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Physics of Radioactive Ion BeamsPhysics of Radioactive Ion Beams

Nuclei
line of b-stability to the limits of stability

~ zero energy to more than 1 GeV/u

Frontiers of Nuclear PhysicsFrontiers of Nuclear Physics

nucleonic matter under nucleonic matter under extremeextreme conditionsconditions
( ( temperature, angular momentum, temperature, angular momentum, very proton / neutron reach nucleivery proton / neutron reach nuclei, , …… ))

�� exact exact locationslocations of the neutron and proton of the neutron and proton driplinesdriplines
�� producing the producing the heaviest boundheaviest bound nucleinuclei
�� learning about the learning about the astrophysicalastrophysical rr-- and and rprp-- processesprocesses
�� exploring the exploring the evolutionevolution of shell structureof shell structure

(( vanishing of magic numbers, new magic numbers, vanishing of magic numbers, new magic numbers, …… ))

�� resonances ( nuclei ) resonances ( nuclei ) beyondbeyond the the driplinesdriplines
…………………………....

Remarkable Remarkable discoveriesdiscoveries have already been made with have already been made with RIBsRIBs

new structuralnew structural driplinedripline phenomenon with phenomenon with clusterizationclusterization
into an ordinary core nucleus and a veil of halo nucleons into an ordinary core nucleus and a veil of halo nucleons 

–– forming very dilute neutron matterforming very dilute neutron matter

HALOHALO ::
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Chains of the lightest isotopes
( He, Li, Be, B, …)  end up with 

two neutron halo nuclei

Two neutron halo nuclei ( )
break into three fragments and are all   
Borromean nuclei

...6 11 14He , Li , Be , 

One neutron halo nuclei ( )
break into two fragments

11 19Be , C
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Reaction cross sections

Interaction radii

( )2
I I IR (proj) R (t arg)σ π= +
E / A = 790 MeV, light targets

I. Tanihata et al., 
Phys. Rev. Lett., 55 (1985) 2676

Fragment momentum distributions

Electromagnetic dissociation cross sections

Large

Coulomb dissociation cross sections 
for core + neutron(s) channel

T. Kobayashi, Proc. 1st Int. Conf. On
Radiactive Nuclear Beams, 1990.

I. Tanihata et al., Phys. Lett., 
B297 (1992) 307

( naive picture )

narrow momentum distributions
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weakly bound systems
with large extension
and space granularity

“Residence in  forbidden regions”
Appreciable probability for dilute nuclear matter 
extending far out into classically forbidden region

(                                                  )11 6 11 14 17Li, He, Be, Be, B, . . .

9Li
~   2.3 fm

~ 5 fm

~ 7 fm

n n
11Li

ε (       ) = 0. 3 MeV

Separation energies
of last neutron (s)

halo :      <   1 MeV
stable :   ~ 6 - 8  MeV

ε (       ) = 0. 5 MeV11Be
ε (       ) = 0. 97 MeV6He

11Li

none of the constituent two-body
subsystems are bound

Borromean systems
Two-neutron halo nuclei

( 11Li, 6He, 11Be, 14Be, 17B,  . . . )

Large size of halo nuclei
1 22 11 /

L )ir ( ~ 3.5 fm

( ~ r.m.s. for A ~ 48 )

Borromean system
is bound
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new structure with clusterization into an ordinary
core nucleus and veil of halo nucleons
the only example of dilute nuclear matter

Halo

low angular momentum motion for halo
particles and few-body dynamics

Prerequisite

1s - intruder level

10Li

11Be

1
2

3
2

1
-

p
 

s0
2

νπ
⎡ ⎤

⊗⎢ ⎥
⎣ ⎦

parity inversion of g.s.

g.s. :

ρ0 ~ 0.15 fm -3

proton and neutrons
homogeneously mixed,
no decoupling of proton
and neutron distributions

N / Z ~ 1 - 1.5

εS ~ 6 - 8 MeV

decoupling of proton and 
neutron distributions

neutron halos and 
neutron skins

N / Z ~ 0.6 - 4

εS ~ 0 - 40 MeV
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in ground state

weakly bound,
with large extension
and space granularity

in low-energy continuum

concentration of the transition strength
near break up threshold - soft modes

Large EMD cross sections specific nuclear property of
extremely neutron-rich nuclei

Peculiarities of haloPeculiarities of halo

excitations of soft modes with
different multipolarity

collective excitations versus
direct transition from weakly
bound to continuum states

T. Kobayashi, Proc. 1st Int. Conf. On
Radiactive Nuclear Beams, 1990.
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(peculiarities of low energy halo continuum)

soft DR normal GDR

Ex ~ 1 MeV ~ 20 MeV
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M. Zinser et al., Nucl. Phys. A619 (1997) 151

excitations of soft modes with
different multipolarity
collective excitations versus
direct transition from weakly
bound to continuum states

Large EMD cross sections
specific nuclear property of
extremely neutron-rich nuclei
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BASICBASIC dynamicsdynamics
of halo nucleiof halo nuclei

Decoupling of halo and
nuclear core degrees of 

freedom

halo coreψ Φ 〉Ψ 〉 = 〉EVIDENCESEVIDENCES

�� Relations between interaction and neutron removal 
cross sections ( mb ) at 790 MeV/A  

0,0
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1,0

1,5

σtot

11 Li9 Li

 

 

 σ
 ( 

ba
rn

 )

8 Li

σ∆ Z

    A Li + 12 C
E / A = 80 MeV

Blank B. et al.,
Z. Phys. A343 (1992) 375

Tanihata I. et al. 
PRL, 55 (1987) 2670;
PL, B289 (1992) 263

796 6

1060 10

503 5

722 5

817 6

220 40

189 14

202 17 95 5

A +A +

±

±±

±
±

±
±

±±

9 Li
11 Li

12C

4 He
6 He
8 He

σ
I

σ
-2n

σ
-4n

�� static properties :

Schmidt limit :  3.71 n.m.

9 Li 11 Li

�� weakly bound break up into three fragments

quadrupole moments -27.4 1.0 mb -31.2 4.5 mb
magnetic moments 3.4391 0.0006 n.m.  3.6678 0.0025 n.m.

±
±

±
±

( ) ( ) + -xna cΙ Ισ = σ σ

�� charge – changing cross sections
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The kinetic energy operator T has the separable form

( )
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⎛ ⎞
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Eigenfunctions of         are the homogeneous harmonic polynomials
�
�

( ) ( )
� ( ) ( ){ } ( )4

Ω

Ω − Ω+

i i i

i i i

i
5

i i
5 5

i

i

0

0

� � �

� � �

� �

�

�

� � � �

� � � �

� � K
K

K

K

�

K �

P x, y = =

K K =

ρ
�

�

�

( )Ωi i i i
5

i
K�
� � � �� � � ��

are hyperspherical harmonics or K-harmonics.

( ) �( ) �( )
( ) ( ) ( ) ( )

,

2
⎛ ⎞
⎜ ⎟
⎝ ⎠

−

Ω

∗

= i i

i i

i i i

i

1

5

2

ii

i

sin cos cos
K -

K K

l ll l

l l

l l l l
l lN Y x Y� y

Pα α α

� �

� �

� �

�

�

�

�

� �

� �

� �� �� �� �

� �� �

� �
� �
� �

� � �

� �

�

( ) ( )z�� �

�� are the Jacobi polynomials
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They give  a complete set of orthogonal functions in

( )
� �� �

� � � ��l l�the 6-dimensional space on unit hypersphere
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The functions with fixed total orbital moment = +x yL l l

and  its projection ML are linear combination  of HH .

( ) ( ) ( )Ω = Ω∑
i i
5 5

� �

� � �� �

� � � �

� �

�� � � �� �
� � � �K L M KL� �M

�

��

�

a normalizing coefficient              is defined by the relationi i� �

K

l l
N

( ) ( )* δ δ δ δ δΩ Ω Ω =∫
i i

5
i

55
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The three equivalent sets of Jacobi coordinates are
connected by transformation (kinematic rotation)

( ), ,
−⎧⎪

⎨
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=
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j i i

j

ji ji

ji ji
ji j iii

cos sin

sin cos 1 2 C

x x y

y x
A A A

y

ϕ ϕ
ϕ ϕ

ϕ ϕ
= −

= −

Quantum numbers K, L, M don’t change under a kinematic rotation.
HH are transformed in a simple way and the parity is also conserved.

( ) ( )= < >Ω Ω∑
k k i i

k k

i i k ki k
5 5

�����������������

� �

� �
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y

y y KM LLK L K M
y yl l l l

l l l l� �

�
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⇓

Reynal-Revai coefficients
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The three-body bound-state and continuum wave functions
(within cluster representation)

( ) ( )
( )

( ){ }1
exp

2π
= x , y �CJ MCM J i P RΦφ ξ

���
Ψ

( ) ( )x , y� �� � � J MΦ ���

The Schrodinger 3-body equation for the wave function ( )x , yJ MΦ

�

�
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�
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�� �

�
�
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� �
where the kinetic energy operator :

( ) ( ) ( )�� �� ��
� � �� � ��

�� �� ��
� � � �and the interaction :

1=2 2
x y+ � �k k κ = �

�
is the momentum conjugated to ρ

The bound state wave function (E < 0 )

χ ⎡ ⎤⊗= ⎣ ⎦
S

SM SS M1 2��� ��� - spin function of two nucleons

( ) ( ) ( ) χ⎡ ⎤Ω ⊗
⎣ ⎦∑

i
5x , y � �

X Y

X YL S K l

L S
J M K K L S

J M
l

l
l

l l
� �Φ ρρ ��� ��

�

The continuum wave function (E > 0 )

( ) ( ) ( )

( ) ( ) ( )
'

,

χ⎡ ⎤Ω ⊗
⎣ ⎦

Ω

∑

i
55

x y

*
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S X Y X Y
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S' M' K l l K'

K L

' l'

J
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S
M

l' ll l '

k k

i L' M' S' M' J ��
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 M

γ , γ
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∗
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Normalization condition for bound state wave function

( ) ( ) =∫ x , y ,x y x yJ' M' J
*

M J J' M M'd d Φ Φ δ δ

The HH expansion of the 6-dimensional plane wave

( ){ } ( )
( )

( ) ( ) ( )Ω Ω∑x y
i

55
*p +x yex � �

K
K MK L MK L

l ll lJ �i k k i �
κ

γ
κρ

κρ
�� � �

��

� ��

�

��

�

After projecting onto the hyperangular part of the wave function
the Schrodinger equation is reduced to a set of coupled equations

Normalization condition for continuum wave function

( ) ( )
( ) ( ) ( ) ( )'

=

Ω= Ω

∫
*

x y x y

x x y y 5 5

, , , ,

- -

x , y x , yx

- -

y
S S

S S S S

S' M' S M

S S' M M' S M' 5S' M

k' k' k k

k' k k' k '

d d

κ κ1δ δ δ κ κ δ

Φ Φ

δ δ δ δ
κ

( ) ( ) ( )

( ) ( )' '
'

⎧ ⎫⎡ ⎤⎪ ⎪+ + −⎨ ⎬⎢ ⎥
⎪ ⎪⎣ ⎦⎩ ⎭

= − ∑

�

�
��

K'

K K

K K' K
K

K

'

V

V

d
�E

d

�

γ

γ , γ

γ ,

γ

γ
γ γ

ρ

ρ

ρ
ρ ρ

ρ

�

� �

��

≠

Λ Λ�

where 3 2/K +Λ = and partial-wave coupling interactions

( ) ( ) ( ) ( ) ( ) ( )' 'Ω Ω= i i
5 5�� �� ��

�� � ��K K' K K'V � �γ , γ γ γρ
�� �� ��
� � � �

the boundary conditions

( )⇒ = �

K� γ ρ 0 ρ ρ�� ����Λ
∼
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The asymptotic hyperradial behaviour of ( )'K K'V γ , γ ρ

The simplest case : ' ' 0 0 0K K K l lγ γ
� �

� � � � � � � � �

two-body potentials :                                  a square well, radius R= = ⇒ij jk kiV V V

( ) ( ) ( ) ( )

( ) 1

= Ω Ω Ω

= ⎯⎯⎯→

∫

∫ ∫

jk i
i i i
5 5 5

/
2

0

j
2

0

k
2

00 00
000 0003

3 sin cos

V x

V s

V

in ∼

R

d � �

d d
π

0 0

ρ

ρ 3α α
ρ

α αρ α α

ρ
��

�∞

a general behaviour of three-body effective potential 
if the two-body potentials are short-range potentials

1
3ρ
⇒

At ρ the system of differential equations is decoupled
since effective potentials can be neglected.

→ ∞

( ) ( )
⎧ ⎫⎡ ⎤⎪ ⎪+ −⎨ ⎬⎢ ⎥
⎪ ⎪⎣ ⎦⎩ ⎭

K

d
d

�E γρ ρ
ρ

�
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� �
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��Λ Λ�

( ) ( ) ( ) ( )1
⇒exp - ex xp -, yK J M� γ ρ κρ Φ κρ

ρ ���
→ ∞ ∼ ∼

if E < 0

( ) ( ) ( )

( ) ( )

( ) ( ) ( )( )

'' '

1

1

±

⎡ ⎤−⎣ ⎦

+

( )

x

(- +)

y

) (

sin, x ,y

e

A B os

x

, c

p

S

K K'K K'K K' K +2 K 2

S

K +2

+

 M

H

� � �

i

k k

S→ ∞

±

γ , γ, , γγ γγ ρ κρ κρ κρ

Φ κρ κρ
ρ

δ

κρ κρ
κρ

∼

∼

∼

���

if E > 0

16 of 24



Correlation density for the ground state ofCorrelation density for the ground state of

cigar-like configuration di-neutron configuration

6 He

( ) � ( )
M

2 2
nn nn-Cnn nnnn-C nn-C

2
T

nn nn-CJM
1

P r ,R r R dr dR
2 1

r ,R
J

Ψ=
+ ∑∫ �

n n

C

rnn

R(nn)-C
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gr

( )
f x yfi 0pt aA

( )
A i

p,t
iT (k ,k ,k ) (kV )U , ,α χ− += − ΨΨ Φ∑

� � ��

2

x

* y

y

x
2

a

k
2

k

2
E

µ µ
= +

3
1

2

A*
3

1 2
A

a

1 + 2 + 3 + Agr ,    elastic (    4-body )
1 + 2 + 3 + A*  , inelastic ( ≥ 4-bodies)

a + A

complex constituents

( )4
2

i fi f
i

2 i1 3 fA *d k d k d
2

(E E ) (P P )
v

k d k T
α

π
δ δσ = − −∑ ∫

�� ��

�

Cross section

Reaction amplitude Tfi (prior representation)

( )
f x y(k ,k ,k )α

−Ψ
� � �

( )
ii (k )χ +

�

ptV

aAU

0Φ - halo ground state wave function

- target ground state wave function

- distorted wave for relative
projectile-target motion

- exact scattering wave function

- NN - interaction between 
projectile and target nucleons

- optical potential in initial channel

grAΨ1

2
3

A

kx
ky

kf

a

events with undestroyed core peripheral reactions

Study of halo structure
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Reaction amplitude Tfi (prior representation)

DW: low-energy halo excitations⇒ small kx & ky
(no spectators, three-body continuum, full scale FSI)

gr grfi 0
( )

1 A* pt aA
( )

i

p,t
i1A* A A

( )
x(k, , V U , (T ,) kk k ) )(χ χ− +−− Ψ Φ Ψ− Φ= ∑

� �� �

DW: high-energy halo excitations⇒ small kx & large ky
(spectators-participant, two-body continuum, part of FSI)

Serber model⇒ large kx & ky
(spectator-participants, plane waves, no FSI)

1
a 2

3

2 1
x

2 1

k k
m

k
m

x µ
⎛ ⎞

= −⎜ ⎟
⎝ ⎠

� �

� 3 1 2
3y

3 1 2

in the halo rest f
k k k

  k  rk (  )
m m m

ay meµ ⇒
⎛ ⎞+= −⎜ ⎟+⎝ ⎠

� � �

��

gr

( )
f x y 0

(
fi pt a

)
A

p,t

iA i(k ,k ,k )T V U , (k ),α χ +−= − ΨΨ Φ∑
� � ��

gr gr

( )
x y 0fi pt

p,
A A

( ) ( )
f

t

if i(k ,k(k )T , , V , (k, ))χ χ− +−Ψ Ψ= Φ Φ∑
� �� �

Kinematically complete experiments
• sensitivity to 3-body correlations (halo)
• selection of halo excitation energy
• variety of observables
• elastic & inelastic breakup

a F
S

I

1
2
3

A*A

two-particle coincidence
• sensitivity to 2-body correlations
• large cross sections
• integrated over halo excitations

1
a

A

2
3

A*

F
S

I

( ) ( ) ( ), ,fi 0T
� � �1 1 2 2 3 3-i k r -i k r -i k r

e e e Φ∼
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gr

( )
f x y 0

(
fi pt a

)
A

p,t

iA i(k ,k ,k )T V U , (k ),α χ +−= − ΨΨ Φ∑
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Electromagnetic forces are well known and weak

Reaction mechanism can be disentangled
from nuclear structure
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Inclusive electron scattering
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Elastic Scattering of Halo Nucleus on ProtonElastic Scattering of Halo Nucleus on Proton
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� The remarkable discovery of new type 
of nuclear structure at driplines, HALO,
have been made with radioactive 
nuclear beams.

� The theoretical description of dripline
nuclei is an exciting challenge. The 
coupling between bound states and the 
continuum asks for a strong interplay 
between various aspects of nuclear 
structure and reaction theory.

� Development of new experimental 
techniques for production and /or 
detection of radioactive beams is the 
way to unexplored

““ TERRA INCOGNITA TERRA INCOGNITA ““

CONCLUSIONSCONCLUSIONS
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