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@ Formulation of gauge invariant effective action for d =3, N' =3
supersymmetric gauge theories, formulated in d = 3, N' = 3 harmonic
superspace.

o Construction of manifestly N' = 3 supersymmetric effective action in terms of
off-shell d = 3, N' = 3 superfields.

e d =3, N = 3 harmonic supergraph calculations.

Talk is based on the results obtained in collaboration with
E. Ilvanov, O. Lechtenfeld, N. Pletnev, . Samsonov, B. Zupnik
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@ Studing a quantum structure of recently proposed
Bagger-Lambert-Gustavsson (BLG) theory (J. Bagger, N. Lambert, Phys.
Rev. D75 (2007) 045020; D77 (2008) 065008; JHEP 0802 (2008) 105; A.
Gustavsson, JHEP 0804 (2008) 083) and
Aharony-Bergman-Jefferis-Maldacena (ABJM) theory (O. Aharony, O.
Bergman, D.L. Jafferis, J. Maldacena, JHEP 0810 (2008) 091). Both
theories related to low-energy description of M2-branes and contain the
Chern-Simons fields and some number of scalar and spinor fields. These
theories possess N/ = 8 supersymmetry N’ = 6 supersymmetry resepectively.
One can show that BLG and ABJM theories can be formulated in terms of
d = 3, N' = 3 harmonic superspace (I.L.B, E.A. lvanov, O. Lechtenfeld, N.G.
Pletnev, I.B. Samsonov, B.M. Zupnik, JHEP 03 (2009) 096). This
formulation provides 3 manifest (off-shell) supersymmetries and 5 (BLG) or 3
(ABJM) hidden (on-shell) supersymmetries of classical action.

@ Developing a general procedure for calculating the effective action for such
theories preserving manifest gauge invariance and three manifest
supersymmetries of classical action.
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Gauge and matter theories in d = 3, NV = 3 harmonic superspace.
d =3, N' = 3 background field method
Structure of superfield propagators in background field

d =3, N = 3 non-renormaization theorem

Summary and prospects
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Gauge and matter theories in d = 3, A/ = 3 harmonic superspace.

Standard A/ = 3 superspace:
{z", 009}, i j=1,2 (indices of SU(2)).

Flat superspace derivatives:

) ) )
Dk = 10" 0005,  Oap =
“ ey U 0T g
Gauge covariant derivatives:
Vi = DY 4 Vi Vs = Oap + Vags -

Basic superfield strength W :
{VZ{,V’;}} = iVag(szkle + 5”5]’“) — isag(E’kWﬂ + etk 4 ity +5]kW”)

Basic constraint:
VW) = o
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Harmonic N = 3 superspace:
Coordinates: {xH, 057,057,609, ut},
Harmonics: uif € SU(2), wuwhuf =0, u='u; =0, utiu; = 1.

Here 611,65 ,6° are harmonic projections of 0% :

ij ++ _ pig, o+ —— i, -, — 0 _ pij, 4+, —
0 — 0] fﬂauiuj, 0, fOOéuiuj, HafHOluiuj
Harmonic derivarives: D¥+, D=, D°=[D++ D]
D++:ufi+ DT =u; — +
t Ou; ’ b ouf ’
H H . ++ —— 0
Grassmann derivatives: D7, DJ—, D,.
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Analytic superfields:

DIt®, =0 = &4=da(a",057,00,u),

(e

where 257 = (7,,)*P 27 = 2P 4+ i(9oHT0~— 4 9o+ e,

o g-hypermultiplet: ¢t (z%, 01+, 609, u)

q+: {fia.fia (i)m/(/_)ia}, Z:172

o Vector superfield: V*+(zh, 05+ 09 u)

) a?

yHt. {A 7¢ a,/\(w)}
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Gauge and matter theories in d = 3, A/ = 3 harmonic superspace.

d = 3, N = 3 Superfiled actions

o N = 3 Chern-Simons action:

V(2 ug)

. o —1)" ++
Scg = ﬁtr Q/d‘?’xdGGdul...dunV (i’m)
47 N (uq ug

o Hypermultiplet action:
SH:i/dG‘QT(D+++V*+m+.
@ Gauge transformations:
SAVTH = —DtTA - [VTT A

6Aq+ = Aq+.
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Gauge and matter theories in d = 3, A/ = 3 harmonic superspace.

@ Yang-Mills action:
1
Ssym = 7 tf/dC(_4) (W2, gl =1/2.
@ Superfield strength:

W—H— — _%D++OLD;—+V——’ D++w++ + [V++, W++] =0.

/dul du VI (z,u)) VT (z,uz) ... VT (2, up)
()t od) . (akut)

V(e = Do (1)

n=1

6AW++ — [A, W++]
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d = 3, N = 3 background field method

@ The background field method is a tool for studying the general structure of
effective actions in gauge theories with preservation of classical gauge
invariance in quantum theory on all steps of calculations (Yang-Mills theory,
quantum gravity, B.S. DeWitt, 1965, 1967).

@ Basic idea: splitting the initial fields into classical and quantum fields and
fixing the gauge symmetry only for quantum fields.

@ Aims: Formulation of the background field method for the N =3, d =3
Chern-Simons-matter theory with the action

S = Scs[VJrJr} + Sq [qua q+7 V++]

o Path integral representation for the effective action, propagators, vertices.
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Path integral for Yang-Mills type theories

Gauge theory is given by:
e Set of fields ®°
e Action Sy[®]
o Gauge transformations §®¢ = R! [®]¢~

Quantum theory is described by action:
S[®,¢,c] = So[®] + Sar[®] + Sau[®, ¢,

Gauge fixing action Sgp: F*F®

Ghost action Sqx: EQME‘[@]Cﬁ

Background-quantum splitting: ® — ® + ¢

Gauge fixing function F'“ depends both on background and quantum fields, it
fixes only quantum field gauge transformation so that the corresponding S¢r is
invariant under background field gauge transformations.

Effective action constructed in terms of such a gauge fixing function will be gauge
invariant under background field gauge transformations.
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Background field method

Background—quantum splitting
VL v gett

Realization of initial gauge transformations:
(i) Background transformations

VTt = —ptt)— [V++, /\] — —V++/\, SvTt = [)\,’l)++]
(ii) Quantum transformations
1
SVt =0, sttt = _EV++)\ o CAREPY

Covariant harmonic derivative V*+ is constructed on the base of background field
V.
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Background field method

Structure of Chern-Simons action after background-quantum splitting:
SCS[V+++,U++] SCS[V++]—*tr/dC ++W++(V++)+ASCS[V++ ++]

Here

_1 " n_2 ++ .« .. ++ n
ASCS[V++,’U++] :trz%/dgzdul.“dunvr (Zaul) (o (Z,u )

(i) (i)

Background filed dependent gauge fixing function:
F@ — gttt
The corresponding Faddev-Popov determinant:

App[VTT vTH] = Det VI (VT 4 ko tt)
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Result for effective action I'cg[V 7]

i(rcs[V++]*Scs[V++]) —

= (Det(/ 3 A) / Dot T DODeDGe (521" 00V T4 Sinal b, V]

1 ~
Solvtt,b,c, 0, V] = Str / dCEYott Avtt 4+ tr / d¢p(vTH)2e

+atr / AoV,

)2 ++ ++
Sine[vT b, e, VT = tr /dgzdu o dun T (zu)... o7 (2 un)
| R S A o) ()

—fitr/d( A VAR PR
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Hypermultiplet in background field

Hypermultiplet action after background-quantum splitting of V' T+
S, = /dC("*)q*(V** + kvt gt
Background-quantum splitting for hypermultiplet
¢ — gt +q*, 7 — gt +q*.

Transformation of hypermultiplet action after background-quantum splitting of
both VT and ¢*

Sq — Sq[lfv qt, V++] + Siin + S2 + Sint
5= / AN (@t vttat +ateet et + gteet )

S =n [ dcgtutiar
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Total effective action

Effective action I',[V*T,g", ¢"] corresponding to hypermultiplet:
ei(Fq[V+++v++,q+,q*]—Sq[V++7§+7q+]) — /D(—l-‘qu-i-ei(SQ-‘rSint)

Total effective action:

ei(F[V++,ﬂ+.,q+]7S[V++,Q+,q+]) _ /,D(QF),D(GH)ei(SQ[QF,GH,BF]+Sint[QF,GH,BF])

e S3|QF,GH, BF): Propagators for quantum fields and ghosts in background
fields.

o S;n:|QF, GH, BF]: Vertices for quantum fields and ghosts in background
fields.

@ Total effective action is manifestly gauge invariant and A/ = 3
supersymmetric by construction

@ The loop contributions to effective action are given by harmonic supergraphs,
form of which is defined by the above propagators and vertices
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Gauge and hypermultiplet propagators in background field I+

Equations of motion for propagators:

W LtHE) =GeP(A2) . AGEI(1)2) = 6P (1)2)
@ @at@)=ctVap):  viratb() =V (1)2)

Analytic delta-function:

_ 1 -
51(;1 47Q)(1|2) _ _ZDa;raD(*I;FOXW(zl — 22)(5( 4,9) (u1,us)

Solutions to the equations for propagators is given in terms of covariant superfield
operators, acting on analytic superfields as follows:
o A2=0+ background superstrength and covariant derivative terms.

o 0=0+ background superstrength and covariant derivative terms.
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@ Any loop contribution to effective action is expressed in terms of
superstrengths and their covariant derivatives.

@ For vanishing background filed V' the propagators are defined in terms of
Grassmann delta-functions and spinor derivatives such a way that allows to
obtain any loop contribution to effective action in form of integral over full
d =3, N' = 3 superspace.

@ Free propagators:

1
Gl = FD)%E AR,
Ge(2) = N (D} )2(D++)2(D++)2—59(Z1‘Z2)
0 T 160 WM @7 Tfud)s
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Supergraphs

Simple consequence of the A/ = 3 supergraph technique:

WWQQ

All tadpole one—loop supergraphs as well as one-loop hypermultlplet self energy
supergraph vanish only due to propagator structure.
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The N = 3, d = 3 non-renormalization theorem

General statement: The effective action in the A/ = 3 Chern-Simons model with
arbitrary number of hypermultiplets in some representation of gauge group is
completely finite in the sense that there are no any UV quantum divergences in
harmonic supergraphs contributing to the effective action.

Divergences in Chern-Simons type theories:

o N =0 (non-supersymmetric) theories: (3-function for Chern-Simons coupling
in an arbitrary Chern-Simons-matter theory is trivial (Kapustin, Pronin, 1993,
1994), the divergences may occur only in the sector of matter fields.

o N =1 and N = 2 supersymmetric theories: in general case such theories
with scale-invariant superpotentials are not free of UV divergences, but the
divergence cancellation may occur for some particular superpotentials
(Avdeev, Grigoryev, Kazakov, Kondrashuk, 1992, 1993; Gates, Nishino,
1992).

@ Aim: Calculation of superficial degree of divergences in N' = 3 theories.
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Power counting

Consider an arbitrary background filed dependent supergraph G with L loops, P
propagators, N,,.¢ external matter lines. To evaluate the superficial degree of
divergences w(G) it is sufficient to know only the free superfield propagators. The
result is:

1 1
w(G) =3L—-2P+ (2[) - Nmat - SL) - END = *Nmat - iNmat

3L is a contribution of loop momenta

—2P comes from the factors ! in the propagators

+2P comes from the factors (DT+)2(D")2 in hypermultiplet propagators
—Npnat arises due to the fact that one factor (DJF+)2 in each external matter
line is used to restore full A" = 3 measure in hypermultiplet vertices.

@ —3L comes since we can apply the identity

8%(61 — 02) (DY F)*(D3 )4(D3)?0% (22 — 21) = 16(uf ug )6° (21 — 22)

in each loop to shrink the loop into dot in 6 space.

° —%ND comes from Np covariant spinor derivatives which can be transfered
on the external lines with help of integration by parts
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Power counting

As a result:

@ Any supergraph with external matter lines are automatically finite.
@ The only dangerous supergraphs are ones with Np = 0.

@ Advantage of background field method. Due to manifest gauge invariance of
effective action, it means the loop supergraphs for effective action must be
expressed in terms of superfield strengths and their covariant derivatives
constructed from background superfield V++. Therefore some number of
covariant derivatives must be taken from propagators and transfered on
external VT lines.

@ Np > 0 and hence w(G) < 0. Any loop supergraph in the theory under
consideration is UV finite.
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Summary and prospects

Basic results:

@ The background field method for the general A/ = 3 Chern-Simons-matter
theory, which allows, in principle, to compute the effective action preserving
manifest gauge invariance and N = 3 supersymmetry on all steps of quantum
calculations.

@ Background field dependent propagators and vertices.Possibility to compute
any supergraphs.
@ Non-renormalization theorem. The theory under consideration is UV finite.

@ Only IR singularities can appear in the massless hypermultiplet theory, which
can be avoided by using either the massive hypermultiplets or by doing all the
calculations with non-zero background field where all the propagators are
effectively massive.

@ The operator A

I.L. Buchbinder (Tomsk) BAKGROUND FIELD METHOD FOR d = 4, N = Dubna, 2009 23 /24



Summary and prospects

Open problems:

@ Structure of low energy effective action in vector multiplet and
hypermultiplet sectors.

e Techniques for calculating the one-loop effective action. Problem of DetA.

o Applications to the A = 6 and N/ = 8 supersymmetric ABJM and BLG
theories which describe the M2 branes in superstring theory. Study the
effective actions in these models and possible relations to the dynamics of M2
branes with the quantum corrections taken into account.

@ Study the composite operators for the hypermultiplet superfields in the
ABJM theory. Such operators are interesting from the point of view of the
AdS/CFT correspondence for the three-dimensional field models.
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