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The symmetry algebra of RN-SW and quantization
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CN-Smorodinsky-Winternitz system
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∑
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The symmetry algebra of CN-Smorodinsky-Winternitz

Non-trivial commutators

{Ia, Ibc} = δabSac − δacSab

{Iab, Icd} = δbcTabd + δacTbcd − δbdTacd − δadTabc
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b IaLaā + g2

a IbLbb̄) + 4B2g2
a g

2
b

T 2
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aā + I 2

abL
2
cc̄ + I 2

acL
2
bb̄)+4g2

bg
2
c L

2
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b Iac(Iac − LaāLcc̄))
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aā + 4g2

aω
2L2

bb̄ + 16g2
a g

2
bω

2 − 2B(Iab − LaāLbb̄)(LaāIb + Lbb̄Ia)
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b IaLaā + g2

a IbLbb̄) + 4B2g2
a g

2
b

T 2
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Hovhannes Shmavonyan CN -Smorodinsky-Winternitz system in a constant magnetic field



The symmetry algebra of CN-Smorodinsky-Winternitz

Non-trivial commutators

{Ia, Ibc} = δabSac − δacSab

{Iab, Icd} = δbcTabd + δacTbcd − δbdTacd − δadTabc

where

S2
ab = 4IabIaIb − (LaāIb + Lbb̄Ia)2 − 4g2

a I
2
b − 4g2

b I
2
a − 4ω2Iab(Iab − LaāLbb̄)
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Redefinition of symmetry generators for CN-SW

Maa = L2
aā + 4g2

a Mab = Iab −
1

2
LaāLbb̄ Ma0 = Ia −

B

2
Laā

Symmetry algebra

{Mab,Mcd} = δbcTabd + δacTbcd − δbdTacd − δadTabc

{Ma0,Mab} = δabSac − δacSab

S2
ab = 4MabMa0Mb0+

(
ω2+

B2

4

)
(MaaMbb−4M2

ab)−M2
b0Maa−M2

a0Mbb

T 2
abc = 4MabMbcMac−M2

abMcc−M2
acMbb−M2

bcMaa+
1

4
MaaMbbMcc

Introducing M00 = 4ω2 + B2

{MAB ,MCD} = δBCRABD + δACRBCD − δBDRACD − δADRABC

R2
ABC = 4MABMBCMAC−M2

ABMCC−M2
ACMBB−M2

BCMAA+
1

4
MAAMBBMCC
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Quantization of CN-Smorodinsky-Winternitz

Can be reduced to 2D problem

ÎaΨa(za, z̄a) = EaΨa(za, z̄a) ĤΨtot = EtotΨtot

Ψtot =
N∏

a=1

Ψa(za, z̄a) Etot =
N∑
a

Ea

Ψ(r , φ) = R(r)Φ(φ) L̂Φ = ~mΦ
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Reduction of C2-SW by U(1)

U(1) generator

J0 = L11 + L22 = ı(zπ − z̄ π̄)− Bzz̄ = 2s

qk = zσk z̄ , pk =
zσkπ + π̄σk z̄

2zz̄
, k = 1, 2, 3

{qk , ql} = 0, {pk , ql} = δkl , {pk , pl} = sεklm
qm
|q|3

γ ≡ ESW − Bs

2
E ≡ −ω

2 + B2/4

2

Hamiltonian of the reduced (generalized MICZ-Kepler) system

HgMICZ =
p2

2
+

s2

2|q|2
+

g2
1

|q|(|q|+ q3)
+

g2
2

|q|(|q| − q3)
− γ

|q|
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|q|(|q| − q3)
− γ

|q|
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Reduction of C2-SW by U(1)

U(1) generator

J0 = L11 + L22 = ı(zπ − z̄ π̄)− Bzz̄ = 2s

qk = zσk z̄ , pk =
zσkπ + π̄σk z̄

2zz̄
, k = 1, 2, 3

{qk , ql} = 0, {pk , ql} = δkl , {pk , pl} = sεklm
qm
|q|3

γ ≡ ESW − Bs

2
E ≡ −ω

2 + B2/4
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p2

2
+
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The symmetry algebra of reduced system

Introduce SO(3) geberators

Jk = εklmplqm − s
qk
|q|

=
i

2
(zσkπ − π̄σk z̄)− Bzσk z̄

2

Reduction of constants of motion

I =
I1 − I2

2
+
B

4
(L22−L11) = p1J2−p2J1 +

x3γ

r
+
g2

1 (r − x3)

r(r + x3)
− g2

2 (r + x3)

r(r − x3)

L = J3 J = I12 = J2
1 + J2

2 +
g2

1 (r − q3)

r + q3
+

g2
2 (r + q3)

r − q3

symmetry algebra

{I,J } = S {L,J } = {L, I} = 0

S2 = 2HgMICZ

[
4
(
J +

1

2

(
L2−s2

))2

−
(

4g2
2 +(L+s)2

)(
4g2

1 +(L−s)2
)]

−
(

4g2
2 + (L+ s)2

)(
I + γ

)2

−
(

4g2
1 + (L − s)2

)(
I − γ

)2

−4
(
J +

1

2
(L2 − s2)

)(
I − γ

)(
I + γ

)
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Conclusions

The spectrum of CN -SW depends on N + 1 quantum numbers

Presence of constant magnetic field in the initial problem does
not affect the reduced system

Supersymmetrization is straightforward

Generalizations on CPN

Quaternionic generalizations and SU(2) instanton
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Thank You for attention!
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