦´μ ¨§ÊÎ ÉÓ § ¢¨-

¸¨³μ¸ÉÓ ¸±μ·μ¸É¨ ¸Î¥É  μÉ ¢·¥³¥´´ÒÌ ¨´É¥·¢ ²μ¢ x0
l − y0

l′ , Ë¨£Ê·¨·ÊÕÐ¨Ì ¢

ËÊ´±Í¨¨ Ierf (. . .) ¢ (303). —Éμ¡Ò Ê³¥´ÓÏ¨ÉÓ Î¨¸²μ ´¥§ ¢¨¸¨³ÒÌ ¶¥·¥³¥´´ÒÌ
¢ Ë ±Éμ· Ì ¤¥±μ£¥·¥´É´μ¸É¨, § ¤ ¤¨³ (¡¥§ ¸ÊÐ¥¸É¢¥´´μ° ¶μÉ¥·¨ μ¡Ð´μ¸É¨)
μ¶·¥¤¥²¥´´ÊÕ ¸¨³³¥É·¨Õ ®Ì·μ´μ³¥É· ¦ ¯,   ¨³¥´´μ ¶μ²μ¦¨³

x0
1 = −τs

2
, x0

2 =
τs

2
, y0

1 = L − τd

2
, y0

2 = L +
τd

2
,

£¤¥, · §Ê³¥¥É¸Ö, τs,d > 0. ’ ± Ö ¢·¥³¥´´� Ö ®· §³¥É± ¯ ¸Ì¥³ É¨Î¥¸±¨ ¶μ± § ´ 
´  ·¨¸. 18.
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�¨¸. 18. “¶·μÐ¥´´ Ö (¸¨³³¥É·¨§μ¢ ´´ Ö) · §³¥É±  ¸¨´Ì·μ´¨§¨·μ¢ ´´μ£μ ¨§³¥·¥´¨Ö.
‚Ò¤¥²¥´Ò ¢·¥³¥´´�Ò¥ ®μ±´ ¯ ¨¸¶Ê¸± ´¨Ö ¨ ¶μ£²μÐ¥´¨Ö ´¥°É·¨´μ

“Î¨ÉÒ¢ Ö, ÎÉμ Ierf (z) Å Î¥É´ Ö ËÊ´±Í¨Ö, Ë ±Éμ·Ò ¤¥±μ£¥·¥´É´μ¸É¨ (303)
³μ¦´μ § ¶¨¸ ÉÓ ¢ ¢¨¤¥

Sij =
exp (−�2

ij)
4τdD

{
Ierf [D(τs + τd + �ijL) − i�ij ]+

+ Ierf [D(τs + τd − �ijL) + i�ij ] − Ierf [D(τs − τd + �ijL) − i�ij ]−
− Ierf [D(τs − τd − �ijL) + i�ij ]

}
, (319)

£¤¥

�ij = 2(ri + rj) =
m2

i + m2
j

E2
ν

.

„²Ö ¡μ²ÓÏ¨´¸É¢  ¸μ¢·¥³¥´´ÒÌ ´¥°É·¨´´ÒÌ Ô±¸¶¥·¨³¥´Éμ¢, ¢±²ÕÎ Ö  ¸É·μ-
Ë¨§¨Î¥¸±¨¥, ¤μ¶Ê¸É¨³μ ¶·¥´¥¡·¥ÎÓ ¸² £ ¥³Ò³¨ �ijL ¢  ·£Ê³¥´É Ì ËÊ´±Í¨°
Ierf [...], Ë¨£Ê·¨·ÊÕÐ¨Ì ¢ (319). ‚ ¸ ³μ³ ¤¥²¥, ¨¸¶μ²Ó§ÊÖ ¸μ¢·¥³¥´´μ¥ (³μ-
¤¥²Ó´μ-§ ¢¨¸¨³μ¥∗) ±μ¸³μ²μ£¨Î¥¸±μ¥ μ£· ´¨Î¥´¨¥ [132]

∑
i

mi � 0,12 Ô‚, ¶μ-

²ÊÎ ¥³ ¸²¥¤ÊÕÐÊÕ μÍ¥´±Ê:

�ijL � 5 · 10−22

(
1 ƒÔ‚

Eν

)2(
L

104 ±³

)
¸.

„²Ö §¥³´ÒÌ · ¸¸ÉμÖ´¨° ÔÉ  ¢¥²¨Î¨´  Ë ´É ¸É¨Î¥¸±¨ ³ ²  ¶μ ¸· ¢´¥´¨Õ
¸ ¤²¨É¥²Ó´μ¸ÉÓÕ ¸ ³ÒÌ ±μ·μÉ±¨Ì ´¥°É·¨´´ÒÌ ¨³¶Ê²Ó¸μ¢ ¢ Ê¸±μ·¨É¥²Ó´ÒÌ
Ô±¸¶¥·¨³¥´É Ì. 
μ²¥¥ Éμ£μ, ¶·¨ ´¥ ¸²¨Ï±μ³ ´¨§±¨Ì Ô´¥·£¨ÖÌ ´¥°É·¨´μ
Î²¥´Ò �ijL μ¸É ÕÉ¸Ö ¶·¥´¥¡·¥¦¨³μ ³ ²Ò³¨ ¤ ¦¥ ¤²Ö · ¸¸ÉμÖ´¨°, ¶·¥¢ÒÏ -
ÕÐ¨Ì · §³¥·Ò ƒ ² ±É¨±¨. � ¶·¨³¥·, ¤²Ö ( ´É¨)´¥°É·¨´´μ£μ ¸¨£´ ² , ¶·¨-
Ï¥¤Ï¥£μ μÉ ¢§·Ò¢  ¸¢¥·Ì´μ¢μ° SN1987A ¢ 
μ²ÓÏμ³ Œ £¥²² ´μ¢μ³ �¡² ±¥

∗ˆ³¥ÕÐ¨¥¸Ö μÍ¥´±¨ ¢¥·Ì´¥° £· ´¨ÍÒ
∑
i

mi, μ¸´μ¢ ´´Ò¥ ´   ´ ²¨§¥ ±μ¸³μ²μ£¨Î¥¸±¨Ì

¤ ´´ÒÌ ¢ · ³± Ì ³μ¤¥²¨ ΛCDM +
∑

mν ¨ ¥¥ · ¸Ï¨·¥´¨°, ¶·μ¸É¨· ÕÉ¸Ö (£·Ê¡μ) μÉ 0,07
¤μ 0,30 Ô‚.
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(〈Eν〉 � 20 ŒÔ‚, L � 51,4 ±¶¸), ¢¥²¨Î¨´  �ijL ´¥ ¶·¥¢ÒÏ ¥É ¶·¨³¥·´μ

2 · 10−4 ¸. �ÉÊ μÍ¥´±Ê ¸²¥¤Ê¥É ¸· ¢´¨ÉÓ ¸ É¨¶¨Î´μ° ¶·μ¤μ²¦¨É¥²Ó´μ¸ÉÓÕ
´¥°É·¨´´μ° ¢¸¶ÒÏ±¨ ¶·¨ ±μ²² ¶¸¥, ¸μ¸É ¢²ÖÕÐ¥° ≈ 10 ¸. �·¨¢¥¤¥³ ¥Ð¥
μ¤¨´  ·£Ê³¥´É, É·¥¡ÊÕÐ¨° ¶·¥´¥¡·¥ÎÓ ¢¥²¨Î¨´ ³¨ �ijL. ”μ·³ ²Ó´μ¥ ¤μ¸É -
ÉμÎ´μ¥ Ê¸²μ¢¨¥ ¤²Ö ÔÉμ£μ ¨³¥¥É ¢¨¤

|τs − τd| � �ijL.

‚ · ³± Ì ´ Ï¥° ¨¤¥ ²¨§¨·μ¢ ´´μ° ³μ¤¥²¨ ÔÉμ ´¥· ¢¥´¸É¢μ ¤μ²¦´μ ¢Ò¶μ²-
´ÖÉÓ¸Ö Ê¦¥ ¶μÉμ³Ê, ÎÉμ ¢·¥³¥´´Ò¥ ¨´É¥·¢ ²Ò τs ¨ τd ´¥²Ó§Ö ¢Ò¡· ÉÓ ¸ · §·¥-
Ï¥´¨¥³ ²ÊÎÏ¨³, Î¥³ ¤²¨É¥²Ó´μ¸É¨ ®¢±²ÕÎ¥´¨Ö/¢Ò±²ÕÎ¥´¨Ö¯ ¨¸ÉμÎ´¨±  ¨ ¤¥-
É¥±Éμ· , ±μÉμ·Ò³¨ ³Ò ¶·¥´¥¡·¥£ ¥³. ˆÉ ±, ¶μ¸²¥ ¸¤¥² ´´ÒÌ μ£μ¢μ·μ±∗ Ë ±-
Éμ·Ò ¤¥±μ£¥·¥´É´μ¸É¨ (319) ¢Ò· ¦ ÕÉ¸Ö Î¥·¥§ Ê´¨¢¥·¸ ²Ó´ÊÕ (´¥ § ¢¨¸ÖÐÊÕ
μÉ ¨´¤¥±¸μ¢ i, j) ¢¥Ð¥¸É¢¥´´μ§´ Î´ÊÕ ËÊ´±Í¨Õ S(t, t′, b) É·¥Ì ¡¥§· §³¥·´ÒÌ
¢¥Ð¥¸É¢¥´´ÒÌ ¶¥·¥³¥´´ÒÌ,   ¨³¥´´μ:

Sij = S(Dτs, Dτd,�ij),

S(t, t′, b) =
e−b2

2t′
Re [Ierf (t + t′ + ib) − Ierf (t − t′ + ib)].

(320)

ˆ§ÊÎ¨³ ¸¢μ°¸É¢  ËÊ´±Í¨¨ S(t, t′, b), ±μÉμ·Ò¥ ´¥μ¡Ìμ¤¨³μ §´ ÉÓ ¤²Ö Ô±¸¶¥·¨-
³¥´É ²Ó´μ£μ  ´ ²¨§  ÔËË¥±Éμ¢ ¤¥±μ£¥·¥´É´μ¸É¨.

10.2. „¨ £μ´ ²Ó´ Ö ËÊ´±Í¨Ö ¤¥±μ£¥·¥´É´μ¸É¨. ‘·¥¤´ÖÖ ¸±μ·μ¸ÉÓ ¸Î¥É 
¸μ¡ÒÉ¨° ¢ ¤¥É¥±Éμ·¥, dNαβ/τd, ¶·μ¶μ·Í¨μ´ ²Ó´  ËÊ´±Í¨¨ ¤¢ÊÌ ¡¥§· §³¥·´ÒÌ
¶¥·¥³¥´´ÒÌ S0(Dτs, Dτd), μ¶·¥¤¥²¥´´μ° ± ±

S0(t, t′) = S(t, t′, 0) =
1
2t′

[Ierf (t + t′) − Ierf (t − t′)]. (321)

�¥É·Ê¤´μ Ê¡¥¤¨ÉÓ¸Ö, ÎÉμ ÔÉ  ËÊ´±Í¨Ö, ¸μμÉ¢¥É¸É¢ÊÕÐ Ö ´¥¨´É¥·Ë¥·¥´Í¨μ´-
´Ò³ (´¥ § ¢¨¸ÖÐ¨³ μÉ ³ ¸¸Ò ´¥°É·¨´μ) Ë ±Éμ· ³ ¤¥±μ£¥·¥´É´μ¸É¨ Sii, ¨§³¥-
´Ö¥É¸Ö ³¥¦¤Ê ´Ê²¥³ ¨ ¥¤¨´¨Í¥°. „¥°¸É¢¨É¥²Ó´μ,

2t′
∂S0(t, t′)

∂t
= erf (t + t′) − erf (t − t′) > 0 (t, t′ > 0)

¨, ¸²¥¤μ¢ É¥²Ó´μ, S0(t, t′) Å ³μ´μÉμ´´μ ¢μ§· ¸É ÕÐ Ö ËÊ´±Í¨Ö t. ˆ§ (388 )
(¸³. ¶·¨²μ¦¥´¨¥ 7) ¸²¥¤Ê¥É, ÎÉμ S0(t, t′) → 0 ¶·¨ t → 0 ¤²Ö ²Õ¡μ£μ t′ > 0, É ±

∗�É³¥É¨³, ÎÉμ ¢¸¥ ÔÉ¨ μ£μ¢μ·±¨ ´¥ ¨³¥ÕÉ ´¨± ±μ£μ μÉ´μÏ¥´¨Ö ± μ¡² ¸É¨ ¶·¨³¥´¨³μ¸É¨
´ Ï¥£μ Ëμ·³ ²¨§³ ,   ¢¸¥£μ ²¨ÏÓ μÎ¥·Î¨¢ ÕÉ · ³±¨ ¶·¨³¥´¨³μ¸É¨ Ê¶·μÐ¥´´μ° ³μ¤¥²¨, ¨¸¶μ²Ó-
§Ê¥³μ° ¤²Ö ± Î¥¸É¢¥´´μ£μ  ´ ²¨§  ¶·μ¸É¥°Ï¨Ì ¸²¥¤¸É¢¨° É¥μ·¨¨. 
μ²¥¥ ·¥ ²¨¸É¨Î´Ò¥ ³μ¤¥²¨
¶·μ¸Éμ ¶μÉ·¥¡ÊÕÉ ¡μ²¥¥ £·μ³μ§¤±¨Ì ¢ÒÎ¨¸²¥´¨°.
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ÎÉμ S0(t, t′) > 0 ¶·¨ t, t′ > 0. Š ± ¢¨¤´μ ¨§  ¸¨³¶ÉμÉ¨Î¥¸±μ° Ëμ·³Ê²Ò (389),

S0(t, t′) → 1 ¶·¨ t → ∞ ¨ 0 < t′ < ∞. �Éμ ¤μ± §Ò¢ ¥É, ÎÉμ

0 < S0(t, t′) < 1

¤²Ö ¢¸¥Ì ¶μ²μ¦¨É¥²Ó´ÒÌ §´ Î¥´¨° t ¨ t′.
”μ·³Ê²Ò (388) ¨ (389) μ¶·¥¤¥²ÖÕÉ  ¸¨³¶ÉμÉ¨Î¥¸±μ¥ ¶μ¢¥¤¥´¨¥ S0(t, t′)

¢ · §²¨Î´ÒÌ ·¥¦¨³ Ì. ‚ Î ¸É´μ¸É¨, ¶·¨ ³ ²ÒÌ t ¨ t′

S0(t, t′) ≈
2√
π

t

[
1 − 1

3
(t2 + t′2) +

1
30

(t2 + 3t′2)(t′2 + 3t2)
]

.

�·¨ ¡μ²ÓÏ¨Ì, ´μ ±μ´¥Î´ÒÌ t,   ¨³¥´´μ, ¶·¨ t − t′ � 1, ¶μ²ÊÎ ¥³

S0(t, t′) ≈ 1 − 1
4
√

πt′

[
e−(t−t′)2

(t − t′)2
− e−(t+t′)2

(t + t′)2

]
≈ 1

¨, ¢ Î ¸É´μ¸É¨,

S0(t, t′) ≈ 1 − e−t2

√
πt

→ 1,

¥¸²¨ t′ � 1. ‚ ¶·μÉ¨¢μ¶μ²μ¦´μ³ ¶·¥¤¥²Ó´μ³ ¸²ÊÎ ¥, t′ − t � 1, ¨³¥¥³

S0(t, t′) ≈
t

t′

{
1 − 1

4
√

πt

[
e−(t′−t)2

(t′ − t)2
− e−(t′+t)2

(t′ + t)2

]}
� 1.

�  ·¨¸. 19 ¶μ± § ´μ ¶μ¢¥¤¥´¨¥ ËÊ´±Í¨¨ S0(t, t′) ¨ ¥¥ ¶²μÉ´μ¸É¨ · ¸¶·¥¤¥²¥-
´¨Ö ¢ ¶²μ¸±μ¸É¨ (t, t′). �¥É·Ê¤´μ ¤μ± § ÉÓ ¸²¥¤ÊÕÐ¨¥ ¢ ¦´Ò¥ ´¥· ¢¥´¸É¢ :

S0(t, t′) < t/t′ ¶·¨ t′ � t ¨ S0(t+δt, t) > erf (δt) ¶·¨ δt > 0. (322)

�´¨ ¶μ³μ£ ÕÉ μÉ¤¥²¨ÉÓ μ¡² ¸É¨ ¡μ²ÓÏμ£μ ¨ ³ ²μ£μ ¶μ¤ ¢²¥´¨Ö ¶μ²´μ£μ Î¨-
¸²  ¸μ¡ÒÉ¨°, μ¡Ê¸²μ¢²¥´´μ£μ ¤¥±μ£¥·¥´É´Ò³¨ ÔËË¥±É ³¨∗. �É¨ ´¥· ¢¥´¸É¢ 
¨²²Õ¸É·¨·Ê¥É ·¨¸. 19, ¡, ¶μ± §Ò¢ ÕÐ¨° ¤¢Ê³¥·´ÊÕ ¶²μÉ´μ¸ÉÓ · ¸¶·¥¤¥²¥´¨Ö
S0(t, t′) (Î¥³ É¥³´¥¥ ¶²μÉ´μ¸ÉÓ · ¸¶·¥¤¥²¥´¨Ö, É¥³ ³¥´ÓÏ¥ §´ Î¥´¨¥ ËÊ´±Í¨¨
S0(t, t′)). „μ¸É ÉμÎ´μ Î¥É±μ ¢¨¤´Ò μ¡² ¸É¨, μ¶¨¸Ò¢ ÕÐ¨¥ ¶¥·¥Ìμ¤Ò ³¥¦¤Ê
¢ÒÏ¥¶·¨¢¥¤¥´´Ò³¨  ¸¨³¶ÉμÉ¨Î¥¸±¨³¨ ·¥¦¨³ ³¨.

ˆ§  ´ ²¨§  ·¨¸. 19 ¸²¥¤Ê¥É, ÎÉμ ¸·¥¤´ÖÖ ¸±μ·μ¸ÉÓ ¸Î¥É  ¸μ¡ÒÉ¨° ¢ ¤¥É¥±-
Éμ·¥ dNαβ/τd (´μ, ±μ´¥Î´μ, ´¥ ¶μ²´μ¥ Î¨¸²μ ¸μ¡ÒÉ¨°) Ê³¥´ÓÏ ¥É¸Ö ¸ ·μ¸Éμ³

∗� ¶·¨³¥·, ¶μ¤ ¢²¥´¨¥ ´¥ ¶·¥¢ÒÏ ¥É 10−4 (S0(t, t′) > 0,999), ¥¸²¨ t > t′ + 2,3273, É. ¥.
τs > τd + 2,3273/D.
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�¨¸. 19. ”Ê´±Í¨Ö ¤¥±μ£¥·¥´É´μ¸É¨ S0(t, t
′) = S(t, t′, 0) ( ) ¨ £· Ë¨± ¥¥ ¶²μÉ´μ¸É¨

· ¸¶·¥¤¥²¥´¨Ö ¢ ¶²μ¸±μ¸É¨ (t, t′) (¡). ’¥³´Ò¥ μ¡² ¸É¨ ´  ·¨¸. ¡ μÉ¢¥Î ÕÉ ³¥´ÓÏ¨³,  
¸¢¥É²Ò¥ Å ¡μ²ÓÏ¨³ §´ Î¥´¨Ö³ S0(t, t

′)
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�¨¸. 20. ”Ê´±Í¨Ö S0(t, t) (¸¶²μÏ´ Ö ±·¨¢ Ö) ¨ ¥¥  ¸¨³¶ÉμÉ¨±¨ ¶·¨ ³ ²ÒÌ ¨ ¡μ²ÓÏ¨Ì
§´ Î¥´¨ÖÌ  ·£Ê³¥´É  t (ÏÉ·¨Ìμ¢ Ö ¨ ÏÉ·¨Ì¶Ê´±É¨·´ Ö ±·¨¢Ò¥) ¸μ£² ¸´μ (323)

μÉ´μÏ¥´¨Ö τd/τs > 1. �·¨Î¨´  ÔÉμ£μ ¶μ´ÖÉ´ : ¤¥É¥±Éμ· ´¥ ³μ¦¥É § ·¥£¨¸É·¨-
·μ¢ ÉÓ ¡μ²ÓÏ¥ ´¥°É·¨´μ, Î¥³ ¨Ì ¡Ò²μ ¨¸¶ÊÐ¥´μ ¨¸ÉμÎ´¨±μ³. Œ¥´¥¥ μÎ¥¢¨¤-
´μ¥ § ±²ÕÎ¥´¨¥ ¸²¥¤Ê¥É ¨§ ¢Éμ·μ£μ ´¥· ¢¥´¸É¢  ¢ (322): μ¡Ð¥¥ ¶μ¤ ¢²¥´¨¥
dNαβ/τd μÉ¸ÊÉ¸É¢Ê¥É ¶·¨ ¤μ¸É ÉμÎ´μ ¡μ²ÓÏμ³ μÉ´μÏ¥´¨¨ τs/τd

∗. „¢¥ ÏÉ·¨-
Ìμ¢Ò¥ ¶·Ö³Ò¥ ´  ·¨¸. 19, ¡ μÉ¤¥²ÖÕÉ μ¡² ¸É¨, ¢ ±μÉμ·ÒÌ S0 < 0,5 (τs < 2τd)
¨ S0 > 0,995 (τs > τd + 2/D). ’ ±¨³ μ¡· §μ³, ÎÉμ¡Ò ¶μ²μ¦¨ÉÓ S0(t, t′) = 1,
´¥μ¡Ìμ¤¨³μ (´μ ¢¸¥ ¥Ð¥ ´¥ ¤μ¸É ÉμÎ´μ), ÎÉμ¡Ò ¢·¥³Ö Ô±¸¶μ§¨Í¨¨ ¤¥É¥±Éμ· 
τd ¡Ò²μ ²¨¡μ ³ ²μ ¶μ ¸· ¢´¥´¨Õ ¸ τs, ²¨¡μ (¶·¨ τd ≈ τs) ¡Ò²μ ³´μ£μ ¡μ²ÓÏ¥

ÔËË¥±É¨¢´μ£μ ³ ¸ÏÉ ¡  ¢·¥³¥´¨ τν = 1/ min (D), £¤¥ ³¨´¨³Ê³ ¡¥·¥É¸Ö ¶μ
É¥³ μ¡² ¸ÉÖ³ Ë §μ¢μ£μ μ¡Ñ¥³  ·¥ ±Í¨° ¢ S ¨ D, ±μÉμ·Ò¥ ¤ ÕÉ ¸ÊÐ¥¸É¢¥´´Ò°
¢±² ¤ ¢ ¸±μ·μ¸ÉÓ ¸Î¥É . ‚ ¶·μ³¥¦ÊÉμÎ´μ° μ¡² ¸É¨ Ë ±Éμ· ¤¥±μ£¥·¥´É´μ¸É¨
¶·¨¢μ¤¨É ± Ê³¥·¥´´μ³Ê ¶μ¤ ¢²¥´¨Õ ´¥¨´É¥·Ë¥·¥´Í¨μ´´ÒÌ Î²¥´μ¢ ¢ ¶μ¤Ò´-
É¥£· ²Ó´μ³ ¢Ò· ¦¥´¨¨ ¤²Ö ¸±μ·μ¸É¨ ¸Î¥É .

‚ ¢ ¦´μ³ ¸¶¥Í¨ ²Ó´μ³ ¸²ÊÎ ¥ t′ = t (¶·¥¤¸É ¢²ÖÕÐ¥³ μ¸μ¡Ò° ¨´É¥·¥¸
¤²Ö Ô±¸¶¥·¨³¥´Éμ¢ ¸ Ê¸±μ·¨É¥²Ó´Ò³¨ ´¥°É·¨´μ) ¶μ²ÊÎ ¥³

S0(t, t) = erf (2t) − 1 − e−4t2

2
√

πt
≈

⎧⎪⎪⎨⎪⎪⎩
2t√
π

(
1 − 2t2

3
+

8t4

15

)
¶·¨ t � 1,

1 − 1
2
√

πt
¶·¨ t � 1.

(323)
�  ·¨¸. 20 ¶μ± § ´  ËÊ´±Í¨Ö S0(t, t). „²Ö ¸· ¢´¥´¨Ö μÉ³¥Î¥´Ò É ±¦¥  ¸¨³-
¶ÉμÉ¨±¨ (323) ¶·¨ ³ ²ÒÌ ¨ ¡μ²ÓÏ¨Ì §´ Î¥´¨ÖÌ ¶¥·¥³¥´´μ° t. Š ± ¢¨¤´μ ¨§

∗�Éμ Ê¸²μ¢¨¥ ®¸ ¡μ²ÓÏ¨³ § ¶ ¸μ³¯ ¢Ò¶μ²´Ö¥É¸Ö ¢ Ô±¸¶¥·¨³¥´É Ì ¸ ¸μ²´¥Î´Ò³¨ ¨  É-
³μ¸Ë¥·´Ò³¨ ¨ £¥μË¨§¨Î¥¸±¨³¨ ( ´É¨)´¥°É·¨´μ, ´μ ³μ¦¥É ´¥ ¢Ò¶μ²´ÖÉÓ¸Ö ¢ Ê¸±μ·¨É¥²Ó´ÒÌ
Ô±¸¶¥·¨³¥´É Ì.
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·¨¸Ê´± , ÔÉ¨  ¸¨³¶ÉμÉ¨±¨ Ìμ·μÏμ · ¡μÉ ÕÉ ¢¸Õ¤Ê, §  ¨¸±²ÕÎ¥´¨¥³ μÉ´μ¸¨-
É¥²Ó´μ Ê§±μ° μ¡² ¸É¨ 0,5 � t � 0,8. ‚¨¤´μ É ±¦¥, ÎÉμ S0(t, t) ¶·¨¡²¨¦ ¥É¸Ö
± ¥¤¨´¨Í¥ ²¨ÏÓ ¶·¨ t � 1 (´  ¶· ±É¨±¥ ¶·¨ t � 100).

10.3. �¥¤¨ £μ´ ²Ó´ Ö ËÊ´±Í¨Ö ¤¥±μ£¥·¥´É´μ¸É¨. �μ¢¥¤¥´¨¥ ËÊ´±Í¨¨
S(t, t′, b) ¶·¨ b 	= 0 §´ Î¨É¥²Ó´μ ¸²μ¦´¥¥, Î¥³ ¢ ¸²ÊÎ ¥ b = 0, ¨ ¶μ²´μ¥
 ´ ²¨É¨Î¥¸±μ¥ ¨§ÊÎ¥´¨¥ ÔÉμ° ËÊ´±Í¨¨ É·¥Ì ´¥§ ¢¨¸¨³ÒÌ ¶¥·¥³¥´´ÒÌ § É·Ê¤-
´¨É¥²Ó´μ ¨, ¡μ²¥¥ Éμ£μ, ´¥Í¥²¥¸μμ¡· §´μ, ¶μ¸±μ²Ó±Ê ¶·¨ ·¥ ²Ó´μ° μ¡· ¡μÉ±¥
¤ ´´ÒÌ, ÊÎ¨ÉÒ¢ ÕÐ¥° ¤¥É ²¨ ±μ´±·¥É´μ£μ Ô±¸¶¥·¨³¥´É , ´¥¢μ§³μ¦´μ μ¡μ°-
É¨¸Ó ¡¥§ ³μ¤¥²¨·μ¢ ´¨Ö ³¥Éμ¤μ³ Œμ´É¥-Š ·²μ. ŒÒ ¶·μ¢¥²¨ ¤¥É ²Ó´Ò° Î¨-
¸²¥´´Ò°  ´ ²¨§ ¨  ´ ²¨É¨Î¥¸±μ¥ ¨¸¸²¥¤μ¢ ´¨¥ ´ ¨¡μ²¥¥ ¸ÊÐ¥¸É¢¥´´ÒÌ Î ¸É-
´ÒÌ ¸²ÊÎ ¥¢, ±μÉμ·Ò¥ ¶μ± §Ò¢ ÕÉ, ÎÉμ S(t, t′, b) < S0(t, t′) ¶·¨ b 	= 0. � ¸¸³μ-
É·¨³ ´¥¸±μ²Ó±μ É¨¶¨Î´ÒÌ ¶·¨³¥·μ¢, ¶μÖ¸´ÖÕÐ¨Ì ÔÉμÉ μ¸´μ¢´μ° ·¥§Ê²ÓÉ É.

�  ·¨¸. 21 ¨ 22 ¶μ± § ´Ò ¶·μË¨²¨ ËÊ´±Í¨¨ S(t, t′, b), ¢ÒÎ¨¸²¥´´Ò¥ ¶·¨
18 §´ Î¥´¨ÖÌ ¶ · ³¥É·  b. —¨¸²¥´´Ò¥ · ¸Î¥ÉÒ ¸¤¥² ´Ò ¸ ¨¸¶μ²Ó§μ¢ ´¨¥³

�¨¸. 21. �·μË¨²¨ ËÊ´±Í¨¨ ¤¥±μ£¥·¥´É´μ¸É¨ S(t, t′, b), ¢ÒÎ¨¸²¥´´Ò¥ ¶·¨ ¤¥¢ÖÉ¨ §´ -
Î¥´¨ÖÌ ¶ · ³¥É·  b μÉ 0,1 ¤μ 0,9
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�¨¸. 22. �·μË¨²¨ ËÊ´±Í¨¨ ¤¥±μ£¥·¥´É´μ¸É¨ S(t, t′, b), ¢ÒÎ¨¸²¥´´Ò¥ ¶·¨ ¤¥¢ÖÉ¨ §´ -
Î¥´¨ÖÌ ¶ · ³¥É·  b μÉ 1,0 ¤μ 9,0

Ëμ·³Ê² ¨§ ¶·¨²μ¦¥´¨Ö 7. ˆ§ ·¨¸Ê´±μ¢ ¢¨¤´μ, ÎÉμ ¸ ·μ¸Éμ³ ¶ · ³¥É·  b ¶μ-
¢¥¤¥´¨¥ S(t, t′, b) ± ± ËÊ´±Í¨¨ t ¨ t′ ¸É ´μ¢¨É¸Ö ¢¸¥ ¡μ²¥¥ ¸²μ¦´Ò³. ’ ±, ¶·¨
b > 3− 4 ËÊ´±Í¨Ö S(t, t′, b) ¡Ò¸É·μ μ¸Í¨²²¨·Ê¥É ¢¡²¨§¨ ´Ê²Ö ¤ ¦¥ ¶·¨ μÉ´μ-
¸¨É¥²Ó´μ ´¥¡μ²ÓÏ¨Ì ¢ ·¨ Í¨ÖÌ ¶¥·¥³¥´´ÒÌ t ¨ t′. ’ ±μ¥ ¶μ¢¥¤¥´¨¥ ¶·¨¢μ¤¨É
± ¸¨²Ó´μ³Ê ¶μ¤ ¢²¥´¨Õ ®´¥¤¨ £μ´ ²Ó´ÒÌ¯ (c i 	= j) ¢±² ¤μ¢ ¢ Pαβ(Eν , L̄).

�  ·¨¸. 23 ¶μ± § ´  ËÊ´±Í¨Ö S(t, t, b) ¢ § ¢¨¸¨³μ¸É¨ μÉ b, ¢ÒÎ¨¸²¥´´ Ö
¶·¨ Ë¨±¸¨·μ¢ ´´ÒÌ §´ Î¥´¨ÖÌ t. �·¨ ´¥¡μ²ÓÏ¨Ì t ÔÉ  § ¢¨¸¨³μ¸ÉÓ ¨³¥¥É
±¢ §¨¶¥·¨μ¤¨Î¥¸±¨° Ì · ±É¥·, ¶·μÖ¢²ÖÕÐ¨°¸Ö ´  Ëμ´¥ ¡Ò¸É·μ£μ ¶ ¤¥´¨Ö
S(t, t, b) ¸ ·μ¸Éμ³ b. ”Ê´±Í¨Ö S(t, t′, b) ¸¨²Ó´μ § ¢¨¸¨É μÉ ¸μμÉ´μÏ¥´¨Ö ¶ -
· ³¥É·μ¢ t ¨ t′. �·¨ μÎ¥´Ó ¡μ²ÓÏ¨Ì §´ Î¥´¨ÖÌ t = t′ ËÊ´±Í¨Ö S(t, t′, b)
¶¥·¥¸É ¥É § ¢¨¸¥ÉÓ μÉ t, μÎ¥´Ó ³¥¤²¥´´μ ¶·¨¡²¨¦ Ö¸Ó ± ¸¢μ¥³Ê  ¸¨³¶ÉμÉ¨Î¥-
¸±μ³Ê ¢¨¤Ê exp (−b2). ‚ É ±μ³  ¸¨³¶ÉμÉ¨Î¥¸±μ³ ·¥¦¨³¥ ®¢¥·μÖÉ´μ¸ÉÓ¯ (310)
¶·¨´¨³ ¥É ¢¨¤, Ê¦¥ ¨§¢¥¸É´Ò° ¨§ ²¨É¥· ÉÊ·Ò (¸³., ´ ¶·¨³¥·, [45, 46, 66] ¨
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�¨¸. 23. ”Ê´±Í¨Ö S(t, t, b) ¢ § ¢¨¸¨³μ¸É¨ μÉ b ¶·¨ Ë¨±¸¨·μ¢ ´´ÒÌ §´ Î¥´¨ÖÌ t, Ê± -
§ ´´ÒÌ ¢ ²¥£¥´¤¥. „²Ö ¸· ¢´¥´¨Ö ÏÉ·¨Ìμ¢μ° ±·¨¢μ° ¶μ± § ´   ¸¨³¶ÉμÉ¨±  ËÊ´±Í¨¨
S(t, t, b) ¶·¨ t → ∞

¸¸Ò²±¨ ¢ ÔÉ¨Ì · ¡μÉ Ì),

Pαβ(Eν , L) =
∑
ij

VαiVβjV
∗
αjV

∗
βi exp (iϕij −� 2

ij −�2
ij − Θij), (324)

¸ Éμ° ¸ÊÐ¥¸É¢¥´´μ° · §´¨Í¥°, ÎÉμ ¢Ìμ¤ÖÐ¨¥ ¢ �ij , �ij ¨ Θij ËÊ´±Í¨¨ D, n

¨ m § ¢¨¸ÖÉ μÉ ¨³¶Ê²Ó¸μ¢ ¢´¥Ï´¨Ì ¶ ±¥Éμ¢ ¨ Ô´¥·£¨¨ ´¥°É·¨´μ. �É  § ¢¨¸¨-
³μ¸ÉÓ ± Î¥¸É¢¥´´μ ¨§³¥´Ö¥É ¶μ¢¥¤¥´¨¥ Ë ±Éμ·μ¢ ¶μ¤ ¢²¥´¨Ö ®μ¸Í¨²²ÖÍ¨°¯,
¥¸²¨ ÌμÉÖ ¡Ò ´¥±μÉμ·Ò¥ ¨§ ¢´¥Ï´¨Ì ‚� ¨³¥ÕÉ ·¥²ÖÉ¨¢¨¸É¸±¨¥ ¸·¥¤´¨¥ ¨³-

¶Ê²Ó¸Ò. �μ¸±μ²Ó±Ê Θij � 0, Éμ Pαβ(Eν , L) � P(QM)
αβ (Eν , L). �μÖ¸´¨³

Ë¨§¨Î¥¸±¨° ¸³Ò¸² μ¸É ²Ó´ÒÌ Ë ±Éμ·μ¢ ¶μ¤ ¢²¥´¨Ö.
” ±Éμ· exp (−� 2

ij) ¢ (324) ¶μ¤ ¢²Ö¥É ¨´É¥·Ë¥·¥´Í¨Õ ¢±² ¤μ¢ ¸ i 	= j ´ 
· ¸¸ÉμÖ´¨ÖÌ, ¶·¥¢ÒÏ ÕÐ¨Ì ®¤²¨´Ê ±μ£¥·¥´É´μ¸É¨¯

Lcoh
ij =

1
ΔvijD

� |Lij | (Δvij = |vj − vi|),

´  ±μÉμ·μ° ´¥°É·¨´´Ò¥ ‚� ψ∗
i ¨ ψ∗

j Ê¦¥ ¸¨²Ó´μ · §¤¥²¥´Ò ¢ ¶·μ¸É· ´¸É¢¥

¨§-§  · §´¨ÍÒ ¨Ì £·Ê¶¶μ¢ÒÌ ¸±μ·μ¸É¥° ¨ ¶¥·¥¸É ÕÉ ¨´É¥·Ë¥·¨·μ¢ ÉÓ. �μ-
´ÖÉ´μ, ÎÉμ ¢ ¶²μ¸±μ¢μ²´μ¢μ³ ¶·¥¤¥²¥ Lcoh

ij → ∞. ” ±Éμ· exp (−�2
ij) ¶μ¤ -

¢²Ö¥É ¨´É¥·Ë¥·¥´Í¨μ´´Ò¥ ¢±² ¤Ò ¢ ¶·Ö³μ ¶·μÉ¨¢μ¶μ²μ¦´μ° ¸¨ÉÊ Í¨¨, É. ¥.
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¢ ¸²ÊÎ ¥, ±μ£¤  ¢´¥Ï´¨¥ ‚� ¢ S ¨²¨ ¢ D (¨²¨ ¢ S ¨ D) ¸¨²Ó´μ ¤¥²μ± ²¨-
§μ¢ ´Ò (¢ ¶²μ¸±μ¢μ²´μ¢μ³ ¶·¥¤¥²¥ Å ®· §³ § ´Ò¯ ¶μ ¢¸¥³Ê ¶·μ¸É· ´¸É¢Ê).
‘Ê³³ ·´Ò° · §³¥· μ¡² ¸É¥° ·μ¦¤¥´¨Ö ¨ ¶μ£²μÐ¥´¨Ö ´¥°É·¨´μ ¢ S ¨ D ¶μ
¶μ·Ö¤±Ê ¢¥²¨Î¨´Ò · ¢¥´ 1/D. ˆ´É¥·Ë¥·¥´Í¨μ´´Ò¥ ¢±² ¤Ò ¨¸Î¥§ ÕÉ, ¥¸²¨
ÔÉμÉ · §³¥· ¢¥²¨± ¶μ ¸· ¢´¥´¨Õ ¸ ®¤²¨´μ° ¨´É¥·Ë¥·¥´Í¨¨¯

Lint
ij =

1
4ΔEij

=
2Lij

πn
.

„·Ê£¨³¨ ¸²μ¢ ³¨, ¢ ¶²μ¸±μ¢μ²´μ¢μ³ ¶·¥¤¥²¥ ±¢ ´Éμ¢μ-¶μ²¥¢ Ö É¥μ·¨Ö ¶·¥¤-
¸± §Ò¢ ¥É ¨¸Î¥§´μ¢¥´¨¥ ´¥°É·¨´´ÒÌ μ¸Í¨²²ÖÍ¨°. ‚¥·μÖÉ´μ¸ÉÓ Ë²¥°¢μ·´ÒÌ
¶¥·¥Ìμ¤μ¢ ¶·¨ ÔÉμ³ ´¥ § ¢¨¸¨É μÉ L ¨ ¸É ´μ¢¨É¸Ö · ¢´μ°∑

i

|Vαi|2|Vβi|2.

’ ±¨³ μ¡· §μ³, ´¥É·¨¢¨ ²Ó´ Ö (§ ¢¨¸ÖÐ Ö μÉ L) ¨´É¥·Ë¥·¥´Í¨Ö  ³¶²¨ÉÊ¤ c
¶·μ³¥¦ÊÉμÎ´Ò³¨ ´¥°É·¨´μ · §´ÒÌ ³ ¸¸ ¢μ§³μ¦´  ²¨ÏÓ ¶·¨ D 	= 0. „¥É ²Ó-
´Ò°  ´ ²¨§ ¶·μÍ¥¸¸μ¢ 1 → 2, 1 → 3 ¨ 2 → 2 (¸³. ¶·¨²μ¦¥´¨¥ 1) ¶μ± §Ò¢ ¥É,
ÎÉμ ËÊ´±Í¨Ö D μÉ²¨Î´  μÉ ´Ê²Ö, ¥¸²¨ ¢ μ¡¥¨Ì ¢¥·Ï¨´ Ì ¤¨ £· ³³Ò ·¨¸. 15,
μ¶¨¸Ò¢ ÕÐ¥° ¶·μÍ¥¸¸ (231), ¢§ ¨³μ¤¥°¸É¢ÊÕÉ ´¥ ³¥´¥¥ ¤¢ÊÌ (´¥ ¢ ¦´μ in
¨²¨ out) ‚� κ ¸ σκ 	= 0. �É¨ ¦¥ Ê¸²μ¢¨Ö ¸ ´¥¨§¡¥¦´μ¸ÉÓÕ ¶·¨¢μ¤ÖÉ ±
Éμ³Ê, ÎÉμ ´¥¤¨ £μ´ ²Ó´Ò¥ ¢±² ¤Ò ¨¸Î¥§ ÕÉ ´  ¤μ¸É ÉμÎ´μ ¡μ²ÓÏ¨Ì · ¸¸ÉμÖ-
´¨ÖÌ ³¥¦¤Ê S ¨ D (L � max Lcoh

ij ). ’ ±¨³ μ¡· §μ³, μ¡² ¸ÉÓ ¶·¨³¥´¨³μ¸É¨
¸É ´¤ ·É´μ° ±¢ ´Éμ¢μ-³¥Ì ´¨Î¥¸±μ° Ëμ·³Ê²Ò ¤²Ö ¢¥·μÖÉ´μ¸É¨ ´¥°É·¨´´ÒÌ
Ë²¥°¢μ·´ÒÌ ¶¥·¥Ìμ¤μ¢ (¶·¨´ÖÉμ° ¶μ Ê³μ²Î ´¨Õ ¢μ ¢¸¥Ì ¶·μ£· ³³ Ì μ¡· -
¡μÉ±¨ ¤ ´´ÒÌ ¸μ¢·¥³¥´´ÒÌ μ¸Í¨²²ÖÍ¨μ´´ÒÌ Ô±¸¶¥·¨³¥´Éμ¢) μ£· ´¨Î¥´  ¤μ-
¢μ²Ó´μ ¦¥¸É±¨³¨ Ê¸²μ¢¨Ö³¨:〈(

2πDL

EνLij

)2
〉

� 1,

〈(
πn

2DLij

)2
〉

� 1, 〈|Θij |〉 � 1. (325)

‡¤¥¸Ó ¸±μ¡±¨ 〈 〉 ¸¨³¢μ²¨§¨·ÊÕÉ ÉμÉ Ë ±É, ÎÉμ §´ Î¥´¨Ö ËÊ´±Í¨° D, n ¨ m

μ¶·¥¤¥²ÖÕÉ¸Ö μ¡² ¸ÉÖ³¨ Ë §μ¢μ£μ μ¡Ñ¥³  ¶·μÍ¥¸¸  (231), ¤ ÕÐ¨³¨ μ¸´μ¢´μ°
¢±² ¤ ¢ ¨§³¥·Ö¥³μ¥ Î¨¸²μ ´¥°É·¨´´ÒÌ ¸μ¡ÒÉ¨°.

10.4. „μ¶μ²´¨É¥²Ó´Ò¥ ³¥Éμ¤¨Î¥¸±¨¥ § ³¥Î ´¨Ö. Š ± ¸²¥¤Ê¥É ¨§ ¢ÒÏ¥-
¶·¨¢¥¤¥´´μ£μ  ´ ²¨§ , ¤μ¢μ²Ó´μ ¸¨²Ó´ Ö § ¢¨¸¨³μ¸ÉÓ Ë ±Éμ·  S0(t, t′) μÉ
¸¢μ¨Ì  ·£Ê³¥´Éμ¢ ¶·¨ t � t′ ¶·¥¤μ¸É ¢²Ö¥É ¶μÉ¥´Í¨ ²Ó´ÊÕ ¢μ§³μ¦´μ¸ÉÓ Ô±¸-
¶¥·¨³¥´É ²Ó´μ° μÍ¥´±¨ ËÊ´±Í¨¨ D (ÉμÎ´¥¥, ¥¥ ¸·¥¤´¨Ì §´ Î¥´¨° ¢´ÊÉ·¨
¢ÒÏ¥Ê¶μ³Ö´ÊÉÒÌ μ¡² ¸É¥° Ë §μ¢μ£μ μ¡Ñ¥³ ), μ¸´μ¢ ´´μ° ´  ¨§³¥·¥´¨¨ ¸±μ-
·μ¸É¨ ¸Î¥É  ± ± ËÊ´±Í¨¨ ¶¥·¥³¥´´ÒÌ τd ¨ τs (¶·¨ Ë¨±¸¨·μ¢ ´´μ³ · ¸¸ÉμÖ-
´¨¨ L̄) ¨ ¸· ¢´¥´¨¨ ¤ ´´ÒÌ ¸ ·¥§Ê²ÓÉ É ³¨ ³μ´É¥-± ·²μ¢¸±μ£μ ³μ¤¥²¨·μ¢ -
´¨Ö. �μ´ÖÉ´μ, ÎÉμ μ¶É¨³ ²Ó´ Ö ¸É· É¥£¨Ö ¶μ¤μ¡´μ£μ Ô±¸¶¥·¨³¥´É  ¤μ²¦´ 
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¡ÒÉÓ ¶·¥¤³¥Éμ³ ¸¶¥Í¨ ²Ó´μ£μ ¨¸¸²¥¤μ¢ ´¨Ö ¶·¨ ¶² ´¨·μ¢ ´¨¨ ± ¦¤μ£μ ±μ´-
±·¥É´μ£μ Ô±¸¶¥·¨³¥´É . ‡¤¥¸Ó ³Ò · ¸¸³μÉ·¨³ ´ ¨¡μ²¥¥ μ¡ÐÊÕ ³¥Éμ¤¨±Ê ¡¥§
¨¸¶μ²Ó§μ¢ ´¨Ö ¸¶¥Í¨Ë¨±¨ ±μ´±·¥É´ÒÌ Ô±¸¶¥·¨³¥´Éμ¢.

„²Ö Ô±¸¶¥·¨³¥´Éμ¢ ¸ Ê¸±μ·¨É¥²Ó´Ò³¨ ¶ÊÎ± ³¨ ´¥°É·¨´μ, ¨¸¶Ê¸± ¥³Ò³¨
¢μ ¢·¥³¥´´μ³ μ±´¥ τs ¨ ¤¥É¥±É¨·Ê¥³Ò³¨ §  ¢·¥³Ö τd, Ê¤μ¡´μ ¨§³¥·ÖÉÓ ¸²¥¤Ê-
ÕÐ¥¥ μÉ´μÏ¥´¨¥:

W (τd) =

∑
i

N(y0
i ∈ τd)∑

i

N(y0
i ∈ τmax

d )
.

‡¤¥¸Ó N(y0
i ∈ τd) Å Î¨¸²μ ¸μ¡ÒÉ¨°, § ·¥£¨¸É·¨·μ¢ ´´ÒÌ ¢ ³μ³¥´É ¢·¥³¥´¨

y0
i ¢´ÊÉ·¨ ¢·¥³¥´´�μ£μ μ±´  τd,   τmax

d Å ¢·¥³¥´´�μ¥ μ±´μ, Ê¢¥²¨Î¥´´μ¥ ¤μ
³ ±¸¨³ ²Ó´μ£μ §´ Î¥´¨Ö∗. �Î¥¢¨¤´μ, ÎÉμ W (τd) ²¨´¥°´μ · ¸É¥É ¸ ·μ¸Éμ³
τd μÉ ´Ê²Ö (¶·¨ τd � τs) ¶· ±É¨Î¥¸±¨ ¤μ ¥¤¨´¨ÍÒ ¶·¨ τd ≈ τs. � ¨¡μ²¥¥
¨´É¥·¥¸´ Ö μ¡² ¸ÉÓ Å ÔÉμ Ê§±¨° ¨´É¥·¢ ² μ±μ²μ §´ Î¥´¨Ö τd = τs, ¢ ±μ-
Éμ·μ³ ²¨´¥°´Ò° ·μ¸É ËÊ´±Í¨¨ W (τd) ¸³¥´Ö¥É¸Ö ¢ÒÌμ¤μ³ ´  ¶² Éμ W ≈ 1
¶·¨ Δτd � τd. �μ¸±μ²Ó±Ê ¢ÒÌμ¤ ¨§ ²¨´¥°´μ£μ ·μ¸É  ¶·μ¨¸Ìμ¤¨É ´¥ ¸± Î-
±μμ¡· §´μ,   ¶² ¢´μ, Éμ ¨§³¥·¥´¨¥ ¶·μ¨§¢μ¤´μ° dW (τd)/dτd ¢ ÔÉμ° μ¡² ¸É¨
¶μ§¢μ²¨²μ ¡Ò ¨§³¥·¨ÉÓ ¢¥²¨Î¨´Ê D, ¶μÉμ³Ê ÎÉμ

dW (τd)
dτd

∣∣∣∣
τd=τs

=
1

2τs
erf (2τsD).

’ ±μ¥ ¨§³¥·¥´¨¥ ¡Ò²μ ¡Ò μÎ¥´Ó ¢ ¦´μ, É ± ± ± ËÊ´±Í¨Ö D ¢Ìμ¤¨É ¢ ¢¥·μÖÉ-
´μ¸ÉÓ Ë²¥°¢μ·´ÒÌ ¶¥·¥Ìμ¤μ¢ (¸³. ´¨¦¥) ¨ ¥¥ ¸μ¢¥·Ï¥´´μ ´¥μ¡Ìμ¤¨³μ §´ ÉÓ
¤²Ö  ±±Ê· É´μ£μ ¨§¢²¥Î¥´¨Ö ¶ · ³¥É·μ¢ ´¥°É·¨´´ÒÌ μ¸Í¨²²ÖÍ¨° (É. ¥. · §´μ-
¸É¥° ±¢ ¤· Éμ¢ ³ ¸¸ ¨ Ê£²μ¢ ¸³¥Ï¨¢ ´¨Ö). �μ¸±μ²Ó±Ê ËÊ´±Í¨Ö D § ¢¨¸¨É ± ±
μÉ Ô´¥·£¨¨ ´¥°É·¨´μ, É ± ¨ μÉ ¢´¥Ï´¨Ì ¨³¶Ê²Ó¸μ¢, Éμ ¢¥²¨Î¨´Ê dW (τd)/dτd

¸²¥¤Ê¥É ¨§³¥·¨ÉÓ ¶μ ±· °´¥° ³¥·¥ ´  ´¥¸±μ²Ó±¨Ì ±¨´¥³ É¨Î¥¸±¨Ì ¨´É¥·¢ -
² Ì, ¤μ¸ÉÊ¶´ÒÌ ¢ Ô±¸¶¥·¨³¥´É¥.

� ¶μ³´¨³, ÎÉμ Ê¸²μ¢¨Ö (325), ± ± ¨ Ëμ·³Ê²  (324), ¡Ò²¨ ¶μ²ÊÎ¥´Ò ¸
¨¸¶μ²Ó§μ¢ ´¨¥³ ·Ö¤  Ê¶·μÐ ÕÐ¨Ì ¶·¥¤¶μ²μ¦¥´¨° ¨ ¶·¨¡²¨¦¥´¨°, ¸¶· ¢¥¤-
²¨¢μ¸ÉÓ ±μÉμ·ÒÌ ¢ ·¥ ²Ó´ÒÌ Ô±¸¶¥·¨³¥´É Ì ¤ ²¥±μ ´¥ ¢¸¥£¤  μÎ¥¢¨¤´ . ˆ§
¶·μ¢¥¤¥´´μ£μ  ´ ²¨§  (¢±²ÕÎ Ö ·¥§Ê²ÓÉ ÉÒ, ¨§²μ¦¥´´Ò¥ ¢ ¶·¨²μ¦¥´¨¨ 6)
¸²¥¤Ê¥É, ÎÉμ ¶·¨ μ¡· ¡μÉ±¥ ¨ ¨´É¥·¶·¥É Í¨¨ ¤ ´´ÒÌ ·¥ ²Ó´ÒÌ ´¥°É·¨´´ÒÌ
Ô±¸¶¥·¨³¥´Éμ¢ ´ ·Ö¤Ê ¸ Ê¸²μ¢¨Ö³¨ (325) ´¥μ¡Ìμ¤¨³μ ÊÎ¨ÉÒ¢ ÉÓ ¶¥·¨μ¤Ò · -
¡μÉÒ ¨¸ÉμÎ´¨±  ¨ ¤¥É¥±Éμ· , ¨Ì ±μ´¥Î´Ò¥ · §³¥·Ò ¨ £¥μ³¥É·¨Õ, Ö¢´Ò° ¢¨¤
ËÊ´±Í¨° · ¸¶·¥¤¥²¥´¨Ö in-Î ¸É¨Í ¢ ¨¸ÉμÎ´¨±¥ ¨ ¤¥É¥±Éμ·¥ ¨ ¤·Ê£¨¥ É¥Ì´¨Î¥-
¸±¨¥ ¤¥É ²¨.

∗�É  ¢¥²¨Î¨´  ¤μ²¦´  ¡ÒÉÓ ±μ³¶·μ³¨¸¸´μ° ¢ Éμ³ ¸³Ò¸²¥, ÎÉμ ¤²Ö ´ ¤¥¦´μ° ·¥£¨¸É· Í¨¨
¸¨£´ ²  μ´  ¤μ²¦´  § ³¥É´μ ¶·¥¢ÒÏ ÉÓ τs, ´μ ´¥ ¤μ²¦´  ¡ÒÉÓ ¸²¨Ï±μ³ ¡μ²ÓÏμ°, ÎÉμ¡Ò ´¥
¶·¨¢¥¸É¨ ± ¶·¥¢ÒÏ¥´¨Õ Ëμ´  ´ ¤ ¶μ²¥§´Ò³ ¸¨£´ ²μ³.
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11. ��‘“†„…�ˆ… �…‡“‹œ’�’�‚

11.1. Š ± ¢¨·ÉÊ ²Ó´μ¥ ´¥°É·¨´μ ¸É ´μ¢¨É¸Ö ·¥ ²Ó´Ò³. �¥°É·¨´μ ¢ ³ -
±·μ¸±μ¶¨Î¥¸±μ° ¤¨ £· ³³¥, μÉ¢¥Î ÕÐ¥° ·μ¦¤¥´¨Õ ¢ ®¨¸ÉμÎ´¨±¥¯ ¨ ®¤¥É¥±-
Éμ·¥¯ § ·Ö¦¥´´ÒÌ ²¥¶Éμ´μ¢ �+

α ¨ �−β , μ¶¨¸Ò¢ ¥É¸Ö ± ± ¢¨·ÉÊ ²Ó´ Ö Î ¸É¨Í .
‘ ¤·Ê£μ° ¸Éμ·μ´Ò, ¨´ÉÊ¨É¨¢´μ μ¦¨¤ ¥É¸Ö, ÎÉμ ²Õ¡ Ö ¢¨·ÉÊ ²Ó´ Ö Î ¸É¨Í ,
· ¸¶·μ¸É· ´ÖÕÐ Ö¸Ö ´  ¤μ¸É ÉμÎ´μ ¡μ²ÓÏμ¥ · ¸¸ÉμÖ´¨¥, ¤μ²¦´  ¡ÒÉÓ ®¶μÌμ-
¦ ¯ ´  ·¥ ²Ó´ÊÕ Î ¸É¨ÍÊ, ¸ 4-¨³¶Ê²Ó¸μ³ ´  ³ ¸¸μ¢μ° ¶μ¢¥·Ì´μ¸É¨. � ¶·¨³¥·,
¸¢¥É, ¨§²ÊÎ¥´´Ò° ² ³¶μÎ±μ° ¨ ¶μ¶ ¢Ï¨° ´  ¸¢¥ÉμÎÊ¢¸É¢¨É¥²Ó´Ò¥ ±μ²¡μÎ±¨
´ Ï¥£μ £² § , ³μ¦´μ · ¸¸³ É·¨¢ ÉÓ ¢ · ³± Ì ¤¢ÊÌ ¶μ¤Ìμ¤μ¢. ‚ ¶¥·¢μ³ · ¸-
¶·μ¸É· ´Ö¥É¸Ö ·¥ ²Ó´Ò° ËμÉμ´ ¸ 4-¨³¶Ê²Ó¸μ³ ´  ³ ¸¸μ¢μ° ¶μ¢¥·Ì´μ¸É¨. ‚μ
¢Éμ·μ³ μ¡   ±É  Å ¨§²ÊÎ¥´¨¥ ¸¢¥É  ¨ ¥£μ ¤¥É¥±É¨·μ¢ ´¨¥ £² §μ³ Å ³μ¦´μ
μ¶¨¸Ò¢ ÉÓ ´  Ö§Ò±¥ ±¢ ´Éμ¢μ° É¥μ·¨¨ ¶μ²Ö ± ± ¥¤¨´ÊÕ ³ ±·μ¸±μ¶¨Î¥¸±ÊÕ
¤¨ £· ³³Ê ¸ ¤¢Ê³Ö ¢¥·Ï¨´ ³¨ Å ¢ ¨¸ÉμÎ´¨±¥ (² ³¶μÎ± ) ¨ ¢ ¤¥É¥±Éμ·¥ (£² §).
� §Ê³¥¥É¸Ö, ´¨± ±μ£μ ¶·μÉ¨¢μ·¥Î¨Ö ¢ ÔÉ¨Ì μ¶¨¸ ´¨ÖÌ ´¥É.

‚ ±μ´Ë¨£Ê· Í¨μ´´μ³ ¶·μ¸É· ´¸É¢¥ ¢¨·ÉÊ ²Ó´ Ö Î ¸É¨Í ∗ ¸ ³ ¸¸μ° m
μ¶¨¸Ò¢ ¥É¸Ö ¶·¨Î¨´´μ° ËÊ´±Í¨¥° ƒ·¨´  [133]

Dc(x) =
im

4π2

K1(m
√
−λ + iε)√

−λ + iε
,

£¤¥ λ = x2 = x2
0 − x2 ¨

√
−λ + iε = i

√
λ ¶·¨ λ > 0. Kν(x) Å ËÊ´±Í¨Ö

• ´±¥²Ö (ËÊ´±Í¨Ö 
¥¸¸¥²Ö É·¥ÉÓ¥£μ ·μ¤ ). ”Ê´±Í¨Ö Dc(x) Ê¡Ò¢ ¥É ´  ¶·μ-
¸É· ´¸É¢¥´´μ° ¡¥¸±μ´¥Î´μ¸É¨ (¢ ¶·¨Î¨´´μ-´¥¸¢Ö§ ´´μ° μ¡² ¸É¨) ± ±

|λ|−3/4 e−m
√

|λ|,   ´  ¢·¥³¥´´μ° ¡¥¸±μ´¥Î´μ¸É¨ (¢ ¶·¨Î¨´´μ-¸¢Ö§ ´´μ° μ¡² -

¸É¨) ± ± |λ|−3/4. Dc(x) ¸μ¸·¥¤μÉμÎ¥´  ¢¡²¨§¨ ¸¢¥Éμ¢μ£μ ±μ´Ê¸  λ = 0 ¨ ¨³¥¥É
É ³ μ¸μ¡¥´´μ¸É¨.

„¨ £· ³³´Ò° ¶μ¤Ìμ¤ ¸ ¨¸ÉμÎ´¨±μ³ ¨ ¤¥É¥±Éμ·μ³, μ¶¨¸Ò¢ ¥³Ò³¨ ¢ ±μ-
μ·¤¨´ É´μ³ ¶·μ¸É· ´¸É¢¥ ´¥±μÉμ·Ò³¨ ËÊ´±Í¨Ö³¨ ψs(x − xs) ¨ ψd(x − xd)
¸μμÉ¢¥É¸É¢¥´´μ, ¶·¨¢μ¤¨É ±  ³¶²¨ÉÊ¤¥ ¢¨¤ 

A(xd − xs) ∝
∫

dx dy ψs(x − xs)ψd(y − xd)Dc(y − x),

£¤¥ xs, xd Å ÉμÎ±¨, ¢ ±μÉμ·ÒÌ |ψs(x− xs)| ¨ |ψd(x− xd)| ¨³¥ÕÉ ³ ±¸¨³Ê³Ò.

’ ±¨³ μ¡· §μ³, ¶μ¸±μ²Ó±Ê Dc(x) ¸ÊÐ¥¸É¢¥´´μ μÉ²¨Î´  μÉ ´Ê²Ö Éμ²Ó±μ
¢¡²¨§¨ ¸¢¥Éμ¢μ£μ ±μ´Ê¸ ,   ËÊ´±Í¨¨ ψs(x − xs) ¨ ψd(x − xd) ¸μ¸·¥¤μÉμ-
Î¥´Ò μ±μ²μ ÉμÎ¥± xs, xd, Éμ ¤²Ö ¤μ¸É ÉμÎ´μ ¡μ²ÓÏ¨Ì∗∗ |xd − xs|  ³¶²¨-

ÉÊ¤  A(xd − xs) ¸ Ìμ·μÏ¥° ÉμÎ´μ¸ÉÓÕ ¸μμÉ¢¥É¸É¢Ê¥É ‚�, μ¶¨¸Ò¢ ÕÐ¥³Ê Î -
¸É¨ÍÊ ¸ ³ ¸¸μ° m, · ¸¶·μ¸É· ´ÖÕÐÊÕ¸Ö ¶μ ±² ¸¸¨Î¥¸±μ° É· ¥±Éμ·¨¨ x =

∗„²Ö ¶·μ¸ÉμÉÒ μ£· ´¨Î¨³¸Ö ¢ ÔÉμ³ μ¡¸Ê¦¤¥´¨¨ ¸²ÊÎ ¥³ ¸± ²Ö·´μ° Î ¸É¨ÍÒ.
∗∗�μ ¸· ¢´¥´¨Õ ¸ ¶·μ¸É· ´¸É¢¥´´Ò³¨ ¤¨¸¶¥·¸¨Ö³¨ ËÊ´±Í¨° ψs,d(x).
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xs + v(t − ts) ¨§ ÉμÎ±¨ xs ¢ ÉμÎ±Ê xd ¸ Ô±¸¶μ´¥´Í¨ ²Ó´μ ³ ²Ò³ μÉ±²μ´¥-
´¨¥³ μÉ ´¥¥. ‘±μ·μ¸ÉÓ v = np/E, £¤¥ n = (xd − xs)/|xd − xs| ¨ ³μ¤Ê²Ó
¨³¶Ê²Ó¸  p Å ÔËË¥±É¨¢´Ò° ¨³¶Ê²Ó¸, ¶·¨ ±μÉμ·μ³ ´ ¸ÒÐ ¥É¸Ö ¨´É¥£· ²

A(p) ∝
∫

dkA(x) e−ikx, ¸μμÉ¢¥É¸É¢ÊÕÐ¥°  ³¶²¨ÉÊ¤¥ ¢ ¨³¶Ê²Ó¸´μ³ ¶·¥¤¸É -
¢²¥´¨¨.

�μÔÉμ³Ê ¤²Ö ³ ±·μ¸±μ¶¨Î¥¸±¨Ì · ¸¸ÉμÖ´¨° ¢¨·ÉÊ ²Ó´ Ö Î ¸É¨Í  ¶· ±-
É¨Î¥¸±¨ ¸É ´μ¢¨É¸Ö ·¥ ²Ó´μ°, ¨ É¥³ ¸ ³Ò³ Ê¸É· ´Ö¥É¸Ö ± ¦ÊÐ¥¥¸Ö ¶·μÉ¨¢μ-
·¥Î¨¥.

11.2. ‚μ²´μ¢ Ö ËÊ´±Í¨Ö ´¥°É·¨´μ ¨  ³¶²¨ÉÊ¤  ¶·μÍ¥¸¸ . �³¶²¨ÉÊ¤ 
Aαβ (282) ¤μ¶Ê¸± ¥É ¥¸É¥¸É¢¥´´ÊÕ ¨´É¥·¶·¥É Í¨Õ ¢ É¥·³¨´ Ì ¢μ²´μ¢μ° ËÊ´±-
Í¨¨ ¢¨·ÉÊ ²Ó´μ£μ ´¥°É·¨´μ (¸³. ¶. 7.4). ‚μ²´μ¢ Ö ËÊ´±Í¨Ö ¸μ¸ÉμÖ´¨Ö νj , ·μ-
¦¤¥´´μ£μ ¢ ÉμÎ±¥ Xs ¢ ¨¸ÉμÎ´¨±¥, ¢ ¶·μ¨§¢μ²Ó´μ° ÉμÎ±¥ x ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ°

‚� ¢ ‘�ƒ�-¶·¨¡²¨¦¥´¨¨ ψ∗(p, x − Xs)/|x − Xs|, £¤¥ ψ(p, x) = e−Ωj(T,L)

¨ Ωj(T, L) ¤ ¥É¸Ö ¢Ò· ¦¥´¨¥³ (286). „¨¸¶¥·¸¨Ö ¨³¶Ê²Ó¸  ´¥°É·¨´μ νj , ·μ-
¦¤¥´´μ£μ ¢ ¨¸ÉμÎ´¨±¥, μ¶·¥¤¥²Ö¥É¸Ö 4-¨³¶Ê²Ó¸ ³¨ ¨ ¤¨¸¶¥·¸¨Ö³¨ ¨³¶Ê²Ó¸μ¢
¢¸¥Ì in- ¨ out-¶ ±¥Éμ¢ ¢ ¨¸ÉμÎ´¨±¥ (¸³. σsj ¢ (293)). �´ ²μ£¨Î´μ ¢μ²´μ¢ Ö
ËÊ´±Í¨Ö ¸μ¸ÉμÖ´¨Ö νj , ¢§ ¨³μ¤¥°¸É¢ÊÕÐ¥£μ ¢ ÉμÎ±¥ Xd ¢ ¤¥É¥±Éμ·¥, ¶·¥¤-
¸É ¢²Ö¥É ¸μ¡μ° ‚� ψ(p, Xd − x) ¸ ¤¨¸¶¥·¸¨¥° ¨³¶Ê²Ó¸  σdj , μ¶·¥¤¥²Ö¥³μ°
4-¨³¶Ê²Ó¸ ³¨ ¨ ¤¨¸¶¥·¸¨Ö³¨ ¢¸¥Ì in- ¨ out-¶ ±¥Éμ¢ ¢ ¤¥É¥±Éμ·¥ (293). �·μ¥±-
Í¨Ö ¸μ¸ÉμÖ´¨Ö |pj , Xs; σsj〉 ¢ ¨¸ÉμÎ´¨±¥ ´  ¸μ¸ÉμÖ´¨¥ |pj , Xd; σdj〉 ¢ ¤¥É¥±Éμ·¥
μ¶·¥¤¥²Ö¥É  ³¶²¨ÉÊ¤Ê Aαβ ∝ 〈pj , Xd; σdj|pj , Xs; σsj〉.

11.3. “¸·¥¤´¥´¨¥ ¶μ  ´¸ ³¡²Õ ¨ ·μ²Ó ·¥²ÖÉ¨¢¨¸É¸±μ° ±μ¢ ·¨ ´É´μ¸É¨.
‚ ¸μμÉ¢¥É¸É¢¨¨ ¸ ¨´ÉÊ¨É¨¢´Ò³ μ¦¨¤ ´¨¥³ ¨´É¥·Ë¥·¥´Í¨Ö ¤¨ £· ³³, μÉ¢¥Î -
ÕÐ¨Ì ¢´¥Ï´¨³ ¸μ¸ÉμÖ´¨Ö³ ¸ Ìμ·μÏμ μ¶·¥¤¥²¥´´Ò³¨ ¨³¶Ê²Ó¸ ³¨, μ± §Ò¢ -
¥É¸Ö ¶μ¤ ¢²¥´ . „¥°¸É¢¨É¥²Ó´μ, ¢ É ±μ³ ¸²ÊÎ ¥ ¶·μ³¥¦ÊÉμÎ´Ò¥ ´¥°É·¨´μ ¸
· §´Ò³¨ ³ ¸¸ ³¨ mi μÉ¢¥Î ÕÉ ¢´¥Ï´¨³ ¸μ¸ÉμÖ´¨Ö³ ¸ · §´Ò³¨ ¨³¶Ê²Ó¸ ³¨.
‚ ¶·¥¤¥²¥ ÉμÎ´μ μ¶·¥¤¥²¥´´ÒÌ ¨³¶Ê²Ó¸μ¢ É ±¨¥ ¸μ¸ÉμÖ´¨Ö μ·Éμ£μ´ ²Ó´Ò ¤·Ê£
¤·Ê£Ê, ¨ ¢ ¸μμÉ¢¥É¸É¢¨¨ ¸ ¶· ¢¨² ³¨ Š’� ¤¨ £· ³³Ò ¸ · §´Ò³¨ ¢´¥Ï´¨³¨
¸μ¸ÉμÖ´¨Ö³¨ ´¥μ¡Ìμ¤¨³μ ¸±² ¤Ò¢ ÉÓ ´  Ê·μ¢´¥ ±¢ ¤· Éμ¢ ³μ¤Ê²¥° ³ É·¨Î´ÒÌ
Ô²¥³¥´Éμ¢, ÎÉμ Ê´¨ÎÉμ¦ ¥É ¨´É¥·Ë¥·¥´Í¨Õ ³¥¦¤Ê ´¨³¨. ‚ÒÎ¨¸²¥´¨¥ ¸ ‚�,
μÉ¢¥Î ÕÐ¨³¨ ¢´¥Ï´¨³ ¸μ¸ÉμÖ´¨Ö³, ¢μ¸¶·μ¨§¢μ¤¨É ÔÉμ ¶· ¢¨²μ. „²Ö ÔÉμ£μ ´¥-
μ¡Ìμ¤¨³μ ¢¸¥£¤  ¸±² ¤Ò¢ ÉÓ  ³¶²¨ÉÊ¤Ò. ˆ´É¥·Ë¥·¥´Í¨μ´´Ò¥ ¢±² ¤Ò ¢ ±¢ -
¤· É¥ ³μ¤Ê²Ö  ³¶²¨ÉÊ¤Ò ¨¸Î¥§ ÕÉ ¢ ¶²μ¸±μ¢μ²´μ¢μ³ ¶·¥¤¥²¥  ¢Éμ³ É¨Î¥¸±¨.

Šμ··¥±É´μ¥ μ¶·¥¤¥²¥´¨¥ ¢¥·μÖÉ´μ¸É¨ ´¥°É·¨´´ÒÌ μ¸Í¨²²ÖÍ¨° ¢ · ³± Ì
Š’�-Ëμ·³ ²¨§³  ¢μ§³μ¦´μ ¢ ·¥§Ê²ÓÉ É¥ Ë ±Éμ·¨§ Í¨¨ μ¦¨¤ ¥³μ£μ Î¨¸²  ¸μ-
¡ÒÉ¨° Nαβ (¸ ¶μÖ¢²¥´¨¥³ § ·Ö¦¥´´ÒÌ ²¥¶Éμ´μ¢ �+

α ¨ �−β ¢ ¨¸ÉμÎ´¨±¥ ¨ ¤¥É¥±-

Éμ·¥) ´  É·¨ ³´μ¦¨É¥²Ö Φν(Eν , L)×Pαβ(Eν , L; D)×σ(Eν ). ‚ ¸¢μÕ μÎ¥·¥¤Ó,
¢ÒÎ¨¸²¥´¨¥ μ¦¨¤ ¥³μ£μ Î¨¸²  ¸μ¡ÒÉ¨° ¢μ§³μ¦´μ ¶μ¸²¥ ¶·μÍ¥¤Ê·Ò Ê¸·¥¤-
´¥´¨Ö ¶μ  ´¸ ³¡²Õ ´ Î ²Ó´ÒÌ Î ¸É¨Í ¨ ¨´É¥£·¨·μ¢ ´¨Ö ¶μ ±μμ·¤¨´ É ³ ¨
¨³¶Ê²Ó¸ ³ ±μ´¥Î´ÒÌ. ‹μ·¥´Í-¨´¢ ·¨ ´É´μ¸ÉÓ Nαβ É·¥¡Ê¥É ±μ¢ ·¨ ´É´μ¸É¨
‚�, μÉ¢¥Î ÕÐ¨Ì ¢´¥Ï´¨³ Î ¸É¨Í ³. �μ ¶μ¸É·μ¥´¨Õ ÔÉμ É·¥¡μ¢ ´¨¥ Ê¤μ¢²¥-
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É¢μ·¥´μ ¢ · ³± Ì ´ Ï¥£μ Ëμ·³ ²¨§³ . Š·μ³¥ Éμ£μ, ±μ¢ ·¨ ´É´μ¸ÉÓ ‚� ¨£· ¥É
ËÊ´¤ ³¥´É ²Ó´ÊÕ ·μ²Ó ¶·¨ μ¶·¥¤¥²¥´¨¨ ¶·¨Í¥²Ó´ÒÌ 4-¢¥±Éμ·μ¢. �¥´Ê²¥¢Ò¥
¶·¨Í¥²Ó´Ò¥ 4-¢¥±Éμ·Ò · ¸¸¥¨¢ ÕÐ¨Ì¸Ö ‚� ¶·¨¢μ¤ÖÉ ± ¶μ¤ ¢²¥´¨Õ ¢¥·μÖÉ´μ-

¸É¨ ¢§ ¨³μ¤¥°¸É¢¨Ö. ‚ · ³± Ì ³μ¤¥²¨ ¸ ´¥±μ¢ ·¨ ´É´Ò³ ‚� ∝ e−(k−p)2/4σ2
p

¡Ò²μ ¡Ò ±· °´¥ ¸²μ¦´μ, ¥¸²¨ ¢μμ¡Ð¥ ¢μ§³μ¦´μ, μ¶·¥¤¥²¨ÉÓ ¶· ¢¨²Ó´ÊÕ Ëμ·-
³Ê²Ê ¶μ¤ ¢²¥´¨Ö, ¸¢Ö§ ´´μ£μ ¸ ´¥´Ê²¥¢Ò³¨ ¶·¨Í¥²Ó´Ò³¨ 4-¢¥±Éμ· ³¨, ¢ ¸¨²Ê
Éμ£μ, ÎÉμ μ¡Ñ¥±É σp ¶·¥μ¡· §Ê¥É¸Ö ¶·¨ ²μ·¥´Í¥¢¸±¨Ì ¶·¥μ¡· §μ¢ ´¨ÖÌ μÎ¥´Ó
¸²μ¦´Ò³ μ¡· §μ³.

‹μ·¥´Í-¨´¢ ·¨ ´É´μ¸ÉÓ ¢¥·μÖÉ´μ¸É¨ ´¥°É·¨´´ÒÌ μ¸Í¨²²ÖÍ¨° Ö¢²Ö¥É¸Ö
¶·Ö³Ò³ ¸²¥¤¸É¢¨¥³ ±μ¢ ·¨ ´É´μ¸É¨ Ëμ·³ ²¨§³ . ‚ ¸¢Ö§¨ ¸ ÔÉ¨³ ¶μÊÎ¨É¥²Ó´μ
· ¸¸³μÉ·¥ÉÓ ± ¦ÊÐ¨°¸Ö ¶ · ¤μ±¸, ¸¢Ö§ ´´Ò° ¸ ¨´É¥·Ë¥·¥´Í¨¥° ´¥°É·¨´-
´ÒÌ ¸μ¸ÉμÖ´¨°. �Ê¸ÉÓ ¨³¥ÕÉ¸Ö ¤¢  ¸μ¸ÉμÖ´¨Ö ´¥°É·¨´μ ¸ ³ ¸¸ ³¨ mi = 0
¨ mj = m > 0. �¥·¥°¤¥³ ¢ ¸¨¸É¥³Ê ¶μ±μÖ ÉÖ¦¥²μ£μ ´¥°É·¨´μ. ‚ ÔÉμ°
¸¨¸É¥³¥ μÉ¸Î¥É  ¡¥§³ ¸¸μ¢μ¥ ´¥°É·¨´μ Ê¤ ²Ö¥É¸Ö μÉ ¶μ±μÖÐ¥£μ¸Ö ÉÖ¦¥²μ£μ
´¥°É·¨´μ ¢ ¸Éμ·μ´Ê ³¨Ï¥´¨ ¸μ ¸±μ·μ¸ÉÓÕ ¸¢¥É . Œμ£ÊÉ ²¨ ÔÉ¨ ¤¢  ³ ¸¸μ-
¢ÒÌ ¸μ¸ÉμÖ´¨Ö ´ Ìμ¤¨ÉÓ¸Ö ¢ ±μ£¥·¥´É´μ° ¸Ê¶¥·¶μ§¨Í¨¨, ÎÉμ¡Ò ¶·¨¢¥¸É¨ ±
´¥°É·¨´´Ò³ μ¸Í¨²²ÖÍ¨Ö³? „¥°¸É¢¨É¥²Ó´μ, ¡¥§³ ¸¸μ¢μ¥ ´¥°É·¨´μ ¶μ¶ ¤ ¥É ¢
¤¥É¥±Éμ· ´ ³´μ£μ · ´ÓÏ¥ ÉÖ¦¥²μ£μ ¨, ± § ²μ¸Ó ¡Ò, ³μ¦¥É ¶¥·¥¸É ÉÓ ¸ ´¨³
¶¥·¥±·Ò¢ ÉÓ¸Ö, ÎÉμ ¤μ²¦´μ ¶·¨¢μ¤¨ÉÓ ± ¤¥³¶Ë¨·μ¢ ´¨Õ μ¸Í¨²²ÖÍ¨°. �¥Ï¥-
´¨¥ ± ¦ÊÐ¥£μ¸Ö ¶ · ¤μ±¸  μÎ¥´Ó ¶·μ¸Éμ: ¶·¨ ²μ·¥´Í¥¢ÒÌ ¡Ê¸É Ì Ëμ·³  ‚�
¶·¥μ¡· §Ê¥É¸Ö É ±¨³ μ¡· §μ³, ÎÉμ ¤¢  ¶¥·¥±·Ò¢ ÕÐ¨Ì¸Ö ‚� ¢ μ¤´μ° ¸¨¸É¥³¥
μÉ¸Î¥É  μ¸É ´ÊÉ¸Ö ¶¥·¥±·Ò¢ ÕÐ¨³¨¸Ö ¢ ²Õ¡μ° ¤·Ê£μ°. ’ ± ÎÉμ μ¸Í¨²²ÖÍ¨¨
´¨±Ê¤  ´¥ ¤¥´ÊÉ¸Ö ¢ ²Õ¡μ° ¸¨¸É¥³¥ μÉ¸Î¥É , ÌμÉÖ ¨Ì ®¶ ÉÉ¥·´¯ ³μ¦¥É ¨§³¥-
´¨ÉÓ¸Ö ´¥Ê§´ ¢ ¥³μ. Šμ¢ ·¨ ´É´μ¸ÉÓ Ëμ·³ ²¨§³  £ · ´É¨·Ê¥É, ÎÉμ ³Ò ³μ¦¥³
μ¤´μ§´ Î´μ ¢μ¸¸É ´μ¢¨ÉÓ ÔÉμÉ ®¶ ÉÉ¥·´¯ ¶·¨ ¶¥·¥Ìμ¤¥ ¨§ μ¤´μ° ¸¨¸É¥³Ò μÉ-
¸Î¥É  ¢ ²Õ¡ÊÕ ¤·Ê£ÊÕ.

‘²¥¤Ê¥É, μ¤´ ±μ, μ¡· É¨ÉÓ ¢´¨³ ´¨¥ ´  ¢ ¦´Ò° ´Õ ´¸: ¶μ¸±μ²Ó±Ê ´ 
¨§¢¥¸É´μ³ ÔÉ ¶¥ · ¸Î¥Éμ¢ ¡Ò²μ ¸¤¥² ´μ Ê²ÓÉ· ·¥²ÖÉ¨¢¨¸É¸±μ¥ ¶·¨¡²¨¦¥´¨¥,
²μ·¥´Í-¨´¢ ·¨ ´É´μ¸ÉÓ μ±μ´Î É¥²Ó´ÒÌ Ëμ·³Ê² ¸É ² , ¸É·μ£μ £μ¢μ·Ö, ®¶·¨-
¡²¨¦¥´´μ°¯. �Éμ ¶μ-¶·¥¦´¥³Ê ¶·¥±· ¸´μ¥ ¶·¨¡²¨¦¥´¨¥ ¸ ÊÎ¥Éμ³ Éμ£μ, ÎÉμ
¸±μ·μ¸ÉÓ ¤ ¦¥ ´¥ ¸²¨Ï±μ³ ®Ô´¥·£¨Î´μ£μ¯ ( ´É¨)´¥°É·¨´μ ¶· ±É¨Î¥¸±¨ ¸¢¥-
Éμ¢ Ö:

1 − |vp| ≈ 0,5 · 10−14

(
m

0,1 Ô‚

)2(1 ŒÔ‚

Ep

)2

.

’¥³ ´¥ ³¥´¥¥ ¶·¨¡²¨¦¥´´ Ö ²μ·¥´Í-¨´¢ ·¨ ´É´μ¸ÉÓ, μ¸É ¢ Ö¸Ó ¸¶· ¢¥¤²¨-
¢μ° ¶·¨ ²μ·¥´Í¥¢ÒÌ ¡Ê¸É Ì ¸ £ ³³ -Ë ±Éμ· ³¨ Γ � Eν/ max (mj), ±μ´¥Î´μ
· §·ÊÏ ¥É¸Ö ¶·¨ Ëμ·³ ²Ó´μ³ ¶¥·¥Ìμ¤¥ ¢ ¸. ¶. ´¥°É·¨´μ∗. �¤´ ±μ ¦¥ ¸ ³ Ëμ·-
³ ²¨§³ μÉ´Õ¤Ó ´¥ É·¥¡Ê¥É ¶·¨³¥´¥´¨Ö Ê²ÓÉ· ·¥²ÖÉ¨¢¨¸É¸±μ£μ ¶·¨¡²¨¦¥´¨Ö

∗�μÔÉμ³Ê ¨³¥ÕÐ¨¥¸Ö ¢ ²¨É¥· ÉÊ·¥ ®¤μ± § É¥²Ó¸É¢ ¯ ²μ·¥´Í-¨´¢ ·¨ ´É´μ¸É¨ ¸É ´¤ ·É´μ°
Ëμ·³Ê²Ò ¤²Ö ¢¥·μÖÉ´μ¸É¨ ´¥°É·¨´´ÒÌ μ¸Í¨²²ÖÍ¨° Ö¢²ÖÕÉ¸Ö § ¡²Ê¦¤¥´¨¥³.
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¨ ³μ¦¥É ¡ÒÉÓ ¨¸¶μ²Ó§μ¢ ´ ¤²Ö ²Õ¡μ£μ ¶·μÍ¥¸¸  ¸ ²Õ¡μ° ¸ ³μ° Ô±§μÉ¨Î¥¸±μ°
±μ´Ë¨£Ê· Í¨¥° ¨³¶Ê²Ó¸μ¢ ¢´¥Ï´¨Ì in- ¨ out-¶ ±¥Éμ¢∗. “²ÓÉ· ·¥²ÖÉ¨¢¨¸É-
¸±μ¥ ¦¥ ¶·¨¡²¨¦¥´¨¥ (´ ·Ö¤Ê ¸ ¤·Ê£¨³¨ Ê¶·μÐ ÕÐ¨³¨ ¶·¥¤¶μ²μ¦¥´¨Ö³¨)
¨¸¶μ²Ó§μ¢ ´μ ´ ³¨ ²¨ÏÓ ¤²Ö μ¡²¥£Î¥´¨Ö · ¸Î¥Éμ¢ ¨ Ê¤μ¡¸É¢  ¸μ¶μ¸É ¢²¥´¨Ö
·¥§Ê²ÓÉ Éμ¢ ¸ ¤·Ê£¨³¨ ¶μ¤Ìμ¤ ³¨ ¨ Ô±¸¶¥·¨³¥´Éμ³.

11.4. ‚¥·μÖÉ´μ¸ÉÓ Ë²¥°¢μ·´ÒÌ ¶¥·¥Ìμ¤μ¢. ”Ê´±Í¨Ö Pαβ(Eν , L; D) Å
ÔÉμ ¥Ð¥ ´¥ ¢¥·μÖÉ´μ¸ÉÓ ´¥°É·¨´´ÒÌ μ¸Í¨²²ÖÍ¨° ¢ ±¢ ´Éμ¢μ-³¥Ì ´¨Î¥¸±μ³
¸³Ò¸²¥. �É  ¢¥²¨Î¨´  § ¢¨¸¨É μÉ Ô´¥·£¨¨ ´¥°É·¨´μ, μÉ · ¸¸ÉμÖ´¨Ö ³¥¦¤Ê
¨¸ÉμÎ´¨±μ³ ¨ ¤¥É¥±Éμ·μ³, μÉ ÔËË¥±É¨¢´μ° ¤¨¸¶¥·¸¨¨ ´¥°É·¨´´μ£μ ‚� D,
μÉ Ï¨·¨´ ¢·¥³¥´´ÒÌ ¨´É¥·¢ ²μ¢ · ¡μÉÒ ¨¸ÉμÎ´¨±  (τs) ¨ ¤¥É¥±Éμ·  (τd).
‚ ¸¨²Ê μ¡Ð´μ¸É¨ ´ Ï¥£μ · ¸¸³μÉ·¥´¨Ö ¢·¥³¥´  ¨§²ÊÎ¥´¨Ö ¨ ¤¥É¥±É¨·μ¢ ´¨Ö
´¥°É·¨´μ ´¥ μ¡Ö§ ´Ò ¡ÒÉÓ ¸¨´Ì·μ´¨§¨·μ¢ ´´Ò³¨.

‘¨´Ì·μ´¨§¨·μ¢ ´´Ò¥ ¨ ´¥¸¨´Ì·μ´¨§¨·μ¢ ´´Ò¥ ¨§³¥·¥´¨Ö. ‚ ¸²ÊÎ ¥
´¥¸¨´Ì·μ´¨§¨·μ¢ ´´ÒÌ ¶·μÍ¥¸¸μ¢ ·μ¦¤¥´¨Ö ¨ ¤¥É¥±É¨·μ¢ ´¨Ö ¢¥²¨Î¨´ 
Pαβ(Eν , L; D) Ô±¸¶μ´¥´Í¨ ²Ó´μ ¶μ¤ ¢²¥´  ¢ ¸μ£² ¸¨¨ ¸ ¨´ÉÊ¨É¨¢´Ò³¨ μ¦¨-
¤ ´¨Ö³¨. “¦¥ μ¤´μ ÔÉμ μ¡¸ÉμÖÉ¥²Ó¸É¢μ ¶μÖ¸´Ö¥É, ¶μÎ¥³Ê ´¥ ¸²¥¤Ê¥É μ¦¨¤ ÉÓ
¢Ò¶μ²´¥´¨Ö ¸μμÉ´μÏ¥´¨° Ê´¨É ·´μ¸É¨ (19). ‚ ¸²ÊÎ ¥ ¸¨´Ì·μ´¨§¨·μ¢ ´´ÒÌ
¨§³¥·¥´¨° Ëμ·³Ê²  (315) (¨²¨ (318)) ¶·¥¤¸± §Ò¢ ¥É ·Ö¤ ¨´É¥·¥¸´ÒÌ Ö¢²¥´¨°,
μ¡Ê¸²μ¢²¥´´ÒÌ ¨¥· ·Ì¨¥° ¢·¥³¥´´ÒÌ ³ ¸ÏÉ ¡μ¢ τs, τd ¨ τν = 1/ minD.

‘É Í¨μ´ ·´Ò° ¨¸ÉμÎ´¨±. ‚ Ëμ·³ ²Ó´μ³ ¶·¥¤¥²¥ τs → ∞ (¨²¨ ¢ ¶·¨¡²¨-
¦¥´¨¨ τs � τd) ³Ò ¶·¨Ìμ¤¨³ ± ¸²ÊÎ Õ ¸É Í¨μ´ ·´μ£μ ¨¸ÉμÎ´¨± , μ¡¸Ê¦¤ ¢-
Ï¥³Ê¸Ö ¢ ¶. 2.8. ‚ ¦´μ¥ μÉ²¨Î¨¥ μÉ ±¢ ´Éμ¢μ-³¥Ì ´¨Î¥¸±μ£μ · ¸¸³μÉ·¥´¨Ö
§ ±²ÕÎ ¥É¸Ö ¢ Éμ³, ÎÉμ ËÊ´±Í¨¨ D ¨ �ij § ¢¨¸ÖÉ μÉ ±¨´¥³ É¨±¨ ¸μ¡ÒÉ¨Ö,  
¸²¥¤μ¢ É¥²Ó´μ, ¨ μÉ 4-¨³¶Ê²Ó¸μ¢ �+

α ¨ �−β , É. ¥. μÉ ¨´¤¥±¸μ¢ α, β. �μÔÉμ³Ê

¸μμÉ´μÏ¥´¨Ö Ê´¨É ·´μ¸É¨ ¤²Ö Pαβ(Eν , L; D) ³μ£ÊÉ ¢Ò¶μ²´ÖÉÓ¸Ö Éμ²Ó±μ ¢

¸²ÊÎ ¥ ¸² ¡μ° § ¢¨¸¨³μ¸É¨ ËÊ´±Í¨° D ¨ �ij μÉ ¸¢μ¨Ì ¶¥·¥³¥´´ÒÌ ¨ ¶ -
· ³¥É·μ¢, É. ¥. μÉ ¨´¤¥±¸μ¢ α, β. ‡  ¨¸±²ÕÎ¥´¨¥³ ÔÉ¨Ì ¢ ¦´ÒÌ μ¡¸ÉμÖÉ¥²Ó¸É¢
±¢ ´Éμ¢μ-¶μ²¥¢μ° ·¥§Ê²ÓÉ É  ´ ²μ£¨Î¥´ ±¢ ´Éμ¢μ-³¥Ì ´¨Î¥¸±μ³Ê (¸³. (71)).
‚ Î ¸É´μ¸É¨, ¶·¥¤¸± §Ò¢ ¥É¸Ö ¨¸Î¥§´μ¢¥´¨¥ ¨´É¥·Ë¥·¥´Í¨μ´´ÒÌ Î²¥´μ¢ ´ 
· ¸¸ÉμÖ´¨ÖÌ, ¶·¥¢ÒÏ ÕÐ¨Ì ¤²¨´Ê ±μ£¥·¥´É´μ¸É¨. �±¸¶μ´¥´Í¨ ²Ó´ Ö ¶μÉ¥·Ö
±μ£¥·¥´É´μ¸É¨ Î ¸É¨Î´μ ±μ³¶¥´¸¨·Ê¥É¸Ö ¶·μ¤μ²Ó´Ò³ · ¸¶²Ò¢ ´¨¥³ ‚� ´¥°-
É·¨´μ. �ËË¥±É · ¸¶²Ò¢ ´¨Ö ¶·μÖ¢²Ö¥É¸Ö É ±¦¥ ¢ ¸É¥¶¥´´μ³ ¶μ¤ ¢²¥´¨¨ ¨´-
É¥·Ë¥·¥´Í¨μ´´ÒÌ Î²¥´μ¢.

” ±Éμ· exp(−�2
ij) ¶·¨¢μ¤¨É ± Ô±¸¶μ´¥´Í¨ ²Ó´μ³Ê ¶μ¤ ¢²¥´¨Õ ¨´É¥·Ë¥-

·¥´Í¨μ´´ÒÌ Î²¥´μ¢ ¢ Pαβ(Eν , L; D), ´¥ § ¢¨¸ÖÐ¥³Ê μÉ · ¸¸ÉμÖ´¨Ö. �μ¤ -
¢²¥´¨¥ ¡Ê¤¥É É¥³ ¡μ²ÓÏ¥, Î¥³ ³¥´ÓÏ¥ ¤¨¸¶¥·¸¨Ö Ô´¥·£¨¨-¨³¶Ê²Ó¸  ´¥°É·¨-
´μ D. ’ ±¨³ μ¡· §μ³, ¢ ¶²μ¸±μ¢μ²´μ¢μ³ ¶·¥¤¥²¥, D → 0, ¢¥·μÖÉ´μ¸ÉÓ Ë²¥°-
¢μ·´ÒÌ ¶¥·¥Ìμ¤μ¢ ¶¥·¥¸É ¥É § ¢¨¸¥ÉÓ μÉ · ¸¸ÉμÖ´¨Ö ¨ ´¥°É·¨´´Ò¥ μ¸Í¨²-

∗„²Ö É ±¨Ì ¶μÉ¥´Í¨ ²Ó´μ ¨´É¥·¥¸´ÒÌ § ¤ Î (  É ±¦¥ ¢ ¶¥¤ £μ£¨Î¥¸±¨Ì Í¥²ÖÌ) ¡Ò²¨ ¸¤¥² ´Ò
¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ ®§ £μÉμ¢±¨¯, ¸³. ¶. 7.2.2 ¨ ¶·¨²μ¦¥´¨¥ 4.
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²ÖÍ¨¨ ¶·μ¶ ¤ ÕÉ. ”μ·³ ²Ó´μ° ¶·¨Î¨´μ° ¶μ¤ ¢²¥´¨Ö μ¸Í¨²²ÖÍ¨° Ö¢²Ö¥É¸Ö
Ê¦¥ μÉ³¥Î¥´´μ¥ ´ ³¨ ¢ÒÏ¥ ¶· ¢¨²μ ¸²μ¦¥´¨Ö ±¢ ¤· Éμ¢  ³¶²¨ÉÊ¤, ¸μμÉ¢¥É-
¸É¢ÊÕÐ¨Ì ¤¨ £· ³³ ³ ¸ μ·Éμ£μ´ ²Ó´Ò³¨ ¤·Ê£ ¤·Ê£Ê ¢´¥Ï´¨³¨ ¸μ¸ÉμÖ´¨Ö³¨.
•μ·μÏ¥° Ë¨§¨Î¥¸±μ° ¨²²Õ¸É· Í¨¥° ÔÉμ£μ Ö¢²¥´¨Ö ³μ¦¥É ¸²Ê¦¨ÉÓ ±¢ ´Éμ¢μ-
³¥Ì ´¨Î¥¸±¨° Ô±¸¶¥·¨³¥´É ¸ ¤¢Ê³Ö Ð¥²Ö³¨ ¨ Ô²¥±É·μ´μ³, ¶·μÌμ¤ÖÐ¨³ Î¥·¥§
´¨Ì ´  Ô±· ´, ´  ±μÉμ·μ³ ³μ¦´μ ´ ¡²Õ¤ ÉÓ ¶μÖ¢²¥´¨¥ Ô²¥±É·μ´ . Š ± Éμ²Ó±μ
Ô±¸¶¥·¨³¥´É Éμ· ³μ¦¥É Ê± § ÉÓ Ð¥²Ó, Î¥·¥§ ±μÉμ·ÊÕ ¶·μÏ¥² Ô²¥±É·μ´, ¨´-
É¥·Ë¥·¥´Í¨μ´´ Ö ± ·É¨´  ´  Ô±· ´¥ ¨¸Î¥§ ¥É. �´ ²μ£¨Î´μ ¸²ÊÎ ° D → 0
Ô±¢¨¢ ²¥´É¥´ Éμ³Ê, ÎÉμ ³Ò μ¤´μ§´ Î´μ ³μ¦¥³ Ê± § ÉÓ ³ ¸¸Ê ¶·μ³¥¦ÊÉμÎ´μ£μ
´¥°É·¨´μ, · §·ÊÏ Ö É¥³ ¸ ³Ò³ ¨´É¥·Ë¥·¥´Í¨Õ ¤¨ £· ³³ ¸ μ¡³¥´μ³ νi ¨ νj

(mi 	= mj). ”Ê´±Í¨Ö �2
ij ¨²²Õ¸É·¨·Ê¥É, ¶μÎ¥³Ê ´¥ μ¸Í¨²²¨·ÊÕÉ § ·Ö¦¥´´Ò¥

²¥¶Éμ´Ò. ‚¶¥·¢Ò¥ μÉ¢¥É ´  ÔÉμÉ ¢μ¶·μ¸ ¡Ò² ¤ ´ ¢ · ¡μÉ¥ [134]; §¤¥¸Ó ³Ò
¢μ¸¶·μ¨§¢¥²¨ ¥£μ ¤·Ê£¨³ ³¥Éμ¤μ³.

�μÉ¥·Ö ±μ£¥·¥´É´μ¸É¨ ´¥°É·¨´μ § ¢¨¸¨É μÉ ¢¥²¨Î¨´Ò D ¨²¨ μÉ μÉ´μ-
¸¨É¥²Ó´μ° ¤¨¸¶¥·¸¨¨ σrel = D/Eν . ‘ÊÐ¥¸É¢ÊÕÐ¨¥ μÍ¥´±¨ ÔÉμ° ¢¥²¨Î¨´Ò,
´ ¶·¨³¥· ¤²Ö ·¥ ±Éμ·´ÒÌ  ´É¨´¥°É·¨´μ, ¢ ·Ó¨·ÊÕÉ¸Ö ¢ ¶·¥¤¥² Ì ´¥¸±μ²Ó-

±¨Ì ¶μ·Ö¤±μ¢. ’ ±, ¶μ² £ Ö σx · ¢´Ò³ · §³¥·Ê Ö¤·  Ê· ´  (σx ∼ 10−12 ¸³),
¶μ²ÊÎ ¥³ μÍ¥´±Ê ¸¢¥·ÌÊ: D ∼ 10 ŒÔ‚. �Éμ³´Ò¥ ¨²¨ ³¥¦ Éμ³´Ò¥ · ¸¸Éμ-
Ö´¨Ö ¶·¨¢μ¤ÖÉ ± μÍ¥´±¥ σx � 10−8−10−7 ¸³, D ∼ 103−102 Ô‚. “Ï¨·¥´¨¥
²¨´¨° ¶·¨ ´¥´Ê²¥¢μ° É¥³¶¥· ÉÊ·¥ ¸·¥¤Ò ¶μ§¢μ²Ö¥É μÍ¥´¨ÉÓ σx ∼ 10−4 ¸³,
D ∼ 0,1 Ô‚ ¨ É. ¤. �¥ ¨¸±²ÕÎ¥´μ, ÎÉμ ¤¥±μ£¥·¥´É´μ¸ÉÓ ¢ ´¥°É·¨´´ÒÌ μ¸-
Í¨²²ÖÍ¨ÖÌ ³μ¦¥É ¶·μÖ¢¨ÉÓ ¸¥¡Ö ¢ ¶² ´¨·Ê¥³ÒÌ Ô±¸¶¥·¨³¥´É Ì ¸ ¡μ²ÓÏ¨³
Î¨¸²μ³ μ¸Í¨²²ÖÍ¨μ´´ÒÌ Í¨±²μ¢, ± ±, ´ ¶·¨³¥·, ¢ ·¥ ±Éμ·´μ³ Ô±¸¶¥·¨³¥´É¥

�¨¸. 24. ‚¥·μÖÉ´μ¸ÉÓ ¢Ò¦¨¢ ´¨Ö νe (´  · ¸¸ÉμÖ´¨¨ L = 52 ±³) ± ± ËÊ´±Í¨Ö Ô´¥·-
£¨¨  ´É¨´¥°É·¨´μ ¢ ¶²μ¸±μ¢μ²´μ¢μ° ³μ¤¥²¨ ¨ ¢ ³μ¤¥²¨ ¸ ´¥°É·¨´´Ò³ ‚� ¶·¨ ¤¢ÊÌ
§´ Î¥´¨ÖÌ ¶ · ³¥É·  σrel
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JUNO [135]. �  ·¨¸. 24 ¶·¨¢¥¤¥´  ¢¥·μÖÉ´μ¸ÉÓ ¢Ò¦¨¢ ´¨Ö νe ¤²Ö · ¸¸ÉμÖ-
´¨Ö L = 52 ±³ (μÉ¢¥Î ÕÐ¥£μ ¶² ´¨·Ê¥³μ° ¡ §¥ Ô±¸¶¥·¨³¥´É ) ¢ § ¢¨¸¨³μ¸É¨
μÉ Ô´¥·£¨¨  ´É¨´¥°É·¨´μ. � ¸Î¥É ¢Ò¶μ²´¥´ ¢ ¸É ´¤ ·É´μ° (¶²μ¸±μ¢μ²´μ¢μ°)
³μ¤¥²¨ ´¥°É·¨´´ÒÌ μ¸Í¨²²ÖÍ¨° ¨ ¢ ³μ¤¥²¨ ¸ ‚� ´¥°É·¨´μ ¤²Ö ¤¢ÊÌ (´¥
μÎ¥´Ó ·¥ ²¨¸É¨Î´ÒÌ, ´μ Ëμ·³ ²Ó´μ ´¥ ¨¸±²ÕÎ¥´´ÒÌ ¸ÊÐ¥¸É¢ÊÕÐ¨³¨ Ô±¸¶¥-
·¨³¥´É ²Ó´Ò³¨ μ£· ´¨Î¥´¨Ö³¨) §´ Î¥´¨° ¶ · ³¥É·  σrel = σ/pν . ‚¨¤´μ, ÎÉμ
ÔËË¥±É ¤¥±μ£¥·¥´É´μ¸É¨ ³μ¦¥É ¨£· ÉÓ § ³¥É´ÊÕ ·μ²Ó ¢ ¢μ§³μ¦´μ¸É¨ μ¶·¥¤¥-
²¥´¨Ö ¨¥· ·Ì¨¨ ³ ¸¸ ´¥°É·¨´μ ¶·¨ ¤μ¸É ÉμÎ´μ ¡μ²ÓÏ¨Ì §´ Î¥´¨ÖÌ ¶ · ³¥É· 
σrel. �É³¥É¨³, ÎÉμ ¶μ²ÊÎ¥´´ Ö ¢ [135] μ¡² ¸ÉÓ · §·¥Ï¥´´ÒÌ §´ Î¥´¨° ¶ · -
³¥É·  σrel, 10−16 � σrel � 10−1, μÉ¢¥Î ¥É ¸¨ÉÊ Í¨¨, ¢ ±μÉμ·μ° ÔËË¥±ÉÒ

‚� ´¥°É·¨´μ ¤²Ö · ¸¸ÉμÖ´¨° L � 52 ±³ ¶·¥´¥¡·¥¦¨³μ ³ ²Ò ¨ Ëμ·³Ê²  ¤²Ö
Pαβ(Eν , L; D) ¸É ´μ¢¨É¸Ö Î¨¸²¥´´μ Ô±¢¨¢ ²¥´É´μ° Ëμ·³Ê²¥ ¤²Ö ¢¥·μÖÉ´μ¸É¨
Ë²¥°¢μ·´μ£μ ¶¥·¥Ìμ¤  ¢ ¶²μ¸±μ¢μ²´μ¢μ³ ¶·¨¡²¨¦¥´¨¨.

�¥¸É Í¨μ´ ·´Ò° ¨¸ÉμÎ´¨±. �·¨ Ê¸²μ¢¨¨ τs � τd, Ì · ±É¥·´μ³ ¤²Ö ´¥-
±μÉμ·ÒÌ Ê¸±μ·¨É¥²Ó´ÒÌ Ô±¸¶¥·¨³¥´Éμ¢, ¶μÖ¢²Ö¥É¸Ö ¤μ¶μ²´¨É¥²Ó´ Ö ¢μ§³μ¦-
´μ¸ÉÓ ¨§³¥·¨ÉÓ ¤¨¸¶¥·¸¨Õ D, ¸· ¢´¨¢ Ö ¸±μ·μ¸ÉÓ ¸Î¥É  ¸ ¶μ²ÊÎ¥´´μ° ¨§
Ëμ·³Ê²Ò ¤²Ö Pαβ(Eν , L; D). �É³¥É¨³ É ±¦¥ ¢ ¦´μ¥ ´μ¢μ¥ μ¡¸ÉμÖÉ¥²Ó¸É¢μ.
�·¨ ±μ´¥Î´ÒÌ τs ¨ τd ¨´É¥·Ë¥·¥´Í¨μ´´Ò¥ Î²¥´Ò ¶μ¤ ¢²ÖÕÉ¸Ö (³´μ¦¨É¥-
²¥³ exp(−�2

ij)) ´¥¸±μ²Ó±μ ¸² ¡¥¥, Î¥³ ¢ ¸²ÊÎ ¥ ¸É Í¨μ´ ·´μ£μ ¨¸ÉμÎ´¨± .
”Ê´±Í¨μ´ ²Ó´ Ö § ¢¨¸¨³μ¸ÉÓ ¸μμÉ¢¥É¸É¢ÊÕÐ¥£μ Ë ±Éμ·  ¶μ¤ ¢²¥´¨Ö, ´¥ § -
¢¨¸ÖÐ¥£μ μÉ · ¸¸ÉμÖ´¨Ö L, ´μ § ¢¨¸ÖÐ¥£μ μÉ ¢·¥³¥´´ÒÌ ¨´É¥·¢ ²μ¢ · ¡μÉÒ
¨¸ÉμÎ´¨±  τs ¨ ¤¥É¥±Éμ·  τd, ¶μ¤·μ¡´μ ¨§ÊÎ¥´  ¢ · §¤. 10. �¡¸Ê¤¨³ ´  ± -
Î¥¸É¢¥´´μ³ Ê·μ¢´¥ ¢μ¶·μ¸ μ Éμ³, ¶μÎ¥³Ê ¶·¨ ±μ´¥Î´ÒÌ τs ¨ τd ¶μ¤ ¢²¥´¨¥
S(t, t, b) ³¥´ÓÏ¥  ¸¨³¶ÉμÉ¨Î¥¸±μ£μ ¶·¥¤¥²  exp (−b2), £¤¥ b = �ij § ¢¨¸¨É

μÉ ¤¨¸¶¥·¸¨¨ Ô´¥·£¨¨ ´¥°É·¨´μ. ˆ´É¥·¶·¥É Í¨Ö μ¡´ ·Ê¦¥´´μ£μ ÔËË¥±É  ³μ-
¦¥É ¡ÒÉÓ ´ °¤¥´  ¢ ±¢ ´Éμ¢μ-³¥Ì ´¨Î¥¸±μ°  ´ ²μ£¨¨: ¨§³¥·¥´¨¥ Ô´¥·£¨¨-
¨³¶Ê²Ó¸  ¶·¨ ±μ´¥Î´ÒÌ ¢·¥³¥´ Ì Ô±¢¨¢ ²¥´É´μ ¶·¨¢´¥¸¥´¨Õ ¤μ¶μ²´¨É¥²Ó´μ°
´¥μ¶·¥¤¥²¥´´μ¸É¨ ¢ ¨Ì ¨§³¥·¥´¨¥, ÎÉμ ¤¥² ¥É ´¥°É·¨´´Ò¥ ¸μ¸ÉμÖ´¨Ö ¡μ²¥¥
±μ£¥·¥´É´Ò³¨.

�·¥¤²μ¦¥´´ Ö ¢ ¤ ´´μ° · ¡μÉ¥ É¥μ·¨Ö Ë²¥°¢μ·´ÒÌ ¶¥·¥Ìμ¤μ¢ ¨¸Î¥·¶Ò¢ -
ÕÐ¥ ·¥Ï ¥É ¢¸¥ ¶ · ¤μ±¸Ò ´ ¨¢´μ£μ ¶²μ¸±μ¢μ²´μ¢μ£μ ¶·¨¡²¨¦¥´¨Ö ±¢ ´Éμ-
¢μ-³¥Ì ´¨Î¥¸±μ° É¥μ·¨¨. �μ³¨³μ ÔÉμ£μ ¶·¥¤¸± §Ò¢ ¥É¸Ö ·Ö¤ ´μ¢ÒÌ ÔËË¥±-
Éμ¢, ±μÉμ·Ò¥ ³μ¦´μ ¨¸¸²¥¤μ¢ ÉÓ ¢ Ô±¸¶¥·¨³¥´É Ì ¸ Ê¸±μ·¨É¥²Ó´Ò³¨,  É³μ-
¸Ë¥·´Ò³¨, ·¥ ±Éμ·´Ò³¨ ´¥°É·¨´μ ¨ ´¥°É·¨´μ μÉ ¨¸±Ê¸¸É¢¥´´ÒÌ · ¤¨μ ±É¨¢-
´ÒÌ ¨¸ÉμÎ´¨±μ¢. �¥·¢μ¥ É ±μ¥ ¨¸¸²¥¤μ¢ ´¨¥ ¡Ò²μ ¢Ò¶μ²´¥´μ ¢ · ¡μÉ¥ [88].
�μÉ¥´Í¨ ²Ó´μ¥ ¢²¨Ö´¨¥ ÔËË¥±Éμ¢ ¤¥±μ£¥·¥´É´μ¸É¨ ´  ÉμÎ´μ¸ÉÓ μ¶·¥¤¥²¥´¨Ö
Ê£²  ¸³¥Ï¨¢ ´¨Ö θ23 ¢ Ê¸±μ·¨É¥²Ó´ÒÌ Ô±¸¶¥·¨³¥´É Ì ¡Ò²μ ¨¸¸²¥¤μ¢ ´μ ¢ · -
¡μÉ¥ [91]. �μ ¢μ§³μ¦´ Ö ¶μÉ¥·Ö ±μ£¥·¥´É´μ¸É¨ ¸¢Ö§ ´  §¤¥¸Ó ´¥ ¸ ¶·¨·μ¤μ°
‚�,   ¸ ¢¥·μÖÉ´Ò³¨ ÔËË¥±É ³¨ ¢§ ¨³μ¤¥°¸É¢¨Ö ¸ μ±·Ê¦ ÕÐ¥° ¸·¥¤μ°.

11.5. � ¡²Õ¤ ¥³μ¸ÉÓ ¢μ²´μ¢μ£μ ¶ ±¥É . �¥¸³μÉ·Ö ´  μÎ¥¢¨¤´Ò° Ê¸¶¥Ì
É¥μ·¥É¨Î¥¸±μ£μ μ¶¨¸ ´¨Ö ´¥°É·¨´´ÒÌ μ¸Í¨²²ÖÍ¨° ¢ ³μ¤¥²¨ ¸ ‚�, Î¨É É¥²Ó,
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§´ ±μ³Ò° ¸ ±² ¸¸¨Î¥¸±¨³¨ · ¡μÉ ³¨ (¸³., ´ ¶·¨³¥·, ³μ´μ£· Ë¨¨ [98, 117])
¶μ É¥μ·¨¨ · ¸¸¥Ö´¨Ö, ¢¶· ¢¥ § ¤ ÉÓ ¸²¥¤ÊÕÐ¨° ¢μ¶·μ¸: ®‚ ÊÎ¥¡´¨± Ì ¶μ É¥-
μ·¨¨ · ¸¸¥Ö´¨Ö, ¤¥°¸É¢¨É¥²Ó´μ, ¤¥³μ´¸É·¨·Ê¥É¸Ö, ÎÉμ ¶μ¸²¥¤μ¢ É¥²Ó´μ¥ É¥μ-
·¥É¨Î¥¸±μ¥ μ¶¨¸ ´¨¥ ¶·μÍ¥¸¸μ¢ · ¸¸¥Ö´¨Ö ´¥¢μ§³μ¦´μ ¡¥§ ¨¸¶μ²Ó§μ¢ ´¨Ö ‚�.
�¤´ ±μ ¢ ·¥§Ê²ÓÉ É¥ Ê¸·¥¤´¥´¨Ö ¸¥Î¥´¨Ö ¢§ ¨³μ¤¥°¸É¢¨Ö ¶μ  ´¸ ³¡²Õ · ¸-
¸¥¨¢ ÕÐ¨Ì¸Ö Î ¸É¨Í ´¨± ±μ° ¨´Ëμ·³ Í¨¨ μ ¸¢μ°¸É¢ Ì ‚� ¢ Ê¸·¥¤´¥´´μ³
¸¥Î¥´¨¨ ´¥ μ¸É ¥É¸Ö. ‘ ¤·Ê£μ° ¸Éμ·μ´Ò, ¢ É¥μ·¨¨ ´¥°É·¨´´ÒÌ μ¸Í¨²²ÖÍ¨° ¸
‚� Î¨¸²μ ¸μ¡ÒÉ¨° Nαβ , ¶μ²ÊÎ¥´´μ¥ ¶μ¸²¥ Ê¸·¥¤´¥´¨Ö ¶μ  ´¸ ³¡²Õ Î ¸É¨Í,
Ö¢´Ò³ μ¡· §μ³ § ¢¨¸¨É μÉ ¤¨¸¶¥·¸¨° ¢¸¥Ì ‚� ¶μ¸·¥¤¸É¢μ³ ËÊ´±Í¨° D, n

¨ ¤·. �¥É ²¨ §¤¥¸Ó ¶·μÉ¨¢μ·¥Î¨Ö?¯ �μ¶·μ¡Ê¥³ μÉ¢¥É¨ÉÓ ´  ÔÉμÉ ¨´É¥·¥¸´Ò°
¢μ¶·μ¸. � ¶μ³´¨³ μ¸´μ¢´Ò¥ Ï £¨ ¢ÒÎ¨¸²¥´¨Ö ’¥°²μ·  [98], ¨¸¶μ²Ó§ÊÖ ´ Ï¨
μ¡μ§´ Î¥´¨Ö. �³¶²¨ÉÊ¤  · ¸¸¥Ö´¨Ö ‚�

A = 〈{pf , xf}|S − 1|{pi, xi}〉
³μ¦¥É ¡ÒÉÓ ¶·¥¤¸É ¢²¥´  ¢ ¢¨¤¥ (¸³. · §¤. 5)

A =
i

N

∫
d4x×

×

⎡⎣∏
i,f

∫
dqi φ(qi,pi) eiqi(xi−x)

(2π)32Eqi

dkf φ∗(kf ,pf ) e−ikf (xf−x)

(2π)32Ekf

⎤⎦M({qi,kf}),

£¤¥ N =
√
〈{pf , xf}|{pf , xf}〉〈{pi, xi}|{pi, xi}〉 Å ´μ·³¨·μ¢±  ¸μ¸ÉμÖ´¨°,

  M Å ³ É·¨Î´Ò° Ô²¥³¥´É ¢ ¶²μ¸±μ¢μ²´μ¢μ³ ¶·¨¡²¨¦¥´¨¨. ‚ÒÎ¨¸²¥´¨¥
’¥°²μ·  [98] (¶μ¢Éμ·¥´´μ¥ ¶μ§¤´¥¥ ¢ ±´¨£¥ Œ. …. �¥¸±¨´  ¨ „. ‚.˜·¥¤¥-
·  [117]) ¶·¥¤¶μ² £ ¥É, ÎÉμ § ¢¨¸¨³μ¸ÉÓ ³ É·¨Î´μ£μ Ô²¥³¥´É  ¶·μÍ¥¸¸ 

iM({qi,kf}) μÉ ¨³¶Ê²Ó¸μ¢ ({qi,kf}) ¡μ²¥¥ ¸² ¡ Ö, Î¥³ ¨³¶Ê²Ó¸´ Ö § ¢¨-

¸¨³μ¸ÉÓ ‚� φ(qi,pi). ‚ É ±μ³ ¶·¨¡²¨¦¥´¨¨ ¢μ§³μ¦´  Ë ±Éμ·¨§ Í¨Ö

A � i

N

⎛⎝∫ d4x
∏
i,f

ψ(pi, x − xi)ψ∗(pf , x − xf )

⎞⎠M({pi,pf}),

  ³ ±·μ¸±μ¶¨Î¥¸±¨ Ê¸·¥¤´¥´´ Ö ¢¥²¨Î¨´  〈|A|2〉 ¤¥°¸É¢¨É¥²Ó´μ ´¥ § ¢¨¸¨É μÉ
¢¨¤  ‚� [98].

�¤´ ±μ ¶·¨¡²¨¦¥´¨¥ ’¥°²μ·  ´¥ ¢¸¥£¤   ¤¥±¢ É´μ. �·¨¢¥¤¥³ ´¥¸±μ²Ó±μ
±μ´É·¶·¨³¥·μ¢.

� ‡ ¢¨¸¨³μ¸ÉÓ iM({pi,pf}) μÉ ¨³¶Ê²Ó¸μ¢ ({qi,kf}) ³μ¦¥É ¡ÒÉÓ ¸¨²Ó´ Ö
(´ ¶·¨³¥·,  ¤·μ´´Ò¥ ·¥§μ´ ´¸Ò).

� ‚ ¶ÊÎ± Ì ¸ § ±·ÊÎ¥´´Ò³¨ Ô²¥±É·μ´ ³¨ (· §´μ¢¨¤´μ¸ÉÓ ‚�) [136, 137]
¶·¥¤² £ ¥É¸Ö ¢μ§³μ¦´μ¸ÉÓ ¨§³¥·¥´¨Ö Ë §Ò ³ É·¨Î´μ£μ Ô²¥³¥´É  ¢ ²¨´¥°´μ³
¶·¨¡²¨¦¥´¨¨ ± ¶²μ¸±μ¢μ²´μ¢μ³Ê ¸¥Î¥´¨Õ. “Î¥É ±¢ ¤· É¨Î´ÒÌ ¶μ¶· ¢μ±
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± ¶·¨¡²¨¦¥´¨Õ ’¥°²μ·  É ±¦¥ ¶μ§¢μ²Ö¥É ¨§³¥·¨ÉÓ Ë §Ê ³ É·¨Î´μ£μ Ô²¥-
³¥´É  [122]. ’ ±¨¥ ¨§³¥·¥´¨Ö ´¥¢μ§³μ¦´Ò ¢ · ³± Ì ¶²μ¸±μ¢μ²´μ¢μ£μ ¶·¨-
¡²¨¦¥´¨Ö.

� „²Ö ´¥±μÉμ·ÒÌ ¶·μÍ¥¸¸μ¢, ´ ¶·¨³¥· e+e− → e+e−γ, ¸¥Î¥´¨¥, ¢ÒÎ¨-
¸²¥´´μ¥ ¢ ¶²μ¸±μ¢μ²´μ¢μ³ ¶·¨¡²¨¦¥´¨¨, ¶·μÉ¨¢μ·¥Î¨É Ô±¸¶¥·¨³¥´É ²Ó´Ò³
¤ ´´Ò³ [118]. Š ± μÉ³¥Î¥´μ ¢ · §¤. 5, ¨§³¥·¥´´μ¥ ¸¥Î¥´¨¥ μ± § ²μ¸Ó ³¥´ÓÏ¥
¢ÒÎ¨¸²¥´´μ£μ ¶·¨³¥·´μ ´  30 % ¢ μ¡² ¸É¨ ³ ²ÒÌ Ô´¥·£¨° ËμÉμ´ . �Éμ μ¡ÑÖ¸-
´Ö¥É¸Ö É¥³, ÎÉμ § ³¥É´Ò° ¢±² ¤ ¢ ¸¥Î¥´¨¥ ÔÉμ£μ ¸ ³ ²Ò³¨ Ô´¥·£¨Ö³¨ ËμÉμ´ 
¤ ÕÉ ¶·¨Í¥²Ó´Ò¥ ¶ · ³¥É·Ò ρ ¢¶²μÉÓ ¤μ 5 ¸³, ¢ Éμ ¢·¥³Ö ± ± ¶μ¶¥·¥Î´Ò¥
· §³¥·Ò ¸É ²±¨¢ ÕÐ¨Ì¸Ö ¶ÊÎ±μ¢ ´¥ ¶·¥¢ÒÏ ÕÉ a � 10−3 ¸³. �£· ´¨Î¥´¨¥
¶·¨Í¥²Ó´ÒÌ ¶ · ³¥É·μ¢ ¢¥²¨Î¨´μ° ρ � a ¶·¨¢μ¤¨É ± Ê³¥´ÓÏ¥´¨Õ ´ ¡²Õ-
¤ ¥³μ£μ Î¨¸²  ËμÉμ´μ¢. ‘μμÉ¢¥É¸É¢ÊÕÐ Ö É¥μ·¨Ö, ÊÎ¨ÉÒ¢ ÕÐ Ö ±μ´¥Î´Ò¥
· §³¥·Ò ¸É ²±¨¢ ÕÐ¨Ì¸Ö ¶ÊÎ±μ¢, ¡Ò²  · §¢¨É  ¢ · ¡μÉ¥ [120].

� ‚ ¸²ÊÎ ¥, ±μ£¤  ³ É·¨Î´Ò° Ô²¥³¥´É ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° ¸Ê³³Ê ¸¨´£Ê-
²Ö·´ÒÌ ³ É·¨Î´ÒÌ Ô²¥³¥´Éμ¢, ´ ¶·¨³¥·

iM({qi,kf}) ∼
∑

k

VαkV ∗
βkM′

d

1
q2 − m2

k

M′
s,

Ëμ·³Ê ‚� ´¥¢μ§³μ¦´μ ®· ¸Ë ±Éμ·¨§μ¢ ÉÓ¯ ¢ μ¤´μ° ÉμÎ±¥ ¶μ ¶¥·¥¤ Î¥ 4-¨³-
¶Ê²Ó¸  q, ¥¸²¨ ³ ¸¸Ò mk · §´Ò¥. Œ É·¨Î´Ò° Ô²¥³¥´É ¨³¥´´μ É ±μ£μ ¢¨¤ 
μÉ¢¥Î ¥É ¨´É¥·Ë¥·¥´Í¨¨ ¤¨ £· ³³ ¸ ¢¨·ÉÊ ²Ó´Ò³¨ ´¥°É·¨´μ ¢ ±¢ ´Éμ¢μ-
¶μ²¥¢μ° É¥μ·¨¨ ´¥°É·¨´´ÒÌ μ¸Í¨²²ÖÍ¨°, ¨²¨, ¡μ²¥¥ ¶· ¢¨²Ó´μ, Ë²¥°¢μ·´ÒÌ
¶¥·¥Ìμ¤μ¢. ’ ±¨³ μ¡· §μ³, · ¸¸³μÉ·¥´¨¥ ´¥°É·¨´´ÒÌ μ¸Í¨²²ÖÍ¨° ¢ ±¢ ´-
Éμ¢μ° É¥μ·¨¨ ¶μ²Ö ¸ ‚� ¤¥°¸É¢¨É¥²Ó´μ Ö¢²Ö¥É¸Ö ¢ ¦´Ò³ ¨¸±²ÕÎ¥´¨¥³, ´¥
μ¶¨¸Ò¢ ¥³Ò³ ¶·¨¡²¨¦¥´¨¥³ ’¥°²μ· .

12. ‚›‚�„›

�μ¤¢¥¤¥³ μ¸´μ¢´Ò¥ ¨Éμ£¨ ¤ ´´μ° · ¡μÉÒ.
Š ± ³´μ£μ±· É´μ μ¡¸Ê¦¤ ²μ¸Ó ¢ ²¨É¥· ÉÊ·¥ ´ Î¨´ Ö ¸ 1970-Ì ££., ¶²μ¸-

±μ¢μ²´μ¢ Ö ±¢ ´Éμ¢μ-³¥Ì ´¨Î¥¸± Ö É¥μ·¨Ö ´¥°É·¨´´ÒÌ μ¸Í¨²²ÖÍ¨° ´¥¶μ²´ 
¨ ¢´ÊÉ·¥´´¥ ¶·μÉ¨¢μ·¥Î¨¢ . ŒÒ ¥Ð¥ · § ±·¨É¨Î¥¸±¨ μ¡¸Ê¤¨²¨ £¨¶μÉ¥§Ò ¨
¶·¨¡²¨¦¥´¨Ö, ¨¸¶μ²Ó§Ê¥³Ò¥ ¢ ÔÉμ° É¥μ·¨¨, ¨ ¶μ¶ÒÉ ²¨¸Ó μÎ¥·É¨ÉÓ μ¡² ¸ÉÓ
¨Ì ¶·¨³¥´¨³μ¸É¨ ¸ ¶μ³μÐÓÕ μ¤´μ£μ ¨§ ¶·μ¸É¥°Ï¨Ì · ¸Ï¨·¥´¨° ¶²μ¸±μ¢μ²-
´μ¢μ° É¥μ·¨¨, μ¸´μ¢ ´´μ£μ ´  ³μ¤¥²¨ ´¥°É·¨´´μ£μ ¢μ²´μ¢μ£μ ¶ ±¥É  (‚�).

Ò²¨ ¨§ÊÎ¥´Ò μ¡Ð¨¥ ¸¢μ°¸É¢  ‚� ¢ · ³± Ì ´¥±μ¢ ·¨ ´É´μ£μ ±¢ ´Éμ¢μ-³¥Ì -
´¨Î¥¸±μ£μ Ëμ·³ ²¨§³ . ‚μ¸¶·μ¨§¢¥¤¥´Ò É ±¨¥ Ìμ·μÏμ ¨§¢¥¸É´Ò¥ ¸¢μ°¸É¢ 
‚�, ± ± ±¢ §¨±² ¸¸¨Î´μ¸ÉÓ ¥£μ É· ¥±Éμ·¨¨ ¨ μ¡Ð¨° § ±μ´ · ¸¶²Ò¢ ´¨Ö ¢ ±μ´-
Ë¨£Ê· Í¨μ´´μ³ ¶·μ¸É· ´¸É¢¥. �μ¢Ò³ ·¥§Ê²ÓÉ Éμ³ Ö¢²Ö¥É¸Ö ¤μ± § É¥²Ó¸É¢μ
Éμ£μ, ÎÉμ · ¸¶²Ò¢ ´¨¥ ‚� ¶·¨¢μ¤¨É ± § ±μ´Ê μ¡· É´ÒÌ ±¢ ¤· Éμ¢ ∼ 1/|x|2
¤²Ö ¢¥·μÖÉ´μ¸É¨ μ¡´ ·Ê¦¥´¨Ö ¸μ¸ÉμÖ´¨Ö ´  · ¸¸ÉμÖ´¨¨ x μÉ ¨¸ÉμÎ´¨±  § 
¤μ¸É ÉμÎ´μ ¡μ²ÓÏμ¥ ¢·¥³Ö ´ ¡²Õ¤¥´¨Ö. ‚ · ³± Ì ³μ¤¥²¨ ´¥±μ¢ ·¨ ´É´μ£μ
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£ Ê¸¸μ¢  ‚� ¶μ¸É·μ¥´  É¥μ·¨Ö ´¥°É·¨´´ÒÌ μ¸Í¨²²ÖÍ¨°. �·¥¤²μ¦¥´ ±μ··¥±É-
´Ò° ¸¶μ¸μ¡ ¢Ò¢μ¤  Ëμ·³Ê²Ò ¤²Ö ¢¥·μÖÉ´μ¸É¥° Ë²¥°¢μ·´ÒÌ ¶¥·¥Ìμ¤μ¢ ¶μ¸·¥¤-
¸É¢μ³ ³ ±·μ¸±μ¶¨Î¥¸±μ£μ Ê¸·¥¤´¥´¨Ö ±¢ ¤· É  ³μ¤Ê²Ö  ³¶²¨ÉÊ¤Ò ¶¥·¥Ìμ¤ .
‚ ¨Éμ£¥ ¶μ²ÊÎ¥´  μ¡Ð Ö Ëμ·³Ê²  ¤²Ö ¢¥·μÖÉ´μ¸É¥°, § ¢¨¸ÖÐ Ö μÉ μ¸Í¨²²Ö-

Í¨μ´´ÒÌ ¤²¨´ (Losc
ij ), ¤²¨´ ±μ£¥·¥´É´μ¸É¨ (Lcoh

ij ) ¨ ¤¨¸¶¥·¸¨¨ (Ld
ij),   É ±¦¥

μÉ ÔËË¥±É¨¢´μ£μ ¶·μ¸É· ´¸É¢¥´´μ£μ · §³¥·  ‚� ´¥°É·¨´μ σx (¸³. μ¶·¥¤¥²¥-

´¨Ö (73)). ”μ·³Ê² , ¢ Î ¸É´μ¸É¨, ¶·¥¤¸± §Ò¢ ¥É ¸²¥¤ÊÕÐ¥¥.
� �μÉ¥·Õ ±μ£¥·¥´É´μ¸É¨ ¤²Ö ¶ ·Ò ¸μ¸ÉμÖ´¨° νi ¨ νj ´  · ¸¸ÉμÖ´¨ÖÌ L �

Lcoh
ij . ‚ ·¥§Ê²ÓÉ É¥ ¢¥·μÖÉ´μ¸ÉÓ μ¸Í¨²²ÖÍ¨° ´  μÎ¥´Ó ¡μ²ÓÏ¨Ì ( ¸É·μ´μ³¨-

Î¥¸±¨Ì) · ¸¸ÉμÖ´¨ÖÌ ¸¢μ¤¨É¸Ö ± ´¥±μ£¥·¥´É´μ° ¸Ê³³¥ Pαβ =
∑
k

|Vαk|2|Vβk|2,
´¥ § ¢¨¸ÖÐ¥° ´¨ μÉ Ô´¥·£¨¨, ´¨ μÉ · ¸¸ÉμÖ´¨Ö∗.

� �¥±μ£¥·¥´É´μ¥ ·μ¦¤¥´¨¥ ¨²¨ ¤¥É¥±É¨·μ¢ ´¨¥ ´¥°É·¨´μ, ÎÉμ μ¶·¥¤¥²Ö-

¥É¸Ö Ë ±Éμ·μ³ exp (−�2
ij) = exp [−Δm2

kj/(8
√

2pσp)] (¸³. (78)). ˆ³¥´´μ ÔÉμÉ

Ë ±Éμ· μ¡ÑÖ¸´Ö¥É, ¶μÎ¥³Ê ´¥ μ¸Í¨²²¨·ÊÕÉ § ·Ö¦¥´´Ò¥ ²¥¶Éμ´Ò.
� �μ¶· ¢±¨ ± Ë §¥ μ¸Í¨²²ÖÍ¨° §  ¸Î¥É ÔËË¥±É  ¤¨¸¶¥·¸¨¨ ‚� ´¥°É·¨´μ.
� — ¸É¨Î´ÊÕ ±μ³¶¥´¸ Í¨Õ ¶μÉ¥·¨ ±μ£¥·¥´É´μ¸É¨ ¤²Ö ¶ ·Ò ¸μ¸ÉμÖ´¨° νi

¨ νj §  ¸Î¥É · ¸¶²Ò¢ ´¨Ö ¶ ±¥Éμ¢.
� „μ¶μ²´¨É¥²Ó´μ¥ ¶μ¤ ¢²¥´¨¥ ¨´É¥·Ë¥·¥´Í¨μ´´ÒÌ Î²¥´μ¢ Ë ±Éμ· ³¨

¢¨¤  1/qkj (¸³. (79)).
�μ¸É·μ¥´´ Ö ³μ¤¥²Ó ¶μ§¢μ²Ö¥É ¶μ´ÖÉÓ, ± ±¨¥ ¨§ £¨¶μÉ¥§ 1)Ä5), ¶¥·¥Î¨-

¸²¥´´Ò¥ ¢ ¶. 1.3, ¸¶· ¢¥¤²¨¢Ò,   ± ±¨¥ ´¥É. ‚ÒÖ¸´¨²μ¸Ó, ÎÉμ £¨¶μÉ¥§  4)
´¥ ¢Ò§Ò¢ ¥É ¢μ§· ¦¥´¨° ¶·¨ μ¶¨¸ ´¨¨ ¤ ´´ÒÌ ¸μ¢·¥³¥´´ÒÌ Ô±¸¶¥·¨³¥´Éμ¢.
Œμ¤¥²Ó ¸ ‚� ´¥ ¶·μÉ¨¢μ·¥Î¨É É ±¦¥ £¨¶μÉ¥§¥ 3) μ Éμ³, ÎÉμ ¢¸¥ ¨³¶Ê²Ó¸Ò
pi μ¤¨´ ±μ¢Ò, ÎÉμ ¸¢Ö§ ´μ, ¥¸É¥¸É¢¥´´μ, ¸ ´¥±μ¢ ·¨ ´É´μ¸ÉÓÕ ¨¸¶μ²Ó§μ¢ ´-
´μ£μ Ëμ·³ ²¨§³ . �¸É ²Ó´Ò¥ ¦¥ É·¨ £¨¶μÉ¥§Ò ´ ·ÊÏ ÕÉ¸Ö. �¥¸³μÉ·Ö ´ 
Éμ, ÎÉμ μ¡¸Ê¦¤ ¥³ Ö ³μ¤¥²Ó μÉ´μ¸¨É¥²Ó´μ ¶·μ¸É , ¸¶· ¢²Ö¥É¸Ö ¸ ´¥±μÉμ·Ò³¨
±μ´Í¥¶ÉÊ ²Ó´Ò³¨ ¶·μ¡²¥³ ³¨ ¶²μ¸±μ¢μ²´μ¢μ° É¥μ·¨¨ ¨ ¶·¥¤¸± §Ò¢ ¥É ´μ-
¢Ò¥ ÔËË¥±ÉÒ, μ´  ¢¸¥ ¦¥ ´¥ ¢¶μ²´¥ Ê¤μ¢²¥É¢μ·¨É¥²Ó´  ¨ ³μ¦¥É · ¸¸³ É·¨-
¢ ÉÓ¸Ö ²¨ÏÓ ± ± ¶·μ³¥¦ÊÉμÎ´Ò° ÔÉ ¶ ¢ ¶μ¸É·μ¥´¨¨ ¶μ²´μ¸ÉÓÕ ±μ¢ ·¨ ´É´μ°
±¢ ´Éμ¢μ-¶μ²¥¢μ° É¥μ·¨¨. �Éμ³Ê ¡μ²¥¥ · ¤¨± ²Ó´μ³Ê ¶μ¤Ìμ¤Ê ¨ ¶μ¸¢ÖÐ¥´ 
μ¸´μ¢´ Ö Î ¸ÉÓ ¤ ´´μ° · ¡μÉÒ.

�·¥¤²μ¦¥´  ±μ¢ ·¨ ´É´ Ö É¥μ·¨Ö ·¥²ÖÉ¨¢¨¸É¸±¨Ì ¢μ²´μ¢ÒÌ ¶ ±¥Éμ¢, ±μ-
Éμ·Ò¥ ¸É·μÖÉ¸Ö ¢ ¢¨¤¥ ²¨´¥°´ÒÌ ¸Ê¶¥·¶μ§¨Í¨° μ¤´μÎ ¸É¨Î´ÒÌ Ëμ±μ¢¸±¨Ì
¸μ¸ÉμÖ´¨° ¸ μ¶·¥¤¥²¥´´Ò³¨ ¨³¶Ê²Ó¸ ³¨ ¨ ¶¥·¥Ìμ¤ÖÉ ¢ ´¨Ì ¢ ¶²μ¸±μ¢μ²´μ-
¢μ³ ¶·¥¤¥²¥. ˆ¸¸²¥¤μ¢ ´Ò ¸¢μ°¸É¢  É ±¨Ì ¶ ±¥Éμ¢. �μ± § ´μ, ´ ¶·¨³¥·, ÎÉμ

∗�ÉμÉ ·¥§Ê²ÓÉ É ¢μ¸¶·μ¨§¢μ¤¨É¸Ö ¨ ¢ ±¢ ´Éμ¢μ-¶μ²¥¢μ° É¥μ·¨¨. ˆ³¥´´μ μ´,   ¢μ¢¸¥ ´¥
¡¥¸¸³Ò¸²¥´´μ¥ ®Ê¸·¥¤´¥´¨¥ ¶μ ¨¸ÉμÎ´¨± ³¯, Ë¨£Ê·¨·ÊÕÐ¥¥ ¢μ ³´μ£¨Ì · ¡μÉ Ì, μ¡ÑÖ¸´Ö¥É ¨¸-
É¨´´ÊÕ ¶·¨Î¨´Ê Éμ£μ, ÎÉμ  ¸É·μË¨§¨Î¥¸±¨¥ ´¥°É·¨´μ ´¥ μ¸Í¨²²¨·ÊÕÉ. . . ¸ ¢ ¦´¥°Ï¥° μ£μ¢μ·-
±μ°, ¸¢Ö§ ´´μ° ¸ ¶·¥´¥¡·¥¦¥´¨¥³ ¢§ ¨³μ¤¥°¸É¢¨Ö³¨ ´¥°É·¨´μ ¸ ¢¥Ð¥¸É¢μ³  ¸É·μË¨§¨Î¥¸±μ£μ
¨¸ÉμÎ´¨± .
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¸·¥¤´¨° 4-¨³¶Ê²Ó¸ ·¥²ÖÉ¨¢¨¸É¸±μ£μ ¶ ±¥É  〈P 〉 ¨ ¥£μ ÔËË¥±É¨¢´Ò° μ¡Ñ¥³
V Ö¢²ÖÕÉ¸Ö ÉμÎ´Ò³¨ ¨´É¥£· ² ³¨ ¤¢¨¦¥´¨Ö. �·¨ ÔÉμ³ 〈P 〉2 = 〈m〉2, £¤¥
〈m〉 Å ÔËË¥±É¨¢´ Ö ³ ¸¸  ‚�, ¢¸¥£¤  ¶·¥¢ÒÏ ÕÐ Ö ³ ¸¸Ê ±¢ ´Éμ¢ ¸μμÉ-
¢¥É¸É¢ÊÕÐ¥£μ ¸¢μ¡μ¤´μ£μ ¶μ²Ö. �¥²ÖÉ¨¢¨¸É¸±¨° ¶ ±¥É ¢ ¸·¥¤´¥³ ¤¢¨¦¥É¸Ö
¶μ ±² ¸¸¨Î¥¸±μ° É· ¥±Éμ·¨¨ ¸μ ¸±μ·μ¸ÉÓÕ vp = p/Ep (£¤¥ p ¨ Ep Å ¥£μ
´ ¨¡μ²¥¥ ¢¥·μÖÉ´Ò¥ 3-¨³¶Ê²Ó¸ ¨ Ô´¥·£¨Ö ¸μμÉ¢¥É¸É¢¥´´μ),   ±¢ ´Éμ¢Ò¥ Ë²Ê±-
ÉÊ Í¨¨ ¢μ±·Ê£ ÔÉμ° É· ¥±Éμ·¨¨ § ÉÊÌ ÕÉ ´  · ¸¸ÉμÖ´¨ÖÌ, ¡�μ²ÓÏ¨Ì ÔËË¥±-
É¨¢´ÒÌ · §³¥·μ¢ ¶ ±¥É . �μ¶¥·¥Î´Ò¥ ± ¢¥±Éμ·Ê vp Ë²Ê±ÉÊ Í¨¨ ¶μ¤ ¢²¥´Ò ¢
³¥´ÓÏ¥° ¸É¥¶¥´¨, Î¥³ ¶·μ¤μ²Ó´Ò¥,   ¤²Ö Ê²ÓÉ· ·¥²ÖÉ¨¢¨¸É¸±¨Ì ¶ ±¥Éμ¢ Ë²Ê±-
ÉÊ Í¨¨ ³μ£ÊÉ ¡ÒÉÓ Éμ²Ó±μ ¶μ¶¥·¥Î´Ò³¨, É. ¥. ¶ ±¥ÉÒ ¤¢¨¦ÊÉ¸Ö ¢´ÊÉ·¨ ±² ¸¸¨-
Î¥¸±¨Ì ¸¢¥Éμ¢ÒÌ ±μ´Ê¸μ¢. ˆ§ÊÎ¥´Ò ³´μ£μ¶ ±¥É´Ò¥ ¸μ¸ÉμÖ´¨Ö, μ¶¨¸Ò¢ ÕÐ¨¥
¸¨¸É¥³Ò ¨§ n ¸¢μ¡μ¤´ÒÌ Éμ¦¤¥¸É¢¥´´ÒÌ ¡μ§μ´μ¢ ¨²¨ Ë¥·³¨μ´μ¢. �μ± § ´μ,
ÎÉμ ÔËË¥±ÉÒ ¡μ§¥-Ô°´ÏÉ¥°´μ¢¸±μ£μ ¶·¨ÉÖ¦¥´¨Ö ¨ Ë¥·³¨¥¢¸±μ£μ μÉÉ ²±¨-
¢ ´¨Ö ¢ ¦´Ò ²¨ÏÓ ´  · ¸¸ÉμÖ´¨ÖÌ, ¸· ¢´¨³ÒÌ ¸ ÔËË¥±É¨¢´Ò³¨ · §³¥· ³¨
¶ ±¥Éμ¢, ¨ ¸É ´μ¢ÖÉ¸Ö ´¥¸ÊÐ¥¸É¢¥´´Ò³¨ ´  £μ· §¤μ ¡�μ²ÓÏ¨Ì · ¸¸ÉμÖ´¨ÖÌ.

‚ ± Î¥¸É¢¥ ¶·μ¸É¥°Ï¥° · ¡μÎ¥° ³μ¤¥²¨ ·¥²ÖÉ¨¢¨¸É¸±μ£μ ¢μ²´μ¢μ£μ ¶ -
±¥É  ®¡¥§ ¶ ³ÖÉ¨¯, Ê¤μ¢²¥É¢μ·ÖÕÐ¥° ¢¸¥³ É·¥¡μ¢ ´¨Ö³ Ëμ·³ ²¨§³ , ¤¥É ²Ó´μ
¨§ÊÎ¥´ ·¥²ÖÉ¨¢¨¸É¸±¨° £ Ê¸¸μ¢ ¶ ±¥É (�ƒ�), Ì · ±É¥·¨§Ê¥³Ò° ¥¤¨´¸É¢¥´´Ò³
Ë¥´μ³¥´μ²μ£¨Î¥¸±¨³ ¶ · ³¥É·μ³ σ, ±μÉμ·Ò° μ¶·¥¤¥²Ö¥É ³ ¸ÏÉ ¡ ±¢ ´Éμ¢ÒÌ
Ë²Ê±ÉÊ Í¨° 4-¨³¶Ê²Ó¸  ¨ ÔËË¥±É¨¢´Ò¥ · §³¥·Ò ¶ ±¥É . �μ¤·μ¡´μ ¨¸¸²¥¤μ-
¢ ´ ·¥¦¨³, ¢ ±μÉμ·μ³ ³μ¦´μ ¶·¥´¥¡·¥ÎÓ · ¸¶²Ò¢ ´¨¥³ �ƒ� (³μ¤¥²Ó ‘�ƒ�).
ˆ³¥´´μ ÔÉμÉ ·¥¦¨³ ¶μ§¢μ²Ö¥É ¨¸¶μ²Ó§μ¢ ÉÓ �ƒ� ¢ S-³ É·¨Î´μ³ Ëμ·³ ²¨§³¥
Š’� ¤²Ö μ¶¨¸ ´¨Ö  ¸¨³¶ÉμÉ¨Î¥¸±¨ ¸¢μ¡μ¤´ÒÌ ¸μ¸ÉμÖ´¨° ¸É ¡¨²Ó´ÒÌ ¨ ´¥-
¸É ¡¨²Ó´ÒÌ, ´μ μÉ´μ¸¨É¥²Ó´μ ¤μ²£μ¦¨¢ÊÐ¨Ì Î ¸É¨Í. �μ± § ´μ, ÎÉμ ¤²Ö ¢¸¥Ì
´¥¸É ¡¨²Ó´ÒÌ ¤μ²£μ¦¨¢ÊÐ¨Ì Î ¸É¨Í ¨  Éμ³´ÒÌ Ö¤¥·, · ¸¶ ¤Ò ±μÉμ·ÒÌ ¢ ¦´Ò
± ± ¨¸ÉμÎ´¨±¨ ¶ÊÎ±μ¢ ´¥°É·¨´μ ¨  ´É¨´¥°É·¨´μ, ¸ÊÐ¥¸É¢ÊÕÉ ¤μ¸É ÉμÎ´μ Ï¨-
·μ±¨¥ μ¡² ¸É¨ ¤μ¶Ê¸É¨³ÒÌ §´ Î¥´¨° ¶ · ³¥É·  σ, Ê¤μ¢²¥É¢μ·ÖÕÐ¨Ì ¢¸¥³
μ£· ´¨Î¥´¨Ö³ ³μ¤¥²¨ ‘�ƒ�, ¶·¨ ¢Ò¶μ²´¥´¨¨ ±μÉμ·ÒÌ ¢μ²´μ¢μ° ¶ ±¥É ´¥
· ¸¶²Ò¢ ¥É¸Ö §  ¢·¥³Ö ¦¨§´¨ Î ¸É¨ÍÒ.

� §¢¨É Ö É¥μ·¨Ö ¶·¨³¥´Ö¥É¸Ö ¤²Ö μ¶¨¸ ´¨Ö · ¸¸¥Ö´¨Ö ·¥²ÖÉ¨¢¨¸É¸±¨Ì ‚�.
‚ÒÎ¨¸²¥´   ³¶²¨ÉÊ¤  ¶·μ¨§¢μ²Ó´μ£μ ¶·μÍ¥¸¸  a + b → X ¢ S-³ É·¨Î´μ³
Ëμ·³ ²¨§³¥ Š’� ¸ ‚�. � °¤¥´  μ¡Ð Ö Ëμ·³Ê²  ¤²Ö ¸±μ·μ¸É¨ É ±μ£μ ¶·μ-
Í¥¸¸  (180):

dN = dσ L(|b × n|) = dσ L(0) exp

[
− (b× n)2

2σ2
x,ab

]
,

£¤¥ dσ Å ¸É ´¤ ·É´μ¥ ¶²μ¸±μ¢μ²´μ¢μ¥ ¸¥Î¥´¨¥; L(0) = 1/2πσ2
x,ab Å ¸¢¥-

É¨³μ¸ÉÓ · ¸¸¥Ö´¨Ö ¤¢ÊÌ ‚� ¢ μ¶·¥¤¥²¥´¨¨, ¨¸¶μ²Ó§Ê¥³μ³ ¢ É¥μ·¨¨ · ¸¸¥-

Ö´¨Ö ¨ Ê¸±μ·¨É¥²Ó´μ° Ë¨§¨±¥. Œ´μ¦¨É¥²Ó e−(b×n)2/2σ2
x,ab μÉ¢¥Î ¥É £¥μ³¥-

É·¨Î¥¸±μ³Ê ¶μ¤ ¢²¥´¨Õ ¢¥·μÖÉ´μ¸É¨ ¢§ ¨³μ¤¥°¸É¢¨Ö ¤¢ÊÌ ‚�, · ¸¸¥¨¢ Õ-
Ð¨Ì¸Ö ¸ ´¥´Ê²¥¢Ò³ ¶·¨Í¥²Ó´Ò³ ¶ · ³¥É·μ³ |b × n|, £¤¥ b Å ¶·¨Í¥²Ó´Ò°
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¢¥±Éμ·, n = vab/|vab| Å ¥¤¨´¨Î´Ò° ¢¥±Éμ· ¢¤μ²Ó μÉ´μ¸¨É¥²Ó´μ° ¸±μ·μ-

¸É¨ vab; σ2
x,ab = σ2

x,a + σ2
x,b Å ÔËË¥±É¨¢´ Ö ¶·μ¸É· ´¸É¢¥´´ Ö ¤¨¸¶¥·¸¨Ö

μ¡² ¸É¨ ¶¥·¥±·ÒÉ¨Ö ¤¢ÊÌ £ Ê¸¸μ¢ÒÌ ‚� ¸ ¶·μ¸É· ´¸É¢¥´´Ò³¨ ¤¨¸¶¥·¸¨Ö³¨

σ2
x,a ¨ σ2

x,b ¨ ¶·¨Í¥²Ó´Ò³ ¶ · ³¥É·μ³ |b × n|. ‚¶¥·¢Ò¥ ÔÉμÉ ·¥§Ê²ÓÉ É ¡Ò²
¶μ²ÊÎ¥´ ¢ · ¡μÉ¥ [120] ¸ ¨¸¶μ²Ó§μ¢ ´¨¥³ ËÊ´±Í¨¨ ‚¨£´¥· . ‚ ´ Ï¥° · ¡μÉ¥
μ´ ¢μ¸¶·μ¨§¢¥¤¥´ ¢ · ³± Ì Ëμ·³ ²¨§³  ±μ¢ ·¨ ´É´ÒÌ ‚�. Œ ±·μ¸±μ¶¨-
Î¥¸±μ¥ Ê¸·¥¤´¥´¨¥ ¢¥·μÖÉ´μ¸É¨ ¢§ ¨³μ¤¥°¸É¢¨Ö ¸É ²±¨¢ ÕÐ¨Ì¸Ö ¶ ±¥Éμ¢ ¶μ
¶·¨Í¥²Ó´μ³Ê ¶ · ³¥É·Ê ¶·¨¢μ¤¨É ± ¸É ´¤ ·É´μ° Ëμ·³Ê²¥ dN = dσ L, £¤¥
¸¢¥É¨³μ¸ÉÓ L μ¶·¥¤¥²Ö¥É¸Ö ÔËË¥±É¨¢´Ò³¨ ¶·μ¸É· ´¸É¢¥´´Ò³¨ ¤¨¸¶¥·¸¨Ö³¨
‚� ¨ ¶ÊÎ±μ¢ Î ¸É¨Í a ¨ b. „μ± § ´  ²μ·¥´Í-¨´¢ ·¨ ´É´μ¸ÉÓ ¶·¨Í¥²Ó´μ£μ
¶ · ³¥É·  |b× n|.

� §¢¨É  É¥Ì´¨±  · ¸Î¥É  ³ ±·μ¸±μ¶¨Î¥¸±¨Ì Ë¥°´³ ´μ¢¸±¨Ì ¤¨ £· ³³ ¸
μ¡³¥´μ³ ³ ¸¸¨¢´Ò³¨ ´¥°É·¨´μ, μ¸´μ¢ ´´ Ö ´  ±μ¢ ·¨ ´É´μ° É¥μ·¨¨ ¢μ²´μ-
¢ÒÌ ¶ ±¥Éμ¢, ¢ ±μÉμ·μ° ¸μ¸ÉμÖ´¨Ö ¸¢μ¡μ¤´ÒÌ ¶μ²¥° (¢´¥Ï´¨Ì ²¨´¨° ³ ±·μ-
¤¨ £· ³³) ¸É·μÖÉ¸Ö ± ± ²¨´¥°´Ò¥ ¸Ê¶¥·¶μ§¨Í¨¨ μ¤´μÎ ¸É¨Î´ÒÌ Ëμ±μ¢¸±¨Ì
¸μ¸ÉμÖ´¨°, ¶¥·¥Ìμ¤ÖÐ¨Ì ¢ ÔÉ¨ ¸μ¸ÉμÖ´¨Ö ¢ ¶²μ¸±μ¢μ²´μ¢μ³ ¶·¥¤¥²¥. „¥É ²Ó´μ
¨§ÊÎ¥´Ò ¨´É¥£· ²Ò ¶¥·¥±·ÒÉ¨Ö ¶ ±¥Éμ¢, Ì · ±É¥·¨§ÊÕÐ¨¥ ¶·μ¸É· ´¸É¢¥´´μ-
¢·¥³¥´´μ¥ ¶¥·¥±·ÒÉ¨¥ in- ¨ out-¶ ±¥Éμ¢ ¢ ¨¸ÉμÎ´¨±¥ ¨ ¤¥É¥±Éμ·¥ ¨ μ¶·¥¤¥²Ö-
ÕÐ¨¥ μ¸´μ¢´Ò¥ μÉ²¨Î¨Ö ´ Ï¥£μ ¶μ¤Ìμ¤  μÉ ¸É ´¤ ·É´μ£μ Ëμ·³ ²¨§³  ±¢ ´-
Éμ¢μ° É¥μ·¨¨ ¶μ²Ö, ¨¸¶μ²Ó§ÊÕÐ¥£μ ¸μ¸ÉμÖ´¨Ö ¸ μ¶·¥¤¥²¥´´Ò³¨ ¨³¶Ê²Ó¸ ³¨
¨, ¸²¥¤μ¢ É¥²Ó´μ, ®· §³ § ´´Ò¥¯ ¶μ ¢¸¥³Ê ¶·μ¸É· ´¸É¢Ê-¢·¥³¥´¨. �μ± § ´μ,
¢ Î ¸É´μ¸É¨, ÎÉμ ¨´É¥£· ²Ò ¶¥·¥±·ÒÉ¨Ö ³ ²Ò ¶μ ³μ¤Ê²Õ, ¥¸²¨ ±² ¸¸¨Î¥¸±¨¥
³¨·μ¢Ò¥ É·Ê¡±¨ ¶ ±¥Éμ¢ ¶·μÌμ¤ÖÉ ¢¤ ²¨ μÉ ¶·¨Í¥²Ó´ÒÌ ÉμÎ¥± (4-¢¥±Éμ·μ¢ Xs

¨ Xd), μ¶·¥¤¥²ÖÕÐ¨Ì ¶μ²μ¦¥´¨¥ ÔËË¥±É¨¢´ÒÌ μ¡² ¸É¥° ¢§ ¨³μ¤¥°¸É¢¨Ö ¶ -
±¥Éμ¢ ¢ ¢¥·Ï¨´ Ì ¢¡²¨§¨ ¢¥·Ï¨´ ³ ±·μ¤¨ £· ³³Ò. ‘Ëμ·³Ê²¨·μ¢ ´Ò Ê¸²μ-
¢¨Ö, ¶·¨ ¢Ò¶μ²´¥´¨¨ ±μÉμ·ÒÌ in- ¨ out-¶ ±¥ÉÒ ³μ¦´μ ¸Î¨É ÉÓ  ¸¨³¶ÉμÉ¨Î¥-
¸±¨ ¸¢μ¡μ¤´Ò³¨.

‚ÒÎ¨¸²¥´   ³¶²¨ÉÊ¤  ¶·μÍ¥¸¸  (231) μ¡Ð¥£μ ¢¨¤  ¸ ·μ¦¤¥´¨¥³ ¤¢ÊÌ · §-
´μ§ ·Ö¦¥´´ÒÌ ²¥¶Éμ´μ¢ �α ¨ �β ¢ ³ ±·μ¸±μ¶¨Î¥¸±¨ · §´¥¸¥´´ÒÌ ¢¥·Ï¨´ Ì
¤¨ £· ³³Ò ¶·¨ ¶·μ¨§¢μ²Ó´μ³ Î¨¸²¥ ¤·Ê£¨Ì Î ¸É¨Í (¢¸¥ ¢´¥Ï´¨¥ ²¨´¨¨ Ö¢²Ö-
ÕÉ¸Ö ¢μ²´μ¢Ò³¨ ¶ ±¥É ³¨). �μ± § ´μ, ÎÉμ ¡²μ±¨ ¤¨ £· ³³Ò, μ¶¨¸Ò¢ ÕÐ¨¥
¢§ ¨³μ¤¥°¸É¢¨Ö  ¤·μ´μ¢, ³μ¦´μ ¶·¥¤¸É ¢¨ÉÓ ¢ ¢¨¤¥ ¶·μ¨§¢¥¤¥´¨Ö ¤¢ÊÌ  ¤·μ´-
´ÒÌ Éμ±μ¢, μÉ´μ¸ÖÐ¨Ì¸Ö ± ¢¥·Ï¨´¥-¨¸ÉμÎ´¨±Ê ¨ ¢¥·Ï¨´¥-¤¥É¥±Éμ·Ê ¨ § ¢¨-
¸ÖÐ¨Ì Éμ²Ó±μ μÉ ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì ´ ¡μ·μ¢ ¶¥·¥³¥´´ÒÌ (¨³¶Ê²Ó¸μ¢, ¸¶¨´μ¢ ¨
±μμ·¤¨´ É ¢´¥Ï´¨Ì ¶ ±¥Éμ¢). 
² £μ¤ ·Ö ÔÉμ³Ê  ³¶²¨ÉÊ¤  ¶·¥¤¸É ¢²¥´  ¢ ¢¨¤¥
¸Ê³³Ò ¶·μ¨§¢¥¤¥´¨° ³ É·¨Î´ÒÌ Ô²¥³¥´Éμ¢ ¶μ¤¶·μÍ¥¸¸μ¢ ·μ¦¤¥´¨Ö ¨ ¶μ£²μ-
Ð¥´¨Ö ·¥ ²Ó´μ£μ ¡¥§³ ¸¸μ¢μ£μ ´¥°É·¨´μ ¨ Ë ±Éμ·  ψ∗

j /L, ±μÉμ·Ò° ³μ¦´μ

¨´É¥·¶·¥É¨·μ¢ ÉÓ ± ± ¸Ë¥·¨Î¥¸±ÊÕ ¢μ²´Ê ´¥°É·¨´μ ³ ¸¸Ò mj c  ³¶²¨ÉÊ-
¤μ° ψ∗

j , ¨³¥ÕÐ¥° ¢¨¤ ·¥²ÖÉ¨¢¨¸É¸±μ£μ £ Ê¸¸μ¢  ¶ ±¥É , ®¤¨¸¶¥·¸¨Ö¯ ±μÉμ-
·μ£μ Ö¢²Ö¥É¸Ö ·¥²ÖÉ¨¢¨¸É¸±¨-¨´¢ ·¨ ´É´μ° ËÊ´±Í¨¥° ÔËË¥±É¨¢´μ° Ô´¥·£¨¨
´¥°É·¨´μ,   É ±¦¥ ¨³¶Ê²Ó¸μ¢, ³ ¸¸ ¨ ¤¨¸¶¥·¸¨° ¨³¶Ê²Ó¸μ¢ ¢¸¥Ì ¢´¥Ï´¨Ì
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¶ ±¥Éμ¢. ‚ ± Î¥¸É¢¥ μ¡Ð¨Ì ³´μ¦¨É¥²¥°  ³¶²¨ÉÊ¤  ¸μ¤¥·¦¨É £¥μ³¥É·¨Î¥¸±¨¥
Ë ±Éμ·Ò ¶μ¤ ¢²¥´¨Ö, μ¡Ê¸²μ¢²¥´´Ò¥ ´¥¶μ²´Ò³ ¶¥·¥±·ÒÉ¨¥³ ¢´¥Ï´¨Ì ¶ ±¥-
Éμ¢ ¢ ¢¥·Ï¨´ Ì ¤¨ £· ³³Ò,   É ±¦¥ ´¥¸¨´£Ê²Ö·´Ò¥ Ë ±Éμ·Ò, μÉ¢¥É¸É¢¥´´Ò¥
§  ¶·¨¡²¨¦¥´´μ¥ ¸μÌ· ´¥´¨¥ Ô´¥·£¨¨-¨³¶Ê²Ó¸  ¢ ÔÉ¨Ì ¢¥·Ï¨´ Ì.

�μ¸±μ²Ó±Ê ¶·μÍ¥¸¸ É¨¶  (231) ¨¤¥É, ¢μμ¡Ð¥ £μ¢μ·Ö, ¸ ´ ·ÊÏ¥´¨¥³ ²¥¶-
Éμ´´ÒÌ Î¨¸¥², ¥£μ Ô±¸¶¥·¨³¥´É ²Ó´μ¥ ¨§ÊÎ¥´¨¥ Ö¢²Ö¥É¸Ö ¢ ¦´Ò³ ¨¸ÉμÎ´¨±μ³
¨´Ëμ·³ Í¨¨ μ ¶ · ³¥É· Ì ¸³¥Ï¨¢ ´¨Ö ¨ · §´μ¸ÉÖÌ ±¢ ¤· Éμ¢ ³ ¸¸ ´¥°É·¨´μ.
�μ²ÊÎ¥´  ²μ·¥´Í-¨´¢ ·¨ ´É´ Ö Ëμ·³Ê²  ¤²Ö ¢¥·μÖÉ´μ¸É¨ ¶·μÍ¥¸¸  (231), ¨
¶·μ¢¥¤¥´μ ¥¥ ¸É É¨¸É¨Î¥¸±μ¥ Ê¸·¥¤´¥´¨¥, ¶·¨¢μ¤ÖÐ¥¥ ± Ô±¸¶¥·¨³¥´É ²Ó´μ ¨§-
³¥·¨³μ° ¢¥²¨Î¨´¥ Å ¤¨ËË¥·¥´Í¨ ²Ó´μ³Ê Î¨¸²Ê ¸μ¡ÒÉ¨° ¢ ¤¥É¥±Éμ·¥ (dNαβ),
£¤¥ É¥·³¨´Ò ®¨¸ÉμÎ´¨±¯ ¨ ®¤¥É¥±Éμ·¯ ¨¸¶μ²Ó§ÊÕÉ¸Ö ´  ¤ ´´μ³ ÔÉ ¶¥ ¤²Ö
μ¡μ§´ Î¥´¨Ö ³ É¥³ É¨Î¥¸±¨Ì ³μ¤¥²¥°, μ¶¨¸Ò¢ ÕÐ¨Ì Ê¸²μ¢¨Ö ·¥ ²Ó´μ£μ Ô±¸-
¶¥·¨³¥´É . ‘ ÊÎ¥Éμ³ ·Ö¤  Ê¶·μÐ ÕÐ¨Ì ¶·¥¤¶μ²μ¦¥´¨° Ëμ·³Ê²  ¤²Ö dNαβ

³μ¦¥É ¡ÒÉÓ ¶·¥¤¸É ¢²¥´  ¢ ¢¨¤¥ ³´μ£μ³¥·´μ£μ ¨´É¥£· ²  μÉ ¶·μ¨§¢¥¤¥´¨Ö
¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ëμ·³ dΦν ¨ dσνD, μ¶¨¸Ò¢ ÕÐ¨Ì ¶μÉμ± (Ô´¥·£¥É¨Î¥¸±¨°
¸¶¥±É·) ¡¥§³ ¸¸μ¢ÒÌ ´¥°É·¨´μ ¨ ¤¨ËË¥·¥´Í¨ ²Ó´μ¥ ¸¥Î¥´¨¥ ¨Ì ¢§ ¨³μ¤¥°-
¸É¢¨Ö ¸ ¤¥É¥±Éμ·μ³,   É ±¦¥ Ë ±Éμ·  Pαβ , ¸²Ê¦ Ð¥£μ μ¡μ¡Ð¥´¨¥³ ¸É ´¤ ·É-
´μ£μ ±¢ ´Éμ¢μ-³¥Ì ´¨Î¥¸±μ£μ ¢Ò· ¦¥´¨Ö, μ¶¨¸Ò¢ ÕÐ¥£μ Ë²¥°¢μ·´Ò¥ ¶¥·¥-
Ìμ¤Ò να → νβ. �μ± § ´μ, ÎÉμ ±¢ ´Éμ¢μ-¶μ²¥¢ Ö ËÊ´±Í¨Ö Pαβ ´¥ μ¡² ¤ ¥É,
¢μμ¡Ð¥ £μ¢μ·Ö, ¸¢μ°¸É¢ ³¨ ¢¥·μÖÉ´μ¸É¨, ¶μ¸±μ²Ó±Ê ¸μ¤¥·¦¨É, ¶μ³¨³μ ¸É ´-
¤ ·É´μ£μ ®μ¸Í¨²²ÖÍ¨μ´´μ£μ¯ ³´μ¦¨É¥²Ö, Ë ±Éμ·Ò ¤¥±μ£¥·¥´É´μ¸É¨, § ¢¨¸Ö-
Ð¨¥ μÉ Ô´¥·£¨¨ ´¥°É·¨´μ Eν ¨ ¨³¶Ê²Ó¸μ¢ ¢´¥Ï´¨Ì ¶ ±¥Éμ¢ pκ Å ¶¥·¥³¥´-
´ÒÌ ¨´É¥£·¨·μ¢ ´¨Ö ¶μ Ë §μ¢μ³Ê μ¡Ñ¥³Ê ¶·μÍ¥¸¸  (231),   É ±¦¥ μÉ ³ ¸¸ mκ

¨ ¶ · ³¥É·μ¢ σκ Å ´¥μ¶·¥¤¥²¥´´μ¸É¥° ¨³¶Ê²Ó¸μ¢ ¢´¥Ï´¨Ì ¶ ±¥Éμ¢, ¢±²ÕÎ Ö
¶ ±¥ÉÒ ²¥¶Éμ´μ¢ �α,β.

‚ · ³± Ì ¶·μ¸Éμ° ³μ¤¥²¨ ¤²Ö ËÊ´±Í¨° · ¸¶·¥¤¥²¥´¨Ö in-¶ ±¥Éμ¢ ¢ ¨¸-
ÉμÎ´¨±¥ ¨ ¤¥É¥±Éμ·¥ ¢¥²¨Î¨´  μ¡Ð¥£μ Ë ±Éμ·  ¤¥±μ£¥·¥´É´μ¸É¨ S0, ¶·¨¢μ-
¤ÖÐ¥£μ ± ¶μ¤ ¢²¥´¨Õ ¸·¥¤´¥° ¸±μ·μ¸É¨ ¸Î¥É  ¸μ¡ÒÉ¨° ¶·¨ ¸¨´Ì·μ´¨§¨·μ-
¢ ´´ÒÌ ¨§³¥·¥´¨ÖÌ, μ¶·¥¤¥²Ö¥É¸Ö ¸μμÉ´μÏ¥´¨¥³ ¢·¥³¥´¨ ËÊ´±Í¨μ´¨·μ¢ ´¨Ö
¨¸ÉμÎ´¨±  τs ¨ ¢·¥³¥´¨ Ô±¸¶μ§¨Í¨¨ ¤¥É¥±Éμ·  τd,   É ±¦¥ ¶·μ¸É· ´¸É¢¥´´μ-
¢·¥³¥´´μ° Ï¨·¨´μ° ÔËË¥±É¨¢´μ£μ ‚� ´¥°É·¨´μ τν ∼ 1/D, £¤¥ D Å ËÊ´±-
Í¨Ö Eν ¨ pκ . �μ¤ ¢²¥´¨¥ ³ ²μ, ¥¸²¨ τs � τd ¨²¨ τs ∼ τd � τν . ‘¨²Ó´ Ö
§ ¢¨¸¨³μ¸ÉÓ S0 μÉ ¶ · ³¥É·μ¢ τs ¨ τd ¶·¥¤μ¸É ¢²Ö¥É ¢μ§³μ¦´μ¸ÉÓ ¨§³¥·¥´¨Ö
Ê¸·¥¤´¥´´μ£μ §´ Î¥´¨Ö ËÊ´±Í¨¨ D ¢ ¸¶¥Í¨ ²Ó´μ³ Ê¸±μ·¨É¥²Ó´μ³ ¨²¨ ·¥ ±-
Éμ·´μ³ Ô±¸¶¥·¨³¥´É¥∗, ¤μ¶Ê¸± ÕÐ¥³ ¢ ·¨ Í¨Õ ÔÉ¨Ì ¶ · ³¥É·μ¢ (¨²¨ ÌμÉÖ
¡Ò μ¤´μ£μ ¨§ ´¨Ì). ’ ±μ¥ ¨§³¥·¥´¨¥, ¶Ê¸ÉÓ ¤ ¦¥ £·Ê¡μ¥, ¡Ò²μ ¡Ò μÎ¥´Ó ¶μ-
²¥§´μ ¤²Ö ¶² ´¨·μ¢ ´¨Ö ¨ μ¡· ¡μÉ±¨ ¤ ´´ÒÌ ¡Ê¤ÊÐ¨Ì ¶·¥Í¨§¨μ´´ÒÌ Ô±¸¶¥-

∗�  ¸¥£μ¤´Ö ¡Ò² ¶·μ¢¥¤¥´ ¥¤¨´¸É¢¥´´Ò° Ô±¸¶¥·¨³¥´É É ±μ£μ ·μ¤  [88], ¢ ±μÉμ·μ³ ¨¸¶μ²Ó-
§μ¢ ² ¸Ó ´ Ï  ³μ¤¥²Ó (¢ ¥¥ ¶·¥¤¥²Ó´μ Ê¶·μÐ¥´´μ³ ¢¨¤¥) ¶·¨  ´ ²¨§¥ ¤ ´´ÒÌ ¶μ ¨¸Î¥§´μ¢¥´¨Õ
·¥ ±Éμ·´ÒÌ νe.
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·¨³¥´Éμ¢ ´  ´¥°É·¨´´ÒÌ Ë ¡·¨± Ì,   É ±¦¥ Ô±¸¶¥·¨³¥´Éμ¢ ¸ β-¶ÊÎ± ³¨ ¨²¨
®¸¢¥·Ì¶ÊÎ± ³¨¯ ¨ É. ¤. �¥¤¨ £μ´ ²Ó´Ò¥ Ë ±Éμ·Ò ¤¥±μ£¥·¥´É´μ¸É¨ Sij (i 	= j)
¨³¥ÕÉ ¡μ²¥¥ ¸²μ¦´μ¥ ¶μ¢¥¤¥´¨¥, ÎÉμ ¨²²Õ¸É·¨·ÊÕÉ ¶·¨¢¥¤¥´´Ò¥ ¢ · ¡μÉ¥
 ´ ²¨É¨Î¥¸±¨¥ ¨ Î¨¸²¥´´Ò¥ μÍ¥´±¨. �μ± § ´μ, ¢ Î ¸É´μ¸É¨, ÎÉμ ¢  ¸¨³¶Éμ-
É¨Î¥¸±μ³ ·¥¦¨³¥ τs � τd � τν Ë ±Éμ· Sij ¶¥·¥¸É ¥É § ¢¨¸¥ÉÓ μÉ τs ¨ τd ¨
³μ¦¥É ¶·¨¢μ¤¨ÉÓ ± ¸¨²Ó´μ³Ê ¶μ¤ ¢²¥´¨Õ ®μ¸Í¨²²ÖÍ¨μ´´ÒÌ¯ ¢±² ¤μ¢ ¢ Pαβ .
‘Ëμ·³Ê²¨·μ¢ ´Ò Ê¸²μ¢¨Ö, ¶·¨ ±μÉμ·ÒÌ ÔËË¥±ÉÒ ¤¥±μ£¥·¥´É´μ¸É¨ ³ ²Ò ¨,
¸²¥¤μ¢ É¥²Ó´μ, ¶·¨³¥´¨³  ¸É ´¤ ·É´ Ö ±¢ ´Éμ¢μ-³¥Ì ´¨Î¥¸± Ö Ëμ·³Ê²  ¤²Ö
¢¥·μÖÉ´μ¸É¨ Ë²¥°¢μ·´ÒÌ ¶¥·¥Ìμ¤μ¢. �μ± § ´μ, ÎÉμ ÔËË¥±ÉÒ ¤¥±μ£¥·¥´É´μ-
¸É¨ ´¥μ¡Ìμ¤¨³μ ÊÎ¨ÉÒ¢ ÉÓ ¢ ¸μ¢·¥³¥´´ÒÌ Ê¸±μ·¨É¥²Ó´ÒÌ Ô±¸¶¥·¨³¥´É Ì, ¢
±μÉμ·ÒÌ ¨¸¶μ²Ó§ÊÕÉ¸Ö ±μ·μÉ±μ¨³¶Ê²Ó¸´Ò¥ ´¥°É·¨´´Ò¥ ¶ÊÎ±¨. �É¨ ÔËË¥±ÉÒ
¢ ¦´Ò É ±¦¥ ¤²Ö  ¸É·μË¨§¨Î¥¸±¨Ì ´¥°É·¨´´ÒÌ Ô±¸¶¥·¨³¥´Éμ¢ (¨§-§  · ¸-
¶²Ò¢ ´¨Ö ´¥°É·¨´´μ£μ ¢μ²´μ¢μ£μ ¶ ±¥É  ´  ¡μ²ÓÏ¨Ì · ¸¸ÉμÖ´¨ÖÌ). ‚ · ¡μÉ¥
μ¡¸Ê¦¤ ¥É¸Ö ¢μ§³μ¦´ Ö ³¥Éμ¤¨±  ¨§³¥·¥´¨Ö Ë ±Éμ·μ¢ ¤¥±μ£¥·¥´É´μ¸É¨ ¢ ¡Ê-
¤ÊÐ¨Ì Ô±¸¶¥·¨³¥´É Ì.

‚ § ±²ÕÎ¥´¨¥ ±· É±μ ¸Ëμ·³Ê²¨·Ê¥³ ´ ¨¡μ²¥¥ ¢ ¦´Ò¥ ·¥§Ê²ÓÉ ÉÒ ´ Ï¥°
· ¡μÉÒ.

1. � §¢¨É ±μ¢ ·¨ ´É´Ò° Ëμ·³ ²¨§³ ¢μ²´μ¢ÒÌ ¶ ±¥Éμ¢, Ê¸É· ´ÖÕÐ¨° ¨¸-
±Ê¸¸É¢¥´´Ò¥ ¸¨´£Ê²Ö·´Ò¥ ´μ·³¨·μ¢±¨ ¸μ¸ÉμÖ´¨°, ¶·¨¸ÊÐ¨¥ ¸É ´¤ ·É´μ³Ê
S-³ É·¨Î´μ³Ê ¶μ¤Ìμ¤Ê Š’�.

2. �·¥¤²μ¦¥´  ´μ¢ Ö ³μ¤¥²Ó ·¥²ÖÉ¨¢¨¸É¸±μ£μ £ Ê¸¸μ¢  ‚� (�ƒ�). �¡μ¡-
Ð¥´¨¥ Ëμ·³ ²¨§³  ¸ ÊÎ¥Éμ³ ‚� ¡μ²¥¥ μ¡Ð¥£μ ¢¨¤  ¶·¥¤¸É ¢²Ö¥É ²¨ÏÓ É¥Ì-
´¨Î¥¸±¨¥, ´μ ´¥ ¶·¨´Í¨¶¨ ²Ó´Ò¥ É·Ê¤´μ¸É¨.

3. ’μÎ±¨ ¢§ ¨³μ¤¥°¸É¢¨Ö in- ¨ out-¶ ±¥Éμ¢ ¶·μ¨§¢μ²Ó´Ò. �Éμ ¶·¨¢μ¤¨É
± Î¥ÉÒ·¥Ì³¥·´μ³Ê μ¡μ¡Ð¥´¨Õ ¶·¨Í¥²Ó´μ£μ ¶ · ³¥É· . ˆ§ Ëμ·³ ²¨§³   ¢-
Éμ³ É¨Î¥¸±¨ ¸²¥¤Ê¥É ±μ··¥±É´μ¥ μ¶·¥¤¥²¥´¨¥ ÉμÎ¥± xS ¨ xD , Ì · ±É¥·¨§Ê-
ÕÐ¨Ì ·μ¦¤¥´¨¥ ¨ ¶μ£²μÐ¥´¨¥ ´¥°É·¨´μ. �É¨ ÉμÎ±¨ ´¥ § ¤ ÕÉ¸Ö ®·Ê± ³¨¯,
± ± ¢μ ¢¸¥Ì ¤·Ê£¨Ì ¨§¢¥¸É´ÒÌ ´ ³ ¶μ¤Ìμ¤ Ì. � ¶·μÉ¨¢, μ´¨  ¢Éμ³ É¨Î¥-
¸±¨ ¢μ§´¨± ÕÉ ¢ Ëμ·³ ²¨§³¥ ± ± ÔËË¥±É¨¢´Ò¥ ÉμÎ±¨, ¸μ¤¥·¦ Ð¨¥¸Ö ¢ Ë §¥
±μ³¶²¥±¸´μ§´ Î´μ£μ Î¥ÉÒ·¥Ì³¥·´μ£μ μ¡Ñ¥³  ¶¥·¥±·ÒÉ¨Ö ¶ ±¥Éμ¢ ¸ ¶·μ¨§-
¢μ²Ó´Ò³¨ ´ Î ²Ó´Ò³¨ ¨²¨ ±μ´¥Î´Ò³¨ ±μμ·¤¨´ É ³¨ xκ ¨ ¸±μ·μ¸ÉÖ³¨ vκ,
μ¤´μ§´ Î´μ § ¤ ÕÐ¨³¨ ±² ¸¸¨Î¥¸±¨¥ ³¨·μ¢Ò¥ É·Ê¡±¨ ¶ ±¥Éμ¢. ‚ÒÎ¨¸²¥´Ò
Ë ±Éμ·Ò £¥μ³¥É·¨Î¥¸±μ£μ ¶μ¤ ¢²¥´¨Ö ¢¥·μÖÉ´μ¸É¨ ¢§ ¨³μ¤¥°¸É¢¨Ö ‚� ¤²Ö
´¥±μ²²¨´¥ ·´ÒÌ ¸Éμ²±´μ¢¥´¨° ¨ μ¡Ñ¥³Ò ¶¥·¥±·ÒÉ¨Ö ¸ ÊÎ¥Éμ³ ´¥´Ê²¥¢ÒÌ
¶·¨Í¥²Ó´ÒÌ ¶ · ³¥É·μ¢.

4. ”μ·³ ²¨§³  ¢Éμ³ É¨Î¥¸±¨ ÊÎ¨ÉÒ¢ ¥É ¶·μ¤μ²Ó´ÊÕ ¤¨¸¶¥·¸¨Õ ÔËË¥±-
É¨¢´μ£μ ‚� ´¥°É·¨´μ.

5. � §· ¡μÉ ´ ¨ ¶·¨³¥´¥´ ±μ··¥±É´Ò° ³¥Éμ¤ ³ ±·μ¸±μ¶¨Î¥¸±μ£μ Ê¸·¥¤-
´¥´¨Ö. Œ¥Éμ¤ ¢±²ÕÎ ¥É ÊÎ¥É ¶·μ¨§¢μ²Ó´ÒÌ (±μ´¥Î´ÒÌ ¨²¨ ¡¥¸±μ´¥Î´ÒÌ, ¸¨´-
Ì·μ´¨§¨·μ¢ ´´ÒÌ ¨²¨ ´¥¸¨´Ì·μ´¨§¨·μ¢ ´´ÒÌ) ¢·¥³¥´´ÒÌ ¨´É¥·¢ ²μ¢ · ¡μÉÒ
®¨¸ÉμÎ´¨± ¯ ¨ ®¤¥É¥±Éμ· ¯. �μ²ÊÎ¥´  Ëμ·³Ê²  ¤²Ö Î¨¸²  ¸μ¡ÒÉ¨°, ¸μμÉ¢¥É-
¸É¢ÊÕÐ¥£μ ³ ±·μ¸±μ¶¨Î¥¸±μ° Ë¥°´³ ´μ¢¸±μ° ¤¨ £· ³³¥ ¢¥¸Ó³  μ¡Ð¥£μ ¢¨¤ .
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�¡μ¡Ð¥´¨¥ ´  ¤·Ê£¨¥ É¨¶Ò ³ ±·μ¤¨ £· ³³ ¤μ¸É ÉμÎ´μ μÎ¥¢¨¤´μ. �μ²ÊÎ¥´μ
¢Ò· ¦¥´¨¥, μ¡μ¡Ð ÕÐ¥¥ ¢¥·μÖÉ´μ¸ÉÓ Ë²¥°¢μ·´μ£μ ¶¥·¥Ìμ¤ , Pαβ , ¸ ÊÎ¥Éμ³
¢¸¥Ì ¢ÒÏ¥Ê¶μ³Ö´ÊÉÒÌ ÔËË¥±Éμ¢.

6. ‚μ ¢¸¥Ì Ë¨§¨Î¥¸±¨ μ¸³Ò¸²¥´´ÒÌ ¶·¥¤¥²Ó´ÒÌ ¸²ÊÎ ÖÌ Ëμ·³Ê²Ò
¤²Ö Pαβ ²¨¡μ ¸μ£² ¸ÊÕÉ¸Ö ¸ ¨§¢¥¸É´Ò³¨ ¨ ¶·μ¢¥·¥´´Ò³¨ Ô±¸¶¥·¨³¥´É ²Ó´μ,
²¨¡μ ¶·¥¤¸± §Ò¢ ÕÉ ´μ¢Ò¥ ´¥É·¨¢¨ ²Ó´Ò¥ ÔËË¥±ÉÒ.

�·¨³¥·Ò ´μ¢ÒÌ ÔËË¥±Éμ¢.
� ‡ ¢¨¸¨³μ¸ÉÓ ®¢¥·μÖÉ´μ¸É¥° Ë²¥°¢μ·´ÒÌ ¶¥·¥Ìμ¤μ¢¯ (  ÉμÎ´¥¥, ¸±μ·μ-

¸É¨ ¸Î¥É  ¸μ¡ÒÉ¨° ¸ ´ ·ÊÏ¥´¨¥³ ²¥¶Éμ´´ÒÌ Î¨¸¥²) μÉ ±μ´¥Î´ÒÌ ¢·¥³¥´´ÒÌ
¨´É¥·¢ ²μ¢ · ¡μÉÒ ®¨¸ÉμÎ´¨± ¯ ¨ ®¤¥É¥±Éμ· ¯. �Éμ ¢ ¦´μ, ¢ Î ¸É´μ¸É¨, ¤²Ö
Ô±¸¶¥·¨³¥´Éμ¢ ¸ Ê¸±μ·¨É¥²Ó´Ò³¨ ´¥°É·¨´μ.

� �±¸¶μ´¥´Í¨ ²Ó´μ¥ ¶μ¤ ¢²¥´¨¥ Î¨¸²  ´¥¸¨´Ì·μ´¨§¨·μ¢ ´´ÒÌ ¸μ¡ÒÉ¨°.
� � ¸¶²Ò¢ ´¨¥ ÔËË¥±É¨¢´μ£μ ‚� ´¥°É·¨´μ ´  ¡μ²ÓÏ¨Ì · ¸¸ÉμÖ´¨ÖÌ.
� ‡ ¢¨¸¨³μ¸ÉÓ ¤¨¸¶¥·¸¨¨ ¨³¶Ê²Ó¸  ´¥°É·¨´μ μÉ ±¨´¥³ É¨±¨ ¸μ¡ÒÉ¨° ¢

¨¸ÉμÎ´¨±¥ ¨ ¤¥É¥±Éμ·¥. Ÿ¢´Ò¥ Ëμ·³Ê²Ò, μ¶¨¸Ò¢ ÕÐ¨¥ ÔÉÊ § ¢¨¸¨³μ¸ÉÓ, ¶μ-
²ÊÎ¥´Ò ¢ ¸ ³μ³ μ¡Ð¥³ ¸²ÊÎ ¥ (É. ¥. ¤²Ö ¶·μ¨§¢μ²Ó´ÒÌ ·¥ ±Í¨° ¢ ¨¸ÉμÎ´¨±¥
¨ ¤¥É¥±Éμ·¥) ¨ ¤¥É ²Ó´μ ¶·μ ´ ²¨§¨·μ¢ ´Ò ¤²Ö ´ ¨¡μ²¥¥ ¶·μ¸ÉÒÌ ¨ ¢ ¦´ÒÌ
¶·μÍ¥¸¸μ¢ (¤¢ÊÌ- ¨ É·¥ÌÎ ¸É¨Î´ÒÌ · ¸¶ ¤μ¢, ±¢ §¨Ê¶·Ê£μ£μ · ¸¸¥Ö´¨Ö) ¢ ¶²μ¸-
±μ¢μ²´μ¢μ³ ¶·¥¤¥²¥.

�² £μ¤ ·´μ¸É¨. ŒÒ ¡² £μ¤ ·¨³ ….Š.�Ì³¥¤μ¢ ,‚.�. 
¥¤´Ö±μ¢ ,‘.Œ. 
¨-
²¥´Ó±μ£μ, ‡. ƒ. 
¥·¥¦¨ ´¨, ”. ‚¨¸¸ ´¨, Œ. ˆ. ‚Ò¸μÍ±μ£μ, �. ‡. ƒ §¨§μ¢ ,
Œ. �. ƒμ´Î · , „. ‘. ƒμ·¡Ê´μ¢ , Š. „¦Ê´É¨, ˆ.�.ˆ¢ ´μ¢ , ˆ. „.Š ±μ·¨´ ,
�. ….Š ²μÏ¨´ , „.ˆ.Š § ±μ¢ , ‘. �.Šμ·¥´¡²¨É , Š. ‘.ŠÊ§Ó³¨´ , ‚.�. ‹¨,
‚.�μÉÍ¥²Ö, ‚.�. �Ê¡ ±μ¢ , „. ‚. ’ °Î¥´ Î¥¢ , �. ‚. ’¥·Ö¥¢ , Š.�. ’·¥¸±μ¢ ,

�.ˆ.”· ´± , �. ‘.˜¥ÏÊ±μ¢ , Œ. ˆ.˜¨·μ±μ¢  ¨ „. ‘.˜±¨·³ ´μ¢  §  ¸É¨-
³Ê²¨·ÊÕÐ¨¥ μ¡¸Ê¦¤¥´¨Ö ¨ ±·¨É¨±Ê.

�·¨²μ¦¥´¨¥ 1
‘‚�‰‘’‚� ’…�‡���‚ �…�…Š�›’ˆŸ

�1.1. �¡Ð¨¥ Ëμ·³Ê²Ò ¤²Ö R
μν
s,d ¨ R̃

μν
s,d. � ¸¸³μÉ·¨³ μ¡Ð¨¥ ¸¢μ°¸É¢ 

É¥´§μ·μ¢ ¶¥·¥±·ÒÉ¨Ö

R
μν
s,d =
∑

κ

T μν
κ

=
∑

κ

σ2
κ
(uμ

κ
uν

κ
− gμν).

„²Ö ÔÉμ£μ ¶μ²¥§´μ ´ ¶¨¸ ÉÓ ³ É·¨ÍÒ Rs,d = ||Rμν
s,d|| ¢ Ö¢´μ³ ¢¨¤¥:

Rs,d =
∑

κ

σ2
κ

⎛⎜⎜⎝
Γ2

κ
− 1 −Γκuκ1 −Γκuκ2 −Γκuκ3

−Γκuκ1 1 + u2
κ1 uκ1uκ2 uκ1uκ3

−Γκuκ2 uκ2uκ1 1 + u2
κ2 uκ2uκ3

−Γκuκ3 uκ3uκ1 uκ3uκ2 1 + u2
κ3

⎞⎟⎟⎠ ,
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¨²¨, Ô±¢¨¢ ²¥´É´μ,

Rs,d =

=
∑

κ

(σκΓκ)2

⎛⎜⎜⎜⎝
v2

κ
−vκ1 −vκ2 −vκ3

−vκ1 1 − v2
κ2 − v2

κ3 vκ1vκ2 vκ1vκ3

−vκ2 vκ2vκ1 1 − v2
κ3 − v2

κ1 vκ2vκ3

−vκ3 vκ3vκ1 vκ3vκ2 1 − v2
κ1 − v2

κ2

⎞⎟⎟⎟⎠ .

‡¤¥¸Ó ¨ ¤ ²¥¥ uκi ¨ vκi (i = 1, 2, 3) Å ±μ³¶μ´¥´ÉÒ ¢¥±Éμ·μ¢ uκ = pκ/mκ

¨ vκ ¸μμÉ¢¥É¸É¢¥´´μ (uκi = Γκvκi). Š ± ¨ ¢ÒÏ¥, ¨´¤¥±¸ κ ´Ê³¥·Ê¥É ¶ -
±¥ÉÒ ¨§ ¢¸¥Ì Î¥ÉÒ·¥Ì ´ ¡μ·μ¢ ´ Î ²Ó´ÒÌ (Is,d) ¨ ±μ´¥Î´ÒÌ (Fs,d) ¸μ¸ÉμÖ-
´¨°. �¥É·Ê¤´μ ¢¨¤¥ÉÓ, ÎÉμ |Tκ | = |Tκ |vκ=0 = 0, ´μ |Rs,d| > 0. �Éμ ¸²¥-

¤Ê¥É ¨§ ¶μ²μ¦¨É¥²Ó´μ¸É¨ ±¢ ¤· É¨Î´ÒÌ Ëμ·³ R
μν
s,d xμxν ¢ ¶·¥¤¶μ²μ¦¥´¨¨,

ÎÉμ σκ > 0 ¶μ ±· °´¥° ³¥·¥ ¤²Ö ¤¢ÊÌ ¶ ±¥Éμ¢ κ. �É³¥É¨³ É ±¦¥, ÎÉμ

Tr Tκ = T μ
κμ = −3σ2

κ
¨, ¸²¥¤μ¢ É¥²Ó´μ, TrRs,d = −3

∑
κ

σ2
κ
. „·Ê£¨³ ¢ ¦´Ò³

¸¢μ°¸É¢μ³ μ¶·¥¤¥²¨É¥²Ö |Rs,d| Ö¢²Ö¥É¸Ö ¶μ²μ¦¨É¥²Ó´μ¸ÉÓ ¢¸¥Ì ¥£μ £² ¢´ÒÌ
³¨´μ·μ¢. �É¸Õ¤  ¸²¥¤Ê¥É, ¢ Î ¸É´μ¸É¨, ÎÉμ ¶·μ¸É· ´¸É¢¥´´Ò¥ Î ¸É¨ ³ É·¨Í

Rs,d, É. ¥. ³ É·¨ÍÒ ||Rij
s,d|| (i, j = 1, 2, 3), É ±¦¥ Ö¢²ÖÕÉ¸Ö ¶μ²μ¦¨É¥²Ó´μ μ¶·¥-

¤¥²¥´´Ò³¨,   §´ Î¨É, ¨ ±¢ ¤· É¨Î´Ò¥ Ëμ·³Ò R
ij
s,dxixj ¶μ²μ¦¨É¥²Ó´Ò.

‚ ¤ ²Ó´¥°Ï¥³ ³Ò ¡Ê¤¥³ ¨¸¶μ²Ó§μ¢ ÉÓ ¸²¥¤ÊÕÐ¨¥ μ¡μ§´ Î¥´¨Ö:

ωi =
∑

κ

σ2
κ
(1 + u2

κi), ω =
∑

κ

σ2
κ
u2

κ
,

υi =
∑

κ

σ2
κ
Γκuκi, wi =

∑
κ

σ2
κ
uκjuκk.

(326)

‡¤¥¸Ó ¨ ¤ ²¥¥ ¨´¤¥±¸Ò s ¨ d ´¥ ¶¨ÏÊÉ¸Ö ¤²Ö Ê¶·μÐ¥´¨Ö Ëμ·³Ê². �·μ¸É· ´-
¸É¢¥´´Ò¥ ¨´¤¥±¸Ò, μ¡μ§´ Î ¥³Ò¥ ² É¨´¸±¨³¨ ¡Ê±¢ ³¨ i, j, k, ¶·¨´¨³ ÕÉ §´ -
Î¥´¨Ö 1, 2, 3; ¶·¨ ÔÉμ³ ¶μ¤· §Ê³¥¢ ¥É¸Ö, ¥¸²¨ ´¥ μ£μ¢μ·¥´μ ¶·μÉ¨¢´μ£μ, ÎÉμ
i 	= j 	= k, ¶·¨Î¥³ ¢ ± ¦¤μ° Ëμ·³Ê²¥, ¸μ¤¥·¦ Ð¥° ¢¸¥ É·¨ ¨´¤¥±¸ , É·μ°± 
(i, j, k) Ö¢²Ö¥É¸Ö Í¨±²¨Î¥¸±μ° ¶¥·¥¸É ´μ¢±μ° (1, 2, 3). ˆ¸¶μ²Ó§ÊÖ ÔÉ¨ ¸μ£² -
Ï¥´¨Ö, § ¶¨Ï¥³ μ¶·¥¤¥²¨É¥²¨ Rs ¨ Rd ¢ ¢¨¤¥

|Rs,d| = ω
∏

i

ωi + 2ω
∏

i

wi +
∑

i

υiwi(υiwi − υjwj − υkwk)+

+
∑

i

[wiωi(2υjυk − ωwi) − υ2
i ωjωk]. (327)

�1.2. �¡· É´Ò¥ É¥´§μ·Ò ¶¥·¥±·ÒÉ¨Ö R̃
μν
s,d. Œ É·¨ÍÒ, μ¡· É´Ò¥ ± Rs,d,

μ¶·¥¤¥²ÖÕÉ¸Ö Î¥·¥§  ²£¥¡· ¨Î¥¸±¨¥ ¤μ¶μ²´¥´¨Ö ( ¤ÑÕ´±ÉÒ) A
μν
s,d ³ É·¨Î´ÒÌ
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Ô²¥³¥´Éμ¢ Rs,d:

R
−1
s,d = |Rs,d|−1||Aμν

s,d||, (328)

A
00
s,d =
∏

i

ωi −
∑

i

w2
i ωi + 2

∏
i

wi,

A
0i
s,d = υiωjωk − υjwkωk − υkwjωj + wi(υjwj + υkwk − υiwi),

A
ii
s,d = ω(ωjωk − w2

i ) + 2wiυjυk − υ2
j ωk − υ2

kωj,

A
jk
s,d = (υjυk − ωwi)ωi + υi(υiwi − υjwj − υkwk) + ωwjwk.

(329)

�É¸Õ¤  ´ Ìμ¤¨³ ³ É·¨Î´Ò¥ Ô²¥³¥´ÉÒ ³ É·¨Í R̃s,d:

R̃
μν
s,d = (R−1

s,d)μν = |Rs,d|−1
Ã

μν
s,d,

£¤¥
Ã

00
s,d = A

00
s,d, Ã

0i
s,d = Ã

i0
s,d = −A

0i
s,d, Ã

ij
s,d = Ã

ji
s,d = A

ij
s,d.

Ÿ¢´Ò¥ Ëμ·³Ê²Ò ¤²Ö ±μ³¶μ´¥´É μ¡· É´ÒÌ É¥´§μ·μ¢ ¶¥·¥±·ÒÉ¨Ö ¢ É¥·³¨´ Ì
´ ¨¡μ²¥¥ ¢¥·μÖÉ´ÒÌ 4-¸±μ·μ¸É¥° ¡Ò²¨ ´ °¤¥´Ò ¢ [123]:

R̃
μν
s,d =

1
|Rs,d|

∑
a,b,c∈S,D

σ2
aσ2

bσ2
c I

abc μν
s,d . (330)

”¨£Ê·¨·ÊÕÐ¨¥ ¢ (330) ³´μ£μ¨´¤¥±¸´Ò¥ ¢Ò· ¦¥´¨Ö (¸¨³³¥É·¨Î´Ò¥ ¶μ ²μ·¥´-
Í¥¢Ò³ ¨´¤¥±¸ ³) ¨³¥ÕÉ ¢¨¤

I
abc 00
s,d =

[
ΓaΓb −

1
3
(uaub)

]
(ubuc)(ucua) +

1
2
Γ2

a[1 − (ubuc)2] +
1
3
,

I
abc 0i
s,d =

1
2
Γc[(uaub)2uci − uci − 2(uaub)(ubuc)uai + 2(uauc)uai]−

− Γb(uaub)uai,

I
abc ij
s,d = ΓaΓb[(ucua)(ucub) − (uaub)]δij +

1
2
(Γ2

c − 1)[1 − (uaub)2]δij+

+ {Γc[Γa(ubuc) + Γb(ucua) − Γc(uaub)] − ΓaΓb + (uaub)}uaiubj+
+ Γb[Γb − Γa(uaub)]uciucj;

|Rs,d| =
∑

a,b,c,d∈S,D
σ2

aσ2
bσ2

cσ2
d{ΓaΓb(ucua)[(ucud)(udub) − (ubuc)]+

+
1
3
[(uaub)(ubuc)(ucua) − 1] − 1

2
ΓaΓb(uaub)[(ucud)2 − 1]+

+
1
6
Γ2

d[3(ubuc)2 − 2(uaub)(ubuc)(ucua) − 1]}.

�ÉμÉ ·¥§Ê²ÓÉ É ¶μ²ÊÎ¥´ ¡¥§ ¶·¥¤¶μ²μ¦¥´¨Ö μ ¸μÌ· ´¥´¨¨ Ô´¥·£¨¨-¨³¶Ê²Ó¸ .
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�μ²μ¦¨É¥²Ó´ Ö μ¶·¥¤¥²¥´´μ¸ÉÓ ¸¨³³¥É·¨Î´ÒÌ ³ É·¨Í Rs,d (  ¸²¥¤μ¢ -

É¥²Ó´μ, ¨ R̃s,d) ¶·¨¢μ¤¨É ± ·Ö¤Ê ¸É·μ£¨Ì ´¥· ¢¥´¸É¢, ¢ Î ¸É´μ¸É¨∗

R̃
μμ
s,d > 0, R̃

00
s,dR̃

ii
s,d − (R̃0i

s,d)
2 > 0, R̃

jj
s,dR̃

kk
s,d − (R̃jk

s,d)
2 > 0. (331 )

�´ ²μ£¨Î´Ò¥ ´¥· ¢¥´¸É¢  ¸¶· ¢¥¤²¨¢Ò ¨ ¤²Ö  ¤ÑÕ´±Éμ¢ A
μν
s,d ¨ Ã

μν
s,d (¶μ-

¸±μ²Ó±Ê |R̃s,d| > 0),   É ±¦¥ ¤²Ö Ô²¥³¥´Éμ¢ ³ É·¨ÍÒ ||Rμν || = ||R̃μν
s + R̃

μν
d ||

(´¥É ¸Ê³³¨·μ¢ ´¨Ö ¶μ ¶μ¢Éμ·ÖÕÐ¨³¸Ö ¨´¤¥±¸ ³):

Rμμ > 0, R00Rii − R2
0i > 0, RjjRkk − R2

jk > 0. (331¡)

ˆ§ ´¥· ¢¥´¸É¢ (331¡) ¢ÒÉ¥± ÕÉ ¢ ¦´Ò¥ ¸²¥¤¸É¢¨Ö, ¢ Î ¸É´μ¸É¨ ¶μ²μ¦¨É¥²Ó-
´μ¸ÉÓ ËÊ´±Í¨° � ¨ m − n0 − n2

0. „¥°¸É¢¨É¥²Ó´μ, ¢ ¸¨¸É¥³¥ ±μμ·¤¨´ É, μ¸Ó z
±μÉμ·μ° ´ ¶· ¢²¥´  ¢¤μ²Ó ¥¤¨´¨Î´μ£μ ¢¥±Éμ·  l, ¨³¥¥³

� = R33, m − n0 − n
2
0 =

R00� − (Rl)2

R2
=

R00R33 − R2
03

(R00 − 2R03 + R33)
2 .

�μ¸±μ²Ó±Ê ¦¥ ÔÉ¨ ¢¥²¨Î¨´Ò ¢· Ð É¥²Ó´μ-¨´¢ ·¨ ´É´Ò, Éμ ¨§ (331¡) ¸²¥¤Ê¥É,
ÎÉμ � > 0 ¨ m − n0 − n2

0 > 0. ˆ§ ¶μ¸²¥¤´¥£μ ´¥· ¢¥´¸É¢  ¢¨¤¨³, ÎÉμ
¢¥²¨Î¨´  (285) ¶μ²μ¦¨É¥²Ó´ , ÎÉμ ¶·¨¢μ¤¨É ± ¶μ¤ ¢²¥´¨Õ ¢¥·μÖÉ´μ¸É¨ (297).

”Ê´±Í¨¨ n ¨ m̄ ¸É·μÖÉ¸Ö ¨§ ±μ³¶μ´¥´É 4-¢¥±Éμ·  Y = Ys + Yd, £¤¥

Y μ
s = R̃

μν
s qsν ¨ Y μ

d = −R̃
μν
d qdν ,

¨ É¥´§μ·´ÒÌ ±μ³¶μ´¥´É R0i = R̃0i
s +R̃0i

d . �É³¥É¨³ É ±¦¥, ÎÉμ ¤²Ö ¢ÒÎ¨¸²¥´¨Ö
ËÊ´±Í¨¨ n ¢ ¤¥°¸É¢¨É¥²Ó´μ¸É¨ ¤μ¸É ÉμÎ´μ §´ ÉÓ ²¨ÏÓ ¸± ²Ö·´μ¥ ¶·μ¨§¢¥¤¥-
´¨¥ Y l = (Ys+Yd)l = EνR ¨ ´Ê²¥¢ÊÕ ±μ³¶μ´¥´ÉÊ Y 0 = Y 0

s +Y 0
d . 
μ²¥¥ Éμ£μ,

¤μ¸É ÉμÎ´μ ¢ÒÎ¨¸²¨ÉÓ ÔÉ¨ ¢¥²¨Î¨´Ò ¢ �‚0-¶·¥¤¥²¥, ¢ ±μÉμ·μ³ · ¸Î¥ÉÒ ¸ÊÐ¥-
¸É¢¥´´μ Ê¶·μÐ ÕÉ¸Ö. ‚ ¤ ²Ó´¥°Ï¥³ ³Ò ¡Ê¤¥³ ¨¸¶μ²Ó§μ¢ ÉÓ ¸¨³¢μ² {f} ¤²Ö
Ê± § ´¨Ö Éμ£μ, ÎÉμ ËÊ´±Í¨Ö f ¢ÒÎ¨¸²Ö¥É¸Ö ¢ �‚0-¶·¥¤¥²¥. ‚ ÔÉ¨Ì É¥·³¨´ Ì

Ys,dl → R̃
μν
s,dqμlν

∣∣∣
q=Eν l

= E−1
ν

{
R̃

μν
s,dqμqν

}
¨ Y 0

s,d →
{
R̃

0μ
s,dqμ

}
.

„²Ö ¨²²Õ¸É· Í¨¨ μ¡Ð¨Ì Ëμ·³Ê² ´¨¦¥ · ¸¸³μÉ·¨³ ´¥¸±μ²Ó±μ ¶·μ¸É¥°Ï¨Ì
É¨¶μ¢ ¶·μÍ¥¸¸μ¢ ¢ ¨¸ÉμÎ´¨±¥ ¨ ¤¥É¥±Éμ·¥, ¶·¥¤¸É ¢²ÖÕÐ¨Ì ¨´É¥·¥¸ ¤²Ö ¶·¨-
²μ¦¥´¨° É¥μ·¨¨ ± ·¥ ²Ó´Ò³ ´¥°É·¨´´Ò³ Ô±¸¶¥·¨³¥´É ³.

∗‹¥¢Ò¥ Î ¸É¨ ´¥· ¢¥´¸É¢ (331 ) ¶·¥¤¸É ¢²ÖÕÉ ¸μ¡μ° £² ¢´Ò¥ ³¨´μ·Ò R̃s,d ¶¥·¢μ£μ ¨ ¢Éμ-
·μ£μ ¶μ·Ö¤±μ¢. �μ¤· §Ê³¥¢ ¥É¸Ö, ÎÉμ §¤¥¸Ó (± ± ¨ ´¨¦¥, ¢ Ëμ·³Ê² Ì (331¡)) ´¥É ¸Ê³³¨·μ¢ ´¨Ö
¶μ ¶μ¢Éμ·ÖÕÐ¨³¸Ö ¨´¤¥±¸ ³.
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�1.3. „¢ÊÌÎ ¸É¨Î´Ò° · ¸¶ ¤ ¢ ¨¸ÉμÎ´¨±¥. ˆ§ÊÎ¨³ ¶·μ¸É¥°Ï¨° ¶·μ-
Í¥¸¸ Å ²¥¶Éμ´´Ò° · ¸¶ ¤ a → �ν∗ ¢ ¨¸ÉμÎ´¨±¥ (a	2). ‡¤¥¸Ó a Å § ·Ö¦¥´´Ò°

³¥§μ´ (π±, K±, D±
s , . . .), � Å § ·Ö¦¥´´Ò° ²¥¶Éμ´ (e±, μ±, τ±) ¨ ν∗ Å ¢¨·-

ÉÊ ²Ó´μ¥ ´¥°É·¨´μ ¨²¨  ´É¨´¥°É·¨´μ. �μ¸±μ²Ó±Ê É ±¨¥ · ¸¶ ¤Ò Ö¢²ÖÕÉ¸Ö
μ¸´μ¢´Ò³¨ ¨¸ÉμÎ´¨± ³¨ Ê¸±μ·¨É¥²Ó´ÒÌ,  É³μ¸Ë¥·´ÒÌ ¨  ¸É·μË¨§¨Î¥¸±¨Ì
´¥°É·¨´μ ¨  ´É¨´¥°É·¨´μ ¢Ò¸μ±¨Ì Ô´¥·£¨°, ³Ò ¨§ÊÎ¨³ ÔÉμÉ ¶·¨³¥· ¤μ¸É -
ÉμÎ´μ ¶μ¤·μ¡´μ∗.

�1.3.1. ”μ·³Ê²Ò ¶·¨ ¶·μ¨§¢μ²Ó´ÒÌ ¨³¶Ê²Ó¸ Ì. ‚ · ¸¸³ É·¨¢ ¥³μ³ ¸²Ê-
Î ¥ μ¶·¥¤¥²¨É¥²Ó ³ É·¨ÍÒ Rs ³μ¦´μ ²¥£±μ ¢ÒÎ¨¸²¨ÉÓ ¶μ Ëμ·³Ê²¥ (327),
§ ¶¨¸ ´´μ° ¢ ¸. ¸. μ. ³¥§μ´´μ£μ ¶ ±¥É ∗∗:

|Rs| = σ2
aσ2

	 σ4
2 |u


	 |2. (332)

‡¤¥¸Ó σ2
2 = σ2

a +σ2
	 ¨ u	 = p	/m	 = Γ	v	. �μ¸±μ²Ó±Ê μ¶·¥¤¥²¨É¥²Ó |Rs| ¥¸ÉÓ

²μ·¥´Í-¨´¢ ·¨ ´É, μ´ ¶·¥μ¡· §Ê¥É¸Ö ¢ ². ¸. ¶μ¤¸É ´μ¢±μ°

|u

	 | =

1
mam	

√
(E	pa − Eap	)2 − |pa × p	|2 = (uau	)Va	,

£¤¥

Va	 =

√
(va − v	)2 − |va × v	|2

1 − vav	

¥¸ÉÓ ¨´¢ ·¨ ´É´ Ö μÉ´μ¸¨É¥²Ó´ Ö ¸±μ·μ¸ÉÓ ³¥§μ´  ¨ ²¥¶Éμ´  ¢ ². ¸. �É³¥-
É¨³, ÎÉμ ¢ ÔÉμ° Ëμ·³Ê²¥ ±¨´¥³ É¨Î¥¸±¨¥ ¶¥·¥³¥´´Ò¥, μÉ´μ¸ÖÐ¨¥¸Ö ± · §´Ò³
Î ¸É¨Í ³, ´¥§ ¢¨¸¨³Ò ¤·Ê£ μÉ ¤·Ê£ , ¶μ¸±μ²Ó±Ê μ´¨ ´¥ μ£· ´¨Î¥´Ò § ±μ´μ³
¸μÌ· ´¥´¨Ö Ô´¥·£¨¨-¨³¶Ê²Ó¸ . �μ ¢ Î ¸É´μ³ ¸²ÊÎ ¥, ±μ£¤  ¢¨·ÉÊ ²Ó´μ¥ ´¥°-
É·¨´μ ´ Ìμ¤¨É¸Ö ´  ³ ¸¸μ¢μ° ¶μ¢¥·Ì´μ¸É¨,   ³ ¸¸  ´¥°É·¨´μ ¨ ®· §³ §±¨¯
¨³¶Ê²Ó¸μ¢ ³¥§μ´  ¨ ²¥¶Éμ´  ¶·¥´¥¡·¥¦¨³μ ³ ²Ò, ³μ¦´μ ¨¸¶μ²Ó§μ¢ ÉÓ μ¡ÒÎ-
´Ò¥ ¸μμÉ´μÏ¥´¨Ö ±¨´¥³ É¨±¨ 2-Î ¸É¨Î´μ£μ · ¸¶ ¤ , ¸μ£² ¸´μ ±μÉμ·Ò³

|v

	 | = Va	 =

m2
a − m2

	

m2
a + m2

	

¨ |u

	 | =

m2
a − m2

	

2mam	
.

∗� §Ê³¥¥É¸Ö, Ëμ·³Ê²Ò ¤ ´´μ£μ · §¤¥²  ¸¶· ¢¥¤²¨¢Ò ¤²Ö ²Õ¡ÒÌ ¤¢ÊÌÎ ¸É¨Î´ÒÌ · ¸¶ ¤μ¢,
´ ¶·¨³¥· ¤²Ö · ¸¶ ¤μ¢ ·¥²ÖÉ¨¢¨¸É¸±¨Ì ¨μ´μ¢, ¨¤ÊÐ¨Ì §  ¸Î¥É § Ì¢ É  μ·¡¨É ²Ó´μ£μ Ô²¥±É·μ´ 

(É ±¨Ì ± ± 140Pr57+ → 140Ce57+ν∗) ¢ ³Ò¸²¥´´μ³ Ô±¸¶¥·¨³¥´É¥, ¸¶μ¸μ¡´μ³ ¤¥É¥±É¨·μ¢ ÉÓ
´¨§±μÔ´¥·£¥É¨Î¥¸±¨¥ ´¥°É·¨´μ μÉ EC-· ¸¶ ¤ . ‘ ¨§¢¥¸É´Ò³¨ μ£μ¢μ·± ³¨ Ëμ·³Ê²Ò ¶·¨³¥´¨³Ò
¨ ¤²Ö ¶μ¸²¥¤μ¢ É¥²Ó´ÒÌ ¶·μÍ¥¸¸μ¢ ¨§²ÊÎ¥´¨Ö ¨ ·¥§μ´ ´¸´μ£μ ¶μ£²μÐ¥´¨Ö (¨´¤ÊÍ¨·μ¢ ´´μ£μ
Ô²¥±É·μ´´Ò³ § Ì¢ Éμ³) ³¥¸¸¡ ÊÔ·μ¢¸±μ£μ  ´É¨´¥°É·¨´μ (´ ¶·¨³¥· 3H → 3He + ν∗, ν∗+
3He → 3H).

∗∗„²Ö μ¡μ§´ Î¥´¨Ö ¸. ¸. μ. ³¥§μ´  ³Ò ¨¸¶μ²Ó§Ê¥³ ¶μ¤¸É·μÎ´Ò° §´ Îμ± 	. ˆ´¤¥±¸Ò a ¨ 

¶μ³¥Î ÕÉ ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ Î ¸É¨ÍÒ ¨ ´¥ ¤μ²¦´Ò ¡ÒÉÓ ¸¶ÊÉ ´Ò ¸ ²μ·¥´Í¥¢Ò³¨ ¨´¤¥±¸ ³¨. �μ-
¸²¥¤´¥¥ ¸μ£² Ï¥´¨¥ ¶·¨´ÖÉμ ¢¸Õ¤Ê ¢ ¤ ´´μ³ · §¤¥²¥.
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�¥¸±μ²Ó±μ ¡μ²¥¥ ¸²μ¦´Ò° · ¸Î¥É, ¢ ±μÉμ·μ³ ¨¸¶μ²Ó§ÊÕÉ¸Ö μ¡Ð¨¥ Ëμ·-
³Ê²Ò (329), ¶μ§¢μ²Ö¥É ´ °É¨ ¢ Ö¢´μ³ ¢¨¤¥  ²£¥¡· ¨Î¥¸±¨¥ ¤μ¶μ²´¥´¨Ö Aμν

s :

A
00
s = σ2

2 [σ2
2(σ

2
aΓ2

a + σ2
	 Γ2

	) + σ2
aσ2

	 |ua × u	|2],
A

0i
s = σ2

2{σ2
a[σ2

aΓa + σ2
	 Γ	(uau	)]uai + σ2

	 [σ2
	 Γ	 + σ2

aΓa(uau	)]u	i},
A

ii
s = σ2

2{σ2
a[σ2

auai + σ2
	 (uau	)u	i]uai + σ2

	 [σ2
	 u	i + σ2

a(uau	)uai]u	i+

+ σ2
aσ2

	 [(Γ	ua − Γau	)2 − |ua × u	|2]},
A

jk
s = σ2

2 [σ4
auajuak + σ4

	 u	ju	k + σ2
aσ2

	 (uau	)(uaju	k + u	juak)], j 	= k.
(333)

�É¸Õ¤  ¨²¨ ¨§ (330) ³μ¦´μ ¶μ²ÊÎ¨ÉÓ Ö¢´μ ²μ·¥´Í-¨´¢ ·¨ ´É´ÊÕ Ëμ·³Ê²Ê
¤²Ö ±μ³¶μ´¥´É μ¡· É´μ£μ É¥´§μ· :

R̃
μν
s =

σ4
auμ

auν
a + σ4

	 uμ
	 uν

	 − σ2
aσ2

	 {gμν [(uau	)2 − 1] − (uau	)(uμ
auν

	 + uμ
	 uν

a)}
σ2

aσ2
	 (σ2

a + σ2
	 )[(uau	)2 − 1]

.

�É¸Õ¤ 

R̃
μν
s qμqν =

σ4
a(uaq)2 + σ4

	 (u	q)2 + 2σ2
aσ2

	 (uau	)(uaq)(u	q)
σ2

aσ2
	 σ2

2 |u

	 |2

− q2

σ2
2

. (334)

� °¤¥³ É¥¶¥·Ó Ö¢´Ò° ¢¨¤ 4-¢¥±Éμ·  Ys, ÎÓ¨ ±μ³¶μ´¥´ÉÒ μ¶·¥¤¥²ÖÕÉ¸Ö ± ±

Y 0
s = R̃

0ν
s qsν =

1
|Rs|

[A00(Ea − E	) − A
0i(pa − p	)i],

Y i
s = R̃

iν
s qsν =

1
|Rs|

[Aij(pa − p	)j − A
i0(Ea − E	)].

�μ¸²¥ Ô²¥³¥´É ·´ÒÌ ¶·¥μ¡· §μ¢ ´¨° ¨§ (333) ¶μ²ÊÎ ¥³ ¸²¥¤ÊÕÐ¨° ·¥§Ê²ÓÉ É:

Y μ
s =

1
|u


	 |2

{[
(pap	)
m2

a

− 1
]

pμ
a

σ2
	

−
[
(pap	)
m2

	

− 1
]

pμ
	

σ2
a

}
. (335)

�μ²¥§´Ò¥ Éμ¦¤¥¸É¢ :

(uaq)(u	q) = ΓaΓ	q
2
0 − [Γa(u	q) + Γ	(uaq)]q0 + (uaq)(u	q),

(uaq)(u	q) =
∑

i

[(uaiqi)(u	iqi) + (uajqj)(u	kqk) + (uakqk)(u	jqj)].

�1.3.2. �‚0-¶·¥¤¥². �·¨ ¢Ò¢μ¤¥ Ëμ·³Ê² ¨§ ¶·¥¤Ò¤ÊÐ¥£μ ¶Ê´±É  ±¨´¥³ -
É¨Î¥¸±¨¥ μ£· ´¨Î¥´¨Ö ´¥ ´ ² £ ²¨¸Ó, É ± ÎÉμ μ´¨ ¸¶· ¢¥¤²¨¢Ò ¤²Ö ¶·μ¨§¢μ²Ó-
´μ£μ 4-¢¥±Éμ·  q. �·¨³¥³ É¥¶¥·Ó ¢μ ¢´¨³ ´¨¥ ÉμÎ´Ò¥ § ±μ´Ò ¸μÌ· ´¥´¨Ö,
É. ¥. ¶¥·¥°¤¥³ ± �‚0-¶·¥¤¥²Ê (μ§´ Î ÕÐ¥³Ê ¢ ¤ ´´μ³ Î ¸É´μ³ ¸²ÊÎ ¥, ÎÉμ
q = pa − p	 = pν = Eν l ¨ p2

ν = 0). �μ²ÊÎ ¥³

uau	 =
E


	

m	
, uaq = E


ν , u	q =
maE


ν

m	
,
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£¤¥

E

	 =

m2
a + m2

	

2ma
¨ E


ν =
m2

a − m2
	

2ma

¥¸ÉÓ, ¸μμÉ¢¥É¸É¢¥´´μ, Ô´¥·£¨¨ ²¥¶Éμ´  ¨ ´¥°É·¨´μ ¢ ¸. ¸. μ. ³¥§μ´ . �μ¤¸É -
¢¨¢ ÔÉ¨ ¸μμÉ´μÏ¥´¨Ö ¢ (334), ´ °¤¥³ �‚0-¶·¥¤¥² ¤²Ö ±¢ ¤· É¨Î´μ° Ëμ·³Ò

R̃μν
s qμqν : {

R̃
μν
s qμqν

}
=

m2
	

σ2
	

+
m2

a

σ2
a

� 1. (336)

�Í¥´±  ¶ · ³¥É·μ¢ ÔËË¥±É¨¢´μ£μ ´¥°É·¨´´μ£μ ¶ ±¥É . „²Ö ¨²²Õ¸É· -
Í¨¨ ¶μ²ÊÎ¥´´μ£μ ·¥§Ê²ÓÉ É  · ¸¸³μÉ·¨³ ¸¶¥Í¨ ²Ó´Ò°, ´μ ¢¶μ²´¥ ·¥ ²¨¸É¨Î-
´Ò° ¸²ÊÎ °, ±μ£¤  ³μ¦´μ ¶·¥´¥¡·¥ÎÓ ¢±² ¤μ³ ¢ ¶μ²´ÊÕ ËÊ´±Í¨Õ D, μ¡Ê-
¸²μ¢²¥´´Ò³ ·¥ ±Í¨¥° ¢ ¤¥É¥±Éμ·¥, ¤²Ö Î¥£μ ¸²¥¤Ê¥É ¶·¥¤¶μ²μ¦¨ÉÓ, ÎÉμ ¶ -
· ³¥É·Ò σκ ¤²Ö ¢¸¥Ì κ ∈ D ¤μ¸É ÉμÎ´μ ¢¥²¨±¨ ¶μ ¸· ¢´¥´¨Õ ¸ σa ¨ σ	.
’ ±μ¥ ¶·¥¤¶μ²μ¦¥´¨¥ · §Ê³´μ ¤²Ö Ô±¸¶¥·¨³¥´Éμ¢ ¸ Ê¸±μ·¨É¥²Ó´Ò³¨ ¨  É³μ-
¸Ë¥·´Ò³¨ ³Õμ´´Ò³¨ ´¥°É·¨´μ ¨  ´É¨´¥°É·¨´μ. „¥°¸É¢¨É¥²Ó´μ, ¢ ¨¸ÉμÎ´¨±¥
(· ¸¶ ¤´μ³ ± ´ ²¥, ¢¥·Ì´¥°  É³μ¸Ë¥·¥) ¢§ ³μ¤¥°¸É¢¨Ö³¨ ³¥§μ´μ¢ ¨ ³Õμ´μ¢
¤·Ê£ ¸ ¤·Ê£μ³ ¨ ¸ μ±·Ê¦ ÕÐ¥° ¸·¥¤μ°, ± ± ¶· ¢¨²μ, ³μ¦´μ ¶·¥´¥¡·¥ÎÓ, ¨
¶μÔÉμ³Ê §´ Î¥´¨Ö ¶ · ³¥É·μ¢ σa ¨ σμ μÎ¥´Ó ³ ²Ò (¡²¨§±¨ ± ¶·¥¤¥²Ó´μ ¤μ-
¶Ê¸É¨³Ò³ ¢ ‘�ƒ�-³μ¤¥²¨). ‡´ Î¥´¨Ö ¶ · ³¥É·μ¢ σκ ¤²Ö ¤μ²£μ¦¨¢ÊÐ¨Ì in- ¨
out-Î ¸É¨Í κ (Ö¤¥·,  ¤·μ´μ¢, ²¥¶Éμ´μ¢) ¢ É¨¶¨Î´μ³ ¤¥É¥±Éμ·¥ μ¶·¥¤¥²ÖÕÉ¸Ö
´¥ · ¸¶ ¤´Ò³¨ Ï¨·¨´ ³¨ ÔÉ¨Ì Î ¸É¨Í,   ¢¥²¨Î¨´ ³¨ ¨Ì ¸¢μ¡μ¤´ÒÌ ¶·μ¡¥£μ¢
¢ ¤¥É¥±Éμ·´μ° ¸·¥¤¥∗, É ± ÎÉμ σκ � σa,μ. „²Ö ·μ¦¤ ÕÐ¨Ì¸Ö ¢ ¤¥É¥±Éμ·¥ ±μ-
·μÉ±μ¦¨¢ÊÐ¨Ì Î ¸É¨Í ¨ ·¥§μ´ ´¸μ¢, ±μÉμ·Ò¥ · ¸¶ ¤ ÕÉ¸Ö ¤μ ¢§ ¨³μ¤¥°¸É¢¨Ö
¸μ ¸·¥¤μ°, ¢Ò¶μ²´Ö¥É¸Ö ¶μ ±· °´¥° ³¥·¥ Ê¸²μ¢¨¥ σκ � σμ.

ˆÉ ±, ¨¸¶μ²Ó§ÊÖ (336), ¶μ²ÊÎ ¥³

D
2 ≈ E2

ν

[
2
(

m2
	

σ2
	

+
m2

a

σ2
a

)]−1

� E2
ν (337)

¨, ¸²¥¤μ¢ É¥²Ó´μ,

σ2
j ≈

m2
j

2

(
m2

	

σ2
	

+
m2

a

σ2
a

)−1

� m2
j . (338)

Š ± ¢¨¤¨³, ¢ ÔÉμ³ ¶·μ¸É¥°Ï¥³ ¸²ÊÎ ¥ ÔËË¥±É¨¢´Ò° ¶ ±¥É ¢¨·ÉÊ ²Ó´μ£μ ´¥°-
É·¨´μ ¸ ¤ ´´μ° ³ ¸¸μ° ¶μ²´μ¸ÉÓÕ μ¶·¥¤¥²Ö¥É¸Ö ³ ¸¸ ³¨ ¨ ®· §³ §± ³¨¯ ¨³-
¶Ê²Ó¸μ¢ ¶ ±¥Éμ¢ a ¨ �, ¶·¨Î¥³ §´ Î¥´¨Ö σj ¤²Ö ¢¸¥Ì É·¥Ì ¨§¢¥¸É´ÒÌ ´¥°É·¨´μ
Î·¥§¢ÒÎ °´μ ³ ²Ò ¶·¨ ²Õ¡ÒÌ ¤μ¶Ê¸É¨³ÒÌ ¶·¨¡²¨¦¥´¨¥³ ‘�ƒ� §´ Î¥´¨ÖÌ σa

¨ σ	. 
μ²¥¥ Éμ£μ, ÊÎ¨ÉÒ¢ Ö, ÎÉμ ³ ¸¸Ò É·¥Ì ¨§¢¥¸É´ÒÌ ´¥°É·¨´μ ´  ³´μ£μ

∗‚μ²´μ¢Ò¥ ¶ ±¥ÉÒ Ëμ·³¨·ÊÕÉ¸Ö § ´μ¢μ ¶·¨ ± ¦¤μ³ (´¥Ê¶·Ê£μ³ ¨²¨ Ê¶·Ê£μ³) ¢§ ¨³μ¤¥°-
¸É¢¨¨ Î ¸É¨ÍÒ ¸μ ¸·¥¤μ° ¨ ¢´¥Ï´¨³¨ ¶μ²Ö³¨.
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¶μ·Ö¤±μ¢ ³¥´ÓÏ¥ ³ ¸¸ ¢¸¥Ì ¤·Ê£¨Ì (¨§¢¥¸É´ÒÌ) Ô²¥³¥´É ·´ÒÌ Î ¸É¨Í ¸ ´¥´Ê-
²¥¢μ° ³ ¸¸μ°, § ±²ÕÎ ¥³, ÎÉμ σ2

j ≪ σ2
a,	. •μÉÖ ¶·¨¢¥¤¥´´Ò¥ μÍ¥´±¨ ¸¤¥² ´Ò

¡¥§ ÊÎ¥É  ¢±² ¤μ¢ ·¥ ±Í¨¨ ¢ ¤¥É¥±Éμ·¥, μ´¨ ´  ± Î¥¸É¢¥´´μ³ Ê·μ¢´¥ μ¡ÑÖ¸-
´ÖÕÉ Ê¸¶¥Ì ¸É ´¤ ·É´μ£μ ±¢ ´Éμ¢μ-³¥Ì ´¨Î¥¸±μ£μ ¶·¥¤¶μ²μ¦¥´¨Ö μ Éμ³, ÎÉμ
²¥£±¨¥ ´¥°É·¨´μ μ¡² ¤ ÕÉ μ¶·¥¤¥²¥´´Ò³¨ ¨³¶Ê²Ó¸ ³¨, ´¥¸³μÉ·Ö ´  Éμ, ÎÉμ
·μ¦¤ ÕÉ¸Ö μ´¨ ¢ ¶·μÍ¥¸¸ Ì ¸ ÊÎ ¸É¨¥³ Î ¸É¨Í ¸ μÉ´μ¸¨É¥²Ó´μ ¡μ²ÓÏ¨³¨
®· §³ §± ³¨¯ ¨³¶Ê²Ó¸μ¢. ˆ§ (337) ¸²¥¤Ê¥É, ¢ Î ¸É´μ¸É¨, ÎÉμ σj = 0 ¶·¨
mj = 0, É. ¥. ¡¥§³ ¸¸μ¢Ò¥ ´¥°É·¨´μ ³μ¦´μ ¸Î¨É ÉÓ ¶²μ¸±¨³¨ ¢μ²´ ³¨. ‘
μÎ¥¢¨¤´Ò³¨ μ£μ¢μ·± ³¨ ÔÉμÉ § ³¥Î É¥²Ó´Ò° Ë ±É ³μ¦´μ ¨¸¶μ²Ó§μ¢ ÉÓ ¶·¨
 ´ ²¨§¥ ¶·μÍ¥¸¸μ¢, ¶μ¤μ¡´ÒÌ ¨§μ¡· ¦¥´´Ò³ ´  ·¨¸. 8, ¢ ±μÉμ·ÒÌ ²¥£±¨¥ ³ ¸-
¸¨¢´Ò¥ ´¥°É·¨´μ ÊÎ ¸É¢ÊÕÉ ¢ ± Î¥¸É¢¥ ¢´¥Ï´¨Ì ¢μ²´μ¢ÒÌ ¶ ±¥Éμ¢.

ˆ§ Ê¸²μ¢¨° ¶·¨³¥´¨³μ¸É¨ ¶·¨¡²¨¦¥´¨Ö ‘�ƒ� ¤²Ö ´¥¸É ¡¨²Ó´ÒÌ Î ¸É¨Í(
σκ

σmax
κ

)4

� 1, σmax
κ

=
√

mκΓκ

(£¤¥ Γκ = 1/τκ Å ¶μ²´ Ö · ¸¶ ¤´ Ö Ï¨·¨´  Î ¸É¨ÍÒ κ) ¸²¥¤Ê¥É ¢ ¦´μ¥
μ£· ´¨Î¥´¨¥

σ2
j �

m2
j

2

(
m	

Γ	
+

ma

Γa

)−1

.

’ ±¨³ μ¡· §μ³, ¤²Ö ¤¢ÊÌÎ ¸É¨Î´ÒÌ · ¶ ¤μ¢ ²Õ¡ÒÌ ³¥§μ´μ¢ ¸ ³Õμ´μ³ ¢ ±μ-
´¥Î´μ³ ¸μ¸ÉμÖ´¨¨ (πμ2, Kμ2 ¨ É. ¤.) ¸²¥¤Ê¥É μ£· ´¨Î¥´¨¥ ¸¢¥·ÌÊ

σ2
j

m2
j

� Γμ

2mμ
≈ 1,4 · 10−18,

É ± ÎÉμ σmax
j /σmax

μ ≈ mj/mμ ≪ 1. �É¸Õ¤  ´ Ìμ¤¨³ μ£· ´¨Î¥´¨Ö ¸´¨§Ê ¤²Ö
ÔËË¥±É¨¢´ÒÌ · §³¥·μ¢ ´¥°É·¨´´μ£μ ¶ ±¥É , ¶μ¶¥·¥Î´μ£μ ¨ ¶·μ¤μ²Ó´μ£μ ¶μ
μÉ´μÏ¥´¨Õ ± ¨³¶Ê²Ó¸Ê ´¥°É·¨´μ∗:

d⊥j � 2,6
(

0,1 Ô‚

mj

)
±³

¨

d
‖
j =

d⊥j
Γj

� 2,6 · 10−5

(
1 ƒÔ‚

Eν

)(
0,1 Ô‚

mj

)
¸³.

∗‘²¥¤Ê¥É μÉ³¥É¨ÉÓ, ÎÉμ d⊥j ´¨ ¢ ±μ¥³ ¸²ÊÎ ¥ ´¥ ¥¸ÉÓ · §³¥· ¶μ±μÖÐ¥£μ¸Ö ´¥°É·¨´´μ£μ ¶ -
±¥É , ¶μ¸±μ²Ó±Ê ¢¸¥ μÍ¥´±¨ ¡Ò²¨ ¸¤¥² ´Ò ¢ Ê²ÓÉ· ·¥²ÖÉ¨¢¨¸É¸±μ³ ¶·¨¡²¨¦¥´¨¨ ¨ ¸¶· ¢¥¤²¨¢Ò,
¸²¥¤μ¢ É¥²Ó´μ, ²¨ÏÓ ¤²Ö É ±¨Ì ¸¨¸É¥³ μÉ¸Î¥É , ¢ ±μÉμ·ÒÌ ´¥°É·¨´μ μ¸É ¥É¸Ö Ê²ÓÉ· ·¥²ÖÉ¨¢¨¸É-

¸±¨³. ‹μ·¥´Í-¨´¢ ·¨ ´É´μ¸ÉÓ ´¥°É·¨´´μ° ¢μ²´μ¢μ° ËÊ´±Í¨¨ ψj
y(pj , x) Éμ¦¥ ´Ê¦´μ ¶μ´¨³ ÉÓ ¸

ÉμÎ´μ¸ÉÓÕ ¤μ ÔÉμ° ¸ÊÐ¥¸É¢¥´´μ° μ£μ¢μ·±¨. Ÿ¢´Ò° ¢¨¤ ÔËË¥±É¨¢´μ£μ ¢μ²´μ¢μ£μ ¶ ±¥É  ´¥·¥²Ö-
É¨¢¨¸É¸±μ£μ ´¥°É·¨´μ É·¥¡Ê¥É μÉ¤¥²Ó´μ£μ · ¸¸³μÉ·¥´¨Ö, ¢ÒÌμ¤ÖÐ¥£μ §  · ³±¨ ¤ ´´μ° · ¡μÉÒ.
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�£· ´¨Î¥´¨¥ ¤²Ö Ì · ±É¥·¨¸É¨± ´¥°É·¨´´ÒÌ ¶ ±¥Éμ¢, ¢μ§´¨± ÕÐ¨Ì ¢ aτ2-
· ¸¶ ¤ Ì, § ¢¨¸¨É μÉ É¨¶  · c¶ ¤ ÕÐ¥°¸Ö Î ¸É¨ÍÒ. � ¶·¨³¥·, ¢ ¸²ÊÎ ¥
· ¸¶ ¤  Ds-³¥§μ´  ¶μ²ÊÎ ¥³ σ2

j /m2
j � 2,2 · 10−13, ÎÉμ ¶·¨ mj = 0,1 Ô‚

¸μμÉ¢¥É¸É¢Ê¥É ¶·¥¤¥²Ó´μ³Ê ÔËË¥±É¨¢´μ³Ê ¶μ¶¥·¥Î´μ³Ê · §³¥·Ê ´¥°É·¨´´μ£μ
¶ ±¥É  ®¢¸¥£μ ²¨ÏÓ¯ 6,6 ³.

�ËË¥±É¨¢´Ò¥ · §³¥·Ò d⊥j ¨ d
‖
j μ¶·¥¤¥²ÖÕÉ, ¶μ ¶μ·Ö¤±Ê ¢¥²¨Î¨´Ò, ¤μ-

¶Ê¸É¨³Ò¥ ¶μ¶¥·¥Î´Ò¥ ¨ ¶·μ¤μ²Ó´Ò¥ ±¢ ´Éμ¢Ò¥ μÉ±²μ´¥´¨Ö Í¥´É·  ´¥°É·¨´-
´μ£μ ¢μ²´μ¢μ£μ ¶ ±¥É  μÉ ®±² ¸¸¨Î¥¸±μ° É· ¥±Éμ·¨¨¯ Lj = vjT . Š ± ¢¨¤¨³,
¶μ¶¥·¥Î´Ò¥ μÉ±²μ´¥´¨Ö δL⊥

j ∼ d⊥j /2 ³μ£ÊÉ ¡ÒÉÓ £¨£ ´É¸±¨³¨, § ¢¥¤μ³μ ¶·¥-
¢ÒÏ ÕÐ¨³¨ ± ± · §³¥·Ò ¸ÊÐ¥¸É¢ÊÕÐ¨Ì ´¥°É·¨´´ÒÌ ¤¥É¥±Éμ·μ¢, É ± ¨ ¥¸É¥-
¸É¢¥´´μ¥ ÊÏ¨·¥´¨¥ Ê¸±μ·¨É¥²Ó´ÒÌ ´¥°É·¨´´ÒÌ ¶ÊÎ±μ¢ ¤ ¦¥ ´  · ¸¸ÉμÖ´¨ÖÌ
¢ ¸μÉ´¨ ¨ ÉÒ¸ÖÎ¨ ±¨²μ³¥É·μ¢ μÉ ¨¸ÉμÎ´¨± . �ÉμÉ Ë ±É ´¥ ¤μ²¦¥´ ¢Ò§Ò¢ ÉÓ
´¥¤μÊ³¥´¨Ö, ¥¸²¨ ¢¸¶μ³´¨ÉÓ, ÎÉμ ¸É ´¤ ·É´μ¥ ±¢ ´Éμ¢μ-³¥Ì ´¨Î¥¸±μ¥ μ¶¨-
¸ ´¨¥ ³ ¸¸¨¢´μ£μ ´¥°É·¨´μ ± ± ¸μ¸ÉμÖ´¨Ö ¸ μ¶·¥¤¥²¥´´Ò³ ¨³¶Ê²Ó¸μ³ ¶μ¤-
· §Ê³¥¢ ¥É (± ± ¶·Ö³μ¥ ¸²¥¤¸É¢¨¥ ¸μμÉ´μÏ¥´¨Ö ´¥μ¶·¥¤¥²¥´´μ¸É¥°), ÎÉμ ¥£μ
®· §³¥·Ò¯ (¶·¨Î¥³ ± ± ¶μ¶¥·¥Î´Ò¥, É ± ¨ ¶·μ¤μ²Ó´Ò¥) ¡¥¸±μ´¥Î´μ ¢¥²¨±¨.
�·¨ ¨´É¥·¶·¥É Í¨¨ μ¡ÒÎ´ÒÌ Ô±¸¶¥·¨³¥´Éμ¢ ¶μ ´¥°É·¨´´Ò³ μ¸Í¨²²ÖÍ¨Ö³
É ±μ¥ μ¶¨¸ ´¨¥ ´¥ ¶·¨¢μ¤¨É ± ´¥Ë¨§¨Î¥¸±¨³ ·¥§Ê²ÓÉ É ³ ¶μ Éμ° ¶·¨Î¨´¥,
ÎÉμ ´¨ ¶μ¶¥·¥Î´Ò¥ · §³¥·Ò ´¥°É·¨´´μ£μ ¶ ±¥É , ´¨ ¶μ¶¥·¥Î´Ò¥ ±¢ ´Éμ¢Ò¥
Ë²Ê±ÉÊ Í¨¨ ´¥ ¢Ìμ¤ÖÉ ¢ ¢Ò· ¦¥´¨¥ ¤²Ö ¸±μ·μ¸É¨ ¸Î¥É  ´¥°É·¨´´ÒÌ ¸μ¡ÒÉ¨°,
¤μ²¦´Ò³ μ¡· §μ³ Ê¸·¥¤´¥´´μ° ¶μ ¶·μ¸É· ´¸É¢¥´´Ò³ ±μμ·¤¨´ É ³ xκ ¢´¥Ï-
´¨Ì ¶ ±¥Éμ¢. �·¨ É ±μ³ Ê¸·¥¤´¥´¨¨  ¢Éμ³ É¨Î¥¸±¨ ¨¸Î¥§ ¥É ¨ § ¢¨¸¨³μ¸ÉÓ
μÉ ¢·¥³¥´´ÒÌ ±μ³¶μ´¥´É x0

κ
; μ¸É ¥É¸Ö ²¨ÏÓ § ¢¨¸¨³μ¸ÉÓ ¸±μ·μ¸É¨ ¸Î¥É  μÉ

¢´¥Ï´¨Ì (®¨´¸É·Ê³¥´É ²Ó´ÒÌ¯) ¶·μ¸É· ´¸É¢¥´´μ-¢·¥³¥´´ÒÌ ¶¥·¥³¥´´ÒÌ, § -
¤ ¢ ¥³ÒÌ Ê¸²μ¢¨Ö³¨ Ô±¸¶¥·¨³¥´É ∗. 
μ²ÓÏ¨¥ ¶μ¶¥·¥Î´Ò¥ · §³¥·Ò ´¥°É·¨´-
´μ£μ ¶ ±¥É  ³μ£ÊÉ ¶·μÖ¢²ÖÉÓ ¸¥¡Ö ¢ ¸¶¥Í¨ ²Ó´ÒÌ ´¥°É·¨´´ÒÌ Ô±¸¶¥·¨³¥´É Ì,
¢ ±μÉμ·ÒÌ ±μ´É·μ²¨·Ê¥É¸Ö ´¥ Éμ²Ó±μ · ¸¸ÉμÖ´¨¥ ³¥¦¤Ê ¨¸ÉμÎ´¨±μ³ ¨ ¤¥É¥±Éμ-
·μ³, ´μ ¨ ¢·¥³¥´´μ° ¨´É¥·¢ ² ³¥¦¤Ê ¸μ¡ÒÉ¨Ö³¨ ·μ¦¤¥´¨Ö ¨ ¢§ ¨³μ¤¥°¸É¢¨Ö
´¥°É·¨´μ. ’ ±¨¥ Ô±¸¶¥·¨³¥´ÉÒ É·¥¡ÊÕÉ ¸¶¥Í¨ ²Ó´μ£μ · ¸¸³μÉ·¥´¨Ö.

�ËË¥±ÉÒ ´¥±μ²²¨´¥ ·´μ¸É¨ ¶¥·¥¤ Î ¨³¶Ê²Ó¸μ¢ ¢ ¨¸ÉμÎ´¨±¥ ¨ ¤¥É¥±Éμ·¥
¸μ¤¥·¦ É¸Ö ¢ ËÊ´±Í¨ÖÌ n ¨ m, ¸¢μ°¸É¢  ±μÉμ·ÒÌ μ¡¸Ê¦¤ ÕÉ¸Ö ´¨¦¥.

‚±² ¤Ò ¢ ËÊ´±Í¨¨ n ¨ m. ˆ§ μ¡Ð¥° Ëμ·³Ê²Ò (335) ´ Ìμ¤¨³ 4-¢¥±Éμ· Ys

¢ �‚0-¶·¨¡²¨¦¥´¨¨:

{Ys}=
1

maE

ν

[(
m2

	

σ2
	

+
m2

a

σ2
a

)
pa − m2

a

σ2
a

pν

]
=

1
maE


ν

[(
m2

	

σ2
	

+
m2

a

σ2
a

)
p	 −

m2
	

σ2
	

pν

]
.

∗‘²¥¤Ê¥É ¶μ³´¨ÉÓ, μ¤´ ±μ, ÎÉμ Ê¸²μ¢¨Ö, ´¥μ¡Ìμ¤¨³Ò¥ ¤²Ö ¶·¨³¥´¨³μ¸É¨ ³ É¥³ É¨Î¥¸±μ°
¶·μÍ¥¤Ê·Ò Ê¸·¥¤´¥´¨Ö, ¢¥¸Ó³  μ£· ´¨Î¨É¥²Ó´Ò ¨ μÉ´Õ¤Ó ´¥ μ¡Ö§ ´Ò ¢Ò¶μ²´ÖÉÓ¸Ö ¤²Ö ¢¸¥Ì ´¥°-
É·¨´´ÒÌ Ô±¸¶¥·¨³¥´Éμ¢. ’ ±, ´ ¶·¨³¥·, μ´¨ § ¢¥¤μ³μ ´ ·ÊÏ ÕÉ¸Ö ¢ Ê¸±μ·¨É¥²Ó´ÒÌ Ô±¸¶¥·¨-
³¥´É Ì ¸ ±μ·μÉ±μ° ¡ §μ°, ³¥´ÓÏ¥°, Î¥³ ÔËË¥±É¨¢´Ò¥ ¶μ¶¥·¥Î´Ò¥ · §³¥·Ò ´¥°É·¨´´ÒÌ ¶ ±¥Éμ¢.
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‘± ²Ö·´Ò¥ ¶·μ¨§¢¥¤¥´¨Ö, ±μÉμ·Ò¥ É·¥¡ÊÕÉ¸Ö ¤²Ö · ¸Î¥É  a	2-¢±² ¤μ¢ ¢ ËÊ´±-
Í¨Õ n, ¨³¥ÕÉ ¢¨¤

{Ysl} =
{

R̃
μν
s qμqν

} 1
Eν

=
(

m2
	

σ2
	

+
m2

a

σ2
a

)
1

Eν
,

{Ysl} =
{
Y 0

s − Ysl
}

=
Γa

E

ν

[(
m2

	

σ2
	

+
m2

a

σ2
a

)(
1 − maE


ν

EaEν

)
− m2

a

σ2
a

Eν

Ea

]
.

�É¸Õ¤  ´ Ìμ¤¨³{
Ysl
Ysl

}
=
[
Γa −
(

m2
aσ2

	

m2
aσ2

	 + m2
	σ

2
a

)
Eν

ma

]
Eν

E

ν

− 1 ≡ ns (Ea, Eν) .

”Ê´±Í¨Ö ns ³μ¦¥É ¸²Ê¦¨ÉÓ μÍ¥´±μ° ¤²Ö ¶μ²´μ° ËÊ´±Í¨¨ n, ¥¸²¨, ± ± ¨ ¢
¸²ÊÎ ¥ ¸ ËÊ´±Í¨¥° D, ¶·¥´¥¡·¥ÎÓ ¢±² ¤μ³ ¢ n, μ¡Ê¸²μ¢²¥´´Ò³ ¤¥É¥±Éμ·´μ°

Î ¸ÉÓÕ ¤¨ £· ³³Ò (¢ ¤ ´´μ³ ¸²ÊÎ ¥ Å ¢¥²¨Î¨´ ³¨ Y 0
d ¨ Ydl), ¸Î¨É Ö, ÎÉμ

¶ · ³¥É·Ò σκ (κ ∈ D) ¤μ¸É ÉμÎ´μ ¢¥²¨±¨ ¶μ ¸· ¢´¥´¨Õ ¸ σa ¨ σ	. �μ¸±μ²Ó±Ê
¶·¨ Ë¨±¸¨·μ¢ ´´μ³ §´ Î¥´¨¨ Eν ËÊ´±Í¨Ö ns ²¨´¥°´μ § ¢¨¸¨É μÉ Ea, ¨³¥¥É
³¥¸Éμ ¸²¥¤ÊÕÐ¥¥ ´¥· ¢¥´¸É¢μ:

ns � ns(Emin
a , Eν),

¢ ±μÉμ·μ³

Emin
a =

ma

2

(
Eν

E

ν

+
E


ν

Eν

)
¥¸ÉÓ ³¨´¨³ ²Ó´ Ö Ô´¥·£¨Ö Î ¸É¨ÍÒ a, ´¥μ¡Ìμ¤¨³ Ö ¤²Ö ·μ¦¤¥´¨Ö ¡¥§³ ¸-
¸μ¢μ£μ ´¥°É·¨´μ ¸ Ô´¥·£¨¥° Eν ¢ a	2-· ¸¶ ¤¥. ’ ±¨³ μ¡· §μ³,  ¡¸μ²ÕÉ´Ò°
³¨´¨³Ê³ ËÊ´±Í¨¨ ns μÉ·¨Í É¥²¥´:

n
min
s = ns(ma, E


ν ) = − (m2
a − m2

	 )σ
2
	

2(m2
aσ2

	 + m2
	σ

2
a)

, |nmin
s | <

1
2

(
1 − m2

	

m2
a

)
.

”Ê´±Í¨Ö ns ¢μ§· ¸É ¥É ¸ Ê¢¥²¨Î¥´¨¥³ Ô´¥·£¨¨ ´¥°É·¨´μ ¨ ³μ¦¥É ¡ÒÉÓ ¸±μ²Ó
Ê£μ¤´μ ¢¥²¨±  ¶·¨ Eν � E


ν :

ns � ns(Emin
a , Eν) =

1
2
(1 − 2|nmin

s |)
(

Eν

E

ν

)2 [
1 + O

(
E


ν

Eν

)]
.

Š ± Ìμ·μÏμ ¨§¢¥¸É´μ, · ¸¶·¥¤¥²¥´¨¥ Ô´¥·£¨¨ ´¥°É·¨´μ ¢ a	2-· ¸¶ ¤¥ · ¢´μ-
³¥·´μ (É. ¥. ´¥ § ¢¨¸¨É μÉ Eν) ¢´ÊÉ·¨ ±¨´¥³ É¨Î¥¸±¨Ì £· ´¨Í

E

νΓa(1 − |va|) � Eν � E


νΓa(1 + |va|),



Š‚��’�‚�-��‹…‚�Ÿ ’…��ˆŸ �…‰’�ˆ��›• �‘–ˆ‹‹Ÿ–ˆ‰ 169

μÉ±Ê¤  ¸²¥¤Ê¥É, ÎÉμ ¸·¥¤´ÖÖ Ô´¥·£¨Ö · ¸¶ ¤´μ£μ ´¥°É·¨´μ · ¢´  Eν = ΓaE

ν .

�μÔÉμ³Ê ¶·¨ ¢Ò¸μ±¨Ì Ô´¥·£¨ÖÌ · ¸¶ ¤ ÕÐ¨Ì¸Ö ³¥§μ´μ¢, Γa � 1, ¸ ÉμÎ´μ¸ÉÓÕ
¤μ O(Γ−2

a ) ¨³¥¥³

ns(Ea, Eν) ≈ Γ2
a(1 − |nmin

s |) = (1 − |nmin
s |)
(

Eν

E

ν

)2

¨, ¸²¥¤μ¢ É¥²Ó´μ,

nsrj |Eν=Eν
≈ 1

2
(1 − |nmin

s |)
(

mj

E

ν

)2

� 1.

�·¨ É¥Ì ¦¥ ¶·¥¤¶μ²μ¦¥´¨ÖÌ, Ê¤¥·¦¨¢ Ö Éμ²Ó±μ ²¨¤¨·ÊÕÐ¨¥ ¶μ Γa ¨ Eν/E

ν

Î²¥´Ò, ³μ¦´μ μÍ¥´¨ÉÓ ¢±² ¤ a	2-· ¸¶ ¤  ¢ ËÊ´±Í¨Õ m:

ms ≈ Γ2
a

{
1 +

σ4
	 m4

a

(m2
	σ

2
a + m2

aσ2
	 )2

[
1 +

2σ2
aE


ν

ma(σ2
a + σ2

	 )

](
Eν

Ea

)2
}(

Eν

E

ν

)2

.

�É¸Õ¤  ¢¨¤´μ, ÎÉμ ms � ns; É¥³ ´¥ ³¥´¥¥ ¶·¥¤¶μ² £ ¥³Ò¥ ¢ ¶. 7.2.1 ´¥· ¢¥´-
¸É¢  (284) μ¸É ÕÉ¸Ö ¸¶· ¢¥¤²¨¢Ò³¨ ¶·¨ Eν ∼ Eν .

�1.4. Š¢ §¨Ê¶·Ê£μ¥ · ¸¸¥Ö´¨¥ ¢ ¤¥É¥±Éμ·¥. ‚ ± Î¥¸É¢¥ ¶·μ¸É¥°Ï¥£μ
(¨ ´ ¨¡μ²¥¥ ¢ ¦´μ£μ) ¶·¨³¥·  ·¥ ±Í¨¨ ¢ ¤¥É¥±Éμ·´μ° ¢¥·Ï¨´¥ ¤¨ £· ³³Ò
· ¸¸³μÉ·¨³ ®±¢ §¨Ê¶·Ê£μ¥¯ · ¸¸¥Ö´¨¥ ¢¨·ÉÊ ²Ó´μ£μ ´¥°É·¨´μ ν∗a → b�, ¢
±μÉμ·μ³ Î ¸É¨Í -³¨Ï¥´Ó a ³μ¦¥É ¡ÒÉÓ Ô²¥±É·μ´μ³, ´Ê±²μ´μ³ ¨²¨ Ö¤·μ³,
  � Å § ·Ö¦¥´´Ò° ²¥¶Éμ´. �μ¸±μ²Ó±Ê ¢ É¨¶¨Î´μ³ ´¥°É·¨´´μ³ Ô±¸¶¥·¨³¥´É¥
Î ¸É¨ÍÒ-³¨Ï¥´¨ μ¡² ¤ ÕÉ μÎ¥´Ó ³ ²Ò³¨ (É¥¶²μ¢Ò³¨) ¸±μ·μ¸ÉÖ³¨ μÉ´μ¸¨-
É¥²Ó´μ ² ¡μ· Éμ·´μ° ¸¨¸É¥³Ò, ¡Ê¤¥³ ¸Î¨É ÉÓ, ÎÉμ ² ¡μ· Éμ·´ Ö ¸¨¸É¥³  ¸μ-
¢¶ ¤ ¥É ¸ ¸. ¸. μ. ¢μ²´μ¢μ£μ ¶ ±¥É , μ¶¨¸Ò¢ ÕÐ¥£μ ¸μ¸ÉμÖ´¨¥ Î ¸É¨ÍÒ a. � §Ê-
³¥¥É¸Ö, ¶·¨ ´¥μ¡Ìμ¤¨³μ¸É¨ ¢¸¥ Ëμ·³Ê²Ò ³μ£ÊÉ ¡ÒÉÓ ¶·¥μ¡· §μ¢ ´Ò ¢ ²Õ¡ÊÕ
¤·Ê£ÊÕ ¸¨¸É¥³Ê μÉ¸Î¥É , ¶μ¸±μ²Ó±Ê ³Ò ¨³¥¥³ ¤¥²μ ²¨ÏÓ ¸ ¢¥±Éμ· ³¨ ¨ É¥´-
§μ· ³¨, § ±μ´Ò ¶·¥μ¡· §μ¢ ´¨Ö ±μÉμ·ÒÌ Ìμ·μÏμ ¨§¢¥¸É´Ò.

�1.4.1. ”μ·³Ê²Ò ¶·¨ ¶·μ¨§¢μ²Ó´ÒÌ ¨³¶Ê²Ó¸ Ì. ‚ ¸. ¸. μ. ¶ ±¥É  a μ¶·¥-
¤¥²¨É¥²Ó ³ É·¨ÍÒ Rd ¨³¥¥É ¢¨¤

|Rd| = σ2
3{(σ2

3 + σ2
a)σ2

b σ2
	 (ubu	)2V 2

b	 + 2σ2
aσ2

bσ2
	 (ubu	)(ubu	)+

+ σ2
a[σ2

b (σ2
a + σ2

b )u2
b + σ2

	 (σ2
a + σ2

	 )u2
	 ]}. (339)

‡¤¥¸Ó Vb	 ¥¸ÉÓ μÉ´μ¸¨É¥²Ó´ Ö ¸±μ·μ¸ÉÓ Î ¸É¨Í b ¨ �,   σ2
3 ≡ σ2

a + σ2
b + σ2

	 .
‚ ¦´Ò° ¢Ò¢μ¤, ¸²¥¤ÊÕÐ¨° ¨§ ÔÉμ° Ëμ·³Ê²Ò, § ±²ÕÎ ¥É¸Ö ¢ Éμ³, ÎÉμ μ¶·¥¤¥-
²¨É¥²Ó |Rd| μ¸É ¥É¸Ö ´¥μÉ·¨Í É¥²Ó´Ò³, ¤ ¦¥ ¥¸²¨ μ¤´  (´μ Éμ²Ó±μ μ¤´ ) ¨§
Î ¸É¨Í a, b ¨²¨ � μ¶¨¸Ò¢ ¥É¸Ö ¶²μ¸±μ° ¢μ²´μ°. …¸²¨, ´ ¶·¨³¥·, ¶·¥´¥¡·¥ÎÓ
Î²¥´ ³¨, ¶·μ¶μ·Í¨μ´ ²Ó´Ò³¨ σ2

	 , Éμ Ëμ·³Ê²  ¤²Ö μ¶·¥¤¥²¨É¥²Ö (339) ¶·¨-
μ¡·¥É ¥É ¢¨¤, ¸μ¢¶ ¤ ÕÐ¨° ¸ (332):

|Rd| ≈ σ2
aσ2

b (σ2
a + σ2

b )2|ub|2. (340)
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�Éμ ¢ ¦´μ¥ ¸¢μ°¸É¢μ ¤ ¥É ¢μ§³μ¦´μ¸ÉÓ §´ Î¨É¥²Ó´μ Ê¶·μ¸É¨ÉÓ  ´ ²¨§ ³´μ£μ-
¶ ±¥É´ÒÌ in- ¨ out-¸μ¸ÉμÖ´¨°, ¶·¥´¥¡·¥£ Ö ¢±² ¤ ³¨ ¶ ±¥Éμ¢ μÎ¥´Ó ¡μ²ÓÏ¨Ì
¶·μ¸É· ´¸É¢¥´´ÒÌ · §³¥·μ¢ (Ì · ±É¥·¨§ÊÕÐ¨Ì¸Ö μÎ¥´Ó ³ ²Ò³¨ §´ Î¥´¨Ö³¨
¶ · ³¥É·μ¢ σκ). �·¨ ÔÉμ³ ¸²¥¤Ê¥É ¨³¥ÉÓ ¢ ¢¨¤Ê, ÎÉμ ¶·¨¡²¨¦¥´´ Ö Ëμ·-
³Ê²  (340) ¶·¨³¥´¨³  Éμ²Ó±μ ¶·¨ Ê¸²μ¢¨¨ |ub| 	= 0∗. �´ ²μ£¨Î´ Ö μ£μ¢μ·± 
¤μ²¦´  ¡ÒÉÓ ÊÎÉ¥´  ¨ ¢ μ¡Ð¥³ ¸²ÊÎ ¥, É. ¥. ¶·¨ μÉ¡· ¸Ò¢ ´¨¨ ¢±² ¤μ¢ ¶ ±¥Éμ¢
¸ μÎ¥´Ó ³ ²Ò³¨ §´ Î¥´¨Ö³¨ σκ ¸²¥¤Ê¥É ¢Ò·¥§ ÉÓ μ±·¥¸É´μ¸É¨ Ë §μ¢μ£μ ¶·μ-
¸É· ´¸É¢ , ¢´ÊÉ·¨ ±μÉμ·ÒÌ μ¶·¥¤¥²¨É¥²¨ |Rs| ¨ |Rd|, ¢ÒÎ¨¸²¥´´Ò¥ ¢ É ±μ³
¶·¨¡²¨¦¥´¨¨, μ¡· Ð ÕÉ¸Ö ¢ ´Ê²Ó. Š ± ¶· ¢¨²μ, É ±¨¥ μ¡² ¸É¨ · ¸¶μ²μ¦¥´Ò
¢¡²¨§¨ ±¨´¥³ É¨Î¥¸±¨Ì £· ´¨Í Ë §μ¢μ£μ ¶·μ¸É· ´¸É¢  ¨ ´¥ ¤ ÕÉ ¢±² ¤  ¢
Ô±¸¶¥·¨³¥´É ²Ó´μ ¨§³¥·Ö¥³Ò¥ Ì · ±É¥·¨¸É¨±¨.

‘μ£² ¸´μ (329)  ²£¥¡· ¨Î¥¸±¨¥ ¤μ¶μ²´¥´¨Ö A
μν
d ¨³¥ÕÉ ¢¨¤

A
00
d = σ2

3 [σ2
3(σ2

a + σ2
b Γ2

b + σ2
	 Γ2

	) + σ2
b σ2

	 |ub × u	|2],
A

0i
d = σ2

3{σ2
b [(σ2

a + σ2
b )Γb + σ2

	 (ubu	)]ubi + σ2
	 [(σ2

a + σ2
	 )Γ	 + σ2

b (ubu	)]u	i},
A

ii
d = σ2

b (σ2
3σ2

b − σ2
aσ2

	 u
2
	)u

2
bi + σ2

	 (σ2
3σ2

	 − σ2
aσ2

bu
2
b)u

2
	i+

+ 2σ2
b σ2

	 [σ2
aΓbΓ	 + (σ2

b + σ2
	 )(ubu	)]ubiu	i + σ−2

3 |Rd|,
A

jk
d = σ2

b (σ2
3σ2

b − σ2
aσ2

	 u
2
	)ubjubk + σ2

	 (σ2
3σ

2
	 − σ2

aσ2
bu

2
b)u	ju	k+

+ σ2
b σ2

	 [σ2
aΓbΓ	 + (σ2

b + σ2
	 )(ubu	)](ubju	k + ubku	j), j 	= k.

(341)
�É¸Õ¤  ¤²Ö ¶·μ¨§¢μ²Ó´μ£μ 4-¢¥±Éμ·  q ¶μ²ÊÎ ¥³

|Rd|R̃μν
d qμqν = A

00
d q2

0 +
∑

i

(−2A
0i
d q0 + A

ii
d qi)qi + 2

∑
j<k

A
jk
d qjqk =

= σ2
3 [σ2

3(σ2
a + σ2

b Γ2
b + σ2

	 Γ2
	) + σ2

b σ2
	 |ub × u	|2]q2

0−
− 2σ2

3σ2
b [(σ2

a + σ2
b )Γb + σ2

	 Γ	(ubu	)](ubq)q0−
− 2σ2

3σ
2
	 [(σ2

a + σ2
	 )Γ	 + σ2

bΓb(ubu	)](u	q)q0+

+ σ2
3 [σ

4
b (ubq)2 + σ4

	 (u	q)2 + 2σ2
b σ2

	 (ubu	)(ubq)(u	q)]+

+ σ2
aσ2

b σ2
	 {[(ub × u	)q]2 − (ub × u	)2q2} + σ−2

3 |Rd|q2.

Šμ³¶μ´¥´ÉÒ 4-¨³¶Ê²Ó¸  Yd ´ °¤¥³, ¨¸¶μ²Ó§ÊÖ (341):

Y 0
d =

σ2
3

|Rd|
(c0

ama − c0
bEb − c0

	E	), Yd =
σ2

3

|Rd|
(cbub + c	u	).

∗� ¶μ³´¨³, ÎÉμ ¢¥²¨Î¨´  |u�
� | ¢ (332) ¢¸¥£¤  μÉ²¨Î´  μÉ ´Ê²Ö.
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”¨£Ê·¨·ÊÕÐ¨¥ §¤¥¸Ó ±μÔËË¨Í¨¥´É´Ò¥ ËÊ´±Í¨¨ ¤ ÕÉ¸Ö ¸²¥¤ÊÕÐ¨³¨ Ëμ·³Ê-
² ³¨:

c0
a = σ2

a(σ2
3 + σ2

b Γ2
b + σ2

	 Γ2
	) + σ2

bσ2
	 [(ΓbΓ	 − 1)2 − (ubu	)2] + (σ2

b Γb + σ2
	 Γ	)2,

c0
b = σ2

3 [σ
2
a + σ2

b + σ2
	 Γ2

	 (1 − vbv	)],

c0
	 = σ2

3 [σ
2
a + σ2

	 + σ2
bΓ2

b(1 − vbv	)],

cb = σ2
b{[maσ2

	 Γ	 − m	(σ2
b + σ2

	 )](ubu	) + maσ2
bΓb − mb(σ2

b + σ2
	 )}+

+ σ2
a{mbσ

2
	 u

2
	 + σ2

b [Γb(ma − m	Γ	) − mb]},
c	 = σ2

	{[maσ2
b Γb − mb(σ2

b + σ2
	 )](ubu	) + maσ2

	 Γ	 − m	(σ2
b + σ2

	 )}+
+ σ2

a{m	σ
2
bu

2
b + σ2

	 [Γ	(ma − mbΓb) − m	]}.

Š ± ¨ ¤μ²¦´μ ¡ÒÉÓ, ¢ÒÏ¥¶·¨¢¥¤¥´´Ò¥ ¢Ò· ¦¥´¨Ö ¸¨³³¥É·¨Î´Ò ¶μ μÉ´μÏ¥-
´¨Õ ± § ³¥´¥ ¨´¤¥±¸μ¢ b ↔ �,   ¨Ì Ö¢´μ ´¥±μ¢ ·¨ ´É´ Ö Ëμ·³  ¸¢Ö§ ´  ¸
¨¸¶μ²Ó§μ¢ ´¨¥³ ¸¶¥Í¨ ²Ó´μ° ¸¨¸É¥³Ò μÉ¸Î¥É .

�1.4.2. �‚0-¶·¥¤¥². ‚ �‚0-¶·¥¤¥²¥ ±¨´¥³ É¨±  ·¥ ±Í¨¨ 2 → 2 ¶μ§¢μ-
²Ö¥É § ¶¨¸ ÉÓ ¢¥²¨Î¨´Ò |Rd|, R̃

μν
d qμqν ¨ Ydl ¢ É¥·³¨´ Ì ¤¢ÊÌ ¶·μ¨§¢μ²Ó´ÒÌ

´¥§ ¢¨¸¨³ÒÌ ¨´¢ ·¨ ´É´ÒÌ ¶¥·¥³¥´´ÒÌ; ³Ò ¡Ê¤¥³ ¨¸¶μ²Ó§μ¢ ÉÓ ¸É ´¤ ·É´ÊÕ
¶ ·Ê ¶¥·¥³¥´´ÒÌ

s = (pa + pν)2 = ma(2Eν + ma) ¨ Q2 = −(pν − p	)2.

„²Ö Éμ£μ ÎÉμ¡Ò § ¶¨¸ ÉÓ ¢Ò· ¦¥´¨Ö ¶·¥¤Ò¤ÊÐ¥£μ · §¤¥²  Î¥·¥§ ÔÉ¨ ¶¥·¥³¥´-
´Ò¥, ¶·¨³¥³ ¢μ ¢´¨³ ´¨¥ ÉμÎ´Ò¥ ±¨´¥³ É¨Î¥¸±¨¥ ¸μμÉ´μÏ¥´¨Ö:

Eb =
1

ma
(E∗

b E∗
a − E∗

νP ∗
	 cos θ∗), pbpν =

Eν

ma
(E∗

b E∗
ν − E∗

aP ∗
	 cos θ∗),

E	 =
1

ma
(E∗

	 E∗
a + E∗

νP ∗
	 cos θ∗), p	pν =

Eν

ma
(E∗

	 E∗
ν + E∗

aP ∗
	 cos θ∗),

|ub × u	| =
EνP ∗

	 sin θ∗
mbm	

, (ub × u	)pν = 0,

ubu	 =
s − m2

b − m2
	

2mbm	
, Vb	 =

2
√

sP ∗
	

s − m2
b − m2

	

,

¢ ±μÉμ·ÒÌ Eν = |pν | = (s − m2
a)/2ma ¨ pν = Eνl ¥¸ÉÓ, ¸μμÉ¢¥É¸É¢¥´´μ,

Ô´¥·£¨Ö ¨ ¨³¶Ê²Ó¸ ¡¥§³ ¸¸μ¢μ£μ ´¥°É·¨´μ ¢ ² ¡μ· Éμ·´μ° ¸¨¸É¥³¥ μÉ¸Î¥É ,  

E∗
ν =

s − m2
a

2
√

s
, E∗

	 =
s + m2

	 − m2
b

2
√

s
,

E∗
a =

s + m2
a

2
√

s
¨ E∗

b =
s − m2

	 + m2
b

2
√

s
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¥¸ÉÓ Ô´¥·£¨¨ Î ¸É¨Í ν∗, �, a ¨ b ¢ ¸. Í. ³. ¸É ²±¨¢ ÕÐ¨Ì¸Ö Î ¸É¨Í ν∗ ¨ a,
±μÉμ· Ö § ¤ ¥É¸Ö Ê¸²μ¢¨Ö³¨

E∗
ν + E∗

a = E∗
b + E∗

	 , p∗
ν + p∗

a = p∗
	 + p∗

b = 0;

´ ±μ´¥Í, P ∗
	 = |p∗

	 |. “£μ² · ¸¸¥Ö´¨Ö ²¥¶Éμ´  θ∗ ¢ ¸. Í. ³. ¸¢Ö§ ´ ¸ Q2:

Q2 = 2E∗
ν(E∗

	 − P ∗
	 cos θ∗) − m2

	 .

Š¨´¥³ É¨Î¥¸±¨ ¤μ¶Ê¸É¨³ Ö μ¡² ¸ÉÓ Ë §μ¢μ£μ ¶·μ¸É· ´¸É¢  ¤ ¥É¸Ö ´¥· ¢¥´-
¸É¢ ³¨

s � sth = max [m2
a, (mb + m	)2], (342)

Q2
− � Q2 � Q2

+, Q2
± = 2E∗

ν(E∗
	 ±P ∗

	 ) − m2
	 . (343)

’¥¶¥·Ó ¶μ¸²¥ Ô²¥³¥´É ·´ÒÌ, ÌμÉÖ ¨ ¤μ¢μ²Ó´μ £·μ³μ§¤±¨Ì,  ²£¥¡· ¨Î¥¸±¨Ì
¶·¥μ¡· §μ¢ ´¨° ´ Ìμ¤¨³

{|Rd|} =
σ2

3

4m2
am2

bm
2
	

2∑
k,l=0

Akls
kQ2l,

{
|Rd|R̃μν

d qμqν

}
=

σ2
3

4m2
am2

bm
2
	

2∑
k,l=0

Bkls
kQ2l,

{|Rd|Ydq} =
σ2

3

8m2
am2

bm
2
	

3∑
k,l=0

Ckls
kQ2l.

�É²¨Î´Ò¥ μÉ ´Ê²Ö ±μÔËË¨Í¨¥´ÉÒ Akl, Bkl (0 � k, l � 2) ¨ Ckl (0 � k, l � 3)
¨³¥ÕÉ ¢¨¤

A00 = σ2
b m2

am2
	 [σ

2
a(σ2

a + σ2
b )(m2

a − 2m2
b)+

+ σ2
	 (σ2

b + σ2
	 )(m2

	 − 2m2
b) − 3σ2

aσ2
	 m2

b ]+

+ σ2
3m

2
b [σ

2
bm2

b(σ
2
am2

	 + σ2
	 m2

a) + σ2
aσ2

	 (m4
b − 4m2

am
2
	)],

A01 = σ2
a{σ2

b [2σ2
am2

	 (m
2
a + m2

b) + σ2
	 (m2

b + m2
	)(m

2
a + 2m2

b)]+

+ 2[σ4
bm2

	 (m
2
a + m2

b) + σ2
	 m4

b(σ
2
a + σ2

	 )]},
A02 = σ2

3σ2
a(σ2

b m2
	 + σ2

	 m2
b),

A10 = −σ2
	 {σ2

b [σ2
a(m2

a + m2
b)(2m2

b + m2
	) + 2σ2

	 m2
a(m2

b + m2
	)]+

+ 2[σ4
bm2

a(m2
b + m2

	 ) + σ2
am4

b(σ
2
a + σ2

	 )]},
A11 = −σ2

aσ2
	 [σ2

b (m2
a + m2

b + m2
	 ) + 2σ2

3m2
b ],

A12 = −σ2
aσ2

bσ2
	 ,
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A20 = σ2
3σ2

	 (σ2
am2

b + σ2
b m2

a),

A21 = σ2
aσ2

b σ2
	 ;

B00 = m2
am2

	{σ2
b (m2

a + m2
	 )[σ

2
a(m2

a + m2
b) + σ2

b (m2
a + m2

	)+

+ σ2
	 (m2

b + m2
	)] + m2

b(σ
4
am2

a + σ4
	 m2

	 + σ2
aσ2

	 m2
b)},

B01 = m2
a{2σ4

	 m2
bm

2
	 + σ2

	 (m2
b + m2

	)[σ
2
b (m2

a + 2m2
	) + σ2

am2
b ]+

+ σ2
bm2

	 [σ
2
a(2m2

a + m2
b + m2

	) + 2σ2
b (m2

	 + m2
a)]},

B02 = σ2
3m2

a(σ2
b m2

	 + σ2
	 m2

b),

B10 = −m2
	{σ2

	 [σ2
b m2

a(m2
a + m2

b + 2m2
	) + σ2

am2
b(m

2
a + m2

b)]+

+ σ2
aσ2

b (m2
a + m2

b)(m
2
	 + 2m2

a) + 2m2
a[σ4

am2
b + σ4

b (m2
	 + m2

a)]},
B11 = −[2σ2

3σ
2
b m2

am2
	 + (m2

a + m2
b + m2

	)(σ
2
aσ2

b m2
	 + σ2

b σ2
	 m2

a + σ2
	 σ2

am2
b)],

B12 = −(σ2
aσ2

bm2
	 + σ2

b σ2
	 m2

a + σ2
	 σ2

am2
b),

B20 = σ2
3m2

	(σ
2
am2

b + σ2
bm2

a),

B21 = σ2
aσ2

b m2
	 + σ2

b σ2
	 m2

a + σ2
	 σ2

am2
b ;

C00 = m2
am2

	{σ2
a[σ2

b (m4
a + m2

am2
	 − m2

am2
b + m2

	m
2
b) + σ2

	 m2
b(m

2
b − 2m2

a)]+

+ (σ2
b m2

a + σ2
	 m2

b + σ2
b m2

	)[σ
2
b m2

a + (2m2
	 − m2

b)(σ
2
	 + σ2

b )]},
C01 = m2

a{σ2
a[σ2

b (2m2
am2

	 + m2
bm

2
	 + m4

	 ) + σ2
	 m2

b(m
2
	 + m2

b)]+

+ σ4
	 m2

b(3m2
	 − m2

b) + σ4
b m2

	(2m2
a − m2

b + 3m2
	)+

+ σ2
b σ2

	 (m2
b + m2

	)(m
2
a − m2

b + 3m2
	)},

C02 = m2
aσ2

3(m2
bσ

2
	 + σ2

bm2
	),

C10 = −m2
	{σ2

a[σ2
b (2m4

a − 2m2
am2

b + m2
am2

	 + m2
bm

2
	) + σ2

	 m2
b(m

2
b − 3m2

a)]+

+ σ4
b [2m2

a(m
2
a − m2

b) + m2
	(3m2

a − m2
b)] − σ4

	 m2
b(m

2
a + m2

b)+

+ σ2
bσ2

	 [m2
a(2m2

a + 4m2
	 − 3m2

b) − m2
b(m

2
b + m2

	)]},
C11 = −σ2

a[σ2
b m2

	(3m2
a + m2

b + m2
	) + σ2

	 m2
b(m

2
a + m2

b + m2
	 )]−

− σ4
b m2

	(m
2
a − m2

b − m2
	 ) + σ4

	 m2
b(m

2
a + m2

b + m2
	)+

+ σ2
b σ2

	 [(m2
b + m2

	 )
2 − m2

a(m2
a − m2

b + 3m2
	)],

C12 = −σ2
a(σ2

b m2
	 + σ2

	 m2
b) − σ2

bσ2
	 (m2

a − m2
b − m2

	) + σ4
b m2

	 + σ4
	 m2

b ,

C20 = m2
	{σ2

a[σ2
b (m2

a − m2
b) − σ2

	 m2
b ] + σ4

b (m2
a − m2

b) − σ2
	 m2

b(σ
2
b + σ2

	 )+

+ 2σ2
b (σ2

	 m2
a − σ2

	 m2
b)},

C21 = σ2
a(σ2

b m2
	 + σ2

	 m2
b) − 2σ2

bσ2
	 (m2

b + m2
	) − σ4

bm2
	 − σ4

	 m2
b ,

C22 = −σ2
bσ2

	 ,

C31 = σ2
b σ2

	 .
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’ ±¨³ μ¡· §μ³, ±¢ ¤· É¨Î´ Ö Ëμ·³  R̃
μν
d qμqν ¨ ¸± ²Ö·´μ¥ ¶·μ¨§¢¥¤¥-

´¨¥ Ydq Ö¢²ÖÕÉ¸Ö · Í¨μ´ ²Ó´Ò³¨ ËÊ´±Í¨Ö³¨ ¤¢ÊÌ ¶¥·¥³¥´´ÒÌ s ¨ Q2:

{
R̃

μν
d qμqν

}
=

∑
k,l

Bkls
kQ2l∑

k,l

AklskQ2l
≡ Fd(s, Q2),

{Ydq} =
1
2

∑
k,l

Ckls
kQ2l∑

k,l

AklskQ2l
≡ nd(s, Q2)Fd(s, Q2).

‡¤¥¸Ó ³Ò ¢¢¥²¨ ËÊ´±Í¨Õ∗

nd =
{Ydl}
{Ydl}

=
1
2

∑
k,l

Ckls
kQ2l∑

k,l

BklskQ2l
.

�μ²¥§´μ É ±¦¥ ¢¢¥¸É¨ ËÊ´±Í¨Õ Dd ¸ ¶μ³μÐÓÕ ¸²¥¤ÊÕÐ¥£μ μ¶·¥¤¥²¥´¨Ö:

D2
d

E2
ν

=
1

2Fd
=

1
2

∑
k,l

Akls
kQ2l∑

k,l

BklskQ2l
.

•μÉÖ ´¨ Dd, ´¨ nd ´¥ ¨³¥ÕÉ ¸ ³¨ ¶μ ¸¥¡¥ μÎ¥¢¨¤´μ£μ Ë¨§¨Î¥¸±μ£μ ¸³Ò¸² ,
μ´¨ ¶μ²¥§´Ò ¤²Ö ¨²²Õ¸É· Í¨¨ ¶μ¢¥¤¥´¨Ö ¨´É¥·¥¸ÊÕÐ¨Ì ´ ¸ ËÊ´±Í¨° D ¨
n ¢ Éμ³ ¸¶¥Í¨ ²Ó´μ³ ¸²ÊÎ ¥, ±μ£¤  ³μ¦´μ ¶·¥´¥¡·¥ÎÓ ¸μμÉ¢¥É¸É¢ÊÕÐ¨³¨
¢±² ¤ ³¨ ¢ D ¨ n, μ¡Ê¸²μ¢²¥´´Ò³¨ ·¥ ±Í¨¥° ¢ ¨¸ÉμÎ´¨±¥∗∗,   ¨³¥´´μ, ¶·¨
¢Ò¶μ²´¥´¨¨ Ê¸²μ¢¨°{

R̃
μν
d qμqν

}
�
{

R̃
μν
s qμqν

}
¨ {|Ydl|} � {|Ysl|} .

‚ ¶·μ¸É¥°Ï¥³ Î ¸É´μ³ ¸²ÊÎ ¥, ±μ£¤  σa/ma = σb/mb = σ	/m	 = λ =
const (ÔÉ¨ ¸μμÉ´μÏ¥´¨Ö μ¶¨¸Ò¢ ÕÉ ¸¢μ¥μ¡· §´Ò° ¸±¥°²¨´£ ÔËË¥±É¨¢´ÒÌ
· §³¥·μ¢ ¶ ±¥Éμ¢), ³μ¦´μ ¶μ± § ÉÓ, ÎÉμ ËÊ´±Í¨¨ λ2Fd (  ¸²¥¤μ¢ É¥²Ó´μ,
¨ Dd/λ) ¨ nd ´¥ § ¢¨¸ÖÉ μÉ ¶ · ³¥É·  λ ¨ μ¶·¥¤¥²ÖÕÉ¸Ö ¨¸±²ÕÎ¨É¥²Ó´μ

∗‘²¥¤Ê¥É μ¡· É¨ÉÓ ¢´¨³ ´¨¥, ÎÉμ ¢ μÉ²¨Î¨¥ μÉ Fd ËÊ´±Í¨Ö nd ´¥ Ö¢²Ö¥É¸Ö ·¥²ÖÉ¨¢¨¸É¸±¨³
¨´¢ ·¨ ´Éμ³, ´¥¸³μÉ·Ö ´  Éμ, ÎÉμ ¢Ò· ¦ ¥É¸Ö (¢ ². ¸.) ¢ É¥·³¨´ Ì ¤¢ÊÌ ¨´¢ ·¨ ´Éμ¢.

∗∗�ÉμÉ ¸²ÊÎ ° ¶·Ö³μ ¶·μÉ¨¢μ¶μ²μ¦¥´ · ¸¸³μÉ·¥´´μ³Ê ¢ ± Î¥¸É¢¥ ¶·¨³¥·  ¢ ¶·¨²μ¦¥-
´¨¨ �1.3.2.
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±¨´¥³ É¨±μ°. �¡² ¸É¨ μ¶·¥¤¥²¥´¨Ö ËÊ´±Í¨° Fd ¨ nd μ£· ´¨Î¥´Ò ±¨´¥³ -
É¨Î¥¸±¨³¨ Ê¸²μ¢¨Ö³¨ (342), (343), ¨ · §²¨Î¨Ö Ëμ·³Ò ¶μ¢¥·Ì´μ¸É¥°, ¨§μ-
¡· ¦¥´´ÒÌ ´  · §´ÒÌ ¶ ´¥²ÖÌ, μ¡Ê¸²μ¢²¥´Ò £² ¢´Ò³ μ¡· §μ³ · §´Ò³¨ ¶μ-
·μ£ ³¨ ·¥ ±Í¨° (342), É. ¥., ¶μ ¸ÊÐ¥¸É¢Ê, ³ ¸¸ ³¨ ±μ´¥Î´ÒÌ ²¥¶Éμ´μ¢. �μ-
ÔÉμ³Ê · §²¨Î¨Ö ´¨¢¥²¨·ÊÕÉ¸Ö ¶·¨ ¤μ¸É ÉμÎ´μ ¢Ò¸μ±¨Ì Ô´¥·£¨ÖÌ, É. ¥. ¶·¨
s � max (sth). �¡· Ð¥´¨¥ ËÊ´±Í¨¨ Fd ¢ ´Ê²Ó ¶·¨ Eν → 0 ¤²Ö ¡¥¸¶μ·μ£μ-
¢μ° ·¥ ±Í¨¨ νn → pe− ´¥ ¨³¥¥É μÉ´μÏ¥´¨Ö ± ´ Ï¥° § ¤ Î¥, μ£· ´¨Î¥´´μ°
· ¸¸³μÉ·¥´¨¥³ Ê²ÓÉ· ·¥²ÖÉ¨¢¨¸É¸±¨Ì ´¥°É·¨´μ∗.

‚ μ¡Ð¥³ ¸²ÊÎ ¥ ¶μ¢¥¤¥´¨¥ ËÊ´±Í¨° Fd ¨ nd ¸É ´μ¢¨É¸Ö £μ· §¤μ ¡μ²¥¥
¸²μ¦´Ò³. � §Ê³¥¥É¸Ö, ÔÉμ ¶·¥¤¶μ²μ¦¥´¨¥, ¶·¨´ÖÉμ¥ §¤¥¸Ó ¨¸±²ÕÎ¨É¥²Ó´μ ¢
¨²²Õ¸É· É¨¢´ÒÌ Í¥²ÖÌ, ¸μ¢¥·Ï¥´´μ ¶·μ¨§¢μ²Ó´μ ¨, ¡μ²¥¥ Éμ£μ, ¸μ¢¥·Ï¥´´μ
´¥·¥ ²¨¸É¨Î´μ. ‚ ¡μ²¥¥ ·¥ ²¨¸É¨Î´μ° ¸¨ÉÊ Í¨¨, σκ/mκ ≪ 1, ¤ ¦¥ ËÊ´±-
Í¨Ö log (Fd) μÎ¥´Ó ¸¨²Ó´μ ¨§³¥´Ö¥É¸Ö ¢´ÊÉ·¨ ¸¢μ¥° μ¡² ¸É¨ μ¶·¥¤¥²¥´¨Ö ¨
¤¥É ²¨ ¥¥ ¶μ¢¥¤¥´¨Ö É·Ê¤´μ¢μ¸¶·μ¨§¢μ¤¨³Ò ´  ¤¢Ê³¥·´μ³ £· Ë¨±¥. „²Ö ²ÊÎ-
Ï¥£μ ¶μ´¨³ ´¨Ö ¸¢μ°¸É¢ ËÊ´±Í¨° Fd ¨ nd · ¸¸³μÉ·¨³ §¤¥¸Ó ´ ¨¡μ²¥¥ ¢ ¦´Ò¥
¶·¥¤¥²Ó´Ò¥ ¸²ÊÎ ¨,  ¸¨³¶ÉμÉ¨±¨ ¨ ´¥· ¢¥´¸É¢ .

�1.4.3. �¨§±μÔ´¥·£¥É¨Î¥¸±¨¥ ¶·¥¤¥²Ò ËÊ´±Í¨° Fd ¨ nd. �·¥¤¥²Ò ËÊ´±-
Í¨° Fd ¨ nd ´  ±¨´¥³ É¨Î¥¸±μ³ ¶μ·μ£¥ ±¢ §¨Ê¶·Ê£μ° ·¥ ±Í¨¨ ν + b → b + �
¢ ¤¥É¥±Éμ·¥ ¨³¥ÕÉ ¸²¥¤ÊÕÐ¨° ¢¨¤∗∗:

Fd(sth, Q2
th) =

(mb + m	)2

σ2
b + σ2

	

+
m2

a

σ2
a

,

nd(sth, Q2
th) =

(σ2
b + σ2

	 )[m2
a − (mb + m	)2]

2[σ2
a(mb + m	)2 + σ2

b m2
a + σ2

	 m2
a]

.

‡¤¥¸Ó ¶·¥¤¶μ² £ ¥É¸Ö, ÎÉμ ma < mb + m	. �μ·μ£μ¢Ò¥ §´ Î¥´¨Ö ¢¥²¨Î¨´ s
¨ Q2 · ¢´Ò ¶·¨ ÔÉμ³

sth = (mb + m	)2 ¨ Q2
th = m	

(
mb −

m2
a

mb + m	

)
.

„²Ö ¡¥¸¶μ·μ£μ¢μ° ·¥ ±Í¨¨ (ma > mb + m	, sth = m2
a, Q2

th = −m2
	) ´ Ìμ¤¨³

Fd(sth, Q2
th) = 0,

nd(sth, Q2
th) = 1 − σ2

3 [2σ2
am2

b + σ2
b (m2

a + m2
b − m2

	)]
2[σ2

aσ2
b (m2

a + m2
b − m2

	) + σ4
am2

b + σ4
bm2

a]
.

∗� ¶μ³´¨³, ÎÉμ ¢ ¸²ÊÎ ¥ Eν ∼ mj Ëμ·³Ê²Ò ¤²Ö ¤¨¸¶¥·¸¨¨ ¸¨²Ó´¥°Ï¨³ μ¡· §μ³ ¢¨¤μ¨§-
³¥´ÖÕÉ¸Ö, ¸³. ¶. 7.2.2.

∗∗‚¸¥ Ëμ·³Ê²Ò ´ ¶¨¸ ´Ò ¢ ®�‚0-¶·¥¤¥²¥¯, ¶·¥¤¶μ² £ ÕÐ¥³ ÉμÎ´Ò° § ±μ´ ¸μÌ· ´¥´¨Ö
Ô´¥·£¨¨-¨³¶Ê²Ó¸  ¢ ·¥ ±Í¨¨ 2 → 2 ¶²Õ¸ mj = 0, ∀j. Š·μ³¥ Éμ£μ, ¶·¥¤¶μ² £ ¥É¸Ö, ¥¸²¨ ´¥
μ£μ¢μ·¥´μ ¶·μÉ¨¢´μ£μ, ÎÉμ ¢¸¥ ¶ · ³¥É·Ò σκ μÉ²¨Î´Ò μÉ ´Ê²Ö.
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’ ±¨³ μ¡· §μ³, ÉμÎ´μ¥ μ¡· Ð¥´¨¥ ËÊ´±Í¨¨ Fd ¢ ´Ê²Ó ¢μ§³μ¦´μ Éμ²Ó±μ ¤²Ö
¡¥¸¶μ·μ£μ¢μ° ·¥ ±Í¨¨ (´ ¶·¨³¥·, νn → pe) ¶·¨ Eν = 0. � §Ê³¥¥É¸Ö, ÔÉμÉ
Ëμ·³ ²Ó´Ò° ¶·¥¤¥² ¢ÒÌμ¤¨É ¤ ²¥±μ §  · ³±¨ Ê²ÓÉ· ·¥²ÖÉ¨¢¨¸É¸±μ£μ ¶·¨¡²¨-
¦¥´¨Ö E2

ν � max (m2
j ), ¨¸¶μ²Ó§μ¢ ´´μ£μ ¶·¨ ¢Ò¢μ¤¥ Ëμ·³Ê² ¤²Ö ËÊ´±Í¨°

Fd ¨ nd, ¨ ¶· ±É¨Î¥¸±μ£μ §´ Î¥´¨Ö ´¥ ¨³¥¥É, ¶μ¸±μ²Ó±Ê ¢¸¥ ¸μ¢·¥³¥´´Ò¥
´¥°É·¨´´Ò¥ Ô±¸¶¥·¨³¥´ÉÒ · ¡μÉ ÕÉ ¨¸±²ÕÎ¨É¥²Ó´μ ¸ ¶ÊÎ± ³¨ Ê²ÓÉ· ·¥²Ö-
É¨¢¨¸É¸±¨Ì ´¥°É·¨´μ ¨  ´É¨´¥°É·¨´μ∗. ˆ´É¥·¥¸´μ μÉ³¥É¨ÉÓ ¶·¨ ÔÉμ³, ÎÉμ
¶·¥¤¥² Fd ¶·¨ Eν = max (mj) ≡ mν ¨ Q2 = −m2

	 (¤²Ö ¡¥¸¶μ·μ£μ¢μ° ·¥ ±-
Í¨¨), ±μÉμ·Ò° ¤ ¥É¸Ö ¢Ò· ¦¥´¨¥³

4m2
am

2
	m

2
ν

σ2
3σ

2
aσ2

b σ2
	

[
σ2

aσ2
b (m2

a + m2
b − m2

	) + σ4
bm2

a + σ4
am2

b

(m2
a − m2

b)2 − 2m2
	(m2

a + m2
b)2 + m4

	

](
m2

a

σ2
a

+
m2

b

σ2
b

+
m2

	

σ2
	

)−1

,

¢¸¥ ¥Ð¥ ³μ¦¥É ¡ÒÉÓ ¡μ²ÓÏ¨³ ¶μ ¢¥²¨Î¨´¥, ¥¸²¨ ¶μ ±· °´¥° ³¥·¥ ¤¢  ¨§ É·¥Ì
¶ · ³¥É·μ¢ σa, σb ¨ σ	 ³ ²Ò ¶μ ¸· ¢´¥´¨Õ ¸ mν .

�1.4.4. ‚Ò¸μ±μÔ´¥·£¥É¨Î¥¸±¨¥  ¸¨³¶ÉμÉ¨±¨ ËÊ´±Í¨° Fd ¨ nd. ‚ ¶·¥¤-
¶μ²μ¦¥´¨¨, ÎÉμ σa,b,	 	= 0 ¨ Q2 < ∞,  ¸¨³¶ÉμÉ¨Î¥¸±μ¥ ¶μ¢¥¤¥´¨¥ ËÊ´±Í¨°

Fd(s, Q2) ¨ nd(s, Q2)/s ¶·¨ ¢Ò¸μ±¨Ì Ô´¥·£¨ÖÌ ´¥ § ¢¨¸¨É μÉ ¶¥·¥³¥´´μ° s,  
¨³¥´´μ:

Fd(s, Q2) ∼
s→∞

m2
a

σ2
a

+
m2

b

σ2
b

+
m2

	

σ2
	

−
(

m2
a

σ2
a

+
m2

b

σ2
b

)2(
Q2

σ2
3

+
m2

a

σ2
a

+
m2

b

σ2
b

)−1

,

nd(s, Q2) ∼
s→∞

s

2σ2
a

[
m2

a

σ2
a

+
m2

b

σ2
b

+
m2

	

σ2
	

+
σ2

3m2
	

σ2
	 Q2

(
m2

a

σ2
a

+
m2

b

σ2
b

)]−1

.

�É¨  ¸¨³¶ÉμÉ¨±¨ Ê¤μ¢²¥É¢μ·ÖÕÉ ¸²¥¤ÊÕÐ¨³ ´¥· ¢¥´¸É¢ ³:

m2
	

σ2
	

< Fd(s, Q2) <
m2

a

σ2
a

+
m2

b

σ2
b

+
m2

	

σ2
	

,

σ2
b σ2

l (m2
b − m2

a)
2σ2

3(σ2
am2

b + σ2
bm2

a)
< nd(s, Q2) <

s

2m2
a

[
1 +

σ2
a

m2
a

(
m2

b

σ2
b

+
m2

	

σ2
	

)]−1

(s → ∞, Q2 < ∞),   ¨Ì ¶·¥¤¥²Ó´Ò¥ §´ Î¥´¨Ö ´  ±¨´¥³ É¨Î¥¸±¨Ì £· ´¨Í Ì
É ±μ¢Ò:

lim
s→∞

Fd(s, Q2
−) =

m2
	

σ2
	

, lim
s→∞

nd(s, Q2
−) =

σ2
b (m2

a − m2
b) − σ2

	 m2
b

2(σ2
am2

b + σ2
b m2

a)
,

lim
s→∞

Fd(s, Q2
+) =

m2
b

σ2
b

, lim
s→∞

nd(s, Q2
+) =

σ2
	 (m2

a − m2
	) − σ2

b m2
	

2(σ2
am2

	 + σ2
	 m2

a)
.

∗‡¤¥¸Ó Ê³¥¸É´μ ´ ¶μ³´¨ÉÓ, ÎÉμ ¡μ²¥¥ μ¡Ð¨°  ´ ²¨§, μÌ¢ ÉÒ¢ ÕÐ¨° ´¥·¥²ÖÉ¨¢¨¸É¸±¨° ¸²Ê-
Î °, ¶·¥¤¸É ¢²Ö¥É ¶μÉ¥´Í¨ ²Ó´Ò° ¨´É¥·¥¸ ¢ ±μ´É¥±¸É¥ ¨§ÊÎ¥´¨Ö ¢μ§³μ¦´μ¸É¨ ¤¥É¥±É¨·μ¢ ´¨Ö
·¥²¨±Éμ¢ÒÌ ´¥°É·¨´μ,   É ±¦¥ ¤²Ö Ê¸±μ·¨É¥²Ó´ÒÌ ¨  ¸É·μË¨§¨Î¥¸±¨Ì Ô±¸¶¥·¨³¥´Éμ¢ ¶μ ¶μ¨¸±Ê
£¨¶μÉ¥É¨Î¥¸±¨Ì ¸¢¥·ÌÉÖ¦¥²ÒÌ ´¥°É·¨´μ ¨ ®±Ô¢´ÒÌ¯ ¸É¥·¨²Ó´ÒÌ ´¥°É·¨´μ.
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�É¨ ¢¥²¨Î¨´Ò, ± ± ¢¨¤¨³, ¸¨³³¥É·¨Î´Ò ¶μ μÉ´μÏ¥´¨Õ ± § ³¥´¥ ¨´¤¥±¸μ¢

b ↔ �. �μ·μ£μ¢Ò¥ §´ Î¥´¨Ö nd(s, Q2
±) μ¡· Ð ÕÉ¸Ö ¢ ´Ê²Ó ¶·¨ ¸¶¥Í¨Ë¨Î¥-

¸±¨Ì ¸μμÉ´μÏ¥´¨ÖÌ ³¥¦¤Ê ¶ · ³¥É· ³¨ σκ ¨ ³ ¸¸ ³¨. ‚ ÔÉ¨Ì Ô±§μÉ¨Î¥¸±¨Ì
¸²ÊÎ ÖÌ ´Ê¦´μ ÊÎ¥¸ÉÓ ¸²¥¤ÊÕÐ¨¥ (∼ 1/s) ¶μ¶· ¢±¨.

‚ Î ¸É´μ³ ¸²ÊÎ ¥, ±μ£¤  Î ¸É¨Í -³¨Ï¥´Ó a ¥¸ÉÓ ´Ê±²μ´, ¨§ ¤¨´ ³¨Î¥¸±¨Ì
¸μμ¡· ¦¥´¨° ¸²¥¤Ê¥É, ÎÉμ ¶·¨ ¢Ò¸μ±μ° Ô´¥·£¨¨ ´¥°É·¨´μ ¸·¥¤´¨° Ê£μ² · ¸-
¸¥Ö´¨Ö ¢ ¸. Í. ³., 〈θ∗〉, · ¢¥´ ¶μ ¶μ·Ö¤±Ê ¢¥²¨Î¨´Ò μ¡· É´μ³Ê ²μ·¥´Í¥¢¸±μ³Ê

Ë ±Éμ·Ê ²¥¶Éμ´  Γ∗
	 = E∗

	 /m	. �μÔÉμ³Ê 〈Q2〉 ∼ m2
	 ¨ 〈θ〉 ∼ m	/

√
s, £¤¥ θ

¥¸ÉÓ Ê£μ² · ¸¸¥Ö´¨Ö ²¥¶Éμ´  ¢ ². ¸. (¸μ¢¶ ¤ ÕÐ¥° ¸ ¸. ¸. μ. ´Ê±²μ´ ). Œμ¦´μ
¶μ± § ÉÓ, ÎÉμ ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥  ¸¨³¶ÉμÉ¨±¨ ËÊ´±Í¨° Fd ¨ nd ¨³¥ÕÉ ¢¨¤

Fd(s, m2
	) ∼

s→∞

m2
	

σ2
	

[
1 +

σ2
	

σ2
3

(
m2

a

σ2
a

+
m2

b

σ2
b

)(
m2

a

σ2
a

+
m2

b

σ2
b

+
m2

	

σ2
3

)−1
]

< 2
m2

	

σ2
	

,

nd(s, m2
	) ∼

s→∞

σ2
bσ2

	 s

2 [(σ2
b m2

a + σ2
am2

b) (σ2
a + σ2

b + 2σ2
	 ) + σ2

aσ2
b m2

	 ]
<

Eν

2ma
.

�μ¸±μ²Ó±Ê ¶·¨ ¢Ò¸μ±¨Ì Ô´¥·£¨ÖÌ ¸ÊÐ¥¸É¢¥´´Ò° ¢±² ¤ ¢ ¸±μ·μ¸ÉÓ ¸Î¥É  ±¢ -
§¨Ê¶·Ê£¨Ì ¸μ¡ÒÉ¨° ¤ ¥É ²¨ÏÓ Ê§± Ö μ¡² ¸ÉÓ Ê£²μ¢, ¡²¨§±¨Ì ± θ = 〈θ〉, ³μ¦´μ
§ ±²ÕÎ¨ÉÓ, ÎÉμ ÔËË¥±É¨¢´μ¥  ¸¨³¶ÉμÉ¨Î¥¸±μ¥ §´ Î¥´¨¥ Fd Ö¢²Ö¥É¸Ö ¶· ±É¨-
Î¥¸±¨ ±μ´¸É ´Éμ°, ±μÉμ· Ö μ¶·¥¤¥²Ö¥É¸Ö ¢ μ¸´μ¢´μ³ ¢¥²¨Î¨´μ° ¤¨¸¶¥·¸¨¨
¨³¶Ê²Ó¸  ²¥¶Éμ´´μ£μ ‚�, σ	. �·¨ ÔÉμ³ ¶·μ¨§¢μ²Ó´Ò¥∗ ¢ ·¨ Í¨¨ ¶ · ³¥-
É·μ¢ σa ¨ σb ³μ£ÊÉ ¨§³¥´¨ÉÓ  ¸¨³¶ÉμÉ¨±Ê ²¨ÏÓ ¢ ¶·¥¤¥² Ì Ë ±Éμ·  2.

�¸¨³¶ÉμÉ¨Î¥¸±μ¥ ¶μ¢¥¤¥´¨¥ Fd(s, Q2) ·¥§±μ ¨§³¥´Ö¥É¸Ö, ¥¸²¨ μ¤¨´
(¨ Éμ²Ó±μ μ¤¨´) ¨§ ¶ · ³¥É·μ¢ σκ μ¡· Ð ¥É¸Ö ¢ ´Ê²Ó. �·¨ ÔÉμ³ ¢ ¸²ÊÎ ¥
σa = 0 ¨²¨ σb = 0  ¸¨³¶ÉμÉ¨±  ´¥ § ¢¨¸¨É μÉ s:

Fd(s, Q2) −→
s→∞

⎧⎪⎪⎪⎨⎪⎪⎪⎩
Q2

σ2
b + σ2

	

+
m2

	

σ2
	

¶·¨ σa = 0,

Q2

σ2
a + σ2

	

+
m2

	

σ2
	

¶·¨ σb = 0,

  ¶·¨ σ	 = 0 ±¢ ¤· É¨Î´μ · ¸É¥É ¸ s:

Fd(s, Q2) ∼
s→∞

(
Q2

σ2
a + σ2

b

+
m2

a

σ2
a

+
m2

b

σ2
b

)
s2

(Q2 + m2
a + m2

b)2 − 4m2
am2

b

¶·¨ σ	 = 0.

„·Ê£¨¥ ¶¥·¥³¥´´Ò¥. �¥±μÉμ·Ò¥ ¸¢μ°¸É¢  ËÊ´±Í¨¨ Fd ¸É ´μ¢ÖÉ¸Ö ¡μ²¥¥
¶·μ§· Î´Ò³¨, ¥¸²¨ § ¶¨¸ ÉÓ ¥¥ ¢ É¥·³¨´ Ì ¶¥·¥³¥´´ÒÌ Eν ¨ θ∗. � ¸¸³μÉ·¨³

∗�¥ ´ ·ÊÏ ÕÐ¨¥, · §Ê³¥¥É¸Ö, Ê¸²μ¢¨Ö ¶·¨³¥´¨³μ¸É¨ ³μ¤¥²¨ ‘�ƒ�.
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 ¸¨³¶ÉμÉ¨Î¥¸±μ¥ · §²μ¦¥´¨¥ Fd ¶·¨ Eν → ∞ ¨ Ë¨±¸¨·μ¢ ´´μ³ §´ Î¥´¨¨
Ê£²  θ∗. „²Ö ´¥ ¸²¨Ï±μ³ ³ ²ÒÌ §´ Î¥´¨° sin θ∗ μ´  ³μ¦¥É ¡ÒÉÓ § ¶¨¸ ´  ± ±

Fd(Eν , θ∗) =
m2

a

σ2
a

+
m2

b

σ2
b

+
m2

	

σ2
	

− a1σ
2
3

2maEν sin2 θ∗
×

×
{[(

m2
b

σ2
b

+
m2

	

σ2
	

)
cos θ∗ +

(
m2

bσ
2
	 − m2

	σ
2
b

m2
	σ

2
b + m2

bσ
2
	

)(
2m2

a

σ2
a

+
m2

b

σ2
b

+
m2

	

σ2
	

)]2
+

+
(

4mambm	

σaσbσ	

)2(
m2

b

σ2
b

+
m2

	

σ2
	

)−2(
m2

a

σ2
a

+
m2

b

σ2
b

+
m2

	

σ2
	

)}
+

1
sin4 θ∗

O
(

m2
a

E2
ν

)
.

�·¨ sin θ∗ = 0 ¶μ²ÊÎ ¥³

Fd(Eν , 0) =
m2

	

σ2
	

[
1 − m2

a − m2
b

maEν
+ O
(

m2
a

E2
ν

)]
,

Fd(Eν , π) =
m2

b

σ2
b

[
1 − m2

a − m2
	

maEν
+ O
(

m2
a

E2
ν

)]
.

Š ± μÉ³¥Î ²μ¸Ó ¢ÒÏ¥, ¶·¨ ¢Ò¸μ±¨Ì Ô´¥·£¨ÖÌ 〈θ∗〉 ∼ Γ∗
	 = E∗

	 /m	. Œμ¦´μ
¶μ± § ÉÓ, ÎÉμ ¸μμÉ¢¥É¸É¢ÊÕÐ¥¥  ¸¨³¶ÉμÉ¨Î¥¸±μ¥ · §²μ¦¥´¨¥ ¨³¥¥É ¢¨¤

Fd

(
Eν , θ∗ =

1
Γ∗

	

)
=

m2
	

σ2
	

[
b0 −

b1σ
2
3

ma(b0 − 1)2Eν
+ O
(

m2
a

E2
ν

)]
,

£¤¥

b0 = 1 +
σ2

	 (m2
bσ

2
a + m2

aσ2
b )

σ2
3(m2

bσ
2
a + m2

aσ2
b ) + m2

	σ
2
aσ2

b

,

b1 = 8σ2
	 (m2

bσ
2
a + m2

aσ2
b )3×

×
[
m2

b

(
m2

a − m2
b +

m2
	

3

)
σ2

a + m2
a

(
m2

a − m2
b +

4m2
	

3

)
σ2

b

]
+

+ 2σ2
	 (m2

bσ
2
a + m2

aσ2
b )[m2

bσ
4
a + (m2

a + m2
b + m2

	)σ
2
aσ2

b + m2
aσ4

b ]×
× [m2

b(m
2
a − m2

b − m2
	)σ

2
a + m2

a(m2
a − m2

b + m2
	)σ

2
b ].

�É¸Õ¤  ¢¨¤´μ, ÎÉμ ÔËË¥±É¨¢´μ¥  ¸¨³¶ÉμÉ¨Î¥¸±μ¥ §´ Î¥´¨¥ Fd(Eν , θ∗) ¶· ±-
É¨Î¥¸±¨ ¶μ¸ÉμÖ´´μ ¨ ¸ ÊÎ¥Éμ³ Éμ£μ, ÎÉμ 1 < b0 < 2, ¥£μ ¢¥²¨Î¨´  μ¶·¥¤¥²Ö¥É¸Ö
¢ μ¸´μ¢´μ³ ¤¨¸¶¥·¸¨¥° ¨³¶Ê²Ó¸  ²¥¶Éμ´´μ£μ ¶ ±¥É .

‘²ÊÎ ° ¸¨²Ó´μ° ¨¥· ·Ì¨¨. ”Ê´±Í¨Ö Fd(s, Q2) §´ Î¨É¥²Ó´μ Ê¶·μÐ ¥É¸Ö ¢
¸²ÊÎ ¥ ¸¨²Ó´μ° ¨¥· ·Ì¨¨ ³¥¦¤Ê ¢¥²¨Î¨´ ³¨ ¶ · ³¥É·μ¢ σa, σb ¨ σ	.
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‚ÒÎ¨¸²ÖÖ ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ ¶μ¸²¥¤μ¢ É¥²Ó´Ò¥ ¶·¥¤¥²Ò, ´ Ìμ¤¨³

Fd(s, Q2) ≈

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(Q2 + m2
	)

2

(s − Q2 − m2
b)2 − 4m2

am
2
	

(
ma

σa

)2

¶·¨ σ	 � σa � σb,

(Q2 + m2
	)

2

(s − m2
b − m2

	)2 − 4m2
bm

2
	

(
mb

σb

)2

¶·¨ σ	 � σb � σa,

(s − m2
a)2

(Q2 + m2
a + m2

b)2 − 4m2
am2

b

(
mb

σb

)2

¶·¨ σa � σb � σ	,

(s − m2
a)2

(s − Q2 − m2
b)2 − 4m2

am
2
	

(
m	

σ	

)2

¶·¨ σa � σ	 � σb,

(s − Q2 − m2
a − m2

	)
2

(s − m2
b − m2

	)2 − 4m2
bm

2
	

(
m	

σ	

)2

¶·¨ σb � σ	 � σa,

(s − Q2 − m2
a − m2

	)
2

(Q2 + m2
a + m2

b)2 − 4m2
am2

b

(
ma

σa

)2

¶·¨ σb � σa � σ	.

�É¸Õ¤  ¢¨¤´μ, ¢ Î ¸É´μ¸É¨, ÎÉμ∗ ´¨ ´ ¨¡μ²ÓÏ¨°, ´¨ ´ ¨³¥´ÓÏ¨° ¨§ É·¥Ì
¶ · ³¥É·μ¢ σκ ´¥ ¢²¨Ö¥É ´  Ëμ·³Ê ¨ ¢¥²¨Î¨´Ê ËÊ´±Í¨¨ Fd(s, Q2). �Éμ ´¥-
É·¨¢¨ ²Ó´μ¥ ¸¢μ°¸É¢μ ³μ¦´μ μ¡μ¡Ð¨ÉÓ ´  ¸²ÊÎ ° ¶·μÍ¥¸¸μ¢ ¸ ¶·μ¨§¢μ²Ó´Ò³
Î¨¸²μ³ Î ¸É¨Í ¢ ±μ´¥Î´μ³ ¸μ¸ÉμÖ´¨¨. �·¨ ÔÉμ³ ¢ ¸²ÊÎ ¥ ¸¨²Ó´μ° ¨¥· ·-
Ì¨¨ §´ Î¥´¨° σκ ¥¤¨´¸É¢¥´´Ò³ ¸ÊÐ¥¸É¢¥´´Ò³ ¶ · ³¥É·μ³ Ö¢²Ö¥É¸Ö ¢Éμ· Ö
¶μ ¢¥²¨Î¨´¥ ¤¨¸¶¥·¸¨Ö ¶μ¸²¥ ´ ¨¡μ²ÓÏ¥°. �ÉμÉ Ë ±É ¶μ²¥§¥´ ¶·¨  ´ ²¨§¥
³´μ£μÎ ¸É¨Î´ÒÌ ¶·μÍ¥¸¸μ¢ (¸ Î¨¸²μ³ ¢´¥Ï´¨Ì ¶ ±¥Éμ¢ ¡μ²ÓÏ¥ 2), ¶μ¸±μ²Ó±Ê
¶μ§¢μ²Ö¥É · ¸¸³ É·¨¢ ÉÓ ¶ ±¥ÉÒ ¸ μÎ¥´Ó ³ ²Ò³¨ (¶μ ¸· ¢´¥´¨Õ ¸ μ¸É ²Ó-
´Ò³¨) σκ ± ± ¶²μ¸±¨¥ ¢μ²´Ò. ‚ Î ¸É´μ¸É¨, §´ Î¨É¥²Ó´μ Ê¶·μÐ ¥É¸Ö · ¸Î¥É
· ¤¨ Í¨μ´´ÒÌ ¶μ¶· ¢μ± ¸ ¶²μ¸±μ¢μ²´μ¢Ò³¨ ËμÉμ´ ³¨ ¢μ ¢´¥Ï´¨Ì ²¨´¨ÖÌ
Ë¥°´³ ´μ¢¸±¨Ì ¤¨ £· ³³, ¶μ¸±μ²Ó±Ê μ´ ³μ¦¥É ¶·μ¢μ¤¨ÉÓ¸Ö ¸ ¨¸¶μ²Ó§μ¢ -
´¨¥³ ¸É ´¤ ·É´ÒÌ ³¥Éμ¤μ¢ Š’�. � ¶μ³´¨³, ÎÉμ ÊÎ¥É ¶¥É²¥¢ÒÌ Ô²¥±É·μ¸² -
¡ÒÌ ¶μ¶· ¢μ± ´¥ ¶·¨¢μ¤¨É ± ¤μ¶μ²´¨É¥²Ó´Ò³ ¢ÒÎ¨¸²¨É¥²Ó´Ò³ Ê¸²μ¦´¥´¨Ö³,
¸¢Ö§ ´´Ò³ ¸ ‚� Ëμ·³ ²¨§³μ³, ¶μ¸±μ²Ó±Ê ¢¸¥ μ´¨ Ëμ·³ ²Ó´μ ¢±²ÕÎ¥´Ò ¢ ¸μ-
μÉ¢¥É¸É¢ÊÕÐ¨¥ ³ É·¨Î´Ò¥ Ô²¥³¥´ÉÒ ¨ ´¨± ± ´¥ ¸¢Ö§ ´Ò ¸ Ì · ±É¥·¨¸É¨± ³¨
¢´¥Ï´¨Ì in- ¨ out-¸μ¸ÉμÖ´¨°. �μ ¸μ£² Ï¥´¨Õ, ¶·¨´ÖÉμ³Ê ¢ μ¸´μ¢´μ³ É¥±-
¸É¥, ± ²¨¡·μ¢μÎ´Ò¥ ¡μ§μ´Ò É ±¦¥ ´¥ ³μ£ÊÉ Ë¨£Ê·¨·μ¢ ÉÓ ¢ ± Î¥¸É¢¥ ¢´¥Ï´¨Ì
²¨´¨° ¤¨ £· ³³.

∗�·¨ ¸¨²Ó´μ° ¨¥· ·Ì¨¨ ³ ¸ÏÉ ¡μ¢ ¤¨¸¶¥·¸¨° ¨³¶Ê²Ó¸μ¢ ¢´¥Ï´¨Ì ¶ ±¥Éμ¢, ´μ ´¥ ¢ ¸ ³μ³
μ¡Ð¥³ ¸²ÊÎ ¥.
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�1.5. ’·¥ÌÎ ¸É¨Î´Ò° · ¸¶ ¤ ¢ ¨¸ÉμÎ´¨±¥. �¡Ð¨¥ Ëμ·³Ê²Ò, μ¶¨¸Ò¢ Õ-
Ð¨¥ É·¥ÌÎ ¸É¨Î´Ò° · ¸¶ ¤ a → b + � + ν∗, Ëμ·³ ²Ó´μ ¸μ¢¶ ¤ ÕÉ ¸ É ±μ¢Ò³¨
¤²Ö · ¸¸¥Ö´¨Ö 2 → 2, ¥¸²¨ · ¸¸³ É·¨¢ ÉÓ ¨Ì ¢ ¸. ¸. μ. Î ¸É¨ÍÒ a. ƒ² ¢´μ¥ · §-
²¨Î¨¥ μ¡Ê¸²μ¢²¥´μ ±¨´¥³ É¨±μ°. �μÔÉμ³Ê ³Ò · ¸¸³μÉ·¨³ ÔÉμÉ ¸²ÊÎ ° ±· É±μ.

�μ¤μ¡´μ ¸²ÊÎ Õ · ¸¸¥Ö´¨Ö 2 → 2, ËÊ´±Í¨¨ |Rs| ¨ R̃μν
s qμqν ³μ£ÊÉ ¡ÒÉÓ § -

¶¨¸ ´Ò ¢ É¥·³¨´ Ì ¤¢ÊÌ ´¥§ ¢¨¸¨³ÒÌ ¨´¢ ·¨ ´É´ÒÌ ¶¥·¥³¥´´ÒÌ, ¢ ± Î¥¸É¢¥
±μÉμ·ÒÌ ³μ¦´μ ¨¸¶μ²Ó§μ¢ ÉÓ, ´ ¶·¨³¥·, ²Õ¡ÊÕ ¶ ·Ê ¨´¢ ·¨ ´Éμ¢

s1 = (pb + p	)2 = (pa − pν)2,

s2 = (pν + p	)2 = (pa − pb)2,

s3 = (pν + pb)2 = (pa − p	)2,

¸¢Ö§ ´´ÒÌ Éμ¦¤¥¸É¢μ³ s1 + s2 + s3 = m2
a +m2

b +m2
	 . ”¨§¨Î¥¸± Ö μ¡² ¸ÉÓ ¤²Ö

ÔÉ¨Ì ¶¥·¥³¥´´ÒÌ § ¤ ¥É¸Ö Ê¸²μ¢¨Ö³¨

(mb + m	)2 � s1 � m2
a, m2

	 � s2 � (ma − m	)2, m2
b � s3 � (ma − mb)2.

„²Ö μ¶·¥¤¥²¥´´μ¸É¨ ¡Ê¤¥³ ¨¸¶μ²Ó§μ¢ ÉÓ ¶ ·Ê (s1, s2). �¡² ¸ÉÓÕ μ¶·¥¤¥²¥´¨Ö
¤²Ö ÔÉμ° ¶ ·Ò Ö¢²Ö¥É¸Ö ¤¨ £· ³³  „ ²¨ÉÍ 

s−1 � s1 � s+
1 , m2

	 � s2 � (ma − m	)2,

£¤¥

s±1 = m2
b + m2

	−

− (s2 + m2
b)(s2 − m2

a + m2
	 ) ∓ (s2 − m2

b)
√

(s2 − m2
a − m2

	)2 − 4m2
am2

	

2s2
.

‚μ¸¶μ²Ó§μ¢ ¢Ï¨¸Ó ·¥§Ê²ÓÉ É ³¨ ¶·¥¤Ò¤ÊÐ¥£μ ¶Ê´±É , ´ °¤¥³, ´ ¶·¨³¥·,

{|Rs|} =
σ2

3

4m2
am

2
bm

2
	

2∑
k,l=0

A′
kls

k
1sl

2,

{
|Rs|R̃μν

d qμqν

}
=

σ2
3

4m2
am2

bm
2
	

2∑
k,l=0

B′
kls

k
1sl

2.

‘²¥¤μ¢ É¥²Ó´μ, ±¢ ¤· É¨Î´ Ö Ëμ·³  R̃μν
s qμqν Ö¢²Ö¥É¸Ö · Í¨μ´ ²Ó´μ° ËÊ´±-

Í¨¥° ¶¥·¥³¥´´ÒÌ s1 ¨ s2,

{
R̃

μν
s qμqν

}
=

∑
k,l

B′
kls

k
1sl

2∑
k,l

A′
kls

k
1s

l
2

≡ Fs(s1, s2).
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�É²¨Î´Ò¥ μÉ ´Ê²Ö ±μÔËË¨Í¨¥´ÉÒ A′
kl ¨ B′

kl (0 � k, l � 2 ¨³¥ÕÉ ¢¨¤

A′
00 = σ2

	 [σ2
am2

b(σ
2
a + σ2

	 )(m2
a − m2

	)
2 + σ2

b m2
a(σ2

b + σ2
	 )(m2

b − m2
	)

2]+

+ σ2
aσ2

b m2
	{σ2

	 [m2
	(m

2
a + m2

b + m2
	) − 7m2

am
2
b ] + (σ2

a + σ2
b )(m4

	 − 4m2
am2

b)},

A′
01 = −σ2

a{σ2
b [σ2

	 (m2
b + m2

	 )(m
2
a + 2m2

	) + 2m4
	(σ

2
a + σ2

b )]+

+ 2σ2
	 m2

b(m
2
	 + m2

a)(σ2
a + σ2

	 )},

A′
02 = σ2

3σ2
a(σ2

b m2
	 + σ2

	 m2
b),

A′
10 = −σ2

b{σ2
a[σ2

	 (m2
	 + m2

a)(2m2
	 + m2

b) + 2m4
	(σ

2
a + σ2

b )]+

+ 2σ2
	 m2

a(σ2
b + σ2

	 )(m2
	 + m2

b)},

A′
11 = σ2

aσ2
b [σ2

	 (m2
a + m2

b + m2
	) + 2σ2

3m
2
	 ],

A′
12 = −σ2

aσ2
bσ2

	 ,

A′
20 = σ2

3σ2
b (σ2

am2
	 + σ2

	 m2
a),

A′
21 = −σ2

aσ2
bσ2

	 ;

B′
00 = m2

am2
b{σ2

	 (m2
a + m2

b)[σ
2
a(m2

a + m2
	) + σ2

b (m2
b + m2

	) + σ2
	 (m2

a + m2
b)]+

+ m2
	(σ

4
am2

a + σ4
b m2

b + σ2
aσ2

b m2
b)},

B′
01 = −m2

a{σ2
a[σ2

b m2
	(m

2
b + m2

	) + σ2
	 m2

b(2m2
a + m2

b + m2
	)]+

+ 2m2
b[σ

4
b m2

	 + σ4
	 (m2

a + m2
b)] + σ2

b σ2
	 (m2

b + m2
	)(m

2
a + 2m2

b)},

B′
02 = σ2

3m2
a(σ2

b m2
	 + σ2

	 m2
b),

B′
10 = −m2

b{2σ4
am2

am2
	 + σ2

a(m2
a + m2

	)[σ
2
b m2

	 + σ2
	 (2m2

a + m2
b)]+

+ σ2
	 m2

a[2σ2
	 (m2

a + m2
b) + σ2

b (m2
a + 2m2

b + m2
	)]},

B′
11 = 2σ3σ

2
	 m2

am2
b + (m2

a + m2
b + m2

	 )(σ
2
aσ2

bm2
	 + σ2

b σ2
	 m2

a + σ2
	 σ2

am2
b),

B′
12 = −(σ2

aσ2
b m2

	 + σ2
b σ2

	 m2
a + σ2

	 σ2
am2

b),

B′
20 = σ2

3m2
b(σ

2
am2

	 + σ2
	 m2

a),

B′
21 = σ2

aσ2
b m2

	 + σ2
b σ2

	 m2
a + σ2

	 σ2
am2

b .

�¶Ê¸É¨³ ¤¥É ²Ó´μ¥ ¨§ÊÎ¥´¨¥ ¶·¥¤¥²Ó´ÒÌ ¸²ÊÎ ¥¢ ¨  ¸¨³¶ÉμÉ¨±, ¶μ¸±μ²Ó±Ê
μ´¨ ³μ£ÊÉ ¡ÒÉÓ ¶μ²ÊÎ¥´Ò ¨§ Ëμ·³Ê² ¤²Ö ¸²ÊÎ Ö ±¢ §¨Ê¶·Ê£μ£μ · ¸¸¥Ö´¨Ö ¢
¤¥É¥±Éμ·¥. ‚ ± Î¥¸É¢¥ ¶·¨³¥·  ¶·¨¢¥¤¥³ ¸²ÊÎ ° ¸¨²Ó´μ° ¨¥· ·Ì¨¨ ³¥¦¤Ê
¶ · ³¥É· ³¨ σa, σb ¨ σ	, ¢ ±μÉμ·μ³, ¶μ¤μ¡´μ ¸²ÊÎ Õ · ¸¸¥Ö´¨Ö 2 → 2,



182 ��“Œ�‚ „.‚., ��“Œ�‚ ‚.�.

ËÊ´±Í¨Ö Fs(s1, s2) ¸É ´μ¢¨É¸Ö μ¸μ¡¥´´μ ¶·μ¸Éμ°:

Fs(s1, s2) ≈

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(s1 + s2 − m2
a − m2

b)
2

(s2 − m2
a − m2

	)2 − 4m2
am2

	

(
ma

σa

)2

¶·¨ σ	 � σa � σb,

(s1 + s2 − m2
a − m2

b)
2

(s1 − m2
b − m2

	)2 − 4m2
bm

2
	

(
mb

σb

)2

¶·¨ σ	 � σb � σa,

(s1 − m2
a)2

(s1 + s2 − m2
	)2 − 4m2

am2
b

(
mb

σb

)2

¶·¨ σa � σb � σ	,

(s1 − m2
a)2

(s2 − m2
a − m2

	)2 − 4m2
am2

	

(
m	

σ	

)2

¶·¨ σa � σ	 � σb,

(s2 − m2
b)

2

(s1 − m2
b − m2

	)2 − 4m2
bm

2
	

(
m	

σ	

)2

¶·¨ σb � σ	 � σa,

(s2 − m2
b)

2

(s1 + s2 − m2
	)2 − 4m2

am2
b

(
ma

σa

)2

¶·¨ σb � σa � σ	.

ˆ§ ÔÉ¨Ì Ëμ·³Ê² ¢¨¤´μ, ÎÉμ ¶·¨ ¸¨²Ó´μ° ¨¥· ·Ì¨¨ ´¨ ´ ¨¡μ²ÓÏ¨°, ´¨ ´ ¨-
³¥´ÓÏ¨° ¨§ ¶ · ³¥É·μ¢ ´¥ ¢²¨ÖÕÉ ´  ¢¥²¨Î¨´Ê ¨ Ëμ·³Ê ËÊ´±Í¨¨ Fs(s1, s2).

�·¨²μ¦¥´¨¥ 2
Œ��ƒ�Œ…��›… ƒ�“‘‘�‚› Š‚�„��’“�›

‚ μ¸´μ¢´μ³ É¥±¸É¥ Î ¸Éμ ¨¸¶μ²Ó§ÊÕÉ¸Ö ¨´É¥£· ²Ò

G(A, B) =
∫

dx exp (−Aμνxμxν + Bμxμ), (344)

£¤¥ A = ||Aμν || Å ¸¨³³¥É·¨Î´ Ö ¶μ²μ¦¨É¥²Ó´μ μ¶·¥¤¥²¥´´ Ö ³ É·¨Í ,  
Bμ Å ¶·μ¨§¢μ²Ó´Ò¥ ±μ³¶²¥±¸´Ò¥ ¶μ¸ÉμÖ´´Ò¥∗. •μÉÖ ¨´É¥£· ²Ò É ±μ£μ ¢¨¤ 
Ìμ·μÏμ ¨§¢¥¸É´Ò (¸³., ´ ¶·¨³¥·, [138]), ³Ò ¶·¨¢¥¤¥³ §¤¥¸Ó ¶·μ¸Éμ° · ¸-
Î¥É (344), ¶μ¸±μ²Ó±Ê ¢ ²¨É¥· ÉÊ·¥ ¨³¥¥É ³¥¸Éμ ´¥±μÉμ· Ö ¶ÊÉ ´¨Í , ¨²¨,
²ÊÎÏ¥ ¸± § ÉÓ, ´¥¤μ£μ¢μ·¥´´μ¸ÉÓ, ¸¢Ö§ ´´ Ö c μ¶·¥¤¥²¥´¨¥³ ³ É·¨ÍÒ, μ¡· É-
´μ° ± A ¢ ¶·μ¸É· ´¸É¢¥ Œ¨´±μ¢¸±μ£μ. ‘¨³³¥É·¨Î´ Ö ³ É·¨Í  A ¢¸¥£¤  ³μ¦¥É
¡ÒÉÓ ¤¨ £μ´ ²¨§μ¢ ´  ¸ ¶μ³μÐÓÕ μ·Éμ£μ´ ²Ó´μ£μ ¶·¥μ¡· §μ¢ ´¨Ö O = ||Oμν ||

∗‚ ¤ ´´μ° · ¡μÉ¥ ¢¥²¨Î¨´Ò Aμν ¨ Bμ Ö¢²ÖÕÉ¸Ö ±μ³¶μ´¥´É ³¨ É¥´§μ·  ¨ 4-¢¥±Éμ·  ¸μμÉ-
¢¥É¸É¢¥´´μ, ´μ ¤²Ö ¤ ²Ó´¥°Ï¥£μ ÔÉμ μ¡¸ÉμÖÉ¥²Ó¸É¢μ ´¥¸ÊÐ¥¸É¢¥´´μ. 
μ²¥¥ Éμ£μ, ·¥§Ê²ÓÉ É (347)
´¥ § ¢¨¸¨É μÉ · §³¥·´μ¸É¨ ¨ ¸¨£´ ÉÊ·Ò ¶·μ¸É· ´¸É¢ -¢·¥³¥´¨.
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(¸³., ´ ¶·¨³¥·, [139]):

Aμν =
∑
α

aαOμαOνα,
∑

α

OμαOνα = δμν , (345)

¶·¨Î¥³ aα Å ÔÉμ (¶μ²μ¦¨É¥²Ó´Ò¥) ¸μ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö ³ É·¨ÍÒ A. �μ-
ÔÉμ³Ê ±¢ ¤· É¨Î´ Ö Ëμ·³  ¢ ¶μ± § É¥²¥ Ô±¸¶μ´¥´ÉÒ ¶μ¤Ò´É¥£· ²Ó´μ£μ ¢Ò· -
¦¥´¨Ö (344) ³μ¦¥É ¡ÒÉÓ ¶¥·¥¶¨¸ ´  ¢ ¢¨¤¥

−
∑
α

aα(Oμαxμ)(Oναxν) + Bμxμ =
∑
α

(
−aαy2

α +
∑

μ

BμOμαyα

)
, (346)

£¤¥ yα = Oμαxμ ¨, ¸²¥¤μ¢ É¥²Ó´μ, xμ =
∑
α

Oμαyα. Ÿ±μ¡¨ ´ ÔÉμ£μ ¶·¥μ¡· -

§μ¢ ´¨Ö · ¢¥´ |O| = 1, É ± ÎÉμ dx = dy. �μ¤¸É ´μ¢±  (346) ¢ (344) ¸¢μ¤¨É
¨´É¥£· ² ± ¶·μ¨§¢¥¤¥´¨Õ ¸É ´¤ ·É´ÒÌ £ Ê¸¸μ¢ÒÌ ±¢ ¤· ÉÊ·:

G(A, B) =
∏
α

√
π

aα
exp

⎡⎣ 1
4aα

(∑
μ

BμOμα

)2
⎤⎦ . (347)

‘μ£² ¸´μ (345)∑
α

a−1
α OμαOνα = (A−1)μν

def= Ãμν ¨
∏
α

aα = |A|.

�É¸Õ¤  ¤²Ö 3-³¥·´μ£μ ¥¢±²¨¤μ¢  ¶·μ¸É· ´¸É¢  ¶μ²ÊÎ ¥³

G(A, B) =

√
π3

|A| exp
(

1
4
ÃknBkBn

)
, Ã = A−1, (348)

  ¤²Ö 4-³¥·´μ£μ ¶·μ¸É· ´¸É¢  Œ¨´±μ¢¸±μ£μ

G(A, B) =
π2√
|A|

exp
(

1
4
ÃμνBμBν

)
, Ã = gA−1g. (349)

‡ ³¥É¨³, ÎÉμ ¢ ¶μ¸²¥¤´¥³ ¸²ÊÎ ¥ Ã 	= A−1, É ± ± ± Ã0k = Ãk0 = −(A−1)0k,

k = 1, 2, 3. �μ¸±μ²Ó±Ê, μÎ¥¢¨¤´μ, ¸μ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö ³ É·¨ÍÒ Ã · ¢´Ò

1/aα > 0, μ´  ¶μ²μ¦¨É¥²Ó´μ μ¶·¥¤¥²¥´ . � §Ê³¥¥É¸Ö, |Ã| = 1/|A|. ‚ ´ ¨¡μ²¥¥

¢ ¦´μ³ ¤²Ö ´ ¸ ¸²ÊÎ ¥, ±μ£¤  ¢¥²¨Î¨´Ò Aμν ¨ Bμ μ¡· §ÊÕÉ, ¸μμÉ¢¥É¸É¢¥´´μ,

É¥´§μ· ¨ 4-¢¥±Éμ·, Ëμ·³  ÃμνBμBν ¥¸ÉÓ ²μ·¥´Í¥¢ ¸± ²Ö·, ¶μ¸±μ²Ó±Ê É ±μ¢Ò³
Ö¢²Ö¥É¸Ö ¨´É¥£· ² (344).
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�·¨²μ¦¥´¨¥ 3
”�Š’��ˆ‡�–ˆŸ �„����›• �‹�Š�‚

�μ± ¦¥³, ÎÉμ ¶·¨ ´¥±μÉμ·ÒÌ ¥¸É¥¸É¢¥´´ÒÌ ¶·¥¤¶μ²μ¦¥´¨ÖÌ, ¸Ëμ·³Ê²¨-
·μ¢ ´´ÒÌ ´¨¦¥,  ¤·μ´´Ò° ³ É·¨Î´Ò° Ô²¥³¥´É (233) ³μ¦¥É ¡ÒÉÓ ¶·¨¢¥¤¥´
± ¢¨¤Ê (235). „²Ö ÔÉμ£μ ¢Ò· §¨³ ³ É·¨Î´Ò° Ô²¥³¥´É ¢ ¶· ¢μ° Î ¸É¨ (234),
¸μ¤¥·¦ Ð¨° Ô²¥³¥´É ·´Ò¥ ±¢ ·±μ¢Ò¥ Éμ±¨ jq ¨ j†q , Î¥·¥§  ¤·μ´´Ò¥ Éμ±¨. ˆ¸-
¶μ²Ó§ÊÖ μ¶·¥¤¥²¥´¨¥ Ì·μ´μ²μ£¨Î¥¸±μ£μ ¶·μ¨§¢¥¤¥´¨Ö ²μ± ²Ó´ÒÌ μ¶¥· Éμ·μ¢,
§ ¶¨Ï¥³∗

T [jq(x)j†q(y) Sh] = θ(x0 − y0)A(x, y) + θ(y0 − x0)B(x, y), (350)

£¤¥

A(x, y) = U(∞, x0)jq(x) U(x0, y0)j†q(y) U(y0,−∞), (351 )

B(y, x) = U(∞, y0)j†q(y) U(y0, x0)jq(x) U(x0,−∞), (351¡)

¨

U(τ2, τ1) = exp

⎡⎣i τ2∫
τ1

dx0

∫
dxLh(x)

⎤⎦ (352)

Å μ¶¥· Éμ· Ô¢μ²ÕÍ¨¨ ¤²Ö  ¤·μ´´μ° Î ¸É¨ ² £· ´¦¨ ´ . ˆ¸¶μ²Ó§ÊÖ Ìμ·μÏμ
¨§¢¥¸É´Ò¥ ¸¢μ°¸É¢  ÔÉμ£μ μ¶¥· Éμ· 

U(τ2, τ1) = U(τ2, τ) U(τ, τ1), U(τ2, τ1) U(τ1, τ2) = 1,

U(∞,−∞) = Sh, U(±∞,±∞) = 1,

¶¥·¥¶¨Ï¥³ ¢Ò· ¦¥´¨¥ (351 ) ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

A(x, y) = U(∞, τ) U(τ, x0)jq(x) U(x0, τ) U(τ, x0)×
× U(x0, y0)j†q(y) U(y0, τ) U(τ, y0) U(y0,−∞) =

= U(∞, τ) U(τ, x0)jq(x) U(x0, τ) U(τ, y0)j†q(y) U(y0, τ) U(τ,−∞). (353)

‡¤¥¸Ó τ Å ¶·μ¨§¢μ²Ó´Ò° ¶ · ³¥É·. �¶·¥¤¥²¨³ É¥¶¥·Ó μ¶¥· Éμ·  ¤·μ´´μ£μ
Éμ±  (¢ £¥°§¥´¡¥·£μ¢¸±μ³ ¶·¥¤¸É ¢²¥´¨¨) ± ±

J(x) = lim
τ→−∞

U(τ, x0)jq(x) U(x0, τ). (354)

∗‚ ÔÉμ³ ¶·¨²μ¦¥´¨¨ ¤²Ö ±· É±μ¸É¨ ´¥ ¢Ò¶¨¸Ò¢ ¥³ ²μ·¥´Í¥¢¸±¨¥ ¨´¤¥±¸Ò ¨ ¸¨³¢μ²Ò ´μ·-
³ ²Ó´μ£μ Ê¶μ·Ö¤μÎ¥´¨Ö ¢ É¥Ì ¸²ÊÎ ÖÌ, ±μ£¤  ÔÉμ ´¥ ³μ¦¥É ¶·¨¢¥¸É¨ ± ´¥¤μ· §Ê³¥´¨Ö³.
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’μ£¤  (353) ³μ¦´μ ¶¥·¥¶¨¸ ÉÓ ± ±

A(x, y) = ShJ(x)J†(y). (355 )

�´ ²μ£¨Î´Ò³ μ¡· §μ³ ´ Ìμ¤¨³ ¨§ (351¡):

B(y, x) = ShJ†(y)J(x). (355¡)

�μ¤¸É ´μ¢±  (355) ¢ (350) ¤ ¥É

T [jq(x)j†q(y)Sh] = ShT [J(x)J†(y)]. (356)

Š ± ¨§¢¥¸É´μ, μ¤´μÎ ¸É¨Î´Ò¥  ¤·μ´´Ò¥ ¸μ¸ÉμÖ´¨Ö ´¥ ³¥´ÖÕÉ¸Ö ¶μ¤ ¤¥°¸É¢¨¥³
 ¤·μ´´μ° S-³ É·¨ÍÒ. �μ¸±μ²Ó±Ê ´ Ï¨ ¸μ¸ÉμÖ´¨Ö |{kb}〉 ¶·¥¤¸É ¢²ÖÕÉ ¸μ¡μ°
¶·Ö³Ò¥ ¶·μ¨§¢¥¤¥´¨Ö μ¤´μÎ ¸É¨Î´ÒÌ  ¤·μ´´ÒÌ ¸μ¸ÉμÖ´¨°, ³μ¦´μ ¸Î¨É ÉÓ,

ÎÉμ S
†
h|{kb}〉 = |{kb}〉 ¸ ÉμÎ´μ¸ÉÓÕ ¤μ ´¥¸ÊÐ¥¸É¢¥´´μ£μ Ë §μ¢μ£μ ³´μ¦¨É¥²Ö.

‘²¥¤μ¢ É¥²Ó´μ, ¸ ÉμÎ´μ¸ÉÓÕ ¤μ ÔÉμ£μ ³´μ¦¨É¥²Ö ¶μ²ÊÎ ¥³ ¨§ (356)

〈{kb}|T [jq(x)j†q (y) Sh]|{ka}〉 = 〈{kb}|T [J(x)J†(y)]|{ka}〉 ≡ 〈J(x)J†(y)〉T .
(357)

� ¸¸³μÉ·¨³ É¥¶¥·Ó ¸²¥¤ÊÕÐ¨° ³ É·¨Î´Ò° Ô²¥³¥´É:

〈J(x)J†(y)〉 = 〈{kb}|J(x)J†(y)|{ka}〉.


² £μ¤ ·Ö É· ´¸²ÖÍ¨μ´´μ° ¨´¢ ·¨ ´É´μ¸É¨ Éμ± J(x) Ê¤μ¢²¥É¢μ·Ö¥É Ê· ¢-
´¥´¨Õ

i∂μJ(x) = [J(x), Pμ], (358)

¢ ±μÉμ·μ³ Pμ Å μ¶¥· Éμ· ¶μ²´μ£μ 4-¨³¶Ê²Ó¸ , ¸μμÉ¢¥É¸É¢ÊÕÐ¨°  ¤·μ´´μ°
Î ¸É¨ ² £· ´¦¨ ´  (¸³., ´ ¶·¨³¥·, [140]). ˆ¸¶μ²Ó§ÊÖ (358), ¶μ²ÊÎ ¥³

i

(
∂

∂xμ
+

∂

∂yμ

)
〈J(x)J†(y)〉 = 〈[J(x)J†(y), Pμ]〉 = (K − K ′)μ〈J(x)J†(y)〉,

(359)

£¤¥

K = Ks + Kd =
∑
a∈Is

ka +
∑
a∈Id

ka,

K ′ = K ′
s + K ′

d =
∑
b∈F ′

s

kb +
∑
b∈F ′

d

kb.

”μ·³ ²Ó´μ¥ ·¥Ï¥´¨¥ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° (359) ¨³¥¥É ¢¨¤

〈Jμ(x)J†
ν (y)〉 = exp {i[(K ′

s − Ks)(x − xs) + (K ′
d − Kd)(y − xd)]}×

× 〈Jμ(xs)J†
ν (xd)〉 + Cμν(x − y), (360)



186 ��“Œ�‚ „.‚., ��“Œ�‚ ‚.�.

£¤¥ xs ¨ xd Å ¶·μ¨§¢μ²Ó´Ò¥ ¶·μ¸É· ´¸É¢¥´´μ-¢·¥³¥´´Ò¥ 4-¢¥±Éμ·Ò,
  Cμν(x) Å ±μ³¶μ´¥´ÉÒ ´¥±μÉμ·μ£μ É¥´§μ· ∗, É ±¨¥, ÎÉμ Cμν(xs − xd) = 0.

�μ¤μ¡´Ò° ·¥§Ê²ÓÉ É ³μ¦¥É ¡ÒÉÓ ¶μ²ÊÎ¥´ ¨ ¤²Ö ³ É·¨Î´μ£μ Ô²¥³¥´-
É  (357). ‚ ¸ ³μ³ ¤¥²¥, § ¶¨¸ ¢ (357) ¢ Ö¢´μ³ ¢¨¤¥

〈J(x)J†(y)〉T = θ(x0 − y0)〈J(x)J†(y)〉 + θ(y0 − x0)〈J†(y)J(x)〉,

¶·¨´¨³ Ö ¢μ ¢´¨³ ´¨¥, ÎÉμ (∂/∂xμ +∂/∂yμ)θ(x0−y0) = 0, ¨ ÊÎ¨ÉÒ¢ Ö (359),
¶μ²ÊÎ ¥³ Ê· ¢´¥´¨Ö

i

(
∂

∂xμ
+

∂

∂yμ

)
〈J(x)J†(y)〉T = (K − K ′)μ〈J(x)J†(y)〉T . (361)

ˆÌ ·¥Ï¥´¨¥ ¸μ¢¶ ¤ ¥É ¸ ·¥Ï¥´¨¥³ (360), ¢ ±μÉμ·μ³ 〈· · · 〉 § ³¥´Ö¥É¸Ö ´ 
〈· · · 〉T . „²Ö ´ Ï¨Ì Í¥²¥° Ê¤μ¡´μ ¢Ò¡· ÉÓ ¢ ± Î¥¸É¢¥ 4-¢¥±Éμ·μ¢ xs ¨ xd ¶·¨-
Í¥²Ó´Ò¥ ÉμÎ±¨ ¤²Ö in- ¨ out-¶ ±¥Éμ¢ ¢ ¨¸ÉμÎ´¨±¥ ¨ ¤¥É¥±Éμ·¥ ¸μμÉ¢¥É¸É¢¥´´μ.
�μ¸±μ²Ó±Ê ÉμÎ±¨ Xs ¨ Xd ³ ±·μ¸±μ¶¨Î¥¸±¨ · §¤¥²¥´Ò, Éμ±¨ J(Xs) ¨ J†(Xd)
¢§ ¨³´μ ±μ³³ÊÉ¨·ÊÕÉ: [Jμ(Xs), J†

ν(Xd)] = 0. ‚ ·¥§Ê²ÓÉ É¥ ³ É·¨Î´Ò° Ô²¥-

³¥´É 〈Jμ(Xs)J†
ν (Xd)〉T Ë ±Éμ·¨§Ê¥É¸Ö ´  ¤¢  ¸μ³´μ¦¨É¥²Ö, μÉ´μ¸ÖÐ¨Ì¸Ö ±

¢¥·Ï¨´ ³ ¨¸ÉμÎ´¨±  ¨ ¤¥É¥±Éμ·  ¨ § ¢¨¸ÖÐ¨Ì ²¨ÏÓ μÉ ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì ¶¥-
·¥³¥´´ÒÌ. ˆÉ ±, ¶μ¸²¥ ¢¢¥¤¥´¨Ö 4-¢¥±Éμ·μ¢ (c-Î¨¸²μ¢ÒÌ  ¤·μ´´ÒÌ Éμ±μ¢)

Js(Xs; {ka, kb}) = ei(Ks−K′
s)Xs 〈{kb}|J(Xs)|{ka}〉, a ∈ Is, b ∈ F ′

s,

J ∗
d (Xd; {ka, kb}) = ei(Kd−K′

d)Xd 〈{kb}|J†(Xd)|{ka}〉, a ∈ Id, b ∈ F ′
d,

¶μ²ÊÎ ¥³

〈Jμ(x)J†
ν (y)〉T = exp {i[(K ′

s − Ks)x + (K ′
d − Kd)y]}×

× J μ
s (Xs; {ka, kb})J ν∗

d (Xd; {ka, kb}) + Cμν(x − y). (362)

’¥´§μ·´Ò¥ ±μ³¶μ´¥´ÉÒ Cμν(x − y), Ê¤μ¢²¥É¢μ·ÖÕÐ¨¥ Ê¸²μ¢¨Ö³

Cμν(Xs − Xd) = 0, (363)

³μ£ÊÉ ¨³¥ÉÓ ¸¨´£Ê²Ö·´μ¸ÉÓ (´¥ ¸¨²Ó´¥¥, Î¥³ δ-ËÊ´±Í¨Ö ¨²¨ ¥¥ ¶·μ¨§¢μ¤´Ò¥)
Éμ²Ó±μ ¢ ÉμÎ±¥ x = y. ‘ ¤·Ê£μ° ¸Éμ·μ´Ò, ¡² £μ¤ ·Ö Ê¸²μ¢¨Õ (363) μ´¨
¤μ²¦´Ò μ¡· Ð ÉÓ¸Ö ¢ ´Ê²Ó ¶μ¸²¥ ¨´É¥£·¨·μ¢ ´¨Ö ¶μ x ¨ y, ¶·μ¢¥¤¥´´μ£μ ¶μ
¤μ¸É ÉμÎ´μ ³ ²Ò³ ¶·μ¸É· ´¸É¢¥´´μ-¢·¥³¥´´Ò³ μ¡Ñ¥³ ³, μ±·Ê¦ ÕÐ¨³ ¶·¨-
Í¥²Ó´Ò¥ ÉμÎ±¨. ”Ê´±Í¨¨ Cμν(x−y) ¢Ìμ¤ÖÉ ¢  ³¶²¨ÉÊ¤Ê Éμ²Ó±μ Î¥·¥§ ¨´É¥£· ²

∝
∫

dx dy eiq(x−y)Cμν(x − y)ψ∗
α(pα, xα − x)ψ∗

β(pβ , xβ − y), (364)

∗‚μμ¡Ð¥ £μ¢μ·Ö, ÔÉμÉ É¥´§μ· ³μ¦¥É ¶ · ³¥É·¨Î¥¸±¨ § ¢¨¸¥ÉÓ μÉ ¨³¶Ê²Ó¸μ¢ ¨ ¸¶¨´μ¢ ´ -
Î ²Ó´ÒÌ ¨ ±μ´¥Î´ÒÌ μ¤´μÎ ¸É¨Î´ÒÌ Ëμ±μ¢¸±¨Ì ¸μ¸ÉμÖ´¨°  ¤·μ´μ¢.
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¢ ±μÉμ·μ³ ψ∗
α ¨ ψ∗

β Å ψ-ËÊ´±Í¨¨, μ¶¨¸Ò¢ ÕÐ¨¥ ‚� ±μ´¥Î´ÒÌ ²¥¶Éμ´μ¢

�+
α ¨ �−β ¸ ¨³¶Ê²Ó¸ ³¨ pα ¨ pβ ¸μμÉ¢¥É¸É¢¥´´μ. ‚±² ¤ ¶·μ¨§¢¥¤¥´¨Ö ψ∗

αψ∗
β

¢ ¶μ¤Ò´É¥£· ²Ó´μ³ ¢Ò· ¦¥´¨¨ (364) ¸ÊÐ¥¸É¢¥´ Éμ²Ó±μ ¢´ÊÉ·¨ ±² ¸¸¨Î¥¸±¨Ì
³¨·μ¢ÒÌ É·Ê¡μ±, ¶·μÌμ¤ÖÐ¨Ì ¢¡²¨§¨ ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì ¶·¨Í¥²Ó´ÒÌ ÉμÎ¥±.
�μÔÉμ³Ê ¶μ¤Ò´É¥£· ²Ó´μ¥ ¢Ò· ¦¥´¨¥ (364) ³μ¦¥É μ± § ÉÓ¸Ö ´¥ ¶·¥´¥¡·¥-
¦¨³μ ³ ²Ò³, Éμ²Ó±μ ¥¸²¨ ³¨·μ¢Ò¥ É·Ê¡±¨ ¶¥·¥±·Ò¢ ÕÉ¸Ö ¢ ¸ÊÐ¥¸É¢¥´´μ°
μ¡² ¸É¨ (¢ ¶·¥¤¥²Ó´μ³ ¸²ÊÎ ¥, ¥¸²¨ μ¸¨ ²¥¶Éμ´´ÒÌ É·Ê¡μ± ¸μ¢¶ ¤ ÕÉ). �μ
É ± Ö ±μ´Ë¨£Ê· Í¨Ö ¸¨²Ó´μ ¶μ¤ ¢²¥´  ¢ ¸¨²Ê ¶·¨¡²¨¦¥´´μ£μ ¸μÌ· ´¥´¨Ö
Ô´¥·£¨¨-¨³¶Ê²Ó¸ . �Éμ ´¥É·Ê¤´μ ¶μ´ÖÉÓ ¨§ · ¸¸³μÉ·¥´¨Ö ¶·μ¸É¥°Ï¥£μ ¸²Ê-
Î Ö Cμν(x − y) ∝ δ(x − y). ‚ ÔÉμ³ ¸²ÊÎ ¥ ¨´É¥£· ² (364) ¶·μ¶μ·Í¨μ´ ²¥´

®· §³ § ´´μ°¯ δ-ËÊ´±Í¨¨ δ̃(pα + pβ) ¨ ¶μÔÉμ³Ê ¶·¥´¥¡·¥¦¨³μ ³ ² ¢ ¸¨²Ê
´¥· ¢¥´¸É¢  p0

α + p0
β � mα + mβ . �É¨ ± Î¥¸É¢¥´´Ò¥  ·£Ê³¥´ÉÒ ¶μ§¢μ²ÖÕÉ

´ ³ ¶·¥´¥¡·¥ÎÓ ´¥Ë¨§¨Î¥¸±¨³¨ ®¤ ²Ó´μ¤¥°¸É¢ÊÕÐ¨³¨ ±μ··¥²ÖÍ¨Ö³¨¯, μ¡Ê-

¸²μ¢²¥´´Ò³¨ ¸² £ ¥³Ò³ Cμν(x − y) ¢ (362). �·¨ ÔÉμ³ ¢ ¸¨²Ê (357) ¶· ¢ Ö
Î ¸ÉÓ (233) ³μ¦¥É ¡ÒÉÓ ¶¥·¥¶¨¸ ´  ¢ ¢¨¤¥

∫ [∏
a

dka φa(ka,pa)
(2π)32Eka

ei[(ka−pa)xa−kax]

]
×

×
∫ [∏

b

dkb φ∗
b(kb,pb)

(2π)32Ekb

e−i[(kb−pb)xb−kby]

]
×

× J μ
s (Xs; {ka, kb})J ν∗

d (Xd; {ka, kb}).

�·¨´¨³ Ö ¢μ ¢´¨³ ´¨¥ ¸¢μ°¸É¢  Ëμ·³Ë ±Éμ·μ¢ φa(ka,pa) ¨ φb(kb,pb), ³μ¦-
´μ § ³¥´¨ÉÓ ¶¥·¥³¥´´Ò¥ ka ¨ kb ¢ ËÊ´±Í¨ÖÌ Js ¨ Jd ¸μμÉ¢¥É¸É¢ÊÕÐ¨³¨

¢´¥Ï´¨³¨ ¨³¶Ê²Ó¸ ³¨ pa ¨ pb. ‘¤¥² ¢ ÔÉμ (¶μ¸²¥¤´¥¥) ¶·¨¡²¨¦¥´¨¥, ³Ò
¶·¨Ìμ¤¨³ ± (235), ÎÉμ § ¢¥·Ï ¥É ¤μ± § É¥²Ó¸É¢μ.

�·¨²μ¦¥´¨¥ 4
‘’�–ˆ������Ÿ ’�—Š�

„‹Ÿ ���ˆ‡‚�‹œ��‰ Š��”ˆƒ“��–ˆˆ ˆŒ�“‹œ‘�‚
‚�…˜�ˆ• ‚�‹��‚›• ��Š…’�‚

�·¨¢¥¤¥³ §¤¥¸Ó ³¥Éμ¤ ·¥Ï¥´¨Ö Ê· ¢´¥´¨Ö (249) ¢ μ¡Ð¥³ ¸²ÊÎ ¥, É. ¥. ¤²Ö
¶·μ¨§¢μ²Ó´μ° ±μ´Ë¨£Ê· Í¨¨ ¢´¥Ï´¨Ì ¨³¶Ê²Ó¸μ¢. �¡Ð¥¥ ·¥Ï¥´¨¥ ¶·¥¤¸É -
¢²Ö¥É ¨´É¥·¥¸ ± ± ¸ ³¥Éμ¤¨Î¥¸±μ° ÉμÎ±¨ §·¥´¨Ö, É ± ¨ ¤²Ö  ´ ²¨§  ¶μÉ¥´Í¨-
 ²Ó´μ ¢μ§³μ¦´ÒÌ ¢ ¡Ê¤ÊÐ¥³ ´¥°É·¨´´ÒÌ Ô±¸¶¥·¨³¥´Éμ¢ ¶·¨ ¶·μ³¥¦ÊÉμÎ´ÒÌ
(¸Ê¡·¥²ÖÉ¨¢¨¸É¸±¨Ì) Ô´¥·£¨ÖÌ. •μÉÖ ¶·¥¤² £ ¥³Ò°  ²£μ·¨É³ ¤μ¢μ²Ó´μ £·μ-
³μ§¤μ±, μ´ ²¥£±μ ³μ¦¥É ¡ÒÉÓ ·¥ ²¨§μ¢ ´ ¢ ¢¨¤¥ ±μ³¶ÓÕÉ¥·´μ° ¶·μ£· ³³Ò ¨
¶μÔÉμ³Ê ¶μ²¥§¥´ ¶·¥¦¤¥ ¢¸¥£μ ¶·¨ Î¨¸²¥´´μ³  ´ ²¨§¥.
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“¤μ¡´μ · ¡μÉ ÉÓ ¸ Ê· ¢´¥´¨¥³ (249), § ¶¨¸ ´´Ò³ ¢ ¢¨¤¥ (267), ¢ ±μÉμ·μ³
´¥¨§¢¥¸É´μ° ¢¥²¨Î¨´μ° Ö¢²Ö¥É¸Ö ¸±μ·μ¸ÉÓ ¢¨·ÉÊ ²Ó´μ£μ ´¥°É·¨´μ. ‚μ§¢μ¤Ö
μ¡¥ Î ¸É¨ (267) ¢ ±¢ ¤· É, ¶·¨Ìμ¤¨³ ±  ²£¥¡· ¨Î¥¸±μ³Ê Ê· ¢´¥´¨Õ Î¥É¢¥·Éμ£μ
¶μ·Ö¤± 

v4 + c3v
3 + c2v

2 + c1v + c0 = 0, (365)

±μÔËË¨Í¨¥´ÉÒ ±μÉμ·μ£μ ¨³¥ÕÉ ¢¨¤

c0 =
(Rl)2 − (ηl)2

(Rl)2 + η2
0

,

c1 = −2
R(Rl) + 2(Rl)2 − η0(ηl)

(Rl)2 + η2
0

,

c2 =
R2 + 6(Rl)2 + 4R(Rl) + (ηl)2 − η2

0

(Rl)2 + η2
0

,

c3 = −2
R(Rl) + 2(Rl)2 + η0(ηl)

(Rl)2 + η2
0

.

‡¤¥¸Ó ημ = Yμ/mj ; ¢¸Õ¤Ê ¤ ²¥¥ ¶·¥¤¶μ² £ ¥É¸Ö, ÎÉμ mj > 0 (¸²ÊÎ ° ¡¥§³ ¸¸μ-
¢μ£μ ´¥°É·¨´μ É·¨¢¨ ²¥´),   ¨´¤¥±¸ ®j¯, ´Ê³¥·ÊÕÐ¨° ´¥°É·¨´μ, ´¥ ¶¨Ï¥É¸Ö
¤²Ö Ê¶·μÐ¥´¨Ö ¨ ¡¥§ Éμ£μ £·μ³μ§¤±¨Ì Ëμ·³Ê². ‚¸¥ μ¸É ²Ó´Ò¥ μ¡μ§´ Î¥´¨Ö
É ±¨¥ ¦¥, ± ± ¨ ¢ μ¸´μ¢´μ³ É¥±¸É¥. �¥Ï¥´¨¥ Ê· ¢´¥´¨Ö (365) ³μ¦¥É ¡ÒÉÓ
´ °¤¥´μ ³¥Éμ¤μ³ „¥± ·É Ä�°²¥·  (¸³., ´ ¶·¨³¥·, [141]). ‘μ£² ¸´μ ÔÉμ³Ê
³¥Éμ¤Ê § ¶¨Ï¥³ Ê· ¢´¥´¨¥ (365) ¢ ®´¥¶μ²´μ³¯ ¢¨¤¥:

(
v +

c3

4

)4
+ c̃2

(
v +

c3

4

)2
+ c̃1

(
v +

c3

4

)
+ c̃0 = 0. (366)

�¥Ï¥´¨Ö ÔÉμ£μ Ê· ¢´¥´¨Ö ¸É·μÖÉ¸Ö ¨§ ±μ·´¥° ±Ê¡¨Î¥¸±μ£μ Ê· ¢´¥´¨Ö

z3 + a2z
2 + a1z + a0 = 0, (367)

¢ ±μÉμ·μ³

a0 = − c̃2
1

64
, a1 =

c̃2
2 − 4c̃0

16
, a2 =

c̃2

2
.

“· ¢´¥´¨¥ (367) É ±¦¥ ³μ¦¥É ¡ÒÉÓ Éμ¦¤¥¸É¢¥´´μ ¶·¥μ¡· §μ¢ ´μ ± ®´¥¶μ²-
´μ°¯ Ëμ·³¥ (Ëμ·³¥ Š ·¤ ´μ):

(
z +

a2

3

)3
+ p

(
z +

a2

3

)
+ q = 0.



Š‚��’�‚�-��‹…‚�Ÿ ’…��ˆŸ �…‰’�ˆ��›• �‘–ˆ‹‹Ÿ–ˆ‰ 189

‡¤¥¸Ó ¨¸¶μ²Ó§μ¢ ´Ò ¸²¥¤ÊÕÐ¨¥ μ¡μ§´ Î¥´¨Ö:

p = a1 −
a2
2

3
= − [R2 + 4R(Rl)− η2

0 + (ηl)2]2

48[(Rl)2 + η2
0 ]2

,

q = a0 −
a1a2

3
+ 2
(a2

3

)3
= − A

864[(Rl)2 + η2
0 ]3

,

A = A0 + A1(Rl) + A2(Rl)2 + A3(Rl)3,

A0 = R6 − 3[η2
0 − (ηl)2]R4 + 3[η4

0 + 16η2
0(ηl)2 + (ηl)4]R2 − [η2

0 − (ηl)2]3,

A1 = 12R{R4 − 2[η2
0 − (ηl)2]R2 + [η2

0 − 7η0(ηl) + (ηl)2](ηl)2},

A2 = 48R2[R2 − η2
0 + (ηl)2] + 54(ηl)4,

A3 = 64R3.

—¨¸²μ ¢¥Ð¥¸É¢¥´´ÒÌ ±μ·´¥° μ¶·¥¤¥²Ö¥É¸Ö §´ ±μ³ ËÊ´±Í¨¨

B =
q2

4
+

p3

27
=

[η0(ηl)R − (ηl)2(Rl)]2B
27 648[(Rl)2 + η2

0 ]6
,

¸μ¢¶ ¤ ÕÐ¨³ ¸μ §´ ±μ³ ¶μ²¨´μ³  B = B0 + B1(Rl) + B2(Rl)2 + B3(Rl)3,
±μÔËË¨Í¨¥´ÉÒ ±μÉμ·μ£μ ¨³¥ÕÉ ¢¨¤

B0 = R6 − 3[η2
0 − (ηl)2]R4 + 3[η4

0 + 7η2
0(ηl)2 + (ηl)4]R2 − [η2

0 − (ηl)2]3,

B1 = 6R{2R4 − 4[η2
0 − (ηl)2]R2 + [2η0 − (ηl)][η0 − 2(ηl)](ηl)2},

B2 = 48R2[R2 − η2
0 + (ηl)2] + 27(ηl)4,

B3 = 64R3.

�·¨ B < 0 ¨³¥ÕÉ¸Ö É·¨ · §²¨Î´ÒÌ ¢¥Ð¥¸É¢¥´´ÒÌ ±μ·´Ö, ¶·¨ B > 0 Å
μ¤¨´ ¢¥Ð¥¸É¢¥´´Ò° ¨ ¶ ·  ¢§ ¨³´μ-¸μ¶·Ö¦¥´´ÒÌ ±μ³¶²¥±¸´ÒÌ ±μ·´¥°, ¶·¨
B = 0 ¤¢  ¨²¨ ¢¸¥ É·¨ ¢¥Ð¥¸É¢¥´´ÒÌ ±μ·´Ö ³μ£ÊÉ ¸μ¢¶ ¤ ÉÓ. Œμ¦´μ ¤μ± § ÉÓ
¸²¥¤ÊÕÐ¥¥ ¶μ²¥§´μ¥ Éμ¦¤¥¸É¢μ:

A = B + 27[η0(ηl)R − (ηl)2(Rl)]2. (368)

�4.1. �¥Ï¥´¨¥ ”¥··μÄ’ ·É ²Ó¨ÄŠ ·¤ ´μ ¢ · ¤¨± ² Ì. Šμ·´¨ ®´¥¶μ²-
´μ£μ¯ ±Ê¡¨Î¥¸±μ£μ Ê· ¢´¥´¨Ö (367) · ¢´Ò

z0 = a + (A+ + A−), z± = a − 1
2
(A+ + A−) ± i

√
3

2
(A+ − A−),



190 ��“Œ�‚ „.‚., ��“Œ�‚ ‚.�.

£¤¥

a =
a2

3
= −C0 + C1(Rl) + C2(Rl)2 + C3(Rl)3

12[(Rl)2 + η2
0 ]2

,

A3
± = −q

2
±
√

B =

A

18
±iδ|η0(ηl)R − (ηl)2(Rl)|

√
|B|
3

96[(Rl)2 + η2
0 ]3

;

C0 = −η2
0 [2R2 − 2η2

0 − (ηl)2],
C1 = −2η0[4η0 − 3(ηl)]R,

C2 = R2 − 2(ηl)[5η0 − (ηl)],
C3 = 4R;

δ = 0 ¶·¨ B � 0 ¨ δ = 1 ¶·¨ B < 0. ‚Ò· ¦¥´¨¥ ¤²Ö A± Ê¶·μÐ ¥É¸Ö, ¥¸²¨
ÊÎ¥¸ÉÓ Éμ¦¤¥¸É¢μ (368):

A± =

[
3
√

3
∣∣η0(ηl)R − (ηl)2(Rl)

∣∣±iδ
√
|B|
]2/3

12 [(Rl)2 + η2
0 ]

.

�4.2. �¥Ï¥´¨¥ ¢ É·¨£μ´μ³¥É·¨Î¥¸±μ° Ëμ·³¥ ‚¨¥É . „²Ö ¶μ²´μÉÒ ¶·¨-
¢¥¤¥³ É ±¦¥ ¡μ²¥¥ ±μ³¶ ±É´ÊÕ É·¨£μ´μ³¥É·¨Î¥¸±ÊÕ Ëμ·³Ê ·¥Ï¥´¨Ö (Ëμ·³Ê
‚¨¥É ), ±μÉμ· Ö ³μ¦¥É μ± § ÉÓ¸Ö ¡μ²¥¥ Ê¤μ¡´μ° ¶·¨ Î¨¸²¥´´ÒÌ · ¸Î¥É Ì ¨ ¢μ
¢¸Ö±μ³ ¸²ÊÎ ¥ ¶μ²¥§´  ¤²Ö ±μ´É·μ²Ö ÉμÎ´μ¸É¨ ¢ÒÎ¨¸²¥´¨° ¶ÊÉ¥³ ¸· ¢´¥´¨Ö ¸
± ´μ´¨Î¥¸±¨³ ·¥Ï¥´¨¥³. Ÿ¢´Ò° ¢¨¤ É·¨£μ´μ³¥É·¨Î¥¸±μ£μ ·¥Ï¥´¨Ö § ¢¨¸¨É
μÉ §´ ±  ËÊ´±Í¨¨ B.

�4.2.1. ‘²ÊÎ ° B < 0. Š ± μÉ³¥Î ²μ¸Ó ¢ÒÏ¥, ¢ ÔÉμ³ ¸²ÊÎ ¥ (¨´μ£¤ 
´ §Ò¢ ¥³μ³ ´¥¶·¨¢μ¤¨³Ò³), Ê· ¢´¥´¨¥ (367) ¨³¥¥É É·¨ ¢¥Ð¥¸É¢¥´´ÒÌ ±μ·´Ö:

z0 = a + ζ0 cos
α

3
, z± = a − ζ0 cos

(
α ± π

3

)
,

£¤¥

ζ0 =
|R2 + 4R(Rl) − η2

0 + (ηl)2|
6[(Rl)2 + η2

0 ]
, cosα = − A

|R2 + 4R(Rl)− η2
0 + (ηl)2|3 .

�4.2.2. ‘²ÊÎ ° B � 0. ‚ ÔÉμ³ ¸²ÊÎ ¥ Ê· ¢´¥´¨¥ (367) ¨³¥¥É μ¤¨´
¢¥Ð¥¸É¢¥´´Ò° ¨ ¤¢  ±μ³¶²¥±¸´ÒÌ ±μ·´Ö. ‚¢¥¤¥³ μ¡μ§´ Î¥´¨Ö∗

tan α′ = 3

√
tan

β

2
, sin β = − 4

cosα
=

4
A
|R2 + 4R(Rl)− η2

0 + (ηl)2|3.

∗‡ ³¥É¨³, ÎÉμ |α′| � π/4 ¨ |β| � π/2; ¢μ ¢¸¥Ì ¸²ÊÎ ÖÌ ¡¥·¥É¸Ö ·¥ ²Ó´μ¥ §´ Î¥´¨¥ ±Ê¡¨Î¥-
¸±μ£μ ±μ·´Ö.
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’μ£¤  ±μ·´¨ · ¢´Ò

z0 = a − ζ0 cosec 2α′, z± = a +
1
2
ζ0(cosec 2α′ ± i

√
3 cot 2α′).

�4.3. Šμ·´¨ Ê· ¢´¥´¨Ö (365). Šμ·´¨ ®´¥¶μ²´μ£μ¯ Ê· ¢´¥´¨Ö Î¥É¢¥·Éμ°
¸É¥¶¥´¨ (366) ¤ ÕÉ¸Ö ±μ³¡¨´ Í¨Ö³¨

Ξn = ±√
z− ±√

z0 ±
√

z+,

¢ ±μÉμ·ÒÌ Î¥ÉÒ·¥ ¨§ ¢μ¸Ó³¨ ¢μ§³μ¦´ÒÌ ¸μÎ¥É ´¨° §´ ±μ¢ ¢Ò¡¨· ÕÉ¸Ö É ±,
ÎÉμ¡Ò ¢Ò¶μ²´Ö²μ¸Ó Ê¸²μ¢¨¥

−√
z−

√
z0
√

z+ =
c̃1

8
=

D0 + D1(Rl) + D2(Rl)2 + D3(Rl)3 + D4(Rl)4

8[(Rl)2 + η2
0 ]3

.

‡¤¥¸Ó ¨¸¶μ²Ó§μ¢ ´Ò ¸²¥¤ÊÕÐ¨¥ μ¡μ§´ Î¥´¨Ö:

D0 = η3
0(ηl)(R2 + η2

0),

D1 = η2
0 [R

2 − 3η2
0 + 4η0(ηl) − 2(ηl)2]R,

D2 = η0{2[3η0 − (ηl)]R2 − (ηl)[6η2
0 − 3η0(ηl) + (ηl)2]},

D3 = [9η2
0 − 8η0(ηl) + (ηl)2]R,

D4 = 2(ηl)2.

‚¸¥ Î¥ÉÒ·¥ ±μ·´Ö Ê· ¢´¥´¨Ö (365) ³μ£ÊÉ ¡ÒÉÓ É¥¶¥·Ó ´ °¤¥´Ò ¶μ Ëμ·³Ê²¥

vn = Ξn − c3/4 (n = 1, 2, 3, 4).

…¤¨´¸É¢¥´´Ò° ¨´É¥·¥¸ÊÕÐ¨° ´ ¸ ¢¥Ð¥¸É¢¥´´Ò° ´¥μÉ·¨Í É¥²Ó´Ò° ±μ·¥´Ó, ¸μ-
μÉ¢¥É¸É¢ÊÕÐ¨° ¸É Í¨μ´ ·´μ° ÉμÎ±¥, ¤μ²¦¥´ Ê¤μ¢²¥É¢μ·ÖÉÓ Ê¸²μ¢¨Õ ¶μ²μ¦¨-
É¥²Ó´μ¸É¨ ¢Éμ·μ° ¶·μ¨§¢μ¤´μ° (251). � °¤¥´´Ò¥ ¢ μ¸´μ¢´μ³ É¥±¸É¥ ·¥Ï¥´¨Ö
¤²Ö ¤¢ÊÌ ¶·μÉ¨¢μ¶μ²μ¦´ÒÌ ¶·¥¤¥²Ó´ÒÌ ¸²ÊÎ ¥¢ (1 − v � 1 ¨ v ∼ 1) ³μ£ÊÉ
¸²Ê¦¨ÉÓ ¤μ¶μ²´¨É¥²Ó´Ò³¨ ±·¨É¥·¨Ö³¨ ¥¤¨´¸É¢¥´´μ¸É¨ ·¥Ï¥´¨Ö μ¡Ð¥£μ ¢¨¤ ,
μ¸´μ¢ ´´μ£μ ´  μ¶¨¸ ´´μ³ §¤¥¸Ó  ²£μ·¨É³¥, ¶μ¸±μ²Ó±Ê μ´¨ ¤μ²¦´Ò £² ¤±μ
®¸Ï¨¢ ÉÓ¸Ö¯ ¸ ¶· ¢¨²Ó´Ò³ Î¨¸²¥´´Ò³ ·¥Ï¥´¨¥³ ¶·¨ ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì ¢ -
·¨ Í¨ÖÌ ¨³¶Ê²Ó¸μ¢ ¢´¥Ï´¨Ì ‚� ¨ ¤¨¸±·¥É´ÒÌ ¶ · ³¥É·μ¢, μ¶·¥¤¥²ÖÕÐ¨Ì
¢¥²¨Î¨´Ê ÔËË¥±É¨¢´μ° ¸±μ·μ¸É¨ ¢¨·ÉÊ ²Ó´μ£μ ´¥°É·¨´μ.

�·¨²μ¦¥´¨¥ 5
��‘�‹›‚��ˆ… �…‰’�ˆ���ƒ� ‚�‹��‚�ƒ� ��Š…’�

�� ‘‚…�•„�‹œ�ˆ• ��‘‘’�Ÿ�ˆŸ•

� ¸¸³μÉ·¨³ §¤¥¸Ó μ¡μ¡Ð¥´¨¥ ´¥±μÉμ·ÒÌ ¶μ²ÊÎ¥´´ÒÌ ¢ μ¸´μ¢´μ³ É¥±¸É¥
·¥§Ê²ÓÉ Éμ¢, ÊÎ¨ÉÒ¢ ÕÐ¥¥ · ¸¶²Ò¢ ´¨¥ ÔËË¥±É¨¢´μ£μ ´¥°É·¨´´μ£μ ¶ ±¥É  ´ 
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 ¸É·μ´μ³¨Î¥¸±¨Ì · ¸¸ÉμÖ´¨ÖÌ. �¥§Ê²ÓÉ ÉÒ ¤ ´´μ£μ ¶·¨²μ¦¥´¨Ö ³μ£ÊÉ ¡ÒÉÓ
¨¸¶μ²Ó§μ¢ ´Ò ¶·¨  ´ ²¨§¥ ¤ ´´ÒÌ ´¥°É·¨´´ÒÌ É¥²¥¸±μ¶μ¢ (É ±¨Ì ± ± Baikal
GVD, IceCube, KM3NeT ARCA ¨ ¤·.), ³´μ£μÎ¨¸²¥´´ÒÌ Ô±¸¶¥·¨³¥´Éμ¢ ¶μ
· ¤¨μ¤¥É¥±É¨·μ¢ ´¨Õ ´¥°É·¨´μ ¸¢¥·Ì¢Ò¸μ±¨Ì Ô´¥·£¨° ¨ μ¡¸Ê¦¤ ¥³ÒÌ μ·¡¨-
É ²Ó´ÒÌ Ô±¸¶¥·¨³¥´Éμ¢, ¢ μ¡Ï¨·´Ò° ¸¶¨¸μ± § ¤ Î ±μÉμ·ÒÌ ¢Ìμ¤¨É ¨§³¥·¥´¨¥
Ë²¥°¢μ·´μ£μ ¸μ¸É ¢  ¶μÉμ±μ¢ ´¥°É·¨´μ ¨  ´É¨´¥°É·¨´μ μÉ Ê¤ ²¥´´ÒÌ  ¸É·μ-
Ë¨§¨Î¥¸±¨Ì ¨¸ÉμÎ´¨±μ¢.

ˆ´É¥£·¨·μ¢ ´¨¥ ¶μ ¶¥·¥³¥´´μ° x0 ¢ (302) ¶·¨¢μ¤¨É ± ¸²¥¤ÊÕÐ¥³Ê ¢Ò· -
¦¥´¨Õ ¤²Ö Ë ±Éμ·  ¤¥±μ£¥·¥´É´μ¸É¨:

Sij =
√

π

4D̃ij

exp (Φij)

y0
2∫

y0
1

dy0

{
erf

[
2D̃ij

(
y0 − x0

1 −
L

vij

)
+

iΔEij

4D̃ij

]
−

−erf

[
2D̃ij

(
y0 − x0

2 −
L

vij

)
+

iΔEij

4D̃ij

]}
, (369)

Φij = −
(

1
vi

− 1
vj

)2
(

D̃∗
i D̃j

D̃ij

)2

L2 −
(

ΔEij

4D̃ij

)2

+ i

(
ΔEij

vij
− ΔPij

)
L.

(370)
‡¤¥¸Ó

ΔPij = Pi − Pj , ΔEij = Ei − Ej ,

1
vij

=
1

2D̃2
ij

[
(D̃∗

i )
2

vi
+

D̃2
j

vj

]
, D̃

2
ij =

1
2
[(D̃∗

i )
2 + D

2
j ],

  μ¸É ²Ó´Ò¥ μ¡μ§´ Î¥´¨Ö ¸μ¢¶ ¤ ÕÉ ¸ ¨¸¶μ²Ó§μ¢ ´´Ò³¨ ¢ μ¸´μ¢´μ³ É¥±-
¸É¥. �·¨³¥´ÖÖ ¢¢¥¤¥´´ÊÕ ¢ μ¸´μ¢´μ³ É¥±¸É¥ ¶¥·¢μμ¡· §´ÊÕ ËÊ´±Í¨¨ μÏ¨-
¡μ± (306) ¨ ¨´É¥£·¨·ÊÖ ¶μ ¶¥·¥³¥´´μ° y0 ¢ (369), ´ Ìμ¤¨³ μ¡μ¡Ð¥´¨¥ Ëμ·-
³Ê²Ò (303), ¶μ²ÊÎ¥´´μ° ¢ μ¸´μ¢´μ³ É¥±¸É¥:

Sij =
√

π

8D̃2
ij

exp (Φij)
2∑

l,l′=1

(−1)l+l′+1 Ierf

[
2D̃ij

(
x0

l − y0
l′ +

L

vij

)
− i

ΔEij

4D̃ij

]
.

(371)
•μÉÖ ÔÉμ ¢Ò· ¦¥´¨¥ ´ ³´μ£μ ¸²μ¦´¥¥, Î¥³ ¥£μ  ´ ²μ£ (303), Î¨¸²¥´´Ò°  ´ -
²¨§ ÔËË¥±Éμ¢ ¤¥±μ£¥·¥´É´μ¸É¨ ´¥ ¶·¥¤¸É ¢²Ö¥É ¶·μ¡²¥³Ò. ‚ ¤ ´´μ³ ¶·¨²μ-
¦¥´¨¨ ³Ò · ¸¸³μÉ·¨³ ²¨ÏÓ μ¸´μ¢´Ò¥ ¸¢μ°¸É¢  ±μ³¶²¥±¸´μ§´ Î´μ° Ë §Ò Φij .
„²Ö ÔÉμ£μ ´¥μ¡Ìμ¤¨³μ · §¤¥²¨ÉÓ ¢¥Ð¥¸É¢¥´´ÊÕ ¨ ³´¨³ÊÕ Î ¸É¨ Ë §Ò ¨ μ¶·¥-
¤¥²¨ÉÓ ³ ¸ÏÉ ¡Ò ¤²¨´, μ¶·¥¤¥²ÖÕÐ¨¥ ¥¥ ¶μ¢¥¤¥´¨¥.
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ˆ¸¶μ²Ó§ÊÖ ¢¢¥¤¥´´Ò¥ ¢ÒÏ¥ μ¶·¥¤¥²¥´¨Ö ¨ μÉ¡· ¸Ò¢ Ö μÎ¥¢¨¤´μ ³ ²Ò¥
¶μ¶· ¢±¨, ´ Ìμ¤¨³∗

vij =
(ri − rj)

(
ri

vj
− rj

vi

)
+ 2
(

1
vi

+
1
vj

)
− i(ri + rj)

(
1
vi

− 1
vj

)
(

1
vi

+
1
vj

)2

+
(

ri

vj
− rj

vi

)2 ,

D̃
2
ij =

D2[2 + r2i + r2j + i(1 − rirj)(ri − rj)]
2(1 + r2i )(1 + r2j)

,

(
D̃∗

i D̃j

D̃ij

)2

=
D2

1 − irij
.

�μ¤¸É ´μ¢±  ÔÉ¨Ì ¢Ò· ¦¥´¨° ¢ (370) ¤ ¥É

Φij = − 1
1 + r2ij

[
ΔEij

4Dij
+

ri + rj

2

(
1
vi

− 1
vj

)
DijL

]2
−
(

1
vi

− 1
vj

)2

D
2
ijL

2+

+ i

{[
1
2

(
1
vi

+
1
vj

)
− rij(ri + rj)

4(1 + r2ij)

(
1
vi

− 1
vj

)]
ΔEij − ΔPij

}
L +

+
irij

1 + rij

[
(1 − rirj)

(
ΔEij

4D

)2

−
(

1
vi

− 1
vj

)2

D
2L2

]
, (372)

£¤¥

Dij = D

(
1 +

r2i + r2j

2

)−1/2

, rij =
ri − rj

2
≈

2Δm2
ijD

2L

E3
ν

. (373)

�´ ²¨§ ¢Ò· ¦¥´¨Ö (372) ¶μ± §Ò¢ ¥É, ÎÉμ ¢¥Ð¥¸É¢¥´´ Ö Î ¸ÉÓ Ë §Ò Φij ¸É -
´μ¢¨É¸Ö ´¥ § ¢¨¸ÖÐ¥° μÉ L ¢´ÊÉ·¨ ¤¢ÊÌ ¸¨²Ó´μ · §¤¥²¥´´ÒÌ ¢ ¶·μ¸É· ´¸É¢¥
μ¡² ¸É¥°, § ¤ ¢ ¥³ÒÌ ¸²¥¤ÊÕÐ¨³¨ Ê¸²μ¢¨Ö³¨:

L � L =
nEν

4D2

¨

L � Lij =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
Eν

2(m2
i + m2

j )

(
Eν

D

)2

, ¥¸²¨ mi � mj ¨²¨ mj � mi,

Eν

2|m2
i − m2

j |

(
Eν

D

)2

, ¥¸²¨ |mi − mj | � mi + mj .

∗‡ ³¥É¨³, ÎÉμ vjj = vj , D̃2
jj = D2/(1 + r2j ) ¨ |D̃j |2/D̃jj = D.
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‘μμÉ¢¥É¸É¢ÊÕÐ¨¥  ¸¨³¶ÉμÉ¨Î¥¸±¨¥ §´ Î¥´¨Ö R Φij , ¢ÒÎ¨¸²¥´´Ò¥ ¸ ÉμÎ´μ-
¸ÉÓÕ O(ri,j), ¨³¥ÕÉ ¢¨¤

R Φij |L�L
≈ R Φ0

ij = −
(

πn

2DLij

)2 [
1 +

m

n
(ri + rj)

]
, (374 )

R Φij |L�Lij
≈ R Φ∞

ij = −
(

Eν

4D

)2

[1 − 4(n + 1)(ri + rj)] . (374¡)

‡¤¥¸Ó ¨ ´¨¦¥ ³Ò ¨¸¶μ²Ó§Ê¥³ μ¡ÒÎ´Ò¥ μ¶·¥¤¥²¥´¨Ö ¤²Ö μ¸Í¨²²ÖÍ¨μ´´ÒÌ ¤²¨´
¨ · §´μ¸É¥° ±¢ ¤· Éμ¢ ³ ¸¸ ´¥°É·¨´μ:

Lij =
4πEν

Δm2
ij

, Δm2
ij = m2

i − m2
j (i 	= j).

‚¨¤´μ, ÎÉμ  ¸¨³¶ÉμÉ¨±  ¶·¨ ¡μ²ÓÏ¨Ì §´ Î¥´¨ÖÌ L, R Φ∞
ij , ¶· ±É¨Î¥¸±¨ ´¥

§ ¢¨¸¨É μÉ ³ ¸¸ ´¥°É·¨´μ ¨ μÉ Ë ±Éμ·  n; ± ± R Φ0
ij , É ± ¨ R Φ∞

ij ¸É ´μ¢ÖÉ¸Ö
¶·μ¨§¢μ²Ó´μ ¡μ²ÓÏ¨³¨ ¶·¨ ¸É·¥³²¥´¨¨ D ± ´Ê²Õ. Š·μ³¥ Éμ£μ, μÎ¥¢¨¤´Ò¥
¸μμÉ´μÏ¥´¨Ö

Lij =
L

n|ri±rj |
¨ R Φ0

ij = n(ri − rj)R Φ∞
ij [1 + O(ri,j)]

¶·¨¢μ¤ÖÉ ± ³μ¤¥²Ó´μ-´¥§ ¢¨¸¨³Ò³ ´¥· ¢¥´¸É¢ ³

L � Lij ¨ |R Φ0
ij | � |R Φ∞

ij |.

‘²¥¤μ¢ É¥²Ó´μ, ± ± ¢¨¤´μ ¨§ (372), ¤²Ö ²Õ¡μ° ¶ ·Ò ´¥°É·¨´μ νi, νj ¸ÊÐ¥-
¸É¢Ê¥É Ï¨·μ±¨° ¨´É¥·¢ ² · ¸¸ÉμÖ´¨° L � L � Lij , ¢ ±μÉμ·μ³ |R Φij | ±¢ -
¤· É¨Î´μ · ¸É¥É ¸ ·μ¸Éμ³ L:

R Φij ≈ −
(

1
vi

− 1
vj

)2

D
2L2 ≈ −(ri − rj)2D2L2.

‚¸¥ ÔÉ¨ μ¸μ¡¥´´μ¸É¨ ¶μ¢¥¤¥´¨Ö ¢¥Ð¥¸É¢¥´´μ° Î ¸É¨ Ë §Ò ¨²²Õ¸É·¨·Ê¥É
·¨¸. 25, ´  ±μÉμ·μ³ ¨§μ¡· ¦¥´  ËÊ´±Í¨Ö log |R Φij | ¢ Ï¨·μ±μ³ ¨´É¥·¢ ²¥ §´ -

Î¥´¨° L Å μÉ §¥³´ÒÌ · ¸¸ÉμÖ´¨° (� 100 ±³) ¤μ ±μ¸³μ²μ£¨Î¥¸±¨Ì
(∼ 104 ³¶¸) Å ¶·¨ ´¥¸±μ²Ó±¨Ì ¶·μ¨§¢μ²Ó´μ ¢Ò¡· ´´ÒÌ §´ Î¥´¨ÖÌ ¡¥§· §³¥·-
´μ£μ μÉ´μÏ¥´¨Ö D/Eν . Š·¨¢Ò¥ ´  ÔÉμ³ ·¨¸Ê´±¥ · ¸¸Î¨É ´Ò ¤²Ö mi = 0,1 Ô‚,
mj = 0,01 Ô‚ ¨ Eν = 10 ƒÔ‚. „²Ö Éμ£μ ÎÉμ¡Ò μÍ¥´¨ÉÓ ¢¥²¨Î¨´Ê ¢ ¦´μ£μ Ë ±-
Éμ·  n, ³Ò ¶·¥¤¶μ²μ¦¨²¨, ¢ ¨²²Õ¸É· É¨¢´ÒÌ Í¥²ÖÌ, ÎÉμ μ´ ´ ¸ÒÐ ¥É¸Ö ¢±² -
¤μ³ μÉ · ¸¶ ¤  ¶¨μ´μ¢ (É¨¶¨Î´μ£μ ¨¸ÉμÎ´¨±  Ê¸±μ·¨É¥²Ó´ÒÌ,  É³μ¸Ë¥·´ÒÌ
¨  ¸É·μË¨§¨Î¥¸±¨Ì ´¥°É·¨´μ), ¶·¨Î¥³ ¢±² ¤μ³ ·¥ ±Í¨° ¢ ¤¥É¥±Éμ·¥ ³μ¦´μ
¶·¥´¥¡·¥ÎÓ. �μ³¨³μ ÔÉμ£μ ³Ò ¶·¥¤¶μ² £ ¥³, ÎÉμ ‚� ¶¨μ´  ¢ ¨³¶Ê²Ó¸´μ³
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�¨¸. 25. ”Ê´±Í¨Ö log |RΦij | ¢ § ¢¨¸¨³μ¸É¨ μÉ L, ¢ÒÎ¨¸²¥´´ Ö ¶·¨ mi = 0,1 Ô‚,
mj = 0,01 Ô‚ ¨ Eν = 10 ƒÔ‚ ¤²Ö ¸¥³¨ §´ Î¥´¨° μÉ´μÏ¥´¨Ö D/Eν (¶μ± § ´Ò Ê
±·¨¢ÒÌ). ”Ê´±Í¨Ö n μÍ¥´¥´  ¢ ¶·¥¤¶μ²μ¦¥´¨¨, ÎÉμ ¤μ³¨´¨·ÊÕÐ¨° ¢±² ¤ ¢ ´¥¥
μ¡Ê¸²μ¢²¥´ πμ2-· ¸¶ ¤μ³ ¢ ¨¸ÉμÎ´¨±¥

¶·μ¸É· ´¸É¢¥ ´ ³´μ£μ Ï¨·¥ ¶ ±¥É  ³Õμ´ , É. ¥. σμ � σπ . ’μ£¤  ´¥É·Ê¤´μ
¶μ± § ÉÓ, ÎÉμ ¶·¨ Ê²ÓÉ· ·¥²ÖÉ¨¢¨¸É¸±¨Ì Ô´¥·£¨ÖÌ, Γπ � 1, Ë ±Éμ· n ³μ¦´μ
§ ¶¨¸ ÉÓ ¢ ¸²¥¤ÊÕÐ¥³ ¶·¨¡²¨¦¥´´μ³ ¢¨¤¥:

n ≈
(

Eν

E

ν

)2

≈
(

Eν

29,8 ŒÔ‚

)2

≈ 1,1 · 105.

�μ¤μ¡´Ò°  ´ ²¨§ ¤²Ö ³´¨³μ° Î ¸É¨ Ë §Ò (372) ¶μ± §Ò¢ ¥É, ÎÉμ ¶μ¸²¥¤´ÖÖ
²¨´¥°´μ (´μ ¸ · §´Ò³¨ ±μÔËË¨Í¨¥´É ³¨) · ¸É¥É ¸ ·μ¸Éμ³ L ¢ μ¡² ¸ÉÖÌ
L � Lij ¨ L � Lij ,   ¨³¥´´μ,

Im Φij |L�Lij
≈ Im Φst

ij =
2πL

Lij
[1 + n(ri + rj)], (375 )

Im Φij |L�Lij
≈ Im Φ∞

ij =
3πL

2Lij

[
1 +

1
3
(n + 1)(ri + rj)

]
. (375¡)

„¢  ·¥¦¨³  · §¤¥²¥´Ò ¸· ¢´¨É¥²Ó´μ Ê§±μ° ¶¥·¥Ìμ¤´μ° μ¡² ¸ÉÓÕ ¢¡²¨§¨
L = Lij . ‚ μ¡² ¸É¨ L � L ¸ ¢¥²¨Î¨´μ° Im Φij ´¨Î¥£μ ´¥μ¦¨¤ ´´μ£μ ´¥
¶·μ¨¸Ìμ¤¨É. �¶¨¸ ´´μ¥ ¶μ¢¥¤¥´¨¥ Im Φij ¨²²Õ¸É·¨·Ê¥É ·¨¸. 26, ´  ±μÉμ·μ³
¶μ± § ´μ μÉ´μÏ¥´¨¥ Im Φij/Im Φst

ij , ¢ÒÎ¨¸²¥´´μ¥ ¶·¨ É¥Ì ¦¥ ¸ ³ÒÌ ¶·¥¤¶μ-

²μ¦¥´¨ÖÌ, ÎÉμ ¨ ¢¥Ð¥¸É¢¥´´ Ö Î ¸ÉÓ Ë §Ò. �¥¸É ´¤ ·É´μ¥ ¶μ¢¥¤¥´¨¥ ËÊ´±-
Í¨¨ Im Φij ¶·¨ L � Lij ¶·¥¤¸É ¢²Ö¥É, μ¤´ ±μ, ²¨ÏÓ  ± ¤¥³¨Î¥¸±¨° ¨´É¥·¥¸,
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�¨¸. 26. �É´μÏ¥´¨¥ ImΦij/Im Φst
ij ¢ § ¢¨¸¨³μ¸É¨ μÉ L, ¢ÒÎ¨¸²¥´´μ¥ ¸ É¥³¨ ¦¥ §´ -

Î¥´¨Ö³¨ ¶ · ³¥É·μ¢, ÎÉμ ¨ ¢¥Ð¥¸É¢¥´´ Ö Î ¸ÉÓ Ë §Ò (¸³. ¶μ¤¶¨¸Ó ± ·¨¸. 25), ¤²Ö É·¥Ì
§´ Î¥´¨° μÉ´μÏ¥´¨Ö D/Eν (¶μ± § ´Ò Ê ±·¨¢ÒÌ)

¶μ¸±μ²Ó±Ê ÔÉ  ¢¥²¨Î¨´  ´¥¨§³¥·¨³  ¨§-§  £·μ³ ¤´μ£μ ¶μ¤ ¢²ÖÕÐ¥£μ Ë ±Éμ· 

∝ (1 + r
2
ij)

−1/4 exp
[
− E2

ν

16D2

]
,

¶·¨¢μ¤ÖÐ¥£μ ± ¨¸Î¥§´μ¢¥´¨Õ ¨´É¥·Ë¥·¥´Í¨μ´´ÒÌ Î²¥´μ¢ (i 	=j), ¢Ìμ¤ÖÐ¨Ì ¢
¢Ò· ¦¥´¨¥ ¤²Ö ¸±μ·μ¸É¨ ¸Î¥É  ¸μ¡ÒÉ¨°. ’ ±¨³ μ¡· §μ³, ®μ¸Í¨²²ÖÍ¨μ´´μ¥¯
¶μ¢¥¤¥´¨¥ ¸±μ·μ¸É¨ ¸Î¥É  ¨³¥¥É ³¥¸Éμ ²¨ÏÓ ¶·¨ L � min (Lij). ˆ³¥´´μ ÔÉ 
μ¡² ¸ÉÓ ¶μ¤·μ¡´μ ¨§ÊÎ¥´  ¢ μ¸´μ¢´μ³ É¥±¸É¥.

�·¨²μ¦¥´¨¥ 6
���‘’���‘’‚…���… “‘�…„�…�ˆ…

‚ ·¥ ²¨¸É¨Î¥¸±¨Ì ¸¨ÉÊ Í¨ÖÌ μÉ´Õ¤Ó ´¥ ¢¸¥£¤  ³μ¦´μ ¶·¥´¥¡·¥ÎÓ · §³¥-
· ³¨ ¨¸ÉμÎ´¨±  ¨ ¤¥É¥±Éμ·  ¶μ ¸· ¢´¥´¨Õ ¸ · ¸¸ÉμÖ´¨¥³ ³¥¦¤Ê ´¨³¨. ‚ É -
±¨Ì ¸²ÊÎ ÖÌ ´¥μ¡Ìμ¤¨³μ ¶·μ¢¥¸É¨  ±±Ê· É´μ¥ ¶·μ¸É· ´¸É¢¥´´μ¥ Ê¸·¥¤´¥´¨¥
¸±μ·μ¸É¨ ¸Î¥É  ¶μ ÔËË¥±É¨¢´Ò³ μ¡Ñ¥³ ³ ¨¸ÉμÎ´¨±  ¨ ¤¥É¥±Éμ· . �·¨ ÔÉμ³
¸²¥¤Ê¥É ÊÎ¨ÉÒ¢ ÉÓ ¢μ§³μ¦´Ò¥ ¶·μ¸É· ´¸É¢¥´´Ò¥ ´¥μ¤´μ·μ¤´μ¸É¨ ´¥°É·¨´-
´μ£μ ¶ÊÎ±  ¨ ¤¥É¥±Éμ·´μ° ¸·¥¤Ò. ‚ ¤ ´´μ³ ¶·¨²μ¦¥´¨¨ ³Ò μ£· ´¨Î¨³¸Ö
· ¸¸³μÉ·¥´¨¥³ ¶·μ¸Éμ°, ´μ ¶·¥¤¸É ¢²ÖÕÐ¥° ³¥Éμ¤¨Î¥¸±¨° ¨´É¥·¥¸ ¸¨ÉÊ -
Í¨¨, ¢ ±μÉμ·μ° É ±¨³¨ ´¥μ¤´μ·μ¤´μ¸ÉÖ³¨ ³μ¦´μ ¶·¥´¥¡·¥ÎÓ. �Éμ μ§´ Î ¥É,
ÎÉμ ËÊ´±Í¨¨ ¶²μÉ´μ¸É¨ fa(pa, sa;x) ´¥ § ¢¨¸ÖÉ μÉ x ¢´ÊÉ·¨ μ¡Ñ¥³μ¢ ¨¸ÉμÎ-
´¨±  ¨ ¤¥É¥±Éμ·  ¨ μ¡· Ð ÕÉ¸Ö ¢ ´Ê²Ó §  ¶·¥¤¥² ³¨ ÔÉ¨Ì μ¡Ñ¥³μ¢. ‚ · ³± Ì
ÔÉ¨Ì ¶·¨¡²¨¦¥´¨° ´ ¸ ¡Ê¤¥É ¨´É¥·¥¸μ¢ ÉÓ Éμ²Ó±μ § ¢¨¸ÖÐ¨° μÉ L ³´μ¦¨É¥²Ó

eΦij(L)/L2 (¸ Φij(L) = iϕij(L)−�ij(L)2) ¢ ¶μ²´μ³ ¢Ò· ¦¥´¨¨ ¤²Ö ¸±μ·μ¸É¨

¸Î¥É ; ´ ¶μ³´¨³, ÎÉμ ¢¥²¨Î¨´Ò �2
ij ¨ Θij μÉ L ´¥ § ¢¨¸ÖÉ.
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�¨¦¥ ³Ò ¸¤¥² ¥³ ¥Ð¥ μ¤´μ Ê¶·μÐ¥´¨¥: ¡Ê¤¥³ ¶·¥¤¶μ² £ ÉÓ, ÎÉμ ²¨-
´¥°´Ò¥ · §³¥·Ò ¤¥É¥±Éμ·  ¢ ´ ¶· ¢²¥´¨¨ ´¥°É·¨´´μ£μ ¶ÊÎ±  ¶·¥´¥¡·¥¦¨³μ
³ ²Ò ¶μ ¸· ¢´¥´¨Õ ¸ · §³¥· ³¨ ¨¸ÉμÎ´¨±  ¢ Éμ³ ¦¥ ´ ¶· ¢²¥´¨¨,   ¶μ¸²¥¤-
´¨¥, ¢ ¸¢μÕ μÎ¥·¥¤Ó, ³ ²Ò ¶μ ¸· ¢´¥´¨Õ ¸μ ¸·¥¤´¨³ · ¸¸ÉμÖ´¨¥³ ³¥¦¤Ê ¨¸-
ÉμÎ´¨±μ³ ¨ ¤¥É¥±Éμ·μ³. � ¸¶μ²μ¦¨³ ´ Î ²μ ±μμ·¤¨´ É ¢μ ¢´ÊÉ·¥´´¥° ÉμÎ±¥
¤¥É¥±Éμ·  (ÉμÎ±  Od ´  ·¨¸. 27) ¨ ´ ¶· ¢¨³ μ¸Ó z ¢¤μ²Ó ¥¤¨´¨Î´μ£μ ¢¥±-
Éμ·  −l, É. ¥. ¢ ´ ¶· ¢²¥´¨¨ ´¥±μÉμ·μ° ¢´ÊÉ·¥´´¥° ÉμÎ±¨ Os ¢ ¨¸ÉμÎ´¨±¥.
�¡μ§´ Î¨³ x = Ll, L = OsOd, Éμ£¤  ¨´É¥·¥¸ÊÕÐ¨° ´ ¸ ¨´É¥£· ² ¶μ ¶·μ-
¸É· ´¸É¢¥´´μ³Ê μ¡Ñ¥³Ê ¨¸ÉμÎ´¨±  ³μ¦´μ § ¶¨¸ ÉÓ ¢ ¢¨¤¥

Jij ≡
∫
Vs

dx
L2

eΦij(L) =
∫
Ωs

dΩ

LF
Ω∫

LN
Ω

dL eΦij(L). (376)

‡¤¥¸Ó Vs Å · ¡μÎ¨° μ¡Ñ¥³ ¨¸ÉμÎ´¨± ; Ωs Å É¥²¥¸´Ò° Ê£μ², ¶μ¤ ±μÉμ·Ò³
ÔÉμÉ μ¡Ñ¥³ ¢¨¤¥´ ¨§ ÉμÎ±¨ Od; LN

Ω ¨ LF
Ω Å · ¸¸ÉμÖ´¨Ö μÉ Od ¤μ, ¸μμÉ¢¥É-

¸É¢¥´´μ, ¡²¨¦´¥° ¨ ¤ ²Ó´¥° £· ´¨Í ¨¸ÉμÎ´¨±  (¤²Ö ¶·μ¸ÉμÉÒ Å ¢Ò¶Ê±²μ£μ)
¢ ´ ¶· ¢²¥´¨¨ ¥¤¨´¨Î´μ£μ ¢¥±Éμ·  Ω = (sin φ sin θ, cosφ sin θ, cos θ). “¤μ¡´μ
¢¢¥¸É¨ Ê¸²μ¢´μ¥ · ¸¸ÉμÖ´¨¥ ³¥¦¤Ê ¨¸ÉμÎ´¨±μ³ ¨ ¤¥É¥±Éμ·μ³ ± ±

L =
1

2Ωs

∫
Ωs

dΩ(LF
Ω + LN

Ω).

‚μ ¨§¡¥¦ ´¨¥ ´¥¤μ· §Ê³¥´¨° § ³¥É¨³, ÎÉμ ¢ § ¢¨¸¨³μ¸É¨ μÉ Ê£²μ¢μ£μ · §·¥-
Ï¥´¨Ö ¤¥É¥±Éμ·  ¨ ¶μ¸É ´μ¢±¨ Ô±¸¶¥·¨³¥´É  É¥²¥¸´Ò° Ê£μ² Ωs ³μ¦¥É μ± -
§ ÉÓ¸Ö ³¥´ÓÏ¥ ¶μ²´μ£μ É¥²¥¸´μ£μ Ê£² , ¶μ¤ ±μÉμ·Ò³ ¢¨¤¥´ ¢¥¸Ó ¨¸ÉμÎ´¨±.
�¨¸. 27 ¸Ì¥³ É¨Î¥¸±¨ ¨²²Õ¸É·¨·Ê¥É ¨³¥´´μ É ±ÊÕ ¢μ§³μ¦´μ¸ÉÓ, Éμ£¤  ± ±
· ¢¥´¸É¢μ (376) ¸¶· ¢¥¤²¨¢μ ¢ μ¡Ð¥³ ¸²ÊÎ ¥. ‡ ³¥É¨³ É ±¦¥, ÎÉμ ³ ²μ¸ÉÓ
Ê£²  Ωs ´¥ Ô±¢¨¢ ²¥´É´  ³ ²μ¸É¨ ¸ ³μ£μ ¨¸ÉμÎ´¨± ; ¢ ¦´Ò³ ±μ´É·¶·¨³¥·μ³
Ö¢²Ö¥É¸Ö Ìμ·μÏμ ±μ²²¨³¨·μ¢ ´´Ò° ¶ÊÎμ± ³¥§μ´μ¢ μÉ Ê¸±μ·¨É¥²Ö (´¥°É·¨´-
´μ° Ë ¡·¨±¨) ¢ ¤²¨´´μ³ · ¸¶ ¤´μ³ ± ´ ²¥. �²¥³¥´É ·´μ¥ ¨´É¥£·¨·μ¢ ´¨¥
¶μ L ¤ ¥É

Jij =
EνLij

4
√

πD

∫
Ωs

dΩ
[
erf
(

2πDLF
Ω

EνLij
− iEν

2D

)
−

−erf
(

2πDLN
Ω

EνLij
− iEν

2D

)]
exp
[
−2E2

ν + (ΔEij)2

8D2

]
(i 	= j) (377 )

¨

Jjj =
∫
Vs

dx
L2

=
∫
Ωs

dΩ(LF
Ω − LN

Ω). (377¡)
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�¨¸. 27. ‘Ì¥³ É¨Î¥¸± Ö ¨²²Õ¸É· Í¨Ö ¶·μ¸É· ´¸É¢¥´´μ£μ Ê¸·¥¤´¥´¨Ö

�É¨ μ¡Ð¨¥ Ëμ·³Ê²Ò ³μ£ÊÉ ¡ÒÉÓ ¶μ²¥§´Ò ¶·¨ μ¡· ¡μÉ±¥ ¤ ´´ÒÌ ´¥°É·¨´-
´ÒÌ Ô±¸¶¥·¨³¥´Éμ¢ ¸ ±μ·μÉ±μ° ¡ §μ°, ¢ ±μÉμ·ÒÌ · ¸¸ÉμÖ´¨¥ μÉ ¨¸ÉμÎ´¨± 
(´ ¶·¨³¥· Éμ£μ ¦¥ · ¸¶ ¤´μ£μ ± ´ ² ) ¤μ ¤¥É¥±Éμ·  ¸· ¢´¨³μ ¶μ ¢¥²¨Î¨´¥ ¸
¶·μ¤μ²Ó´Ò³¨ · §³¥· ³¨ ¨¸ÉμÎ´¨± .

‚ ¸²ÊÎ ¥ ®¨¤¥ ²Ó´μ£μ Ô±¸¶¥·¨³¥´É ¯, ¤²Ö ±μÉμ·μ£μ ³Ò ¶·¨³¥³, ÎÉμ

rN = max
Ω∈Ωs

(L − LN
Ω) � L ¨ rF = max

Ω∈Ωs

(LF
Ω − L) � L, (378)

³μ¦´μ ¨¸¶μ²Ó§μ¢ ÉÓ ¸²¥¤ÊÕÐ¥¥ · §²μ¦¥´¨¥ ¤²Ö ËÊ´±Í¨¨ μÏ¨¡μ±:

erf (z + δ) ≈ erf (z) +
2δ√
π

e−z2
[
1 − zδ +

2
3
(2z2 − 1)δ2 + . . .

]
. (379)

‚±² ¤ ³¨ ¶μ·Ö¤±  O(δ2) ¨ O(z2δ2) ¢ ÔÉμ³ · §²μ¦¥´¨¨ ³μ¦´μ ¶·¥´¥¡·¥ÎÓ,
¥¸²¨ ¶·¥¤¶μ²μ¦¨ÉÓ, ÎÉμ |δ| � 1 ¨ |zδ| � 1. ‚ ´ Ï¥³ ±μ´±·¥É´μ³ ¸²ÊÎ ¥
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¶¥·¢μ¥ Ê¸²μ¢¨¥ μ§´ Î ¥É, ÎÉμ

2πDrN,F

EνLij
� 1, (380)

Éμ£¤  ± ± ¢Éμ·μ¥ ´¥ Ö¢²Ö¥É¸Ö ´¥μ¡Ìμ¤¨³Ò³, ¡² £μ¤ ·Ö ¶·¨¡²¨¦¥´´μ³Ê ¸μ-
±· Ð¥´¨Õ Î²¥´μ¢ ¢Éμ·μ£μ ¶μ·Ö¤±  ³ ²μ¸É¨. ‚ ¸ ³μ³ ¤¥²¥, ¨¸¶μ²Ó§ÊÖ (379),
´ Ìμ¤¨³

Jij ≈
∫
Ωs

dΩ(LF
Ω − LN

Ω) eΦij(L)

{
1 − ΔΩ

[
2iπL

Lij
−
(

2πDL

EνLij

)2
]}

,

£¤¥

ΔΩ = 2
(

1 − LN
Ω + LF

Ω

2L

)
=

LF
Ω − L

L
− L − LN

Ω

L
.

�Î¥¢¨¤´μ, |ΔΩ| � 1. �·¥¤¶μ² £ Ö, ÎÉμ

max
Ω∈Ωs

ΔΩ

[(
2πDL

EνLij

)4

+
(

2πL

Lij

)2
]1/2

� 1, (381)

¶·¨Ìμ¤¨³ ± ·¥§Ê²ÓÉ ÉÊ (¸¶· ¢¥¤²¨¢μ³Ê Ê¦¥ ¤²Ö ²Õ¡ÒÌ i ¨ j)

Jij ≈ eΦij(L)

∫
Ωs

dΩ(LF
Ω − LN

Ω) ≈ Vs
eΦij(L)

L
2 , (382)

±μÉμ·Ò° ³μ¦´μ ¡Ò²μ ¡Ò ®Ê£ ¤ ÉÓ¯ ´  μ¸´μ¢ ´¨¨ É¥μ·¥³Ò μ ¸·¥¤´¥³. � Ï
·¥§Ê²ÓÉ É, μ¤´ ±μ, ¤μ¶μ²´¥´ ¢¶μ²´¥ ´¥É·¨¢¨ ²Ó´Ò³¨ ¤μ¸É ÉμÎ´Ò³¨ Ê¸²μ¢¨-
Ö³¨ (378), (380) ¨ (381), ±μÉμ·Ò¥ ´¥²Ó§Ö ¡Ò²μ ¡Ò ¶μ²ÊÎ¨ÉÓ ¨§ μ¤´μ° ²¨ÏÓ
É¥μ·¥³Ò μ ¸·¥¤´¥³. �¡Ñ¥³ Vs ¢ (382) μÍ¥´¨¢ ¥É¸Ö (¸ Éμ° ¦¥ ÉμÎ´μ¸ÉÓÕ) ± ±

Vs =
∫
Vs

dx =
1
3

∫
Ωs

dΩ[(LF
Ω)3 − (LN

Ω)3] ≈ L
2
∫
Ωs

dΩ(LF
Ω − LN

Ω).

’¥¶¥·Ó, ¥¸²¨ ¶·¥¤¶μ²μ¦¨ÉÓ, ÎÉμ · ¡μÎ¨° (·¥¶¥·´Ò°) μ¡Ñ¥³ ¤¥É¥±Éμ·  Vd

¤μ¸É ÉμÎ´μ ³ ² ¶μ ¸· ¢´¥´¨Õ ¸ Vs (¢ ´¥°É·¨´´ÒÌ Ô±¸¶¥·¨³¥´É Ì ÔÉμ Ê¸²μ¢¨¥,
± ± ¶· ¢¨²μ, ¢Ò¶μ²´Ö¥É¸Ö),   £¥μ³¥É·¨Ö ¤¥É¥±Éμ·  ´¥ ¸²¨Ï±μ³ ¶·¨ÎÊ¤²¨¢ ,
Éμ ¨´É¥£·¨·μ¢ ´¨¥ ¶μ ¶¥·¥³¥´´μ° y ¸É ´μ¢¨É¸Ö É·¨¢¨ ²Ó´Ò³ ¨ ¤ ¥É∫

Vd

dy
∫
Vs

dx
eΦij(L)

L2
≈ VsVd

eΦij(L)

L
2 , (383)
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£¤¥ L ¶μ-¶·¥¦´¥³Ê ¨³¥¥É ¸³Ò¸² Ê¸²μ¢´μ£μ · ¸¸ÉμÖ´¨Ö ³¥¦¤Ê ¨¸ÉμÎ´¨±μ³ ¨
¤¥É¥±Éμ·μ³.

„²Ö ¨²²Õ¸É· Í¨¨ ¢ ¦´μ¸É¨ ¨ ´¥É·¨¢¨ ²Ó´μ¸É¨ Ê¸²μ¢¨° (378), (380)
¨ (381) · ¸¸³μÉ·¨³ ¶·μ¸É¥°Ï¨° ¸²ÊÎ ° ¸Ë¥·μ¨¤ ²Ó´μ£μ ¨¸ÉμÎ´¨±  · ¤¨Ê¸  r,
Î¥° Ê£²μ¢μ° · §³¥· θs ´¥ ¶·¥¢ÒÏ ¥É Ê£²μ¢μ£μ · §·¥Ï¥´¨Ö ¤¥É¥±Éμ· . ˆ§ ¶·μ-
¸ÉÒÌ £¥μ³¥É·¨Î¥¸±¨Ì ¸μμ¡· ¦¥´¨° ¸²¥¤Ê¥É, ÎÉμ ΔΩ = 2(1− cos θ) ¨, · §Ê³¥-
¥É¸Ö, rN = rF = r. �É¸Õ¤ 

max
Ω∈Ωs

ΔΩ = ΔΩs
= 2(1 − cos θs) ≈ θ2

s ≈ (r/L)2. (384)

„²Ö ¤ ²Ó´¥°Ï¥£μ Ê¶·μÐ¥´¨Ö ¶·¥¤¶μ²μ¦¨³, ÎÉμ 2πL � |Lij | (ÔÉμ ´¥· ¢¥´¸É¢μ
¢¸¥£¤  ¢Ò¶μ²´Ö¥É¸Ö ¤²Ö ¸μ²´¥Î´ÒÌ ¨  ¸É·μË¨§¨Î¥¸±¨Ì ´¥°É·¨´μ, ¤¥É¥±É¨·Ê¥-

³ÒÌ ´  ‡¥³²¥) ¨ 2πL � |Lij |Eν/D (ÎÉμ ´¥ ¢¸¥£¤  ¸¶· ¢¥¤²¨¢μ ¤²Ö Ê¤ ²¥´´ÒÌ

 ¸É·μË¨§¨Î¥¸±¨Ì ¨¸ÉμÎ´¨±μ¢, ´μ ¤μ¶Ê¸É¨³μ ¤²Ö ‘μ²´Í ). ’μ£¤  Ê¸²μ¢¨¥ (380)
¢Ò¶μ²´Ö¥É¸Ö  ¢Éμ³ É¨Î¥¸±¨, ¢ Éμ ¢·¥³Ö ± ± Ê¸²μ¢¨¥ (381) ¶·¨μ¡·¥É ¥É ¢¨¤

2πr2

L|Lij |
� 1. (385)

�Éμ ´¥· ¢¥´¸É¢μ, ¡¥§Ê¸²μ¢´μ, ´¥ ¢Ò¶μ²´Ö¥É¸Ö ¤²Ö ‘μ²´Í  ¶·¨ ¶·¨´ÖÉμ³ ¢
´ ¸ÉμÖÐ¥¥ ¢·¥³Ö §´ Î¥´¨¨ Δm2

12. ‚ ¸ ³μ³ ¤¥²¥, μ¡² ¸É¨ ÔËË¥±É¨¢´μ£μ ·μ-
¦¤¥´¨Ö ´¥°É·¨´μ ¢ ¸μ²´¥Î´μ³ Ö¤·¥ ¶·¥¤¸É ¢²ÖÕÉ ¸μ¡μ° μÉ´μ¸¨É¥²Ó´μ Ê§±¨¥
±μ´Í¥´É·¨Î¥¸±¨¥ ¸²μ¨ ¸ É¨¶¨Î´Ò³¨ · ¤¨Ê¸ ³¨ μÉ 0,1R� ¤²Ö 8B, 7Be ¨ CNO
´¥°É·¨´μ ¤μ 0,3R� ¢ ¸²ÊÎ ¥ pp-, pep- ¨ hep- ´¥°É·¨´μ∗ (§¤¥¸Ó R� Å ¸μ²´¥Î-
´Ò° · ¤¨Ê¸). ’μ£¤  ²¥¢ÊÕ Î ¸ÉÓ ´¥· ¢¥´¸É¢  (385) ³μ¦´μ μÍ¥´¨ÉÓ ± ±

2πr2

L|L12|
≈ 26
(

r

0,2R�

)2( |Δm2
12|

8 · 10−5 Ô‚2

)(
1 ŒÔ‚

Eν

)
,

μÉ±Ê¤  ¢¨¤´μ (¨ ÔÉμ, ±μ´¥Î´μ, ´¥ ´μ¢μ¸ÉÓ), ÎÉμ ¶·¨¡²¨¦¥´¨¥ (383) ¸μ¢¥·Ï¥´´μ
´¥¶·¨³¥´¨³μ ¤²Ö  ´ ²¨§  μ¸Í¨²²ÖÍ¨° ¸μ²´¥Î´ÒÌ ´¥°É·¨´μ.

‘Ê³³¨·ÊÖ ¶μ²ÊÎ¥´´Ò¥ ·¥§Ê²ÓÉ ÉÒ, μÉ³¥É¨³ ¸²¥¤ÊÕÐ¥¥: ÌμÉÖ ´ Ï¥ · ¸-
¸³μÉ·¥´¨¥ ¡Ò²μ ¶·¥¤¥²Ó´μ Ê¶·μÐ¥´μ ¢μ ³´μ£¨Ì μÉ´μÏ¥´¨ÖÌ∗∗, μ´μ ¤¥³μ´-
¸É·¨·Ê¥É, ÎÉμ ÊÎ¥É ±μ´¥Î´ÒÌ · §³¥·μ¢ ¨¸ÉμÎ´¨±  ¸ÊÐ¥¸É¢¥´ ¤²Ö ¶· ¢¨²Ó´μ°
μ¡· ¡μÉ±¨ ¤ ´´ÒÌ ¢ μ¸Í¨²²ÖÍ¨μ´´ÒÌ Ô±¸¶¥·¨³¥´É Ì ± ± ¸ ±μ·μÉ±μ°, É ± ¨
¸ μÎ¥´Ó ¤²¨´´μ° ¡ §μ°, ³´μ£μ ¡μ²ÓÏ¥° · §³¥·μ¢ ¨¸ÉμÎ´¨±  ¨²¨ ¤¥É¥±Éμ· ,
¢±²ÕÎ Ö · ¸¸ÉμÖ´¨Ö L ¶μ·Ö¤±   ¸É·μ´μ³¨Î¥¸±μ° ¥¤¨´¨ÍÒ, ± ± ¢ ¸²ÊÎ ¥ Ô±¸-
¶¥·¨³¥´Éμ¢ ¸ ¸μ²´¥Î´Ò³¨ ´¥°É·¨´μ.

∗C³. ¤¥É ²¨ ¢ [142, 143].
∗∗�·¨ ¡μ²¥¥  ±±Ê· É´μ³  ´ ²¨§¥ ´Ê¦´μ ¶·¨´ÖÉÓ ¢μ ¢´¨³ ´¨¥ ¶·μ¸É· ´¸É¢¥´´Ò¥ · ¸¶·¥-

¤¥²¥´¨Ö ¸É ²±¨¢ ÕÐ¨Ì¸Ö ¨/¨²¨ · ¸¶ ¤ ÕÐ¨Ì¸Ö Î ¸É¨Í ¢ ¨¸ÉμÎ´¨±¥ ¨, ÎÉμ ±· °´¥ ¢ ¦´μ ¤²Ö
 ¸É·μË¨§¨Î¥¸±¨Ì ¶·¨²μ¦¥´¨° (¢ Î ¸É´μ¸É¨, ¤²Ö Ô±¸¶¥·¨³¥´Éμ¢ ¸ ¸μ²´¥Î´Ò³¨ ´¥°É·¨´μ), Å ÔË-
Ë¥±ÉÒ ¢§ ¨³μ¤¥°¸É¢¨Ö ¢¨·ÉÊ ²Ó´ÒÌ ´¥°É·¨´μ ¸μ ¸·¥¤μ° ¨¸ÉμÎ´¨± , ¢ Î ¸É´μ¸É¨, ±μ£¥·¥´É´μ¥
· ¸¸¥Ö´¨¥ ´¥°É·¨´μ ´  Ô²¥±É·μ´ Ì ¸·¥¤Ò (Œ‘‚-ÔËË¥±É [144, 145]).
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”Ê´±Í¨Ö μÏ¨¡μ± ¨ ¤μ¶μ²´¨É¥²Ó´ Ö ËÊ´±Í¨Ö μÏ¨¡μ± ±μ³¶²¥±¸´μ£μ  ·-
£Ê³¥´É  ¨§ÊÎ ²¨¸Ó ¢μ ³´μ£¨Ì · ¡μÉ Ì (¸³., ´ ¶·¨³¥·, [146Ä150] ¨ Í¨É¨·Ê¥-
³ÊÕ É ³ ²¨É¥· ÉÊ·Ê). �·¨¢¥¤¥³ §¤¥¸Ó ´¥±μÉμ·Ò¥ ·¥§Ê²ÓÉ ÉÒ, ¨¸¶μ²Ó§Ê¥³Ò¥
¢ · §¤. 10 ¤²Ö  ´ ²¨§  ËÊ´±Í¨¨ ¤¥±μ£¥·¥´É´μ¸É¨. „²Ö Ê¤μ¡¸É¢  ¸¸Ò²μ± ¢Ò¶¨-
Ï¥³ ¸¶¥·¢  Ìμ·μÏμ ¨§¢¥¸É´Ò¥ Ëμ·³Ê²Ò [103]

erf (z) =
2√
π

∞∑
n=0

(−1)nz2n+1

(2n + 1)n!
=

2√
π

e−z2
∞∑

n=0

2nz2n+1

(2n + 1)!!
, (386)

erfc (z) ∼ e−z2

√
πz

[
1 +

∞∑
n=1

(−1)n(2n − 1)!!
(2z2)n

] (
z → ∞, |arg z| <

3π

4

)
.

(387)

ˆ§ (306) ¨ (386) ¶μ²ÊÎ ¥³ ¸²¥¤ÊÕÐ¨¥ · §²μ¦¥´¨Ö ¤²Ö ¢¢¥¤¥´´μ° ¢ μ¸´μ¢´μ³
É¥±¸É¥ ËÊ´±Í¨¨ Ierf (z):

Ierf (z) =
1√
π

[
1 + z2 − z4

6
+

z6

30
− z8

168
+ O(z10)

]
, (388 )

=
e−z2

√
π

[
1 + 2z2 +

4z4

3
+

8z6

15
+

16z8

105
+ O(z10)

]
. (388¡)

�É¨ · §²μ¦¥´¨Ö ¶μ²¥§´Ò ¤²Ö, ¸μμÉ¢¥É¸É¢¥´´μ, ³ ²ÒÌ ¨ ¶·μ³¥¦ÊÉμÎ´ÒÌ §´ -
Î¥´¨° |z|∗. „²Ö Éμ£μ ÎÉμ¡Ò ´ °É¨  ¸¨³¶ÉμÉ¨±¨ ËÊ´±Í¨° erfc (z) ¨ Ierf (z) ¶·¨
¡μ²ÓÏ¨Ì |z|, ´Ê¦´μ ¨¸¶μ²Ó§μ¢ ÉÓ (387) ¤²Ö erfc (−z) ¨ § É¥³ ¢μ¸¶μ²Ó§μ¢ ÉÓ¸Ö
¶· ¢¨²μ³

erfc (z) = 2 − erfc (−z).

‚ ·¥§Ê²ÓÉ É¥ ¨§ (306) ¨ (387) ¶μ²ÊÎ ¥³

Ierf (z) ∼ ±z +
e−z2

2
√

πz2

[
1 − 3

2z2
+

15
4z4

− 105
8z6

+ O
(

1
z8

)]
(z → ∞),

(389)
£¤¥ ¢¥·Ì´¨° (´¨¦´¨°) §´ ± ¤μ²¦¥´ ¡ÒÉÓ ¢§ÖÉ ¤²Ö |arg z| < 3π/4 (|arg z| >
3π/4).

�¨¦¥¸²¥¤ÊÕÐ¨¥ Ëμ·³Ê²Ò ¶μ²¥§´Ò ¶·¨ Î¨¸²¥´´ÒÌ · ¸Î¥É Ì ËÊ´±Í¨¨
μÏ¨¡μ± ¸ ¢Ò¸μ±μ° ÉμÎ´μ¸ÉÓÕ. �´¨ μ¸´μ¢ ´Ò ´  ¸²¥¤ÊÕÐ¥³ ¨´É¥£· ²Ó´μ³

∗�  ¶· ±É¨±¥ (388 ) ¨ (388¡) Ìμ·μÏμ · ¡μÉ ÕÉ ¶·¨ |z| � 1 ¨ 1 � |z| � 4,5 ¸μμÉ¢¥É¸É¢¥´´μ.
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¶·¥¤¸É ¢²¥´¨¨ ¤μ¶μ²´¨É¥²Ó´μ° ËÊ´±Í¨¨ μÏ¨¡μ± (¸³., ´ ¶·¨³¥·, [146,149]):

erfc (z) =
2z

π

∞∫
0

dt e−(t2+z2)

t2 + z2
.

�É¸Õ¤  ¸²¥¤Ê¥É (¸·. ¸ ·¥§Ê²ÓÉ Éμ³ [147])

R [erfc (a + ib)] =

= +
r

π
exp [−r2 cos(2ω)][r2 cos(w+)�0(a, b) + cos (w−)�2(a, b)],

Im [erfc (a + ib)] =

= − r

π
exp [−r2 cos(2ω)][r2 sin(w+)�0(a, b) + sin(w−)�2(a, b)],

£¤¥

�n(a, b) =

∞∫
−∞

dt tn e−t2

(t2 + a2 − b2)2 + 4a2b2
=

=

∞∫
−∞

dt tn e−t2

[t2 + r2 cos (2ω)]2 + [r2 sin (2ω)]2
,

w± = 2ab + ω, r =
√

a2 + b2, cosω =
a

r
, sin ω =

b

r
,

¶·¨Î¥³ ¢¸¥ ¢Ìμ¤ÖÐ¨¥ ¸Õ¤  ¢¥²¨Î¨´Ò ¢¥Ð¥¸É¢¥´´Ò. ‡ ³¥É¨³, ÎÉμ ¶μ¤Ò´É¥-
£· ²Ó´Ò¥ ¢Ò· ¦¥´¨Ö ¢ ¨´É¥£· ² Ì �n(a, b) ¶μ²μ¦¨É¥²Ó´Ò, ´¥¸¨´£Ê²Ö·´Ò (§ 
¨¸±²ÕÎ¥´¨¥³ É·¨¢¨ ²Ó´μ£μ ¸²ÊÎ Ö a = b = 0) ¨ ¡Ò¸É·μ Ê¡Ò¢ ÕÉ ¶·¨ ¡μ²Ó-
Ï¨Ì §´ Î¥´¨ÖÌ |t|. �É¨ ¸¢μ°¸É¢  ¶μ²¥§´Ò ¶·¨ Î¨¸²¥´´μ³ ¨´É¥£·¨·μ¢ ´¨¨,
μ¸´μ¢ ´´μ³ ´  ¸É ´¤ ·É´ÒÌ ±¢ ¤· ÉÊ·´ÒÌ Ëμ·³Ê² Ì.
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