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In this talk there will be presented twistorial formulation of the D = 4 ontinuous spin

partile.

The unitary irreduible representations of the Poinar�e group are de�ned by values of the

Casimir operators PmPm and W mWm, Wm = 1
2 εmnklPnMkl

. In ase of ontinuous spin

representations these operators take the following value

[E.Wigner, 1947; V.Bargmann, E.Wigner, 1948℄

PmPm = 0 , W mWm = −µ2 ,

where the onstant µ ∈ R, µ 6= 0 is a dimensionful parameter.

In ontrast to other physial states having a positive or zero mass,

ontinuous spin representation inludes an in�nite number of massless spin states.

Confusion in the name of this representation:

heliity in ontinuous spin representations takes standard disrete values 0, 1/2, 1, . . . ,∞.

This property of the ontinuous spin partiles is very attrative at the present time by

reason of the intensive development of higher-spin theory [M.Vasiliev, 1989, and others℄.

Lately a lot of researh has been arried out on the ontinuous spin partiles

(see, for example, [X.Bekaert, N.Boulanger, J.Mourad, 2006; P. Shuster, N.Toro, 2013;

V.Rivelles, 2015; R.Metsaev, 2017; X.Bekaert, E. Skvortsov, 2017;

M.Khabarov, Yu. Zinoviev, 2018; K.Alkalaev, M.Grigoriev, 2018℄).



Spae-time formulation

Up to now, all the onsidered formulations of the ontinuous spin partiles have been the

spae-time ones. The �elds of the ontinuous spin in this formulation are desribed by the

funtion Φ(x, y) de�ned on the spae whih is parametrized by ommuting four-vetor xm

(the position oordinates on Minkowski spae) and additional ommuting vetor variables

ym
. The onditions desribing the irreduible representation with ontinuous spin have the

form [E.Wigner, 1947; V.Bargmann, E.Wigner, 1948℄

∂

∂xm

∂

∂xm
Φ = 0 ,

∂

∂xm

∂

∂ym
Φ = 0 ,

∂

∂ym

∂

∂ym
Φ = µ2 Φ , − i ym ∂

∂xm
Φ = Φ .

The Wigner-Bargmann spae-time �eld formulation of the ontinuous spin massless partile

is reprodued by means of the one-dimensional dynamial model with the following

Lagrangian in the �rst-order formalism

Lsp.−time = pm ẋm + wm ẏm + epmpm + e1pmwm + e2

(

wmwm + µ2
)

+ e3
(

pmym − 1
)

.

Here the quantities pm(τ) and wm(τ) are the momenta for xm(τ) and ym(τ);
their nonvanishing Poisson brakets are {xm, pn} = δm

n , {ym,wn} = δm
n .

The variables e(τ), e1(τ), e2(τ), e3(τ) in the Lagrangian are the Lagrange multipliers for

the onstraints

T := pmpm ≈ 0 , T1 := pmwm ≈ 0 , T2 := wmwm + µ2 ≈ 0 , T3 := pmym − 1 ≈ 0 .

All these onstraints are �rst lass and

the Wigner-Bargmann equations arise as result of quantization of the partile model.



Twistorial formulation of ontinuous spin partile

We turn to onstruting the twistorial formulation of the spae-time system. To obtain this,

we will follow the standard presriptions of the twistor approah [R.Penrose, 1967℄.

The �rst step in this twistor program is to resolve the onstraint pmpm ≈ 0.
Introduing ommuting Weyl spinor πα, π̄α̇ = (πα)∗, we represent light-like vetor

pm = pαα̇ (pαβ̇ = 1√
2

pm(σm)αβ̇) by the Cartan-Penrose relation

pαα̇ = παπ̄α̇ .

As a result of παπα ≡ 0, the onstraint pmpm ≈ 0 is satis�ed automatially. In the twistor

formulation, the spinor πα determines half of the omponents of the Penrose twistor.

The seond step for obtaining the twistor formulation onsists in a spinor representation of

the four-vetor omponents wm = w αα̇ whih should resolve the onstraints pmwm ≈ 0,
wmwm ≈ −µ2

. For this, it is neessary to introdue in addition one more ommuting Weyl

spinor ρα, ρ̄α̇ = (ρα)∗. Then we represent wαα̇ in the form

wαα̇ = παρ̄α̇ + ραπ̄α̇ .

This expression solves the onstraint pmwm ≈ 0.

The onstraint wmwm ≈ −µ2
leads to the neessity of imposing in twistor spae the

following onstraint:

M := παρα ρ̄α̇π̄
α̇ − M2 ≈ 0 ,

where the real onstant M is de�ned by

M2 = µ2/2 .



As the next step we introdue anonially onjugated momenta for πα, π̄α̇ and ρα, ρ̄α̇.
To do this, we de�ne the momenta ωα

, ω̄α̇
and ηα, η̄α̇ by the following inidene relations:

ωα = π̄α̇xα̇α + ρ̄α̇y α̇α , ω̄α̇ = xα̇απα + y α̇αρα ,

ηα = π̄α̇y α̇α , η̄α̇ = y α̇απα

and �nd that, up to total derivative terms, they satisfy the relation

pαα̇ẋα̇α + wαα̇ẏ α̇α = παω̇
α + π̄α̇ ˙̄ωα̇ + ραη̇

α + ρ̄α̇ ˙̄ηα̇ .

Thus, (ωα, πα), (ω̄α̇, π̄α̇), (η
α, ρα), (η̄α̇ , ρ̄α̇) are anonially onjugated pairs of the

twistorial variables whih obey the following Poisson brakets:

{

ωα, πβ

}

=
{

ηα, ρβ
}

= δαβ ,
{

ω̄α̇, π̄β̇

}

=
{

η̄α̇, ρ̄β̇

}

= δα̇
β̇
.

In new variables, the last onstraint pmym ≈ 1 and the inidene relations lead to the

twistorial onstraints

ηαπα + π̄α̇η̄
α̇ − 2 ≈ 0 , ηαπα − π̄α̇η̄

α̇ ≈ 0 .

The sum and di�erene of last two onstraints give equivalent onstraints

F := ηαπα − 1 ≈ 0 , F̄ := π̄α̇η̄
α̇ − 1 ≈ 0 .

Moreover, the inidene relations imply also one more twistor onstraint

U := ωαπα − π̄α̇ω̄
α̇ + ηαρα − ρ̄α̇η̄

α̇ ≈ 0 .

This �nishes the twistorial formulation of the ontinuous spin partile model.



The ontinuous spin partile in the twistorial formulation is desribed by eight omplex

variables πα, ωα
, ρα, ηα, whih are subjeted four �rst lass (abelian) onstraints

M := παρα ρ̄α̇π̄
α̇ − M2 ≈ 0 ,

F := ηαπα − 1 ≈ 0 , F̄ := π̄α̇η̄
α̇ − 1 ≈ 0 ,

U := ωαπα − π̄α̇ω̄
α̇ + ηαρα − ρ̄α̇η̄

α̇ ≈ 0 .

The twistorial model has nphys = 8 of physial degrees of freedom as the model in the

spae-time formulation.

The orresponding twistorial Lagrangian is

Ltwistor = παω̇
α + π̄α̇ ˙̄ωα̇ + ραη̇

α + ρ̄α̇ ˙̄ηα̇ + l M + k U + ℓF + ℓ̄ F̄ .

Some omments about our twistorial formulation of the ontinuous spin partile:

• In terms of the matrix

‖Πα
b ‖ :=

(

Πα
1,Πα

2
)

= (πα, ρα)

(b = 1, 2) the onstraint M ≈ 0 is equivalent to detΠ = M exp(iϕ), where ϕ de�nes the

phase of the ontration παρα. So the matrix M−1/2Πα
b
at ϕ = 0 desribes group manifold

SL(2,C) parametrizing the spinor Lorentz harmonis.

• The onstraints F ≈ 0, F̄ ≈ 0 generate loal transformations δΠ = Π

(

0 n
0 0

)

, where

n = n(τ) is the loal in�nitesimal omplex parameter. Thus, on�guration spae of the

model is desribed by the matrix Π de�ned up to loal transformations g → gN, where the

matries N =

(

1 n
0 1

)

for any n ∈ C form the Borel subgroup B+(2,C) of SL(2,C). The

oset SL(2,C)/B+(2,C) is the two-dimensional omplex a�ne plane.



Quantization of twistorial model

Before the quantization is performed, we �x some gauges and pass to an appropriate phase

variable, in whih the onstraints have a simple form.

The onstraint M ≈ 0 involves only the norm |παρα|. Gauge �xing ondition for this

onstraint is the generator of onformal transformations of twistor omponents:

R := ωαπα + π̄α̇ω̄
α̇ + ηαρα + ρ̄α̇η̄

α̇ ≈ 0 .

The onstraint U ≈ 0 is the generator of phase transformations in twistor spae. As result,

the ondition

K := ln
(

παρα

ρ̄α̇π̄α̇

)

≈ 0

�x gauge.

Seond lass onstraints M ≈ 0 and K ≈ 0 are equivalent to the onstraints

N := παρα − M ≈ 0 , N̄ := ρ̄α̇π̄
α̇ − M ≈ 0 .

In addition, the sum and di�erene of the seond lass onstraints U ≈ 0 and R ≈ 0 are

V := ωαπα + ηαρα ≈ 0 , V̄ := π̄α̇ω̄
α̇ + ρ̄α̇η̄

α̇ ≈ 0 .

Residual two �rst lass onstraints are

F := ηαπα − 1 ≈ 0 , F̄ := π̄α̇η̄
α̇ − 1 ≈ 0 .

Let us pass to the variables in whih the onstraints have a simple form.



We use the following expansion of the matrix ‖Πα
b ‖ = (πα, ρα):

‖Πα
b ‖ =

√
M
(

z1 0
z2 s/z1

)(

1 t
0 1

)

,

where

zα = πα/
√

M , s = παρα/M , t = ρ1/π1

are four dimensionless omplex variables.

In new variables the seond onstraints take the form

s − 1 ≈ 0 , s̄ − 1 ≈ 0 ,

−zαpα
z − 2sps ≈ 0 , −z̄α̇p̄α̇

z − 2s̄p̄s ≈ 0 .

First lass onstraints take the form

pt + 1 ≈ 0 , p̄t + 1 ≈ 0 .

We take aount of the seond lass onstraints by introduing the Dira braket for them

and remove the variables s, s̄, ps, p̄s from the phase spae of the model.



We will perform quantization in the oordinate representation when the wave funtion is

Ψ = Ψ(zα, z̄α̇, t, t̄) .

The wave funtion of physial states is subjeted to the �rst lass onstraints

∂

∂t
Ψ =

∂

∂ t̄
Ψ = −iΨ .

The solution of these equations, with taking into aount the onditions of the seond lass

onstraints, is

Ψ = δ(s − 1) δ(s̄ − 1) e−i(t + t̄) Ψ̃(zα, z̄α̇) ,

where Ψ̃(zα, z̄α̇) is the funtion on the two-dimensional omplex a�ne plane parametrized

by two omplex oordinates zα ∈
0
C

2 = C

2\(0, 0).

Restoring the dependene of the wave funtion on twistor variables, we obtain the twistor

wave funtion in the form

Ψ(πα, π̄α̇; ρα, ρ̄α̇) = δ
(

πβρβ − M
)

δ
(

ρ̄β̇ π̄
β̇ − M

)

e
−i
(

ρ1

π1
+

ρ̄1

π̄1

)

Ψ̃(πα, π̄α̇) ,

where Ψ̃(πα, π̄α̇) is an arbitrary funtion on πα, π̄α̇.



Let us analyze spin (heliity) ontent of the twistor wave funtion.

The Poinar�e algebra operators in the twistor formulation have the form

Mαβ = π(α
∂

∂πβ)
+ ρ(α

∂

∂ρβ)
, M̄α̇β̇ = π̄(α̇

∂

∂π̄β̇)
+ ρ̄(α̇

∂

∂ρ̄β̇)
, Pαα̇ = παπ̄β̇ .

We see that P

αα̇
Pαα̇ = 0.

The Pauli-Lubanski operator Wαα̇ = M̄α̇β̇P
β̇
α − MαβP

β
α̇ , takes the form

Wαα̇ = παπ̄α̇ Λ+
1

2

[

παρ̄α̇

(

π̄β̇

∂

∂ρ̄β̇

)

− ραπ̄α̇

(

πβ
∂

∂ρβ

)

]

+
1

2

[

(π̄β̇ ρ̄β̇)πα
∂

∂ρ̄α̇
− (πβρβ)π̄α̇

∂

∂ρα

]

,

where

Λ = −1

2

(

πβ
∂

∂πβ
− π̄β̇

∂

∂π̄β̇

)

.

The ation of the Pauli-Lubanski operator on the twistorial wave funtion is

Wαα̇Ψ = δ
(

πβρβ − M
)

δ
(

ρ̄β̇ π̄
β̇ − M

)

e
−i
(

ρ1

π1
+

ρ̄1

π̄1

)

Dαα̇ Ψ̃ .

where the operator Dαα̇, ating on the redued twistor �eld Ψ̃, takes the form

Dαα̇ := παπ̄α̇ Λ + iM
(

ǫα̇1πα

π̄1
− ǫα1π̄α̇

π1

)

.

Using Dαα̇Dαα̇ Ψ̃ = −2M2 Ψ̃ we obtain that

W

αα̇
Wαα̇Ψ = −2M2Ψtw = −µ2Ψ .

So the twistor �eld desribes a massless partile of ontinuous spin.



The states with �xed heliities are the eigenvetors of the heliity operator � = ~
J

~
P/P0

(

~
J is the total angular momentum). In terms of the Pauli-Lubanski vetor this operator is

� =
W0

P0
=

Wαα̇σ̃
α̇α
0

πβ π̄β̇ σ̃
β̇β
0

.

The above representation of the twistor �eld is unsuitable for heliity expansion.

For �nding heliity expansion we extrat from Ψ̃ the exponential multiplier:

Ψ̃(πα, π̄α̇) = e

−iM(π1π2+π̄1π̄2)

π1π̄1(πβπ̄
β̇
σ̃
β̇β
0

)
Ψ̂(πα, π̄α̇) .

As result, we obtain the following representation of the twistorial �eld

Ψ(πα, π̄α̇; ρα, ρ̄α̇) = δ
(

πβρβ − M
)

δ
(

ρ̄β̇ π̄
β̇ − M

)

e−iw0/p0 Ψ̂(πα, π̄α̇) ,

where p0 and w0 have the resolved in terms of spinors representations.

The ation of the Pauli-Lubanski vetor takes the form

Wαα̇Ψ = δ
(

πβρβ − M
)

δ
(

ρ̄β̇ π̄
β̇ − M

)

e−iw0/p0 D̂αα̇ Ψ̂ ,

where the operator D̂αα̇ (a rather umbersome expression for this operator) satis�es the

property

∑

α=α̇
D̂αα̇ = P0Λ . As a result, the heliity operator ats on the twistorial �eld in the

following way:

�Ψ = δ
(

πβρβ − M
)

δ
(

ρ̄β̇ π̄
β̇ − M

)

e−iw0/p0 ΛΨ̂ .

Thus, the eigenvalues of the heliity operator � is de�ned by the ation of the operator Λ on

the redued twistorial funtion Ψ̂(π, π̄) living on the two-dimensional omplex a�ne plane

parametrized by πα.



The eigenvetors of the operator Λ = − 1
2

(

πβ
∂

∂πβ
− π̄β̇

∂
∂π̄

β̇

)

are homogeneous funtions.

The homogeneous omponents of the funtion Ψ̂(π, π̄) are determined by the Mellin

transform

F (n1,n2)(πα, π̄α̇) =
i

2

∫

dλ dλ̄ λ−n1 λ̄−n2 Ψ̂(λπα, λ̄ π̄α̇) ,

where χ = (n1, n2) are the pair of omplex numbers whose di�erene is equal to an integer

number. The funtions F (n1,n2)(πα, π̄α̇) are homogeneous of bi-degree (n1 − 1, n2 − 1):

F (n1,n2)(aπα, āπ̄α̇) = an1−1ān2−1F (n1,n2)(πα, π̄α̇) .

whih is equivalent to the ful�llment of the equations

πα
∂

∂πα
F (n1,n2) = (n1 − 1)F (n1,n2) , π̄α̇

∂

∂π̄α̇
F (n1,n2) = (n2 − 1)F (n1,n2) .

On suh omponents, the heliity operator takes the values s = −n/2:

ΛF (n1,n2) = −n

2
F (n1,n2) .

As a result this, the twistorial wave funtion of the ontinuous spin partile desribes an

in�nite number of massless states whose heliities are equal to integer or half-integer values

and run from −∞ to +∞:

Ψ̂(πα, π̄α̇) =
∞
∑

n=−∞

F (n)(πα, π̄α̇) , F (n)(πα, π̄α̇) =
1

4π2

∞
∫

−∞

dν F

(

n+iν
2 , −n+iν

2

)

(πα, π̄α̇) .

Preisely these twistorial �elds F (n)
desribe massless states with heliities s = −n/2.



Twistor transform for �elds of ontinuous spin partiles

Let us establish the onnetion of obtained twistor �elds with the orresponding �elds of the

spae-time formulation.

The twistorial variables πα, ρα, on whih the wave funtion depends, play a role of

momentum variables. Therefore, we an onsider the twistor wave funtion as a wave

funtion in the momentum spae. For this reason, up to the normalization multiplier the

spae-time wave funtion an be determined by means of the integral transformation

Φ(x, y) =

∫

d4π d4ρ eipαα̇xα̇α
eiwαα̇y α̇α

Ψ(π, π̄; ρ, ρ̄) ,

where the momenta pαα̇ and wαα̇ are omposite: pαα̇ = παπ̄α̇, wαα̇ = παρ̄α̇ + ραπ̄α̇.

In the integral we perform integration over the 4-dimensional omplex spae with the

integration measure d4π d4ρ := 1
4 dπα ∧ dπα ∧ dπ̄α̇ ∧ dπ̄α̇ ∧ 1

4 dρβ ∧ dρβ ∧ d ρ̄β̇ ∧ d ρ̄β̇ .

Using expliit form of twistor �elds we obtain the spae-time �elds of ontinuous spin

partiles

Φ(x, y) =
∫

d4π d4ρ eipαα̇xα̇α
eiwαα̇y α̇α

δ
(

πβρβ − M
)

δ
(

ρ̄β̇ π̄
β̇ − M

)

e
−i
(

ρ1

π1
+

ρ̄1

π̄1

)

Ψ̃(π, π̄) .

We an hek that this integral representations for the spae-time �elds are the solution of

the Wigner-Bargmann equations.

Thus, we have onstruted the integral relationship between the spae-time �elds and

twistor ones, whih is a generalization of the Penrose �eld twistor transform.

The twistor funtion Ψ̃(π, π̄) plays the role of the prepotential for the spae-time �eld Φ.



Conlusion

We onstruted the new Lagrangian model whih desribes a relativisti massless partile of

the ontinuous spin. This model is haraterized by the following:

We present the lassial Lagrangian whih desribes in spae-time formulation the

relativisti partile orresponding to the irreduible massless representation of the

Poinar�e group with ontinuous spin.

We onstrut the lassial twistor Lagrangian with twistor onstraints and oordinate

twistor transform whih give the links between phase variables of spae-time

formulation and twistors.

There are found the twistor �elds of the ontinuous spin massless partiles whih

depend only on twistor variables and have the heliities expansion.

There are presented �eld twistor transform whih expresses spae-time �elds in terms

of twistor �elds by the integral transformation.

Obtained in the suh way spae-time �eld is the exat solution of the

Wigner-Bargmann equations.



Conlusion

Let us note some omments on the onstruted model.

i) Mass parameter µ determining the irreduible Poinar�e representations has a role

similar to the mass in the massive Poinar�e representations: spin (heliity) ontents of

the ontinuous spin representations are the same for di�erent values of µ.

ii) In the limit µ → 0 our twistorial model produes the massless higher spin partile. So,

in the limit µ → 0 (M → 0) the onstraints παρα = M = 0 and .. imply πα ∼ ρα and

wαα̇ ∼ pαα̇. As result, the integrand in obtained �eld twistor transform oinides with

higher spin �eld in unfolded formulation [M.A.Vasiliev, 2002℄

Ψhsp(x, π, π̄) = eiπαπ̄α̇xα̇α
Ψ̃hsp(π, π̄) ,

where the funtion Ψ̃hsp(π, π̄) of two omplex variables πα de�nes an in�nite tower of

the massless states with arbitrary heliities.

iii) There is a mixed Shirafuji formulation of massless partiles whih uses both spae-time

vetor variables and twistorial ones, with a spei� term παπ̄α̇ẋα̇α
in the Lagrangian.

This formulation of the ontinuous spin partile will make it possible to �nd additional

relations of this system with a higher spin partile in the unfolded formulation.

iv) Another important task is the onstrution of the Lagrangian �eld theory of ontinuous

spin. An e�etive way of realizing this task is to use BRST quantization methods.

Some aspets of BRST-BFV formulations of the �eld theories in the ase of ontinuous

spin partiles were studied in [A.K.H.Bengtsson, 2013; R.Metsaev, 2018;

I. Buhbinder, V.Krykhtin, H.Takata, 2018℄.
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