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SU(4)/SU(2)×SU(2)×U(1) harmonic coset space

Harmonic variables

We use the harmonics parameterizing the 8
dimensional coset space U8 = G/H

u+a
k , u−â

k

where G = SU(4), H = SUL(2) × SUR(2) × U(1),
k = 1, 2, 3, 4 is the spinor index of SU(4), a = 1, 2
describe the SUL(2) doublet and â = 1̂, 2̂ corre-
sponds to the SUR(2) doublet, and ± are charges
of U(1). They form an SU(4) matrix and are co-
variant under the independent G and H trans-
formations.
The Hermitian conjugation of the harmonic

matrix SU(4) gives us the conjugated harmonics

u+a
k = ū−k

a , u−â
k = ū+k

â

The harmonics satisfy the following basic re-
lations :

u+a
i ū−i

b = δab , u+a
i ū+i

b̂
= 0

u−â
i ū+i

b̂
= δâb̂ , u−â

i ū−i
b = 0

u+a
i ū−k

a + u−â
i ū+k

â = δki
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εijklu+a
i u+b

j u−â
k u−b̂

l = εabεâb̂ .

The special ∼-conjugation for these harmonics
and other quantities preserves U(1) charge and
changes indices of two SU(2) subgroups

(u+a
i )∼ = −ū+i

â , (u−â
i )∼ = −ū−i

a , (εab) = εb̂â

(ū−i
a )∼ = −u−â

i , (ū+i
â )∼ = −u+a

i

it is consistent with the basic harmonic rela-
tions.
The U(1) neutral SU(4)-invariant harmonic deriva-

tives

∂a
b = u+a

i ∂−i
b − ū−i

b ∂̄+a
i − 1

2
δab (u

+f
i ∂−i

f − ū−i
f ∂̄+f

i )

∂̂ â
b̂ = u−â

i ∂+i
b̂

− ū+i
b̂
∂̄−â
i − 1

2
δâb̂ (u

−f̂
i ∂+i

f̂
− ū+i

f̂
∂̄−f̂
i )

∂0 = u+f
i ∂−i

f − ū−i
f ∂̄+f

i + ū+i
f̂
∂̄−f̂
i − u−f̂

i ∂+i
f̂

contain partial harmonic derivatives

∂−i
b =

∂

∂u+b
i

, ∂+i
b̂

=
∂

∂u−b̂
i

, ∂̄−b̂
i =

∂

∂ū+i
b̂

, ∂̄+b
i =

∂

∂ū−i
b

These neutral harmonic derivatives satisfy the
SUL(2)× SUR(2)× U(1) Lie algebra.
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The eight charged coset harmonic derivatives

∂++a
b̂

= u+a
i ∂+i

b̂
− ū+i

b̂
∂̄+a
i

∂−−â
b = u−â

i ∂−i
b − ū−i

b ∂̄−â
i

satisfy the SU(4) Lie algebra
The special Hermitian conjugation is defined

for the harmonic derivatives

(∂+i
b̂
)† = ∂̄+b

i , (∂−i
b )† = ∂̄−b̂

i

(∂a
b )

† = ∂̂ b̂
â, (∂0)† = −∂0, (∂++a

b̂
)† = ∂++b

â ,

(∂−−â
b )† = ∂−−b̂

a ,

(∂++a
b̂

f )∼ = [∂++a
b̂

, f ]† = −∂++b
â f̃ ,

(∂a
b f )

∼ = [∂a
b , f ]

† = −∂̂ b̂
âf̃

where f and f̃ are the ∼-conjugated harmonic
functions.

Irreducible harmonic combinations

We study irreducible in SU(4) and SUL(2) ×
SUR(2) group indices combinations of the har-
monic coordinates with diferent U(1) charge q

q = 0 harmonics
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We consider the bilinear traceless neutral com-
binations of harmonics

Uk
l = u+b

l ū−k
b − ū+k

b̂
u−b̂
l = −(U l

k)
∼, Uk

l U
l
j = δkj

The simplest bilinear combinations with SUL(2)×
SUR(2) indices have the form

Uaâ
[ij] =

1

2
u+a
i u−â

j −1

2
u+a
j u−â

i , Uaâ
(ij) =

1

2
u+a
i u−â

j +
1

2
u+a
j u−â

i

Ũ
[ij]
aâ = (Uaâ

[ij])
∼, Ũ

(ij)
aâ = (Uaâ

(ij))
∼

We consider the important U(1) neutral self-
duality relation connecting conjugated harmon-
ics

Uaâ
[ij] =

1

2
εijklε

abεâb̂Ũ
[kl]

bb̂

q = 2 harmonics

The q = 2 charged self-duality condition

1

2
εklijU++

[ij] = Ũ++[kl]

connects the corresponding combinations of har-
monics

U++
[ij] = εabu

+a
i u+b

j , Ũ++[ij] = εĉêū+i
ĉ ū+j

ê = −(U++
[ij] )

∼
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The q = −2 charged self-duality condition

1

2
εklijU−−

[ij] = Ũ−−[kl]

connects the corresponding combinations of har-
monics

U−−
[ij] = εâb̂u

−â
i u−b̂

j , Ũ−−[ij] = εceū−i
c ū−j

e = −(U−−
[ij] )

∼

εijklU−−
[ij] U

++
[kl] = 4

Analytic basis of the SU(4)/SU(2)×SU(2)×U(1)
harmonic superspace
We use the N = 4 superspace R(4|16) with 4

space-time and 8+8 spinor coordinates

z = (xm, θαk , θ̄kα̇)

where k = 1, 2, 3, 4 is the SU(4) index, m = 0, 1, 2, 3
is the vector index and α, α̇ are the SL(2, C)
spinor indices. The supersymmetry transforma-
tions have the form

δxm = −i(ϵkσ
mθ̄k)+i(θkσ

mϵ̄k), δθαk = ϵαk , δθ̄kα̇ = ϵ̄kα̇
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We construct the analytic coordinates in the
U8 harmonic superspace H(4 + 8|8)

xmA = xm − i(θ−a σ
mθ̄+a) + i(θ+â σ

mθ̄−â)

δϵx
m
A = 2i(θ+â σ

mϵ̄−â)− 2i(ϵ−a σ
mθ̄+a)

θ+α
â = θαi ū

+i
â , θ̄+aα̇ = θ̄iα̇u+a

i = −(θ+α
â )∼

We add also the nonanalytic spinor coordinates
in the analytic basis (AB)

θ−α
a = θαi ū

−i
a , θ̄−âα̇ = θ̄iα̇u−â

i = −(θ−α
a )∼, (θ−aα)∼ = θ̄−α̇

â

We consider bilinear products of spinor coordi-
nates

Θ++αβ = εb̂âθ+α
â θ+β

b̂
, Θ̄++α̇β̇ = εbaθ̄

+aα̇θ̄+bβ̇

Θ++αβ(θ+â θ
+
b̂
) = 0

We use the spinor derivatives in the analytic
basis

D+b
α = ∂+b

α , D̄+
b̂α̇

= −∂̄+
b̂α̇

D−â
α = ∂−â

α + 2iθ̄−âα̇∂A
αα̇, D̄−

bα̇ = −∂̄−
bα̇ − 2iθ−α

b ∂A
αα̇

∂+b
α =

∂

∂θ−α
b

, ∂−â
α =

∂

∂θ+α
â

, ∂̄+
b̂α̇

=
∂

∂θ̄−b̂α̇
, ∂̄−

bα̇ =
∂

∂θ̄+bα̇

∂A
αα̇ = (σm)αα̇

∂

∂xmA
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The CR harmonic derivative in AB

D++b
b̂

= ∂++b
b̂

+2iθ+β

b̂
θ̄+bβ̇∂A

ββ̇−θ+β

b̂
∂+b
β +θ̄+bβ̇∂̄+

b̂β̇
= (D++b

b̂
)†

preserves analyticity

[D++b
b̂

, D+a
α ] = 0, [D++b

b̂
, D̄+

âα̇] = 0

We also define the nonanalytic and neutral har-
monic derivatives in AB

D−−â
b = ∂−−â

b − 2i(θ−b σ
mθ̄−â)∂A

m − θ−α
b ∂−â

α + θ̄−âα̇∂̄−
bα̇

D0 = ∂0 + θ+α
â ∂−â

α + θ̄+aα̇∂̄−
aα̇ − θ−α

a ∂+a
α − θ̄−âα̇∂̄+

âα̇

Da
b = ∂a

b + θ̄+aα̇∂̄−
bα̇ −

1

2
δab θ̄

+cα̇∂̄−
cα̇ − θ−α

b ∂+a
α +

1

2
δabθ

−α
c ∂+c

α

D̂â
b̂ = ∂ â

b̂ − θ+α
b̂

∂−â
α +

1

2
δâb̂θ

+α
ĉ ∂−ĉ

α + θ̄−âα̇∂̄+
b̂α̇
− 1

2
δâb̂ θ̄

−ĉα̇∂̄+
ĉα̇

The integral measure in the analytic superspace
has the form

dζ(−8) = d4xAD
−4D̄−4

D−4 =
1

24
(D−âD−b̂)(D−

â D
−
b̂
), D̄−4 =

1

24
(D̄−aD̄−b)(D̄−

a D̄
−
b )

D−4Θ+4 = 1, D̄−4Θ̄+4 = 1
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N = 4 superfield constraints in the harmonic
superspace

The on-shell superfield constraints of the N = 4
Yang–Mills theory in the ordinary superspace
are described by the following equations (M.F.
Sohnius, Nucl. Phys. B 136 (1978) 461)

{∇k
α,∇

j
β} = εαβW

kj , {∇̄kα̇, ∇̄jβ̇} = εα̇β̇W̄kj ,

{∇k
α, ∇̄jβ̇} = −2iδkj∇αβ̇

where ∇ are the spinor and vector covariant
derivatives in the the central basis (CB).
We consider harmonic projections of the N = 4

constraints

{D+a
α ,D+b

β } =
1

2
εαβε

baW++

{D̄+
âα̇, D̄

+
b̂β̇
} =

1

2
εα̇β̇εb̂âW̄

++ =
1

2
εα̇β̇εb̂âW

++

{D+a
α , D̄+

âβ̇
} = 0

where
D+a

α = u+a
k ∇k

α = D+a
α + A+a

α

D̄+
âα̇ = ū+k

â ∇̄kα̇ = D̄+
âα̇ + Ā+

âα̇

W++ = εabu
+a
k u+b

l W kl, W̄++ = εâb̂ū+k
â ū+l

b̂
W̄kl
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We connect the self-duality condition for W kl

with the harmonic condition of anti-Hermicity

[(W++)AB]
∼ = −(W++)BA, A,B = 1, 2, . . . n

1

2
εklijεabu

+a
i u+b

j = εâb̂ū+k
â ū+l

b̂
= −[εabu

+a
k u+b

l ]∼

We analyze the superfield equations

[∂++a
â ,D+b

α ] = 0, [∂++a
â , D̄+

b̂α̇
] = 0, [∂++a

â , ∂++b
b̂

] = 0

∂++a
â W++ = 0, ∂++a

â W̄++ = 0

D+a
α W++ = D̄+

âα̇W
++

which are evident in the central basis.
In the analytic basis of the non-abelian the-

ory, we define the Hermitian analytic gauge 4-
prepotential

(V ++a
b̂

)BA = [(V ++b
â )AB]

∼, D+c
α V ++a

b̂
= D̄+

ĉα̇V
++a
b̂

= 0

in the adjoint representation of the gauge group
SU(n)

δλV
++a
b̂

= −D++a
b̂

λ + [λ, V ++a
b̂

]

where we use the analytical superfield gauge
parameters λB

A = −(λA
B)

∼ The pure analytic har-
monic covariant derivative is defined off mass
shell D++a

b̂
= D++a

b̂
+ V ++a

b̂
The commutator of
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pure analytic covariant harmonic derivatives

[D++a
â ,D++b

b̂
] =

1

2
F (+4)abεâb̂ +

1

2
F̂

(+4)

âb̂
εba

is expressed via two dimensionless analytic gauge
covariant superfields

F̂
(+4)

âb̂
= εab(D

++a
â V ++b

b̂
−D++b

b̂
V ++a
â +[V ++a

â , V ++b
b̂

]) = F̂
(+4)

b̂â

F (+4)ab = −(F̂
(+4)

âb̂
)†

We consider the HS transform from the central
basis to the analytic basis

D+a
α = e−v∇+a

α ev, D̄+
âα̇ = e−v∇̄+

âα̇e
v, W++ = e−vW++ev

where v(z, u) is an anti-Hermitian superfield
matrix on the mass shell, and W++ is a har-
monic superfield in AB. We use the N = 4 non-
covariant on-shell representation of the spinor
covariant derivatives in the analytic basis

∇+a
α = D+a

α −1

4
θ−a
α W++, ∇̄+

âα̇ = D̄+
âα̇+

1

4
θ̄−âα̇W

++ = (∇+a
α )†

where W++ is an independent analytic anti-
Hermitian covariant superfield

δλW
++ = [λ,W++], (W++)† = −W++

These spinor AB covariant derivatives satisfy
the constraints

{∇+a
α ,∇+b

β } =
1

2
εαβε

baW++, {∇̄+
âα̇, ∇̄+

b̂β
} =

1

2
εα̇β̇εb̂âW

++
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{∇+a
α , ∇̄+

b̂β
} = 0

where we use the linear relations

D+b
β W++ = D̄+

b̂α̇
W++ = 0, D+a

α θ−b
β = −εαβε

ba

We define the on-shell harmonic covariant AB
derivative

ev∂++a
â e−v = ∇++a

â = D++a
â + V ++a

â

−1

4
[(θ−aθ+â ) + (θ̄−â θ̄

+a)]W++

The nonlinear consistency equations for these
AB constraints have the form

I) dim. 1 : D++a
â W++ = D++a

â W+++[V ++a
â ,W++] = 0

dim. 0 : E(+4)ab = F (+4)ab + (θ̄+aθ̄+b)W++ = 0,

Ê
(+4)

âb̂
= F̂

(+4)

âb̂
+ (θ+â θ

+
b̂
)W++ = 0

The constraint equations are covariant under
the nonstandard N = 4 supersymmetry trans-
formations

δϵW
++ = [(ϵkQ

k) + (ϵ̄kQ̄k)]W
++

δϵV
++a
â = [(ϵkQ

k)+(ϵ̄kQ̄k)]V
++a
â +

1

2
[(ϵ−aθ+â )+(ϵ̄

−
â θ̄

+a)]W++

δϵÊ
(+4)

âb̂
= [(ϵkQ

k) + (ϵ̄kQ̄k)]Ê
(+4)

âb̂

+
1

2
εab{[(ϵ−bθ+

b̂
)+(ϵ̄−

b̂
θ̄+b)]D++a

â −[(ϵ−aθ+â )+(ϵ̄
−
â θ̄

+a)]D++b
b̂

}W++
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Action of supergauge model in the harmonic
N = 4 superspace and component representation
of equations of motion

We consider an alternative harmonic formal-
ism of the N = 4 gauge theory off mass shell and
construct a gauge invariant and SU(4) invariant
action (A-model) including the independent an-
alytic superfield W++ and the prepotential V ++a

â

A ∼ 1

g2
∫
d(−8)ζduTr{W++[(θ+âθ+b̂)F̂

(+4)

âb̂
+(θ̄+aθ̄+b)F

(+4)
ab

+
1

2
W++(Θ+4 + Θ̄+4)]}

Varying the action in the superfield V ++a
â gives

us the equation

II) dim.0 : [εab(θ
+âθ+b̂) + εâb̂(θ̄+a θ̄

+
b )]D++b

b̂
W++ = 0

Varying A in W++ we obtain the equation

II) (θ+âθ+b̂)F̂
(+4)

âb̂
+ (θ̄+aθ̄+b)F

(+4)
ab +W++(Θ+4 + Θ̄+4)

= (θ+âθ+b̂)Ê
(+4)

âb̂
+ (θ̄+aθ̄+b)E

(+4)
ab = 0

Component analysis of the A-model
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WZ-type gauge condition for the prepotential
(V ++a

â )WZ = v++a
â + V++a

â where v++a
â contains the

standard N = 4 supermultiplet ϕ[kl], Am, λkα, λ̄k
α̇

v++a
â = −2θ+α

â θ̄+aα̇Aαα̇+ϕ[kl][(θ+â θ
+
ĉ )U

aĉ
[kl]+(θ̄+aθ̄+c)Ucâ[kl]]

+(θ+â θ
+
ĉ )θ̄

+aα̇u−ĉ
k λ̄k

α̇ − (θ̄+aθ̄+c)θ+α
â ū−k

c λkα

and V++a
â includes an infinite number of addi-

tional bosonic and fermionic component fields.
The off-shell decomposition of the independent
∼-imaginary abelian superfield strength contains
independent component fields

W++ = U++
[kl] F

[kl] + εb̂ĉθ+β

b̂
ū+k
ĉ Λkβ − εbcθ̄

+bα̇u+c
k Λ̄k

α̇

+iΘ++
αβ F

αβ + iΘ̄++
α̇β̇

F̄ α̇β̇

+θ+α
b̂

θ̄+α̇
b [U bb̂

[kl]W
[kl]
αα̇ + U bb̂

(kl)W
(kl)
αα̇ − Ũ bb̂(kl)W̄(kl)αα̇]

+(θ+
b̂
θ+ĉ)Ũkb̂

ĉl V
l
k − (θ̄+bθ̄+c )U

ck
bl V̄

l
k + . . .

The abelian version of equation gives us alge-
braic restrictions for the infinite supermultiplet

V k
l = 0, T [kl] = 0, P k

α = 0, . . .

and differential constraints

∂α̇βFαβ = 0, ∂α̇βΛkβ = 0, W
[kl]
αα̇ = −4i∂αβ̇F

[kl]

∂α̇αW
[kl]
αα̇ = 0, Rk(αβ)α̇ = i∂(αα̇Λkβ)
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Nonlinear interactions in the abelian N = 4
gauge theory

We consider the bilinear component electro-
magnetic terms from the abelian version A0

1

64
[F αβFαβ + 4F αβ(∂αβ̇A

β̇
β + ∂ββ̇A

β̇
α) + c.c]

F 2 = F αβFαβ, F̄ 2 = F̄ α̇β̇F̄α̇β̇

The N = 4 supersymmetric fourth-order inter-
action of the abelian harmonic superfield

S4 = N1f
2

∫
d(−8)ζdu(W++)4

In particular, this superfield term yields the
component interaction

L4 ∼ f 2F 2F̄ 2
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Conclusion

1. We solve the N = 4 Yang-Mills superfield
constraints in the SU(4)/SU(2)×SU(2)×U(1) har-
monic superspace. The constraint equations con-
nect independent analytic harmonic superfields
W++ and V ++a

â . In the component fields these
equations are equivalent to the known N = 4
SYM equations.

2. We construct the alternative off-shell for-
malism using the superfield action for W++ and
V ++a
â which contain manifestly the Grassmann

coordinates.

3. We construct the nonlinear effective super-
symmetric interaction of the abelian superfield
W++.
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