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SL(2,C) GROUP

The group of 2 X 2 matrices with complex entries

g—(j g) € SL(2,C), ad—fy=1.

sl(2,C) algebra generators S;, S}, j =0, =+,
1S, S ] =28, [So, S| = £54.
Explicit realization in the space of complex functions ®(z, z):
S_=-0., So = 20, — s, S, = 2%0. —2sz, seC.

S; are obtained by z — z = 2* and s — 5 # s*.

Casimir operator

K=5.5_+ So(So — 1) = S(S + 1)

Equivalent representations

s——1—s, or a— —a for a=2s+1.



General representation

) 8)(2.2) = 82+ 3 (S S

where

Restrictions on the spin variables a, a:
1) single-valuedness = a —a =m € Z

2) unitarity with respect to the scalar product

/d%sz(ZaZ) =

m + v —m + v
7 a:T:—a*, v e R.

a =

Then,

[Z]a — Zazd _ |Z‘2dza—d _ Zm‘z|iy—m.

Infinite-dimensional unitary principal series representation.



Tensor product of two representations

To, @ Ty, M T,

3

The projection operator

P(ay,a9la
B(21, 2) 22 1 aolag) D] (25)
— /d2 21d2 Z9 %4 (al7 2 ag) @(21, ZQ),

Ry <22, 23
where d?z = daxdy (for z = x + iy) Naimark, 1957
T 1+ay+ao+ag 1+aj—ag—ag l—aj+ag—ag’
Ry %25 %3 (20 — 21]7 2 |23 — 2] 2 (22 — 23] 2

with mq + mg 4+ ms € 27Z. This means that

o azz +
325+ 6] [P(ay, aglas) O] (522 +g> = /d2 z1d® 2

ai, a2, as ag—1 an—1 Z]+77 Qzp T+
W o™t 0" O :




Feynman diagrams for the propagator and 35-symbol W,

I 1 _(E-w) (=)
[z —w]*  (z—w)(z—w)* |z—w]r*  |w—2z]*
Denote
a(a) = %, ala, B,7,...) = ala)a(B)aly) ...

The chain rule and the star-triangle relation:

/ d*w ~ ma(o, B,7)
(21 —w

[olw = 297 [z — |0tV




« B . a+ -1
> o —> =m(—=1)"a(a, B,7) —>

/ d*w 3 ra(e, B,7)

21— wlofzy — w]Plzg —w]' 20— 2121 — 25]' Pz — 2]
where a + B+y=a+ B+ =2.
Blobs = integrations over the vertex coordinates.

/
—ai, —as, —a ai, as, as
d2z1d2z2W( L 3) WE( o

!/
Rl 22, 23 R1y %2, 23

my—mg—m l—a;+as—a l+a; —as+al

= (—1) = 3W2a( L 3—%8, ! & 3)
2 2

!/

az — ay as + as as + as
—&, 1+ —&,1—
2 2 2

Xcz<1—+ —-5,25).
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1—aitas+aj ltai—ag—as _ 1—ai+as+aj Itai—az—az _
— g 2 — 2
/
<3 23
l—aj+as—as + 1—ay+as—a-
Soaiamas | o 1t+as—as
2 — 2 +e
22
(1) (2)
1—ai+as+a} 1tay—as—az _ ~
G 2 ~
s+ak s+ak
1+%ﬁ_5 1—“'5;%—6
1+ay—astag
(3) (4)

Diagrammatic computation of the integral.

Application of the limiting relations

_ € : € 9 /
livy oz = ™), D = (s — )




yields the biorthogonality relation:

/d2 Zld2 ZQW (_ah —Qa2, /_aé> W (a17a27a3>

21, %2, %3 21,22, %3
_ dr(az + a-
= p Yaz)dp(as — ab) 0%(z3 — 24) + Blay, a, a3) | ( 3)

z3 — z5]tm’
where
!/
m m
dp(a —d)=0,mwd(c—0'), a= Bl +1i0, d = > + i0’,
— l—aj+ao—ag
_ 0303 g (T L 4 ag)
p(ag) - _4—71.4’ B(al’ a2, a3) = dm a (1—a1+a2+a3)
2
Completeness relation (a = 2 + 10 Naimark. 1957
p 5 ;
a —ay1, —ay, —a ai, as, a
Z/W () ()
me27 23, 24, % 21,22, %

(21— 23) 0% (2 — 1), My +my € 27.



A triple tensor product decomposition

(d,as30)

T, @ Ty, ® Ty 22 p, g, KO0

realized as

B(2y, 29, 25) SCBIOPCLOAD p 0 10)P(ay, as|d') @] (2)

/ /
ai, as, C . as,
= | &Pz P2 d?2y [ Py W T wi (21, 22, 23).
21,y 225 20 R0y 23y <

Another option

P(ay,c|?)

P(ag,as|c
Ty @ Tyy ® Toy 2% 1 T, T,,

realized as

P(aq,cll)P(ag,a3]c
(21, 29, z3) ARSI b )P (s, ag|c) D] (2)

4
:/d2z1 d2z2d2z3/d2zOW (a27a376> VV(CLI’C7 ) (21, 29, 23).
22y 235 2() 21y 20y <

Definition of the Racah coefficients, or 67-symbols
plc)

P(ay, c|l)P(az, aslc) = /DRC' Re(c, d)P(c, az|€)P(aq, as|c),



1+a;—c—¢
2

z z
1 z 1 1+a;—as—c 1+ —az—{
3 -
1+ai+c+? 1—aj+c—¢
2 2
. /
1p(c /
= / Dpc p(Q R(e, )
1tag—az—c 1—astaz—c 1+ajtas+c 1-c+az—-L
2 2 9 2
z2 z3 ) z3

1+as+as+c
2

where ¢ = m/2 + io and

/DRC’: > /Rda

me2Z or 2741
depending on whether m; + ms is even or odd.

This integral equation is shown on the diagram above.

Multiply by suitable W-function, integrate and use the biorthog-
onality relation =

/
—ay, —Q9, —C as, as, C ay,c,t
/d2zod2z1d2z2w T W T w [ T
R1y 22y %3 22y 235 20 Z1y 20y 2
/
c,as,l
= Re(e, YW [ 7
2372372

The diagram for this equation is given below.



Itay—c=t
Eal 2 z

> z

1—a;+as+c
2 14+a1+ct+l —ay+c—{
2 2
! =
<3
l—as+az—c
2
“+as—az—c
14+a;—as+c
2 >
Z3
29 14as+az+c
)
21

1—aj+as+c
2

1t+a;4ctl

/

— R[(C, C/> & .

—_

1—aytaz—c 1+c+az+l
p 2

1+a;—as+c
2

Z3

22 1t+agstas+c
2

For z — oo we obtain

d?zy d%2; d%2y —ay, —ao, —¢ as, az, C Re(c, )

|/|/ l/l/ pr—
1+aj+c+l / 1+ +ag+0l
[ZO _ 21]42 21y %2, %3 224 235 20 [23 _ Zé]—Q—




J 4 . —aa—c — .
17(13;(37/4»7/5 1 u_52 c [-i-’LE

Multiply this result by the propagator connecting y := 2% and
z = z3 with the index ie + (1 —a3— —¥¢)/2, ¢ € R and integrate
over z =

1 1
Re(c, d) /d2z e~ ek Re(c, d)2md(e).
2

-y [yt
Equivalent to (Gorishny, Isaev, 1995)

/ e’ dx = 276 (p).
r€R



All diagrams obtained from this diagram after removal of any
line yield the same coeflicient times a propagator.
Remove the line connecting z; and 25 and set 21 =1, 20 =0 =

Re(c,d) = /d2z®2(a1,a2,a3|€, ¢, 2)P1(ay, as, as|l, c, z),

_ d?y
CI)l - 1—a1+a2+c’ 1+a1—a2+c’ 1—a3—€—|—0/’
=1y T ey
1 d*z
CDQ - 1+ag+ag+c / 1+ay+l+c 14+a9—ag—c l—ag+ag—c "’
I 20 =172 [=20] T [ — 2

Ismagilov’s 2006 result: ¢ — —c, m; € 2Z.



Mellin-Barnes representation.

A 2d Fourier transform (s = (n + iv)/2)

I 1 Va(l—s,lJrs—oz)
 dra(l — ) Z/Ld [z]o=s[—y]*

[z —y)° ~ Y]

where L is any contour lying in the strip Im(v) €]0, —1].
Apply to the propagator connecting y and z on the diagram.



The final Mellin-Barnes type representation

4 (1 ag—l+c 1+a1+c+£

2
N C/_6/71'_ 2 ’ Z
Rg(C,C) _( 1) 4 a (1+a1 a2+c 1—|—a2 a3+c /dy
2

neZ

1+a;— 4 1—a1— 1 1—
a< +ay 2a2+c + s, aq 2a2+c + s, +a3;€+c + s, a3;—€+c 4+ S)

X
' 40— o — - ?
a<syc/+syw+576+c+—a2+s)

2 2

where s = 3(n + iv).

Residue calculus = Racah type expression:

CC X Z 4F3 ><4F3( )

4 terms



Euler-Gauss hypergeometric function
o Fi-series:

o F1(a,b; c;x) :Z n!(c)n : x| < 1,

n=0

(), =ala+1)...(a+n—1)  the Pochhammer symbol

The derived 6j-symbols Ry(c, ¢’) should be embeddable to the
following elliptic analogue of 5 F} function (VS, 2003):

[T_, (2" p,q) d»
V(tla"'7t8;p7Q>:/ I ’
T

21 T(Epq 2
8
5], |pl, lg] <1 and Hj:l tj =p°q.
The elliptic gamma function
- .
1 — Z—lp]+1qk+1
Dlzpg) = ] T pl, gl < 1.

k=0

This is the superconformal index of N' = 1,d = 4 SUSY field
theory on S? x St with G = SU(2), F = SU(8) with fundamental
chiral fields.



