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SkyrmeSkyrme familyfamily

(2+1)(2+1)--dimdim: Baby Baby SkyrmeSkyrme modelmodel

φ : S2 → S2; φ∞ = (0, 0, 1)
V (φ) = µ2(1− φ3)Standard choice:

(3+1)(3+1)--dimdim: SkyrmeSkyrme modelmodel

φ : S3 → S3; φ∞ = (0, 0, 0, 1)

QQ ∈∈ ZZ == ππ22((SS
22))

RRµµ == ∂∂µµUUUU ††;; UU == φφ00II ++ iiσσaa ·· φφaa

LL == −− TTrr

��
11

22
((RRµµRR

µµ)) ++
11

1166
(([[RRµµ ,, RRνν ]][[RR

µµ,, RRνν ]])) ++ µµ22((UU −− II))

��

QQ ∈∈ ZZ == ππ33((SS
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1
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2
− V (φ)

Q =
1

24π2
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εijkRiRjRkd
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1

4
(∂µφ× ∂νφ)

2
− V (φ)

Q =
1

4π

�

R2

φ · (∂1φ× ∂2φ)d
2x

LL == 11
22 ((∂∂µµφφ

aa))22 −− 11
44 [[((∂∂µµφφ

aa∂∂ννφφ
aa))22 −− ((∂∂µµφφ

aa))44]] ++ µµ22 ((11 −− φφ33))
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Baby SkyrmeBaby Skyrme model: Applications

A HeisenbergA Heisenberg--type model of interacting spinstype model of interacting spins

A model of the topological quantum Hall effectA model of the topological quantum Hall effect

Elementary excitations in  quantum Hall magnetsElementary excitations in  quantum Hall magnets

ChiralChiral magnetic structuresmagnetic structures

A model of ferromagnetic planar structuresA model of ferromagnetic planar structures

Applications in future development of data Applications in future development of data 

storage technologiesstorage technologies

Models of condensed matter systems with Models of condensed matter systems with 

intrinsic and induced intrinsic and induced chiralitychirality



Baby Skyrmions bags

D. Foster et al  arXiv:1806.02576 (2018) 



O(3) sigmaO(3) sigma--model model vsvs ����11 modelmodel

Stereographic projection:Stereographic projection:

Coordinates on the

projective space ��1

ZZ == uu ++ iiww ==
φφ11 ++ iiφφ22

11 −− φφ33
zz == xx ++ iiyy

((uu,, ww)) ==

��
φφ11

11 −− φφ33
,,

φφ22

11 −− φφ33

��

((φφ11,, φφ22 ,, φφ33)) ==

��
22uu

11 ++ uu22 ++ ww22
,,

22ww

11 ++ uu22 ++ ww22
,,
11 −− uu22 −− ww22

11 ++ uu22 ++ ww22

��

==

��
ZZ ++ ¯̄ZZ

11 ++ ZZ ¯̄ZZ
,, ii

¯̄ZZ −− ZZ

11 ++ ZZ ¯̄ZZ
,,
11 −− ZZ ¯̄ZZ

11 ++ ZZ ¯̄ZZ

��

Inverse transformation onto ��22

Domain space:

Target space:



����11 model: model: SolitonsSolitons

EE ==

��
||ZZzz ||

22 ++ ||ZZ ¯̄zz ||
22

((11 ++ ||ZZ ||22))22
ddzzdd ¯̄zz The energy is minimal if             ZZ ¯̄zz == 00

Cauchy-Riemann 

conditions for Z
Simplest Simplest holomorphicholomorphic solution:solution: ZZ == λλzz;; λλ ∈∈ CC == aaeeiiδδ

Z =
P (z)

Q(z)
=

λ(z − a)

z − b

Q=1:

Rational map Rational map holomorphicholomorphic solution of degree 1:solution of degree 1:



BelavinBelavin--PolyakovPolyakov instantonsinstantons

Simplest rotationally invariant Simplest rotationally invariant ansatzansatz::

Q=1

φφαα == nnαα ssiinn ff ((rr)),, φφ33 == ccooss ff ((rr))
nnαα == ((ccooss ϕϕ;; ssiinn ϕϕ))

ff == 22 aarrccttaann
rr

rr00
Zz̄ = 0 f ′ = 1

r
sin f

Toy model of the SU(2) Yang-Mills instantons

L =
1

2g2
Tr FµνF

µν
Fµν = ±F̃µν Q =

1

16π2
Tr

�
d4xF̃µνF

µν

One One instantoninstanton solution:solution: Aaµ = −η̄
a
µν∂

ν ln

�
1 +

ρ2

(r − r0)2

�



����11 model: model: SolitonsSolitons

Rational map Rational map holomorphicholomorphic solution of degree Q:solution of degree Q: ZZ ==
PP ((zz))

QQ((zz))

Q=2: ZZ ==
((zz −− aa))((zz −− cc))

((zz −− bb))((zz −− dd))

a=-c=1,  b=-d=4

a=0

ZZ == λλ((zz22 −− aa22))

E(r, θ) =
4r2

(1 + a4 + r4 − 2a2r2 cos(2θ))
2

Symmetry restrictions:Symmetry restrictions:



����11 model: model: SolitonsSolitons

Rational map Rational map holomorphicholomorphic solution of degree 8:solution of degree 8: ZZ ==
PP ((zz))

QQ((zz))
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2
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2
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����11 model: model: SolitonsSolitons

Rational map Rational map holomorphicholomorphic solution of degree 29:solution of degree 29: ZZ ==
PP ((zz))

QQ((zz))



O(3) sigmaO(3) sigma--model: model: MeronsMerons

φφ11 ==
xx

rr
,, φφ22 ==

yy

rr
,, φφ33 == 00

D. J. Gross, Nucl. Phys. B 132, 439 (1978); 

V. de Alfaro, S. Fubini, and G. Furlan, 

Nuovo Cim. A 48, 485 (1978).

Singular  solution:Singular  solution:

22--merons rational map:merons rational map:

Z =

�
(z − a)(z̄ − b̄)

(z − b)(z̄ − ā)
EE ==

��������
11

zz −− aa
++

11

zz −− bb

��������
22

E =
1

2r2
, Q =

1

2

�
d2x δ2(r) =

1

2

(μέρος = part)

Yang-Mills merons – half-instanton solutions with finite energy and infinite action



Baby Baby SkyrmeSkyrme modelmodel

φφ == ((φφ11 ,, φφ22,, φφ33));; φφaa ·· φφaa == 11;; φφ :: SS22 →→ SS22

Derrick'sDerrick's scalingscaling theoremtheorem:: SkyrmeSkyrme termterm providesprovides a a scalescale

butbut cannotcannot stabilisestabilise thethe solitonsoliton: potential : potential termterm isis necessarynecessary

((BogolubskayaBogolubskaya, , BogolubskyBogolubsky (1989)(1989)

R.A. R.A. LeeseLeese et al (1990)et al (1990)

LL == 11
44 ((∂∂µµφφ

aa))22 −− κκ
88

��
((∂∂µµφφ

aa∂∂µµφφ
aa))22 −− ((∂∂µµφφ

aa∂∂ννφφ
aa))((∂∂µµφφaa∂∂ννφφaa))

		
++mm22((11 −− φφ33))

QQ == 11
44ππ




dd22xx εεaabbccεεiijjφφ

aa∂∂iiφφ
bb∂∂jjφφ

cc == 11

EE ≥≥ ±±44ππQQ equalityequality isis possiblepossible ifif κκ == 00 aanndd mm == 00

Axially symmetric Axially symmetric ansatzansatz::

φφ11 == ssiinn ff ((rr)) ccooss((QQϕϕ −− δδ));;
φφ11 == ssiinn ff ((rr)) ssiinn((QQϕϕ −− δδ));;
φφ33 == ccooss ff ((rr))

Q=1Q=1 Q=2Q=2



Baby Baby SkyrmeSkyrme modelmodel

Potential of Potential of thethe baby baby SkyrmeSkyrme modelmodel:: potential potential termterm U(U(ϕϕ) ) may be chosen almost may be chosen almost 

arbitrarily, however must vanish at infinity  for a given vacuumarbitrarily, however must vanish at infinity  for a given vacuum field value in order to field value in order to 

ensure ensure existanceexistance of the finite energy solutions: of the finite energy solutions: 

Several potential terms have been studied in great detail:Several potential terms have been studied in great detail:

““OldOld”” model, with model, with 

HolomorphicHolomorphic model, with model, with 

““Double vacuumDouble vacuum”” model, with model, with 

KarlinerKarliner, Hen (2007), Hen (2007)

φa(0) = (0, 0, 1)

UU ((φφ)) == mm22((11 −− φφ33))

UU ((φφ)) == mm22((11 −− φφ33))
44

UU ((φφ)) == mm22((11 −− φφ2233))

UU ((φφ)) == mmαα((11 −− φφ
ββ
33 ))



Baby Baby SkyrmeSkyrme model: model: solitonssolitons

Q=2Q=1

Q=3
Q=4



Baby Baby SkyrmeSkyrme model: model: solitonssolitons

Q=5 Q=6

Q=6

Q=5



Baby Baby SkyrmeSkyrme model: model: solitonssolitons

Easy plane potentialEasy plane potential UU ((φφ)) == µµ22φφ2211

Q=1 Q=2 Q=3

Double vacuum  potentialDouble vacuum  potential

Q=1 Q=3 Q=6

UU ((φφ)) == µµ22((11 −− φφ2233))



Baby Baby SkyrmeSkyrme model: model: solitonssolitons

Weakly bounding potentialWeakly bounding potential UU ((φφ)) == µµ22
��
αα((11 −− φφ33)) ++ ((11 −− αα))((11 −− φφ33))

44

��



Gauged baby Gauged baby SkyrmeSkyrme modelmodel

SO(2) > U(1) unbroken symmetry groupφφ :: SS22 →→ SS22;; φφ∞∞ == ((00,, 00,, 11))

(φ1 + iφ2) = φ⊥ → φ′⊥ = Uφ⊥; U = eigα

Field equations:Field equations:

LL == −−
11

44
FF 22
µµνν ++

11

22
DDµµ

,,φφ ·· DDµµ ,,φφ −−
11

44

��
DDµµ

,,φφ ×× DDνν
,,φφ
��22
−− VV ((φφ))

FFµµνν == ∂∂µµAAνν −− ∂∂ννAAµµ ;; DDµµ
,,φφ == ∂∂µµ,,φφ ++ ggAAµµ,,φφ ×× φφ∞∞

AAµµ →→ AA′′µµ == AAµµ ++
ii

gg
UU∂∂µµUU

−−11

,,JJµµ == ,,φφ ×× DDµµ,,φφ −−DDνν
,,φφ((DDνν ,,φφ ·· ,,φφ ×× DDµµ,,φφ))Current:Current:

DDµµ
,,JJµµ ==

VV

,,φφ
×× ,,φφ

∂∂µµFF
µµνν == gg,,φφ∞∞ ·· ,,JJ νν



Q=1

g=0 g=2 g=0 g=1

Q=2

g=0 g=0.3 g=0.6 g=1

Q=3

Weakly bounding potential:  Weakly bounding potential:  UU ((φφ)) == µµ22

αα((11 −− φφ33)) ++ ((11 −− αα))((11 −− φφ33))

44
��



g=0 g=0.4 g=0.6 g=1

Q=3

Q=6

g=0.4g=0 g=0.6 g=1

Weakly bounding potential:  Weakly bounding potential:  UU ((φφ)) == µµ22

αα((11 −− φφ33)) ++ ((11 −− αα))((11 −− φφ33))

44
��



g=0 g=0.4 g=0.6 g=1

Q=8

g=0 g=0.4 g=0.6

Q=10

g=1

Weakly bounding potential:  Weakly bounding potential:  UU ((φφ)) == µµ22

αα((11 −− φφ33)) ++ ((11 −− αα))((11 −− φφ33))

44
��



There is no electric field in the usual There is no electric field in the usual 

gauged planar gauged planar SkyrmeSkyrme modelmodel

In the strong coupling limit the      In the strong coupling limit the      

total magnetic flux is quantized, gtotal magnetic flux is quantized, gΦΦ=Q=Q

The energy of the The energy of the solitonsoliton is is 

decreasing as g grows decreasing as g grows 

As                the maxima of the As                the maxima of the 

energy density distribution are at energy density distribution are at 

Maxwell term alone cannot stabilize Maxwell term alone cannot stabilize 

the the solitonsoliton

φ3 →−1, φ⊥ → 0

g →∞



ChernChern--SimonsSimons--Maxwell baby Maxwell baby SkyrmeSkyrme modelmodel

L=−
1

4
FµνF

µν +
c

4
εµνρFµνAρ+

1

2
Dµ,φ ·D

µ,φ−
1

4
(Dµ,φ×Dν,φ)

2−V (,φ)

P-,T- violating Chern-Simons term

TTµµνν == −− FFµµλλFF
λλ
νν ++

11

44
ggµµννFFλλρρFF

λλρρ ++ DDµµ
,,φφ ·· DDνν

,,φφ −− ((DDµµ
,,φφ ××DDρρ

,,φφ)) ·· ((DDνν
,,φφ ×× DDρρ,,φφ))

−− ggµµνν

��
11

22
DDρρ

,,φφ ·· DDρρ,,φφ −−
11

44
((DDρρ

,,φφ ×× DDσσ
,,φφ)) ·· ((DDρρ,,φφ ××DDσσ ,,φφ)) −− VV

		

∇∇ ,,EE ++ ccBB == ggρρGauss law:Gauss law: ΦΦ ==

��
dd22xxBB ∼∼ qq

Angular momentum: JJ ==

��
TTϕϕ00 dd22xx

Field equations:Field equations:
Dµ

,Jµ =
V

,φ
× ,φ

∂µF
µν +

c

2
εναβFαβ = g,φ∞ · ,J

ν

A0(∞)→ ω



B

Q=4, g=1.5

Weakly bounding potential:  Weakly bounding potential:  UU ((φφ)) == µµ22

αα((11 −− φφ33)) ++ ((11 −− αα))((11 −− φφ33))

44
��

EE || ,,EE|| J

Q=5 , g=1.5



B

Q=4, g=0.3, A0=0.9 

Double vacuum potential:  Double vacuum potential:  

EE || ,,EE||

Q=4 , g=0.3, A0=-0.9

UU ((φφ)) == µµ22((11 −− φφ2233))

J



B

Q=4, g=0.3, A0=0.9 

Double vacuum potential:  Double vacuum potential:  

EE || ,,EE||

Q=4 , g=0.3, A0=-0.9

UU ((φφ)) == µµ22((11 −− φφ2233))

J



0.990.40-0.4-0.99



g=0.3



Gauged Gauged meronsmerons

SO(2) > U(1) unbroken symmetry group

LL == −−
11

44
FF 22
µµνν ++

11

22
DDµµ

,,φφ ·· DDµµ,,φφ −−
11

44

��
DDµµ

,,φφ ×× DDνν
,,φφ
��22
−− VV ((φφ))

FFµµνν == ∂∂µµAAνν −− ∂∂ννAAµµ ;; DDµµ
,,φφ == ∂∂µµ,,φφ ++ ggAAµµ,,φφ ×× φφ∞∞

V (φ) = m2(φ3 − c)2

φ : S2 → S2; φ∞ = (0, 0, c)

Diφ⊥=∂iφ⊥−iAiφ⊥ −→
r→∞

0, φ⊥ →
r→∞

�
1− c2eiΨ(θ) , Ai →

r→∞
∂iα(θ)

Topological chargeTopological charge ππ11((SS
11)) Topological chargeTopological charge ππ22((SS

22))

Φ =

�

S1
Aidx

i = 2πn Q = −
1

4π

�
d2x ,φ · (∂1,φ× ∂2,φ)

,,φφ((00)) == ((00,, 00,,−−11)) −−→→ QQ ==
11 ++ cc

22
,φ(0) = (0, 0, 1) −→ Q =

1− c

2



Gauged Gauged meronsmerons

N Meron S Meron bounded NS Merons

g

r r

g

NSNS NNNN

SN SS/NN

1 1



Interaction between the gauged Interaction between the gauged meronsmerons

Linearized field eqs:
((∆∆ −−mm22))φφ33 == 00

(∆− g2)δAi = 0; ∂iδAi = 0

φ3 ∼ csK0(mr), Aθ ∼ n+ cvrK1(gr)

Interaction potential: U(r) ∼ c(1)v c(2)v K0(gr)− c(1)s c(2)s K0(mr)

Force between the merons: FF == ±±22ππ

cc22vvggKK11

��
ggRR)) −− cc22ssmmKK11((mmRR))

��

There can be a stable equilibrium for the system 

of two merons of different types, N and S



Gauged Gauged meronsmerons



Summary and OutlookSummary and Outlook

Gauged planar Skyrmions are coupled to the magnetic fluxes, 

the quantization of the fluxes matches the topology of the 

scalar sector

Rotational invariance of the multisoliton configurations is 

recovered in the strong coupling limit  (without CS term)

There is a compicated pattern of the P-, T- violating 

interactions between the CS-Maxwell baby Skyrmions

Gauged multisolitons in the model with Dzyaloshinskii-

Moriya interaction term?

There is a new class of regular soliton solutions of the gauged 

planar Skyrme model – gauged merons

Gauged CS BPS Skyrmions? 

Crystalline structures? 


