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Motivation

e The adiabatic approximation is well-known method for effective study
of few-body systems in molecular, atomic and nuclear physics. On the
base of pioneering work of Born and Oppenheimer ! the method was
applied in various problems of physics, using the idea of separation of
“fast” & and “slow” &, variables? in Hamiltonian composed by fast and
slow subsystems H(Z ¢, Zs) = Hy(Zf; &) + Hs(Zs) with
characterized frequencies wy > ws, for example in Hénon-Heiles model3.

e Purpose of this talk is to present algorithm for generalization of the
standard adiabatic ansatz,

(Zg, &s|np) == 2"24-1 <.’ff|n;c+1, Zs) (T, n;<,-+1 [m),

for the case of multi-channel wave function when all variables treated
dynamically .

1Born, M., Oppenheimer, J. R.: Ann. Phys. (Leipzig): 84, 457 (1927).

2Born, M., Huang, K.: Dynamical Theory of Crystal Lattices. Oxford: Clarendon,
1954

3J. Makarewicz, Adiabatic multi-step separation method and its application to
coupled oscillators. Theor. Chim. Acta 68, 321-334 (1985).

4V.M. Dubovik, B.L. Markovski, and S.I. Vinitsky, Multistep adiabatic
approximation. Preprint JINR E4-87-743, (Dubna, 1987);



e For this reason we are introducing the step-by-step averaging methods
for order to eliminate consequently from faster to slower variables

(@ ={&s,Ts} = {&z~n = TN—1 = ... = z1}T) and to improve
accuracy of calculations of the parametric basis functions and
corresponded matrix elements, and to reduce computer resources in
multi-dimension case by using MPI technology.

e We present a symbolic-numerical algorithm for reduction of multistep
adiabatic equations, corresponding to the MultiStep Generalization
Kantorovich Method® (MSGKM), for solving multidimensional
boundary-value problems®:

H¢n1 - 2En1¢n1 = 0,
() = [ den...destsl, (@)vn, (@) = Sngm,.

N _
H=5."  Hnii—i, H; = Hi(x;; X515, 1)
with characterized frequencies Wn > WN 1, .0y W1.

5Kantorovich L. V. and Krylov V. |. Approximate Methods of Higher Analysis (New
York, Wiley, 1964)

00. Chuluunbaatar, et al, KANTBP: A program for computing energy levels,
reaction matrix and radial wave functions in the coupled-channel hyperspherical
adia-batic approach. Comput. Phys. Commun. 177, 649-675 (2607).



Example: Statement of the problem for a Helium atom (IN = 3)
The Schrodinger equation for a Helium

|71]2 + |72|?, atom with total zero-angular momentum in
tga/2 = |71|/|72], hyperspherical coordinates”, €3 > T2 > x1
cos 6 = (Inl’lrzl) (R=x € [0,400),a =z € [0, 7],

0 =ax3 €[0,7]):

(Hl(:cl) +H2($2; .’E1)+H3(.’E3; 2, ml) —ZEz)\I’z(ZC3, 2, 2131) = 0

7A.G. Abrashkevich, et al. J. Comput. Phys., 163, 328 (20003



Hi(z1) = Hi (1),
1 8 ;8 4

il x —
:z:‘;’ Ox1 Ox1 a:%

I:I1(a:1) = —

4 .
H(x2;1) = ?Hz(mz;m),
1

. 1 o . o N
H(za521) = ———5— sin® 2 + Va(z2,z1) + 1

sin“ xo Ox2 Ox2
. 1 ZoZ, ZyZ,
Va(z2,21) = — | s s |

2 sin =2 cos 3>
4 .
Hs(z3; 2, %1) = —5——5— Hs3(z3; 22, 1),
x¥ sin” x2
R 1 . a .
Hj3(x3; 2, 1) = —— sinxz — + Vz (a3, x2, 1)
sin 3 Ox3 dx3
1 sin? o Za Zy

%((B:g, 2, ml) =

2 v/1 — sin @2 cos x3



Wave functions are orthonormalized

1 .
= / w?dwl sin? x2dxs sin x3dx3 ¥, (3, 22, 21) ¥, (23, T2, T1) = J;j

and satisfy to the boundary conditions

oV, (x3, x2, 1
lim :BS—Z( » 22, 21) =0 lim a:5\Ili(:v3 x2,21) =0
1 ] 1 ’ il 9
x1—0 8;1:1 xr1— o0

oY, (x3, 2,1
lim sin? T2 M =0, lim sinaxg
xo— 0,7 8a;2 x3— 0,7 8(133

oY, (3, x2,T1) _

0.



Algorithm 1. Example of the conventional Kantorovich method.
We consider two boundary-value problems £y = {x3,x2}, Zs = {1}

. N 1
(Hz(z2; 1) + Hs(x3; 2, ®1) — EES) (1) ¥ (3,25 21) =0, (1)

sin? xo

- 2 9 2 2
/51n z2dxz2 sm:z:3d:z:3‘Il£2)(a:3,:z:2;:1:1)\115.2)(:1:3,:1:2;:131) = Sving

. 4 . 4 ~
(Hi(x1)+— H2(z2; 1) +——5— H3z(x3; x2, 1:1)—2E2.(1))\Il§1) (z3,x2,21)=0, (2)
2 2 2
x] x7 sin” @2 1 5

1 7 7 1 1
§/ 2dxy sin® xzodzs sin :l:3da:3‘1’,§1)(w3,iliz,f.vl)‘l’g-l)(amy x2,®1) = 545,



Algorithm 1.
Step 1 Solving the problem (1)

We find the required solution in the series expansion over the Legendre
polynomials P; (cosx3) for each values of @:

i;nax
2 2
\Ilgz)(ms,mz;an) = Z Pil(cos:r:g)xglzz(:zzz;ml), (3)
i1=1



Algorithm 1.
Step 1
Substituting expansion (4) into equation (2) and projecting with account
of orthonormalization conditions Legendre polynomials, we arrive to the
problem for unknown vector functions X;fzz (25 21):

1 o . 2 o ’il(il —+ 1) o
<_sin2 x2 Ox2 s mzaim U CsinZ@ 1 () x1112(m2,m1)

max

’1
/ 1 (cos £3) V3 (23, 2, 1) P}, (cos :133))(;:2:2 (z2; 1)
sin? @2

E(2)( )lew(mz,ml) =0,

Substituting expansion (3) into orthonormation conditions (1), we have

max

iy
Z /sm aczdaczx( ) (23 ﬂcl)x( ) (25 21) = 84y 5y -

1122 Jiiz
i2=1

This problem is solved with help of the KANTBP 3.0 program.



Algorithm 1.
Step 2 Solution of the problem (2)
We find the solution of the problem (2) in the series expansion over
solutions of problem (1) solved in the step 1,

spax
\IIE:) (x3,x2,21) = Z \I'fj) (x3, 23 wl)xggl (z1), (4)
ia2=1



Algorithm 1.

Step 2
Substituting expansion (4) into equation (2) and projecting with account

of orthonormalization conditions of parametric basis functions from Step
1, we arrive to the problem for unknown vector functions x;; )(:Bl)

(2)
( i o x5 9 + 2E’i2 (w1) _4> (1) (1)
i, Oz 2 1211

18:131 x5
jmax
1 1
+ X Cial [ )3, () = 280330, (@) = 0,
j2=1
. wql — 1;151 2} ALi051 1;0;1 2
(il [P, 32)] = (AL} o) - o8 Do TEAL 1) — AL @) 5o

Substituting expansion (4) into orthonormation conditions (2), we have

21 1 1
Z 7/ dil:1X§221( 1) 5231(1:1) = Bizjn-



Algorithm 1.

Step 2
Here we introduce notations (I; = 0, 1):

L1

ALt

. . ort
iain (:z:1)=./51n2 x2dx2 sin zzdxs \Ilfj) (z3, 23 ‘1:1)?71-1‘1'52) (3, x2;21)

L1
Ly
80

87(1)‘1',‘?(&:3, T2 1) = ‘I’Ez)(ms, @25 T1)



Algorithm 1.
Step 2 Calculated eigenvalues and matrix elements at step 1 of equation
at step 2

\
44

(x4), a.u.
o

(1),

i
1

-2,
XPE

0O 2 4 6 8 10 1‘2 1‘4 16 18 2‘0

e
i, &)
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Algorithm 1.
Results of step 2
Ground state 1sls energy Eél) of Helium atom (in a.u.) versus
number n of basis functions and number #]"®* of the Legengre polynomials

i ref? P =12 P =12 i =21 P = 28

1 —288791168 —2.89553901 —2.89555119 —2.895 552 76
2 —2.89137991 —2.898 63139 —2.898 64321 —2.898 644 74
6 —2.903 004 48 —2.903 64386 —2.903 65595 —2.903 657 51
10 —2.90363613 —2.903 70268 —2.90371486 —2.903 716 36
15 —2.90370549 —2.903 70849 —2.903 72068 —2.903 722 17

21  —2903 72264 —290370931 —290372150 —2.903 722 994

28 —2.903 72266 —2.903 709 31 —2.903 722 997
ref? —2.903 722 998
refV —2.903 724 377

refA: Abrashkevich A.G. et al J. Comput. Phys., 163, 328 (2000).

refB: J.J. De Groote et al, J. Phys. B 31 4755 (1998).

refV: Chuluunbaatar et al, J. Phys. B 34 L425 (2001).

One can see that convergence start from #5*** = 21 is slow with respect
to upper variational estimation ref¥ . So, to improve convergence of
calculation of the parametric basis functions by number 2} > 28 we
introduce below the step-by-step averaging method for improved
calculation with a more high accuracy.



Results of step 2

Radial eigenfunctions of
ground and first exited
states.

7
s
s
1)
Xq1 0

3 2
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Xy ()10
Xgy (010°

12 3 4 5 6 7 8 © 10

1 @
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@
Xgp ()10°
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Algorithm 1.

First exited state 1s2s energy Eél) of Helium

atom (in a.u.) versus number £5"®* of basis
functions

18 it =28

1 —2.139 935 68

2 —2.141 664 33

6 —2.145 700 22

10 —2.145 915 09

15 —2.145 957 35

21 —2.145 968 77

28 —2.145 970 28

refB —2.145 956 975

ref¥  —2.145 974 046
refZ: J.J. De Groote et al, J. Phys. B 31 4755
(1998)
refV: G.W.F. Drake et al, Chem. Phys. Lett. 229
486 (1994)
One can see that our upper estimation at
i2* = 28 is lowing than result of ref® and

upper then vartiational ref" .



Algorithm 2. Example of MultiStep Generalization of Kantorovich
Method (MSGKM)

We consider sequence of parametric boundary-value problems (with
ordering from fast to slow independent variables 3 > x2 > ®1):

N 1
(Hs3(x3;x2,21) — EEZ-(:)(:cz,wl))\I’z(:)(wg;a:z,a:l) =0,

/ sin m3dm3‘1’§2) (z3; ¢2, ml)ql;z)(mg; T2, x1) = 6

. . 1
(Hz2(z2;%1) + sinZ 2 Hj(x3; x2,21) — EES) (m1))‘1'g)(m3,m2; x1) =0,

- 2 q 2 2
/Sll’l xodxs sin msdmsqlgz)(mg,mz;:1:1)\115.2)(:1:3,:1:2;:1:1) = 8injqs

N 4 . 4 ~

(Hl(m1)+7H2(m2;:131)-}-2'72H3(:B3;:132,:131)—2E2-(1))\I’§1)(:1:3,ﬂ32,€B1)=0,
oy x7 sin” x2 1 1

1

. . 1 1
5 / :cfr{d:cl sin? xodxs sin :z:3d:z:3‘11§1)(:1:3, x2, :cl)\Il;.l)(:z:;;, T2, 1) = 8;yj1,

Step 1. Solving the problem (1)

The problem (1) is solved with help of the ODPEVP 2.0 program. for
each values of 7 and xa:

353
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Algorithm 2.
Step 2. Solving the problem (2)
We find the solution of the problem (2) in the series expansion over
solutions of problem (1) solved in the step 1:

ignax
\Ilgz)(:ca, T2 1) = Z ‘Ilgz)(mg;wz,ml)xgzzz(wz;ml), (4)
i3=1



Algorithm 2.

Step 2.
Substituting expansion (4) into equation (2) and projecting with account

of orthonormalization conditions of parametric basis functions from Step
1, we arrive to the problem for unknown vector functions nggz (z2;21):

(3)
18 8 . E® (22,21)
(- sin? x5 + Vo (z2,x1) + % 5522

(225 21)

sin? x5 Oz Ox2 2 sin“ o

. . 1
+ > (ial[Hz,d3) | x{a, (@25 1) — S B (@)x(a), (w25 21) = 0,
Jja=1

:10; 1 a :00;
. . _ 2;10;10 _ 2 2;00;10
(13|[H2,J3>] = <Ai3’j3’ (z2,21) — — % 2y O S0 w2 AL (T2, 1)

__ A2500;10 o
Aisjs (&30 Oxo

Substituting expansion (4) into orthonormation conditions (2), we have

i3 .
: 2 2
E / sin? :z:zd:czxg.:izz (a2 :tzl)x;sz.z (25 21) = 8iyjs-
ja=1"



Algorithm 2.

Step 2.
Here we introduce notations:

Hl2+h

l2 L1
Oz’ Oy

r2+7r1
2ilalyjror . 3 o 3
Aiéfsl’ 271 (9, x1)= [sin zzdxs \Ilga)(:c;;;wz,a:l)a \Il;s)(:cg;:cz,a:l)

8 L@ —o®
W‘I’is (3522, 21) = \Ili3 (z3; 22, 1)
A parametric derivatives are calculated with help of KANTBP 3.0
program.



Algorithm 2.
Step 2. Calculated eigenvalues and matrix elements at step 1 of equation
at step 2

304

25

20 i b eyt
—~ IRRTANSSSAR : SRS
- 15 BT 024 = 0{'&,”///
) AR N

10 SR A

TS
5 \“:iggzg&
0



Algorithm 2.
Step 2. Calculated eigenvalues and matrix elements at step 1 of equation
at step 2

<77/




Algorithm 2.
Step 3. Solving the problem (3)
We find the solution of the problem (3) in the series expansion over
solutions of problem (2) solved in the step 2:

impax
\I’EI) (23, @2, 21) = Z lIlfz) (3, 23 wl)xgigl (z1), (5)
ia=1



Algorithm 2.
Step 3.
Substituting expansion (5) into equation (3) and projecting with account
of orthonormalization conditions of parametric basis functions from Step
2, we arrive to the problem for unknown vector functions ng)'l (x1):

(2)
1 8 4 8 2E; " (z1) —4)\ (4
( ;?81:1 1 Oz + a:% Xizil(wl)

smax
7

2
+ > (ial[Hy,d2) | X)), (1) — 2B0x()), (@1) =0,
j2=1
. i 1: 1 0 .0: .0: o
<12|[H1,32)] = <A1,1,1($1) 25 AL () — A1,0,1(m1)7>
Ox1

i2j2 - mf{ ox1 i2j2 i2j2

Substituting expansion (5) into orthonormation conditions (3), we have

*2
> 7/w?dwlxgzl(wl)xg-;;l(wl) = 815y -



Algorithm 2.

Step 3.
Here we introduce notations:

Lilas
2272

#a (:1:1)=/sin2 x2dx2 sin :1:3d:1:3 \11(2) (CB3,£E2,(1:1) lI!( )(:1:3,:112,5151)

8

(2)(:1335 r2; ml) = ‘I’( )(1133, xr2; ml)
8:1:

Substituting expansion (4) we find matrix elements A}’ ;12’” (1) via
matrix elements A7’ a1) calculated with help of improved
parametric basis funct|ons from Step 2:

23 lllz T17T2
’ (wza

Alilasra 71!
Az (@)= Z Z Z kz'(ll—kz)'kr'(m—kr)'

©3,J3 ki1=0 k=0

. . 8-
X /s.m2 xa2dxs sin w3dw3 am \II(3) (z3; 22, 21) megfﬁz (25 21)
Ly
BT (3 " (2)
X@a:’f"\p (33 wz,wl)mxjw(wz, 1)

ry!
Z Z Z kl'(ll _kl)' k'r'(""l _k'r)'

13,73 k;j=0k,

l1—ky or1—kr

2;0k;;0k. 9 (2) . (2) .

X /sm zadea A7 (x2, wl)iamll_kl Xigin (T23 wl)imrl_kr Xjgiq (%25 1)
DTy



Current status of the work

® In the present time we are adapting program KANTBP 3.0 for solving
the problem with respect to unknowns (i.e. calculation of improved
parametric basis functions) from Steps 2—(n-1), with matrices of variable
coefficients calculated and presented above.

e In conclusion on the talk we present a symbolic-numerical algorithm for
reduction of multistep adiabatic equations, corresponding to the
MultiStep Generalization of Kantorovich Method (MSGKM), for solving
multidimensional boundary-value problems.



Algorithm MSGKM

Input:

H = Zi\]:1 H 41— is initial Hamiltonian dependent on ordered
variables = {zn = TNn_1 > ... = x1}T decomposed to sum of
partial Hamiltonians H; = H;(x;;x;—1, ..., 1), dependent on subset
“faster” x; and “slower’ x;_q, ..., 1 variables;

H"pnl - 2En1¢n1 =0, (n“nl) =

J daen ..dwy ], (&), (&) = Snyn,

is main eigenvalue problem for calculation of (Z|n1) = ¥, (Z£) and

Eny —€ny:

Output:

A set Eq(k) k = 1, ..., N is a set of auxiliary parametric eigenvalue
problems for calculation of 1, = 1#532)(@\;, ooy Th3 L1 +ees 1) and

en, = 8 = P (Tp_1...1), where ¥ = ¢} and E,,, = (1) are
solutions of the main eigenvalue problem.



Local:

’(/}7(111) = ’(/},Sbk;) (QZN, eeryg Ly Lle—T9 eeey 131) and

Eny = sg’fc) = 51(1’2) (Tg—_1..-x1) are solutions of the auxiliary parametric
eigelr\lrvalue problems

(Zi:N+1—k HN+1—i)¢SZ) - Egi)@br(i) =0,

<’I’LL|TLk> = fd(cN...dwN_i_l_k’l/Jl;c’llJnk

(Ml = x5

’
ngy

(’I’l;c+1|nk> = fdmN"'dxk‘i‘le(lZi:)’(/igi)-

1: Eq(N):={Hpny|nN) — €ny|nN) = 0, (1#%?”1/12];)) = 5nNn;\,}
2: Eq(N) —{Inn);enn}

3: for k:=N-1:1 step -1

4 Eq(k):={(e$t) — el + Hi)(nta|ne)

MNpe41

e (®k; Tr—1, ..., ¢1) are auxiliary solutions:

+ Ty, M| Hiey i) | (g Ini) = 0},
Eq(k) _>{<n;c+1|nk>7€£1’2)}
) o= 2oy 1 en) (Mega [7o0e)
: end for
U = |ny), 2E,, =)

N oo



Perspectives:

For example, for three-body problem with N = 6 independent variables
in framework of the conventional Kantorovich method one has series
expansion of required solutions over one-parametric basis functions of
N-1=5 fast variables. Then such Kantorovich reduction leads to
eigenvalue problem for set of ~ 10V 1 =~ 10> ordinary second-order
differential equations.

Generalization of MultiStep Kantorovich method presented below reduce
to the set of 2IN — 1 of multiparametric eigenvalue problem for set of
~ 10 ordinary second-order differential equations that can solve naturally
by each of N — 1, N — 2,..., 1, 0 independent parameter using MPI
and/or GRID technology.



