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1. Introduction

abstract

We perform a nonrelativistic contraction of N-extended Poincaré superalgebra with internal symmetry
U(N) and general set of N(N = 1) real central charges. We show that for even N = 2k and particular
choice of the dependence of Z;; on light velocity ¢ one gets the N-extended Galilei superalgebra with
unchanged number of central charges and compact internal symmetry algebra U(k; H) = USp(2k). The
Hamiltonian positivity condition is modified only by one central charge. If we put all the central charges
equal to zero one gets the 2k-extended Galilei superalgebra as the subalgebra of recently introduced
extended Galilei conformal superalgebra (de Azcarraga, Lukierski (2009) [1] and Sakaguchi [2]).

' © 2010 Elsevier B.V. All rights reserved.

contraction ¢ — ® [7] if we perform the following c-dependent
rescaling (P;, M; remain unchanged)
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ABSTRACT: We consider the general N' = 4, d = 3 Galilean superalgebra with arbi-
trary central charges and study its dynamical realizations. Using the nonlinear realization
techniques, we introduce a class of actions for N/ = 4 three-dimensional non-relativistic
superparticle, such that they are linear in the central charge Maurer-Cartan one-forms.
As a prerequisite to the quantization, we analyze the phase space constraints structure of
our model for various choices of the central charges. The first class constraints generate
gauge transformations, involving fermionic k-gauge transformations. The quantization of
the model gives rise to the collection of free N' = 4, d = 3 Galilean superfields, which
can be further employed, c.g., for description of three-dimensional non-relativistic N7 = 4
supersymmetric theories.
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1. From general D=4 N-extended Poincaré to d=3
N-extended Galilean superalgebras

N=extended Poincaré superalgebra with central charges generators

P,,M,,, JABa A, ZAB, ZABaQéaQaA :
N A N/

Poincaré U(N) central charges supercharges
{ éaQ@B} = 2(GM)GBP“5%
{Q4,Q8) = 260247 = 2c,5 (XAB +iY AP)
{Qo‘zAa QBB} = 25@BZAB =2¢€,45 (XA4B - 1Y 4B)

N(];H) complex Z4B « N(N -1) real central charges (X4B,Y4B),

Covariance relations:

(M, Q) = -3(0w)s Q4 [P.,QA]=0

:Clﬂlgé»a (;?ci/l] = @515? (;?sz"' j%fisjgitgzﬁif [*/1-9 (;?2gf] = (]5(;223L

(a=1-4-vq))

plus complex — conjugate relations for Q4.
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D=4 Poincaré superalgebra — d = 3 Galilean superalgebra (N=2k even)
i) Bosonic space-time sector (N=0)

d=3 Galilean algebra

ijz(Mi,Ni) c—>o | [Mi,Bj]=5z'jkBk
PM = (R, P()) N; =cB; [H, Bz] =-P;
Py =moc+ | P;, Bj] = -M é;;

M =Mmg - Bargmann

central charge

ii) Internal sector U(IN) = SU(N)® A (R-symmetries)
One splits generators of SU(NN) into symmetric Riemannian pair

— T+A _ m-A o SU(N)
h=T*A ¢ USp(4) k=T et
(AB = _BA |
QACQep =64, = Y etric

NR contraction ¢ - o after rescaling of internal sector

Tig = ?QACTiCDQDB —>

T+A = oA (W h]ch [hklck __, [[’,f; E oh
-A _ -A _ C = o0 ,
T=cT4 A=cA [k, k]ch [k, k] = 0

One gets inhomogeneous U Sp(IN) as maximal Galilean R-symmetry
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iii) Fermionic sector and central charges

We introduce new symplectic—covariant basis of supercharges

Q' = % (Qé % €aBQABQBB) Den = % (QdA ¥ 5@BQABQE)

Such supercharges satisfy symplectic (USp(/N)) Majorana condition
Qi) = Q%4 = 7e,5248Q%° A,B=1...N =2k

Due to this constraint it is enough to consider only holomorphic sector
described by Q*2 (or antiholomorphic QZA) < 2N unconstrained

N-extended D=4 Poincaré superalgebra in holomorphic basis
{Q:A,Q2P} = 2204Pe,5 Py + £0p( 248 - Q4C ZcpQPF)
= +2048¢ 3Py + 2e,3( X AB + 1Y AD)

(@:4,Q37) = 2045 (5:P)as + €ap (247 + QA€ Zp2PP)
= ZQAB(GzPZ)a,B + 2€a5(XfB + ZKAB)
where

QACXEDQDB — :I:XfB QACKCDQDB — :I:l/;AB
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Rescalings of supercharges:

Q&A = C_%Qé Q&A = C%Sé (scaled differently!)
Rescalings of central charges ZAB = XAB 1 jYAB (XAB = XAB , QABX)
XAB - —mOCQAB + %X‘f‘B Y;AB = %YfB <  physical meaning of 2

X le = Xf‘B Y:AB = Yf‘B <« not rescaled!
where QACXCDODB - . XAB (QACyCDODB _ .Yy AB
Contraction limits in holomorphic basis: d=3 Galilean superalgebra
{ o Qg} = ll_{g[c {2QA4B¢ 5(Py + X)} + 2e,3(XAB + iY AB)]
= 2048¢,5(H + X) + 26,5(XAP +iYVAB) X = -mgc+=
c

{SA SB} = im[12Q4B¢,5(- Py + X)] + 2e05(X AP + iYAP) = 4mpe 5048

o) 1) Cc—> 00

{Qﬁ, Sg} = 2048 (0, P))ap + 2€0p(XAB +iYAB)  Py=myc+Z

not

Rescalings: XAB = IXAB YAB = 2YAB;  iocaled: XAB = XAB YAB -YAB
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If ¢ - o0 one obtains identical in form Galilean symplectic Majorana
condition (A,B=1,2...N; N=2k) for @ and 5 supercharges

Qaa = _5dBQABQg Saa = %BQABSg
Second algebraic option: resolving (zalilean symplectic Majorana con-
dition by choosing as independent supercharges Hermitean—conjugate

(Q4,58) » (Qu QL) (8,5, sz gk (for2=(P 1))
One passes from holomorphic superalgebra to Hermitean superalgebra:
{ L QJ} =209 (H +X) + 2€ag(§§fk+j + 1Y R)
. JB} 2€0 (X" +4Y")
t Q 7 1k+g 1 k+9 _
Qaa%} 25](0'1«13 )aﬁ+2€aﬂ(x THaYITY) r=1,2,3
G

S1,, 5} = 4mod 57 fsi,87) =0

Proper basis for describing N-extended Galilean SUSY in QM!
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Remarks:

1. One central charge is distinguished, implying the choice of Q4B

X
ZAB = ZQOAB  Z = X +iY = -moc+—+1Y — unique for N=2
C

We denote by X4B the central charges X 4B without X.
The role of -myc term in Z : to compensate the term mgyc from F,.

2. If only Z # 0 (one complex central charge), the R-symmetry SU (V)
is reduced to USp(NN) = U(%; H) (quaternionic unitary group)

3. For N =2k one can introduce k complex quasi-triangular central
charges Z;... 72,

(0 Z \
_Z, 0 0 0
one gets R-symmetry:
ZAB = 0 0 = USp(2)®...9USPp(2)
0 Z k times
0 0 “
\ 2 0

For NN > 4 necessary to consider also off-diagonal central charges.
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2. Example: d=3 N=4 Galilean SUSY with 1241 real
central charges (cc).

a) d=3 N= 1 Galilean superalgebra with 1cc (Puzalowski 1978)

_ _ B ' _
Hermitean {Sa’ Sﬁ} = 4m0,, [IBza Sa] =0
basis [Jiy8a] = (0:)Ss [J,5¢] = -SB(W)B@
b) d=3 N=2 Galilean superalgebra (Bergman, Thorn 1995) with 3cc
'{(Lgcxa d:}ﬁs}' = :Z(S(iﬁ;(-l%l-'k jk;)
Hermitean {Qaa S'8} = 2(0'1'Pi)a,8 + ZiY(saﬁ 1=1,2,3
basi ' '
asis {Sa,Sﬂ} _ 4m05aﬂ
[Bi, Qal = (0:) S [Bi,5a] =0

Hermitean basis (Q., Qq, Say S ﬁ-) is related with holomorphic one (Q4,5%)
(A=1,2) by the use of USp(IN) subsidiary condition

— N1 N . — .2 _ql Q. — .Q2
Qa - Qa Qa - _sdIQQIB Sa - Sa Sa - gaIQSa
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c) d=3 N= 4 Galilean SUSY with 124+1=13 cc
The relativistic N=4 central charges matrix can be introduced as
representation of USp(2) ® USp(2) = SU(2) ® SU(2) ~O(4) internal R-

symmetries
zaB _ [ £1Cab| L A= (a,a)
~Zigp Zzé‘&g B = (b,b)

where a = (1,2) and a = (1,2) describe two independent U Sp(2) =~ SU (2)
spinorial indices. The supercharges are

QA _ (Qa Qa) SA (Sa Sa) — Hermitean basis:
o o) val — ~ = — o~ =
holomorphic basis: (Qaa Qas Qas Q_a; Sas Sas Das Sa)
Qa = Qflx Qa = _€a6Q'B2
Qa = Qiy Qa = _504,6@'62
i) N=4 NR superalgebra in holomorphic basis

etc.

{ , Q" } 2e abgaﬂ(H +X4) - quasidiagonal two
{ Qb } €ab€a,8(H + X2) central charges

~ b b b, ;yab ff-di 1 £
(Q2,Q8) = 2e,,Web Web=xobygyss O diasonal four

central charges
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{ g, Sg} = 2€a’b((0'i)aﬁpi + iea,@Yl)
_ - e . uasi-diagonal two cc
{Qg, Sg} = 28"’”((0‘2-)045132- +1€03Y2) /

off-diagonal four cc

i i _ _ L
{Qa, 85} = {82,Q0} = 2ieagVd Vb =Xabyiyeb
{Sg, Sg} = —4m0€ab€a5 {Sg, Sg} = —4m0€db€a5 <« 13th ¢
a qbl _
(ss.50
ii) Hermitean basis: (QasQasQa,Q,); X1, Xz, Wab — c.c:

( Q. = Q. Qo = -€a3Q>
Qu=Q} Qu = -€apQ? )
(Ses Sar Sy Sa); Yi, Ya, Vb - c.c
( Sa=SL So = —€0382 )

S =S Se = ~€apS?
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General N=2 SUSY QM relation as subsuperalgebra:

{Qa, Q) = 2005(H +X,)

{Qar Qs = 20as(H +X5)

{Qav Qﬂ} = ~2005 W1 {Qa; Qa} = 26,,W*

{Qas QB} = 2e,gW1! {Qaa QB} = 2€dBW2§ etc.

{Qa 55} =2(04) 5P —10,5Y1

{Sa Q) = -2(0)qpPi =10,V ~
{Qa, Sp} = 2i€asY ' {Qa, Ss} = 2ieasY >
{Qas S5} =2i6,;,Y12  {S4,Qp} = 2ida5Y >

{Sas Sgh = 49050

{Sa; ‘25} = 4(zaﬁ'7f"0

{Sa;Ss} ={5a,Ss} =0
Hermitean form of Galilean superalgebra permits to obtain two gene-
ralized positivity conditions for H (any ¥ belongs to Hilbert space.)

(O|(H + X,)|®) >0 r=1,2

and
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General features of d=3 N-extended Galilean SUSY:

i) We derived NR superalgebra which is d=3 NR counterpart of Haag—
Lopuszanski—Sohnius classification of D=4 Poincaré superalgebras

ii) The central charges ZAB = XAB + 7Y 4B after contraction enter as

{Q,Q}~H+ NN _1) real central charges WAB =X‘_43+inB

{Q,S}~20,P;+ N( 5 D real central charges VAB = XAB ;Y AB

{S,S}~my<« additional Bargmann mass central charge

We have k? central charges XAB(Y AB) and k(k-1) of XAB(YAB)
(2k2+2k(k-1)=N(N-1) N =2k)

iii) Special feature of N=4 (6 complex c.c.)

We have 2 complex quasi-diagonal central charges Z;, Z> and 4 complex

off-diagonal ones described by complex fourvector Z, (A=1,2,...4)

X9 = (aE)abZ o) = (04,-il,) ZA=ny+1iv04
where o} are D=4 Euclidean o-matrices and n4,v4 are two real O(4)
internal fourvectors = new type of KK theory?
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3. N=4 d=3 Galilean superparticle models: action, phase
space formulation, first quantization

One performs the following steps:

i) Maurer-Cartan (MC) one-form w(g,) for the coset G

G G - N=4 d=3 Galilean supergroup with generators g,

G=—
H H-USp(4)x0(3)x A — stability group ( standard )

choice

All central charges are located in G. One gets

-1 . LA w(gr) — linear representation
GdG =1 ;w(gr) gr of stability group H

gr = (!{7 Bia Pia MZ T‘é,?{l,XZ,YbY%XQB,Ya?, ng gv Sga Sg)

Galilei algebra SUT(4) 12 central charges all supercharges
O(3) USp(4) M — 13tk cc

One gets the model of classical mechanics if all group parameters g,
of coset G are promoted to d=1 fields: g, - g,.(7); ™ — evolution
parameter

Important: one can in H-covariant way eliminate some of d =1 fields
by imposing algebraic inverse Higgs constraints.

12/18



The coset element G in our d=3 N=4 NR model can be written as
G =Gu)G(2)G(3) G G5) Ge) = GGe)

where explicitly

G(1) =expi{tH + ' P'},

G(2) = expi{£5Qa + £2Qa},

G (3) = expi{055% + 0252},

G(4) = expi{kiBi} )

G (5) = exp t{sM + h1 X1 + ho X5 + hal;Xa’; + f1Y1+ foYo + fa,;Ya’;} .

— ; br-a brr-a brr-a

Gy = expi{u, T +u’T L+ u, T E}°
The factors G(y), G(4) are parametrized by d=3 Galilei group param-
eters, G(5) by the central charge parameters dual to central charges,
G 6) represents the Abelian 5-dimensional coset IUSp(4)/USp(4) and

G(2), G(3) collect parameters of the fermionic (odd) sector.
We can write the MC one-forms in the following way

G1dG =1 :E:: C:’(IKT)CZTkIKT) ,
K
where T(g) stand for all coset G generators, and wg) denote the
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corresponding M C one-forms:
Y@y~ B Cg)a = U5
& (as) = dOg + L ki(0;)gdEL
D) 5 =02+ : L k(o) pdg?,
Wy = dt + ’&(«fﬁi‘dfg £ede),
wByi = dk;,
@ (pyi = | A + 2i(03) ap(00dE] + 0%de?) | + ki oy
&) = ds + ki@ py i - 3 k2O - 26(02d0% + 62dO2), «— S,
‘D(X) 1 = dhy +1£3dES
(2)(_}() 2 = Ci’bkz 4—‘i25‘3‘ciz§5i
w “W(x)ab = =dh;+ z(ﬁo‘dﬁ g?dfaa) 9
Wy = df1 + 29aad€aa )
O(y)2 = dfz +20%%d,; ,
w(Y) ab = W op— (03‘d£a5 - Hgdgaa) )
where k?:= k;k;. Using as action Sy = fcIJ(M) one gets d=3 N=4 NR
superparticle model.

14/18



Simple example: geometric model of (GGalilean particle with mass my:

d=3 (alilei group 8 generators: H, P;,, B;, M
0(3) 8 group parameters: t,x;, k;, s
M C one-forms:
(.U(H) =dt w(Bz) = dkz w(pz) = da:, + kzdt t = t(T) xr; = :IJZ(’T)

w(M) =ds+ kiw(pi) - %kzdt ktz = kﬁz(T) S = S(T)
Inverse Higgs mechanism: wp)=0 - k;= —dfti = -v;
. . . . dx.:
Action: 8g=-myg [war) =-myg [ d7 (5 - 1k2t) a=9¢ k=047
dwi _ diBi dr 2 luti
dt ~— dr dt =m0 2.4 - Mo _z T — evolution
& f T ( ) t f ar parameter
o OL x;
. pi = ox; mOTz p?
f drs=0 oL mow_f = Po = ~3,, Po — energy E
Po="%:= 2%

One gets NR energy-momentum dispersion relation for Schrodinger
free particle!

ot _ D . 9 8 . _ A -
Quantization: p; = z% Po = -ty = Z%¢‘_me free Schrodinger eq.
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Our general model: linear combination of MC forms associated with
all 12+1 central charges

2
S = SO + Sl + SQ Sl = E f(mzcb(Xz) + /,LZL:J(E) quasidiagonal c.c.
=1 _ _ _ _
Sz = 2[(nabcb(Xab) + Vab(:)(Yab) off-diagonal c.c.

Two subclasses of models: *°

_ __(m)? __(m2)?
i) S =5,+95; ml——2nlzo and /or mz——2—n2m =

= necessary conditions for getting first class constraints

Odd (fermionic) coordinates: generated by all possible supercharges
in G;

16 real Grassmann variables: Ha,éa,éa,éa, éa, Hza,éaféa

One gets: 8 first class constraints — 8 wave equations for W

8 second class constraints — 4 wave equations for ¥
(Gupta—Bleuler quantization!)

Superfield solution ¥ of all 12 wave equations depends on arbitrary
doubly chiral superfield x(®)(x;,t; 64,0,), which is determined by the
initial values of ¥ at 7 =0.
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required for first

_ class constraints

2my | = na,v4 — two O(4)
fourvectors

One gets 16 constraints which follow from the definition of 16 odd

(fermionic) momenta — one gets:
4 first class constraints = 4 wave equations

ii) S = SO + Sz ,02
off-diagonal

central charges

12 second class constraints = 6 wave equations

N=4 SUSY wave function W¥: (Gupta-

. ) A T 16-10=6  solution depends
‘I’(wi,t,Ha,Ha,Ca, Cas Oas Oas Cas Ca) —> arbitrarily on

Bleuler quantization again used)

10 wave f? 69
16 odd variables equations < X Coﬁ
6 odd
variables

Form of the solution describing SUSY wave function:

¥ = R(X; ba; a’ca’ca’% ’ae ’aca) X (@i, t; Ha’ga’C ) Xii)i;layﬂitii?{y

ﬂ superfield
polynomial dependence
All component fields ¥ 4(x;,t) of the wave function ¥ satisfy free
Schrodinger wave eq., due to the presence of S, in the action.
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4. Final remarks

i) One can choose the actions as nonlinear functions of MC one-forms,
e.g. as So+S,, where (by analogy with free relativistic particle)

Sy= [ (ki (X)w,5(X) + kayfwr? (¥ Jw,5(Y))

with additional dynamical bosonic internal coordinates h_; , f ;, asso-

ciated by duality with central charges X “5, Y, Model after quantiza-
tion leads to SUSY field KK theory and is under consideration.

ii) Other generalization is to introduce the NR couplings to EM, YM
and gravitational (super)backgrounds. Because component fields con-
tain many spins which have different couplings to such backgrounds,
one expects to obtain spin-dependent modifications of the Schrodinger

eq.

iii) An important task for the future is to study d=3 NR N=4 SUSY
Y M theory with nonvanishing central charges. It is also interesting to
obtain it as consistent NR contraction limit ¢ - oo of relativistic D=4

N=4 SUSY YM field theory with central charges.

THANK YOU!
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