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1.) Comassa-Holm and Degasperis-Procesi equation

2.) Cubic peakon equation

)
)
) Bi-Hamiltonian structure,
) Method of generalizations:
a.) multi-component C-H equation ,
b.) multi-peakon cubic.
5.) Supersymmetric Cubic Peakon Equation

3
4.

6.) Double extended Cubic Peakon Equation
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Camassa - Holm equation

Up — Usyt = % (—3u2 + 2uuy + ui)x

1
ug + 53(u2+6%(2u2+u§)) =0
fxg = / dy f(Y)g(x—y),  G(x)=5e ™
Tautological solutions

Ut — Uyt = QUUy 6Uxuxx + Y UUxxx
u(x,t) = al(t)e’+ o(t)e™
a+B+v=0



From the physical point of view (Novikov due to symmetry) only
A.) Comassa-Holm a=-3, =2, v=1,
B.) Degasperis-Procesi a=—-4, =3, v=1
Peakon Solutions of Camassa-Holm

my = —umy — 2muy,

The scalar spectral problem is

1

Vi = (Z — Am)V
One peakon
u(x,t) = p(t)e—lx—q(t)l _ p(t)e—|x—ct—co|
ue = —sgn(x —q)u, m=25(x—q)u

pt:07 qt:O:>q:Ct+CO7 p=c.



Multipeakon solution.

N

u(x,t) = py(e)e a0

j—1

N N
= pipksgn(qj — qu)e” 9K, g =" pelam%
k=1 k=1
Degasperis-Procesi

2 2
Up — Ut yx = (—2u + Ul + uX)X

my = —3u,m — myu,
The scalar spectral problem is

Vs = WUy — AmV.



Cubic Peakon Equation

(]‘ - xx)Ut W(U Ux, Uxx, Uxxx)

How to find the polynomial W7
Hint: Higher symmetries Novikov

For square and cubic we have 9 equations.
Only 2 cubic equations are interesting.

me + (m(u —u)) =0

me + u?my + 3uuem =0



Bi-Hamiltonian Structure m; = BO(SHz Bl%
1.) C-H equation.

my = —umy —2muy,

By = —-9(1-0°)=-L, By = m8+8m)
H, = /dxu—i—uu /dxu—i—u
2.) D-P equation.

my = —umy, — 3muy,
By = 4- 8XX) B = (mX + 3m8 (2mX + 3m8)

H, = ——/dxu :——/dxm



3.) Cubic peakon equation.

me = —3uuem— u’my,
By = —2(3m8 +2m, ) (40 — 9*)"1(3md + my)
By = (1-8)mtom (1 -8?)

H2 = /dxmu

H = 5/ dx umd~tm(9? — 1)(u?my + 3uu,m)

Multi-component Peakon Equations



Two-component C-H

1
v, = (Z —Am+ )\2p2> v
1 1
‘Ut = — (ﬁ =+ U> ‘UX + EUXW,
me = =2mu, — meu+ppx,  pr = —(Up)x

Ivanov and Holm generalization CH(N,K)

N 1
Voo = (D ailot)N + w
i=1
K
Ve = (= uilx, t)/N O+ uj(x, t)/2) ¥
j=0

two-component D-P and Cubic equation 7 please wait



Two-peakon cubic equation

my = —3uxvm — uvmy, m = U — Uy

ng = —3veun — uvny n= VvV — Vg

1
B — : ( 3mo + 2my

3n0 4+ 2ny
3< md~1m —m8_1n>

2\ —ndtm noln

0 0*—-1
Bo = (1—82 0 >

(0®—40)7Y, H = / dx un

>£A_1( 3md + my, 3nd+ ny )

o
Il

1
H, = —5/ dx (3u2vxn+u2vnx)



Supersymmetric N = 2 cubic peakon equation as
two-component cubic peakon equation

9 9
D 6,0, D 9 ., D?=1DD3=
1= 50 223, 2= 36, ~ 10x, 1 5=0

{D1,Dy} = —0x, D3 =[D1,D;] = 3 +2D:Ds,

T = —D30y + 20, W + 2(D1 W)Dz + 2(D2 W)Dl —j2*’1
=\ V4 Vet 2DV)Ds + 2(D5 VD 0

Dirac reduction when W =1 gives

= [0,V + Vi + 2(D1V)D3 + 2(D2 V) D1](40x — D) (2 4 D3)

[0xV +2(D1V)Dy + 2(D2 V) Dy

where (—=D3 +2)71 = (4 — 0.)"1(2 + D3)



oH

H o= % / dxdlfy d0, VA,

Vi = VUA? + VALA + (Do V) (D1 A?) + (D1 V) (D2 A?)

Bosonic sector

V = vy + 661vy, A=u+ 6012, Vo = u— 2ay,
1
vi=a1 — Euxx, ap = E(U - P),

1 1
Vi = E(U — Uxx — P) = E(m - p)
Two-component cubic pekon equation

pe = pxl” + pully,
me = 3u,um + u¥m, — p(up)x.



Hamiltonian Structure, Not Bi

<’€’>t:’€<§6:§>’ HZ%/ dx(mu — p?)

. o102 L1 20 ) 3p=10p2 L~ m/30m?/3
3m?BRAL 1 p20p™t  —pdp + 9Im?PomBL I mBom?/3

A

L =093 —40,.

K is a Dirac reduced version of

—p0x — 2px 0 0

Oxx — 4U0 — 22Uy px — pOx —myx —3md
—2my — 3moy 0 —pOyp



How to find two-component and two-peakon cubic
equation?

Pt = pxu2 + puux, my = 3u,um + Uzmx - p(up)x

my = —3u,vm — uvmy, ny = —3v,un — uvny,

Hint: Construct Bi-Hamiltonian structure

—Oxxx + 40y + 2uy _j2*71 _j:’:l _‘-74::1 _‘75:1

pytop? 0 0 0 0

J = 3my %0, m2/ 0 B3 0 s
Py 0.3 0 0 0 0
3my/20,m3/> 0 T35 0 Jss



Jz3 = Amid tmy+ Xm0 my 4+ A3(m10 my + mpd = my)
+k1p10p1 + kap20p2 + k3(p10p2 + p20p1).
Tz = Aam0 tmy + Asmpdtmy + Nem10 ma + A\ympd T my
+kap1p20 + ksp1xp2 + kep1pax + kip30 + kep30
+kop1p1x + kiop2p2,x
Tos = Agmd imy + Aogmpd tmo + Alo(mla_lmg + mza_lml)
+k11p10p1 + k12p10p2 + k13(p10p2 + p20p1).

Jacobi identity fixes arbitray constants . Next consider Dirac

reduction when u = 1. It gives us the second Hamiltonian operator

K= J‘u:l



We postulate the following first Hamiltonian operator as

0 0 1 0

0 0 0 1— 0«
L= -1 0 0 0

0 —-1+0« O 0
RESULTS
P1 Ho,p, Hi,p
my Ho,m Hi,m

— ﬁ > e ,C >

p2 Ho,p, Hi,p,
mo Ho,m, H1,m,

t )



Ho

-
2p1,x + p10 —p1,x + p10
2mq » +3m0 1 my x +3mo
5 ' aXXX - 48)( ’
2 2p2,x + p20 ( ) —p2,x + p20
2my  + 3my0 my x + 3mpd
0 0 0 O
110 Cop 0 Kog
2 0 0 0 O
0 —K3, 0 Kag
162,2 = 3m28_1m2, ]&474 = 3m18_1m1

/@274 = —3m28_1m1 + p28p1 - /)1302

= —/ dx my(uptd — Uy st tn) 4 mo(uo o — g xU3)
+p1p2(totn x + uruy ) + Pzpl,x(uf + 13)
1
= E/ dx (m1u1 —+ mouo + Qp% + 2p§)



Equation

P1t = ,01,X(U% + ug) + p1(urxur + tpun x)
P2t = pz,x(uf + ug) + ,02(U1,XU1 + U2U2,x)

myt = [ml(U% + U%)]x + my(urxun + Upxtn) —
3my(ugxur — u1xt2) + ta(p2p1.x — P1P2.x)
mp = [mz(uf + ug)]x + mz(ul,xul + Uz,xuz) +

3my (o xtn — U1 xU2) + ur(p1p2x — P2p1.x)



Reduction

m1:i(n1—n2)/2, U1:i(V1—V2)/2, plzirl

my=(m+m)/2, w=Wwi+wn)/2, p=n

1
nt= Erl(Vl V2)x + M xVivo

1
rn: = §f2(V1 v2)x + r xVvViveo

Mt = Vivan x + 3vixvons + vo(rarn x — rrn.x)

Mt = vivam x + 3vaviny — vi(rrn x — rrnx)

when rp =rn =20

nie = vivang x + 3vi xvam

Mot = vivanp x + 3va xvimp



whenn=rn=rm=m=nvi=w=yv

re = rvvy + er2, ny = vznx + 3v,vn



