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Introduction

Outline

© Introduction
@ Holographic dictionary
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DW/CFT dualities ltzhaki et. al.'98, Boonstra et. al.'98;Skenderis'99
e AdS & DW, CFT& QFT,
@ AdS isometry group < Poincaré isometry group of DW

@ a restoration of the conformal symmetry only at UV and/or IR fixed
points

1
S=M5! /ddx/dr\/fg {R - 5(<3~¢>)2 —V(¢)| + Syn.
The domain wall solution

ds? = 24 ndrtda? + dr?, ¢ = o(r)

@ The scale factor et — measures the field theory energy scale
@ The scalar field e? — the running coupling A

@ The SB-function
dx  d¢

P=losE —dA

4/37



Introduction
oeo

Possibilities for the potential

Improved holographic QCD Gursoy,Kiritsis’ 07, Gubser'08

For asymptotically AdS UV A =0 V(\) = Vo4+ud+umA?+...
For confinement inthe IR A — o0 V(A) ~ A2(log))”

The auxiliary scalar function W(¢) (aka superpotential)

dA d
-Da S 4(d—1)

1
w2+ 5(8¢W)2 =V

e V(o) from IHQCD model, Kiritsis et al’'07'11'14'17'18
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The auxiliary scalar function W(¢) (aka superpotential)
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Introduction

[e]e] J

RG flow at finite temperature

Thermal gas solution

ds? = A pudatde? +dr?, ¢ = ¢(r).

AdS boundary uv

The black hole

2 141-x2)

F(r)=1—-Coa~ 5%

o d
ds? = 2A0) (f(r)dt? + 6;;dada’) + %
T

Gubser's bound for singular solutions (2000)
Vi(on) <0, V(gn) < V(duv).
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Exact holographic RG flows

Outline

© Exact holographic RG flows
@ Set up
@ How to integrate
@ Vacuum solutions
@ Non-vacuum solutions, black holes
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Exact holographic RG flows
[ o]

Set up

The action reads
S = L/d%/du,/——g R - é(6¢)2+V(¢) — i/d‘*x —~
2K2 3 K2 ’
d

V(¢) = Cre?k19 4 Cre?F2? Oy, k;, i = 1,2 are some constants.

v

-3 -2 § 1 ¢

-4

Figure: The behaviour of the potential V(¢) for C1 <0, C2 > 0.
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Exact holographic RG flows
oe

The ansatz for the metric

3
ds? = —e2AW) gy 4 o2B(w) Zdy? + 620(u)du2,
=1

The gauge C=A+3B.

The sigma-model

2
1 1 1 2 3 d
I = -G .M-N_V V=_= C, 2(x+3x+ksx).57.
5Guni™ i : 2; e r=—
2t =A 22=B,23=¢, 2=C
0 -3 0
(Gun)=| -3 -6 0 |, M,N=123.
0o o 4
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Exact holographic RG flows
@00000

(Garn) — minisuperspace metric on the target space M

1 C . Cy .
L= 1)+ Dot 4 Powa,

V' — time-like, W - spacelike vectors on M (the basis is (e, e2,€3))

1 1 1
V,V)=3 k%——G (W, W) =3 kg——G (VW) =3 klkrﬁ .
9 9 9
1 1
LET <V, I/{/r) = 0 = kle = 56’ kl = k7 kZ = 6 O < k < 4/3

%7
The new basis

! V / W ’ / .
) <eiaej> =i, (ni) = diag(—1,1,1).

(& e
v

3 3
. , . o , .
X' =ny <ei,x>, Tt = E S;Xj, e; = E S}ei.
j=1 i=1

Sji. — components of general Lorentz transformations.
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Exact holographic RG flows
[o] lelele]e]

Root systems

A, AxA,

=

B, c2
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Exact holographic RG flows
[o]e] lele]e]

The A; x Aj-mechanical model

Let V' and W vectors to root vectors of su(2) & su(2) Lie algebra

Z nis XX + Cl il (VX C2 (w2 x2
1, 2 )
1,j=1

Z nis XX — Cl el ViI2xt _ C2 npaww) /2 x?
1, 2 *
3,J=1

Liouville equations for sl(2)-Toda chains (sl(2) 2 su(2))

XS = = | <RS,RS> |Cvsen“|<RS,Rs>|1/2Xs, s=1,2,

X? = 0, with (Ri,Ri)=(V,V), (Rg,Re)=(W,W).

Gavrilov, lvashchuk, Melnikov'9407019
Lii, Pope, 9607027, 9604058
Li, Yang, 1307.2305 ..,/



Exact holographic RG flows
[oele] le]e]

The solution to the A; x A;- mechanical model

The solution reads

X' = [(V,V) [T (FF (u = uor)),
X? = —[(W,W) [TV I (F3 (u — ug2)),
X? = plu+’,

with

1/ 2E | sinh M(u—uos)} , 1ssCs > 0,nssEs >0,

\/ 2%55 sin |4/ M(u — uoS)} , MssCs > 0,mssEs <0,
Fs(u - uOs) -

KheRa)Cul (4 — ), NssCs > 0, By =0,

2E

| cosh { M(u — uos)} , 1MssCs < 0,mssEs > 0,

uos, Fs, Es, p?, ¢> are constants of integration.
Lorenz transformations
vi LW

Sl Si=
FORVIVY R TR gy )2

Z*Sép?’ ﬂz* 13
- )
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Exact holographic RG flows
00000

The general solution

s o L - e we
ds? = P16 F22(16—9k' ) (_62a ugi? 4 e 3 Mgy 2) + F7F 16 plo—ok du
9k 9k
= oy WP+ o5——hE
¢ ok —16 " T o160
Cl ) |
2E,] sinh [us(u — wos)], if 7ssCs > 0,mssEs > 0,
] sin [us(u —uos)],  if 755Cs > 0,n5Es <0
2B, " e 0s)] NssCs > 0,mssEs <0,
Fu(u— uos) = :
Cs )
7|Ms(u — wos)l, if 1Cs>0,E; =0,
|C5| CoSh[ (u—u )} if C, <0 E. >0
2‘E5| Hs 0s)]» TNssUs s NssLus s
3L, 16 3B ((16\* 1 16
=1,2 = 27 (g2 22 _ 0] 16\ 1 16}
s vy M1 ‘2( 9)\7 M2 2 ((9) k2 9>’

14 /37



Exact holographic RG flows
00000 ®

Constraints

2 1\2
Ei+ Ey+ (Oé) —0. J

© o' = 0 Vacuum solutions, Poincaré invariant,

Ey| = | By
@ o' # 0 Non-vacuum ones, no Poincaré invariance |E;| # |Ea|

e Conditions from the V(¢): C; < 0,Cy > 0,0 < k < 4/3.
o Constants of integration ugs < up1

left: u < Ugz
middle: uge < u < Ugy
right: U > Uugy

@ The degenerate case with ug; = ug2 = ug ,

left: u < ug
right: U > Up.

15 /37



Exact holographic RG flows
@000

Behaviour of solutions ug; # uge , a' =0

18k2

8 ok2
d82 _ F19k2—16 F22(16—9k2)( dt2+dy1+dy2+dy3)+F19"2 16F16 16_9k2 d’LL

Cy Cy
I ‘2E sinh(py |u — up1]), Fo= ‘QE sinh(p2 |u — up2l),
4
E, = —Ey E <0, Ey>0, pp= ETas
The dilaton
6= 9k o 5
To2_16 ®F
and its potential
r 18k2 r 32
9k216 9k2—16
V= C1€2k¢ + 02632¢/(9k) =} =2 + Cy =2 .
F F
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Exact holographic RG flows
0e00

Boundaries for ug; # ugy # 0

The left solution u < ug2 (conformally flat)
@ U — —00 ds® ~ 22/3 (—dt2 + dy? + dy3 + dy3 + sz) ,

— 3y 9k
z el TR, o~ e (e — p)u ~ log 2 — —00

18k2
0 U — Uy — € ds? ~ zo1-9k2 (—dt2 + dy? + dy3 + dy3 + dz2) ,
64—9k2

2
64—k (U — UOQ) 4(16—-9k%) ¢ ~ 7W log z — +00.

Z(16—9k7)
The middle solution w2 < u < ugy (conformally flat )

z ~

@ u — ugy + € the same as at u — ugy — €

o U — ugL — € ds® ~ z o= (—dt?* + dy? + dy3 + dy3 + dz?),
4—9k2

16—9k2(u __u01);g:§;7.

9kZ—4
The right solution u > ug1 (conformally flat )

9k
¢~ omlogz — —o0, 2z~

@ u — ugy + € the same as at u — ugy + €

o u — +oo ds? ~ 2%/3 (—dt2 + dy? + dy3 + dy3 + sz),
¢ ~logz — —o0
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Exact holographic RG flows
[o]e] le}

Boundaries: ug; = ug2 = ug, @

@ In the UV u — ug we obtain the AdS-spacetime
1
ds® ~ 2—2(—d2€2 +dy? + dys + dy + d2?), 2~ 4ul/t

The dilaton is constant in the UV

9k 3k 9k

Y Jee IV
160k 7 " 2016 —or2)

Gy

¢= Gy

log

@ In the IR u — +00 we obtain the conformally flat spacetime

3pqu

ds® ~ 22/3(—dt2 + dy% + dy% + dyg + dz2), 2~ e 3F3k

The dilaton in the IR

¢ ~logz - —
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Exact holographic RG flows

{eJele] ]

B . C
Figure: Dilaton as a function of u: A) u < w2, B) uo2 < u < up1, C) the

dilaton for © > w1, wo1 = 1. For all ug1 =1, uge = 0,1 = —F> = —1,
Ci=-Cy=-1,k=04,1,1.2.

Figure: The behaviour of the dilaton (solid lines) and its asymptotics at infinity
(dashed lines) for up1 = up2 =0, C1 = —C2 = —1, E1 = —E3 = —1 and
different values of k. From bottom to top k = 0.4,1,1.2.
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Exact holographic RG flows
[ Jelele]ele)

Non-vacuum solutions, black holes

The metric

£ 9k2 . L 5 13 32 18k22
d52 F9k 15F2(16 9k )( 2 udt2+e—§a “Zdy?)+F19'° —16F216—9k' du2.

=1

The dilaton reads

b= m o LHSIDFQ,

9k2 — 16 9k?2

= 2CE sinh(p1 |u — uo1]), Fo = 2%2 sinh(p2 [u — uoz|),

[ 3By, [16 \/3E2 4 [E;
==ty = — k2 7,k2:7 =,
m= I g =R | 3tV B

E1+E2+3( 2 =o.
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Exact holographic RG flows
(o] lelelele)

Dilaton at boundaries ug; # uga, o' # 0

@ The left solution u < ugs

© U= =00 Gum—oo ~ 15 (k2 — ) u+ §log | 25|

@ U — Up2 — €

ok Ca By
Pu—uos—e ~ ~Tg_gpz 108 [\/ C1 B, sinh(a; (u01 ugg)):| — too.

@ The middle solution ugs < u < ugy
e u — ug2 + € the same as for the left solution at u — w2 — ¢
@ U — Up1 — €

9k Cao Eq sinh(p2 (up1 —up2)) _
Pu—suo1—e ~ — 15 gpz 108 [\/ C1E> p1e - %

@ The right solution u > wug;

e u — ug1 + € the same as for the middle solution at ©w — w1 + €

0 U — +00 Pusoo ~ —%[(ﬂz—ul)u—i—%log@fg;

6k2(at)?

® i = M2, EQ = m

® 1 > 2
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Exact holographic RG flows
[e]e] lelele)

Dilaton at boundaries ug; = uga, o' # 0

9k
GG | £ (2 — )+ s

9k 2 1 ClEQ
u—ug Y T 1 — 71 .
Olu—uo [0g<m>+20g 1\]

CyFE
¢|u~>:i:oo ~ 21 |:|

16 — 9k2 CyF

6k2(al)?

o [y = o, E2:16—9k2'

® [ > 2
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Exact holographic RG flows
[e]e]e] lele)

Black hole, solutions with u € [ug;, +00)

ds* = C X(u)e”“_E“I” (—egaludt2 + di* + X(u)3C3e3“+%a1“du2)
X(u) — (1 _ 6*2#1(u7u01))*716_89k2 (1 _ 672u2(u7uoz))72(15529k2)
8
R = —F—— E + 24 k’\/ E. )
6(16 — 9k2) ( 2t 3l ?
C = (1 i e—mum) RET (1 & e—ugum) 2(125;2)
- 2\ |2E, 2\ |2E; '

The absence of conic singularity
° =0, E- 6k (o)
k- gal = 2 = To—gpr Ho =
° 363/2a1ﬁ =27
Null geodesics ds? = 0, for the light moving in the radial direction
u

tftoz/dﬂ(}?’/? (1+...) - .

uU—»00
Uo
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Exact holographic RG flows
[e]e]ele] o)

Black hole solution

ds* =C X( —eilugs? 4 dng) +c* X(u)4e%°‘1“du2,

X = (1- e—%(u—m))‘ﬁ(l — e—2u(u—u02))2(1§%§,€2>7
C = (1 i e—uum) 9;6—28716 (1 & e_liu02)2(169k;€2).
2\ [2E, 2\ 2B,
5= 9% o E,Cy | sinh(p(u — up2))
9k2 —16 8 [\ | ExCy | sinh(u(u — uor)) |

and near horizon

lim ¢ __ e (|2
U T 9(16 — 9k2) E1Cy

The Hawking temperature
_ 2
3w (32
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Exact holographic RG flows
00000e

Special case: ug; = ug2 = g

-

_ 2
ds> =¢C (1 — e_2u(u_“°)) 2 (—e_det2 + dg}'2)—|—C4 (1 — 6_2“("_“0)) e 2HY gy

ok?
4 C 9k2 16 [ (5 2(16—9k2)
p=gel C=@vaite (E) ( ) ‘

1 Es
The dilaton

9k Cl E2 ‘

= ! .
0= 06— 01 8| Gy,

The curvature

1
2=z, (1—e20)1, C =27, dsQZZ%( f(z)dt? + dij? +f(z))

4
f=1-(2)
The saturation of the Gubser's bound V(¢(up)) = Vyy.
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RG equations at ' = 0

Outline

© RG equations at 7' = 0
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RG equations at ' = 0
Holographic RG equations

The solution in the domain wall coordinates
ds? = dw? 4 >4 (—dt2 + nijdxidxj) .

é(w), A = e? — the running coupling.
The S-function
dAgrr  dA

A) = _ 22
BN dlogE dA
The -function satisfies the holographic RG egs. Kiritsis et al."0812.0792

dX 4 3 dlogV
— = (1-X?(1+ =
5= ()

where X (¢) is related with the S-function

EI0Y
X(¢) = ——+
()= 55
The energy scale
A=et

27 /37



RG equations at ' = 0

RG equations at T'= 0

16 9k2
. . 2 _ — 2
The domain wall coordinates dw = F**" 7' F,"*~°*" du.

The running coupling
Fy\ -1
9k<—16
A=ef= (2 .
‘ (F1>

4 2
_ A _ rp9k2-16 %
A=er=F Fitie-or%)

The energy scale

The X-function

1/ F 1GE];k2 \
X=-(2 ey
3\ F A’
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RG equations at ' = 0

E=001
E<0.15
E<035
£06

¢
C D

Figure: The behaviour of the X-function with the dependence on the dilaton
plotted using the solutions for A. A)left B) middle C)right D) uo1 = wo2
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RG equations at ' = 0

The behaviour of the running coupling A on the energy scale

Figure: X on the energy A on the dilaton plotted using the solutions for A and

¢.A) the left branch with wp2 > u, B) the middle branch ug2 < u < uo1; C) the
right branch u > ug1. For all plots & = 0.4, C1 = —2, Cy = 2, different curves
on the same plot corresponds to the different values of |E1| = | E2|, labeled as

E on the legends and different uo1 and uo1 also indicated on the legends.
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RG-flow at finite T

Outline

@ RG-flow at finite T
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RG-flow at finite T
RG flow at finite temperature

The black brane

ds? = e2AW) (—f(w)dt® + 6;;dz’da’) + d_wz,
f(w)
Ex. The Chamblin-Reall solution f =1 — CQ)\_LX), A\ =e?.
The Y-variable is defined through the function f
14
= _—— :l
Y(¢) 4 A/7 g Og f)

dX 4 3 dlogV

— = ——(1-X%*+Y

o 3 +Y) ( 8X  do ) !

dy 4 )
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RG-flow at finite T

The running coupling on the energy scale (ug; # 0, ug2 # 0)

Figure: The dependence of X on the energy scale A= e” at the left solution A),
the middle solution B) and the right one C). o' = 0 (cyan), o' = —0.25
(blue), o' = —0.5 (green), o' = —0.8 (red), ' = —1 (brown).

34/37



Outlook
Outline

© Outlook
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The bottom line

Done

Vacuum and non-vacuum holographic RG-flows were constructed

@ Holographic running coupling mimic QCD
@ Holographic RG flows can have AdS fixed points.
@ A new solution with horizon was found
°

Studies of the running coupling A\ on the E scale not to deal with
superpotential W
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The bottom line

Done

@ Vacuum and non-vacuum holographic RG-flows were constructed

@ Holographic running coupling mimic QCD

@ Holographic RG flows can have AdS fixed points.
@ A new solution with horizon was found
°

Studies of the running coupling A\ on the E scale not to deal with
superpotential W

v

o Careful studies of the behaviour A = e? on the energy scale at T'# 0

@ Analysis of confinement-deconfinement phase transition
(Polchinski-Strassler model?).

@ Holographic c-theorem?

o Full supergravity picture?

A
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Thank you for attention!
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