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EM Waves in Media with Planar Symmetry:

n2(2)9%E — ?0%E = 0

n .=+ . Refractive index ;

E(z,t) = Ee ™ y(2)7
" (2) + v(2)(2) = k2(2)
v(2) 1= k2[1 — n?(2)]



EM Waves in Media with Planar Symmetry:

A

n2(2)9%E — ?0%E = 0 v

n =+ Refractive index E
N

E(z,t) = Ee ™ y(2)7 R /
—"(2) + v(2)9(2) = k29(2) é
v(z) == k?[1 — n?(2)]

For |z| > %, n(z) =1 = v(z) =0

v(z) is a complex scattering potential.



One-Dimensional Scattering T heory

e Time-Indep. Schrodinger Eq.: —v(z)" +v(2)y(z) = k%yY(z)
e v . R— Cis a possibly k-dependent potential &

v(z) -0 for x— +oo.



One-Dimensional Scattering T heory

e Time-Indep. Schrodinger Eq.: —v(z)" +v(2)y(z) = k%yY(z)
e v . R— Cis a possibly k-dependent potential &

v(z) -0 for x— +oo.

e Asymptotic solutions:

Y(x) = Are™ + Bie ™ for x — doo.

Ay
By

T Mun(k) Mia(k) 1T A
o [ M>1(k)  Maa(k) ] [ B_ ]

e |[ransfer matrix:

o det M = 1.



e Scattering from the left and right:
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e Scattering from the left and right:

w|eft(m) _ <( ethr | Rle_ik“’ for » —- —o0
\ T'etkz for r — 4+
( r _—ikx
1
T'=T" =T =
Moo
M M
R[ — 21’ R — 12
Moo Moo

e Bound states & resonances are zeros of Mao(k).



Spectral Singularities & Unidirectional Invisibility

e Spectral singularities are real zeros of Moo (k).



Spectral Singularities & Unidirectional Invisibility

e Spectral singularities are real zeros of My (k).

e Reflection and Transmission amplitudes diverge at
a spectral singularity.

= infinite amplification of incident waves.

e Physically they correspond to scattering states that behave
like resonances: Zero-width resonances.

A. M., PRL 102, 220402 (2009) & PRA 83, 045801 (2011)
A. M., PRL 110, 260402 (2013) & PRA 87, 063838 (2013)
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e Spectral singularities are real zeros of My (k).

e Reflection and Transmission amplitudes diverge at
a spectral singularity.

= infinite amplification of incident waves.

e Physically they correspond to scattering states that behave
like resonances: Zero-width resonances.

Optical Spectral Singularity = Lasing at threshold gain
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Spectral Singularities & Unidirectional Invisibility

e Spectral singularities are real zeros of My (k).

e Reflection and Transmission amplitudes diverge at
a spectral singularity.

= infinite amplification of incident waves.

e Physically they correspond to scattering states that behave
like resonances: Zero-width resonances.

Optical Spectral Singularity = Lasing at threshold gain

A. M., PRL 102, 220402 (2009) & PRA 83, 045801 (2011)
A. M., PRL 110, 260402 (2013) & PRA 87, 063838 (2013)

Time-reversed SS: M;1(k) = O for a real k (antilasing)

Chong et al, PRL 105, 053901 (2010)
Wan et al, Science 331, 889 (2011)



Spectral Singularities & Unidirectional Invisibility

R'R" Rr
T —
M = o r
R 1
i T T

Unidir. Reflectionlessness: R' = 0# R" or R" = 0 # R/
Only one of My, and M»q is zero.

Unidir. Invisibility: R\ =0# R or R=0#R & T =1
Only one of Mi2 and Mo»q1 is zero & M1 = Moo = 1.

Lin et al, PRL 106, 213901 (2011)
Regensburger et al, Nature 488, 167 (2012)



If v(x) is a real potential,
R’ =R,  |RVTP+T?=1

= Spectral singularities and unidirectional reflec-

tionlessness & invisibility cannot happen for a real
potential.



Composition Property of M

Let v1 and vy be scattering potentials such that

vi(z) =0 for x> a,
v(z) =0 for x<a
v(z) = vi(x) + va(x).
M: Transfer matrix of vq
Mbo>: Transfer matrix of wvs

M: Transfer matrix of v = v1 + vo

U1

A
A




Composition Property of M

Let v1 and vy be scattering potentials such that

vi(z) =0 for x> a, a

v(z) =0 for x<a

v(z) = vi(x) + va(x). u1

M;: Transfer matrix of v; ol

Mo>: Transfer matrix of vo

M: Transfer matrix of v = v1 + vo

Then M = MQ Ml.
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Composition Property of M

Let v1 and vy be scattering potentials such that

vi(z) =0 for x> a,

v(z) =0 for x<a

v(z) = vi(x) + va(x). u1

M: Transfer matrix of vq
M>: Transfer matrix of v

M: Transfer matrix of v = v1 + vo

Then M = MQ Ml.

U2

This resembles the composition rule
for the evolution operator U(t,tg) of
a quantum system: 0

U(tQ: tO) — U(fQ tl)U(lLl tO)
for to < t1 < to.

0

A
A




Time-indep. Schrodinger Eq.: —¢"(z) + v(z)v(x) = k% ()

W (r) =H(()W(7)



Time-indep. Schrodinger Eq.: —¢"(z) + v(z)Y(z) = k% ()

de(7) v(z)

T .= kzx, o(r) = ?#(7'/'1?) ¢(7') = dr w(T) 1= -2

— 1] o(r) —ig(r) 1t 1 ]_.
W(r) = §[¢(T)+z¢(7)], N.—[_l _1]—1024-03

| w(r)—1 w(T) _
H(r) = [ “w(r) —w(r) + 1 ] = —o3+ w(7)N

W (r) =H(()W(7)




Time-indep. Schrodinger Eq.: —¢"(z) + v(z)v(x) = k% ()

w(r) —1 w(T)
—w(r) —w(r)+1

W (r) =H(()W(7)

e H(7) is a 2-level non-Hermitian Hamiltonian.
e H(7) is o3-pseudo-Hermitian, if visreal; H(r) = o3H(7)o5 " .
e Eigenvalues of H(7) = 4n(7), n:=+1 - 2w = /1 —v/k>.
e Classical turning points are exceptional points of H(7).




o |1 1
H(7) .= —03 + w(7)N, N = [ 1 1 ]

. —i [ H(t)d
e Evolution operator: U(7,70) := Je ffo (*) t;

U(r,70) = H(r)U(r, 70), U(m0,70) =1
W(r) = U(r,70)W¥(70)

e Free particle: H(7) = —o3, U(7,70) = Ug(7 — 10).
Uo(7) = e 7o



L 1 1
H(7) .= —03 + w(7)N, N = [ 1 1 ]

. —i [ H(t)d
e Evolution operator: U(7,70) := Je ffo (*) t;

U(r,70) = H(r)U(r, 70), U(m0,70) =1
W(r) = U(r,70)W¥(70)

e Free particle: H(7) = —o3, U(7,70) = Ug(7 — 10).
Uo(7) = e 7o

Theorem: The S-matrix of H(7) is the transfer matrix of v;
M = Ug(400) tU(4+00, —00)Ug(—0).

A. M. PRA. 89, 012709 (2014)



e Free particle: H(7) = —o3, U(7,70) = Ug(7 — 70).

e Interaction-picture Hamiltonian: W(7r) — Uo(7)~1W (1)

A (1) = Uo(r) "H(7)Uo(7) — iUo(r) " Uo(7)

= ’LU(’T) [ _12i7' 6:2::7- ]

€

e 77 (1) is non-diagonalizable matrix.
e Spectrum of () is {0}.

o (1) is o3-pseudo-normal, i.e., [# (1), # (1)} = 0, where
I = 051320103.

o /(1) is oz-pseudo-Hermitian, if v is real.



e Free particle: H(7) = —o3, U(r, 1) = Uo(r — 70).

e Interaction-picture Hamiltonian: W(7r) — Uo(7) W (1)

A (r) = Uo(r) "H(r)Uo(r) — iUo(r) ' Uo(7)
1 6—22'7'
— w(T) [ _€2iT -1 ]

Theorem: Let % (7,70) be the Interaction-picture evolution
operator. Then M = Z (400, —0).



Motivation: 3 a dynamical eq. for Z (7, 10).
iU (1,70) = H(T)U (7,70) & U (10, 70) = 1

Can we find a dynamical eq. for M7



Motivation: 3 a dynamical eq. for Z (7, 10).
iU (1,70) = H(T)U (7,70) & U (10, 70) = 1

Can we find a dynamical eq. for M7

For each a € R, let o := ak,

) v(xz) for z<a
Ua(x)'_{ 0 for z>a "’

and M(«) := transfer matrix of v,.




Motivation: 3 a dynamical eq. for Z (7, 10).
iU (1,70) = H(T)U (7,70) & U (10, 70) = 1

Can we find a dynamical eq. for M7
v(z)
For each a € R, let o := ak, |
) v(xz) for z<a
va(2) '_{ O for =z>a’
and M(«) := transfer matrix of v,.
Va(T)

0F

Then M(a) = Z (a, —oc0). Therefore,
10o.M(a) = 77 (a)M(a), M(—o0) = 1.
We also have M = M(o0).




10oM(a) = ' (a)M(a) & detM # 0 =

_€2za 1

i[0oM ()M (o)™t = #(a) = w(a) [
Recall w(a) = v(a)/2k?.

1 6—2'ia ]



10oM(a) = ' (a)M(a) & detM # 0 =
0. M(a)IM(a)! = #(a) = w(a) [ L

_ 2ia
Recall w(a) = v(a)/2k?.

Eg: Square Barrier Potential of height 3 € C,
3 for x € [0, L]

v(@) =vilz) :{ 0 for « ¢ [0, L]

€

—27¢x

|



10oM(a) = ' (a)M(a) & detM # 0 =

0. M(@)]M(a) ™ = #(a) = w(a) [ L ]
Recall w(a) = v(a)/2k?.

Eg: Square Barrier Potential of height 3 € C,

3 for x € [0, L]

v(@) =vi(z) :{ 0 for « ¢ [0, L]

Mji (@) = [cos(na) +i(n?+ 1)sin(na)/2n] e,
Mis(a) =i(n? — 1)sin(na)e™™/2n,
le(a) = Mw(—a), Mzz(a) = M11(—04),

n o= +/1—3/k?




i0uM(a) = #()M(a),  M(—oc0) = 1



i0uM(a) = #()M(a),  M(—oc0) = 1

RIR™ R"
T_
M — T T
R! 1
T T

RUT(a) := RY™ for vq & T(a) :=: T for v, =
RY"(«) and T(«) satisfy dynamical egs.



Finite-range potentials: w(r) =0 for 7 ¢ [r—, 74].



Finite-range potentials: w(r) =0 for 7 ¢ [r—, 74].

z=e 2 ecSlCC &2y . =m=e?eSCC



Finite-range potentials: w(r) =0 for 7 ¢ [r—, 74].

zi=e 2 ecSlCC& 24 . =m=e?eStCC

R'(z) = ;((Z)) — z,
s
B =~ ] % 50502

T(z) = !

S'(z)



Finite-range potentials: w(r) =0 for 7 ¢ [r—, 74].

zi=e 2 ecSlCC& 24 . =m=e?eStCC

RG) = 22—

v [T SO
R = - [ % sscr
T(z) = S’gz)'

225" (2) h(kz)] S(z) =0
S(z_) = z_, S'(z-) =1

v(z) ‘= v(ilnz/2k) = v(a)



Finite-range potentials: w(r) =0 for = ¢ [7—, 74].
zi=e 2 ecSlCC& 24 . =m=e?eStCC

R'(z) = ;((Z)) — z,
z _ [ S"(¢)
e = | “sosor
T(z) = S’gz)'
225"(2) [5(2)] S(z) =0
) 4k= 2 Can use these for
S(z_) = z_, S'(z-) =1

Inverse scattering.
v(z) ‘= v(ilnz/2k) = v(a)



I R'R™ R’ |
M — T T
R! 1

! T T _

A finite-range potential with a SS at k = ko:
T = 1/S" should have a pole at k = ko.

A. M. Ann. Phys. 341, 77 (2014)



i R'R™ R" |
T_
M = o r
R 1
i T T |

A finite-range potential with a SS at k = ko:
T = 1/S" should have a pole at k = ko.

2_ 9 1
Choose S(z) = e z+zJ)’ 7. =0, 7y = kL, koL ¢ 27
2(a) = 1 v(z) 1 4 8 [e4ikor — 2e=2ko(L-x) L 1]7" ¢ [0, L]
r)=1— —
k2 1 z ¢ [0, L]

A. M. Ann. Phys. 341, 77 (2014)



Finite-range right-invisible potential at £ = kj:

RT_%—Z—O&T—S,—lfOFZ—Z_|_—€_2iT+.



Finite-range right-invisible potential at £ = kj:
Rr:%—z:O &T:§:1 forz:z_|_:e_2i7+.
Choose S(2) = z[a(z — 1)2 4+ 1],

=0, 7. = koL, :=7n, & ne€Z7T:



Finite-range right-invisible potential at £ = kj:

Rr—%—z—O&T—S,—lforz—z_|_—e_2”+.

Choose S(2) = z[a(z — 1)2 4+ 1],
=0, 7. = koL, :=7n, & ne€Z7T:

2y 2 [ 1@ wElo Ll
- 1 x ¢ [0, L]

—kznf&(x) x € [0, L]
0 L ¢ [O,Ln]

8ria(3 — 2e2tkor)
eAikox + a(l _ eQikom)Q

v(x) = van(x) = {

fa(x) 1=



Finite-range right-invisible potential at £ = kj:
Rr:%—z:O &T:§:1 forz=z+:e_2”+.
Choose S(2) = z[a(z — 1)2 4+ 1],

=0, 7. = koL, :=7n, & ne€Z7T:

2(2) :{ 1+ nfa(z) € [0,Ln]

—kznf&(x) x € [0, Ly]

8ria(3 — 2e2tkor)

v(x) = van(x) = {

Jalw) = =7 T (1 — c2ikor)2
At k= kg : R'=0, T=1
For a > 1 I —38mina
a>—— =
4 (v + 1)2



_anfoz(x) x € [0, Ly]
8mia(3 — 2e2tho)
edikox + Oé(]. _ 6227@033)2

van(x) 1= {

fa(x) =

For given R = pe'¥ € C, choose a € [0,1), n € ZT,
m e Z & dy, € R, such that
8mna _(Am-1)m —2¢
CES AR 4ko |

Let vih(z) ‘= van(z + dn) & v%(az) = v pe(x)".




_anfoz(x) x € [0, Ly]
8mia(3 — 2e2tho)
edikox + Oé(]. _ 6227@033)2

van(x) 1= {

fa(z) = Ly = mn/kg

For given R = pe'¥ € C, choose a € [0,1), n € ZT,
m e Z & d,, € R, such that
8mnao _(Am-1)m —2¢

=0, d
(a+1)2 7 m 4k

Let v'h(2) = van(z + dn) & vh(z) ‘= v p.(2)*. Then,
o v (z) is right-invisible with R/ = R.

o vh(z) is left-invisible with R" = R.

e Both vanish outside [—dm, Ln — dm].

= a model for general unidirectional invisibility.



Perturbative Expansion for M

—21T
%(T} p— u)(T) [ —612# 6_1 ] T —= kaz, w (7‘) —_ Q(AQ)
M = % (400, —oco) = I [ Caror(r)
= 1 —z/ dr176 (11) —/ d7‘2/ dm1 78 (12) 78 (1) + -
=: 1+ ZM(‘))

=1




Perturbative Expansion for M

1 e 27 v(z)
H(1) = w(T) [ _ 20T 6_1 ] T = ka, w(T) = 512
M _ %(—'—OO OO) L —1 f_ (ITJ?‘(T)
_ / dry (1) — / drs / dry A (72) A (1) + -
=: 1—|—ZM“)
=1
MO — _,L-[ ©(0) o(2k) ]
2k | —o(—2k) —v(0)
M@ _1[ 9(0,0) — o(—2k, 2k) v(2k,0) — ©(0, 2k)
4k? | 5(—2k,0) — 5(0, —2k) ©(0,0) — 5(2k, —2k)

]?(k]_, ce ]{fp) f— / dCIZ']_ L. / d()ﬁg e—i(k’lzlfl—{—...—l—k’e:l?f)f(xl, coe CIZ’g)

v(x1,x2) = v(x2)0(x2 — x1)V(21)




Perturbative Unidirectional Invisibility

U(x):{g,f(a:) for x € [0, L],
0 for x ¢ [0, L].

R = 0(;?), R = 0(3). T =1+ 0@;G%).



Perturbative Unidirectional Invisibility

v(x):{g,f(a;) for z € [0, L],
0 for x ¢ [0, L].

R = 0(;?), R = 0(3), T =1+ 03G2).

| K 2
Example: f(z) = ef*, k= 5 = me & me7r.



Perturbative Unidirectional Invisibility

v(az)z{g’f(x) for x € [0, L],
0 for x ¢ [0, L].

R = 0(3°), R" = O(3), T =14 03%).
. K 2
Example: f(z) = ef*, k= 5 = me & mecZt.
5(—2k)
Rl — ’U( L O 2
2ik — 5(0) (%),
| 5(2k) ,
R = O
2k — o0y T OU)
Dik

T'= S5 T 96

= Complete characterization of pert. unidir. invisibility



= Multimode Perturbative Unidirectional Invisibility

o(z) = { 5f(x) for xe€]0,L],
0 for « & [0, L].

| B aeQiK:z: | be—iK;z:
Example: f($) — 1 _ qe2iKz ' 1 — be—QiK:z:
27
of <1, Jo <1, K=—

Perturbatively invisible from left: k =nK, n=1,2,3,---

1
Perturbatively invisible from right: k = (n -+ 5) K.



Perturbative Inverse Scattering:

@ _ i O w2k
2k | —5(—2k) —#(0)



Perturbative Inverse Scattering:

g 5(0)  ©(2k)
2k | —t5(—2k) —u(0)

d d
v(z) = 2d ]\[(1)(21:) = 2d ]\[(1>( 21)

o) = — / " dk e f (k)
70

— 00



Perturbative Inverse Scattering:

g 5(0)  ©(2k)
2k | —p(—=2k) —o(0)

d d
v(z) = 2—M 2D (22) = 2— P (—22)
dx dx

~ 1 [~ .
f(x) = / dk e f (k)
2T J_

Theorem: It is the first Born Approximation of the scattering
data that determines the form of the potential.

A. M. PRA. 89, 012709 (2014)



Adiabatic & WKB Approximations
Use adiabatic approx. to solve iW (1) = H(7)W(¢):

T = kx | w(r)—-1 w(T)
v(7/k) HT) =1 200 —w@E) +1
202

w(T) =



Adiabatic & WKB Approximations
Use adiabatic approx. to solve iW (1) = H(7)W(¢):

T = kx | w(r) =1 w(T)

oy o 2/E) H(T) = [ —w(r)  —w(r)+1
k2

H(H))WVi(r) = E+(7)VL(7)

Ei(r) := +n(7) Wi (r) = % [ . izg ]

w(r) = 11 - 20D



Adiabatic & WKB Approximations
Use adiabatic approx. to solve iW (1) = H(7)W(¢):

T =k _Jw@ -1 w(r)

w(r) 1= v(7/k) H(r) = [ —w(r) —w(r)+1 ]
- 2k?

H(r)WVi(7) = Ex(7)Vx(7)

nir ey w123

w(r) = 11 - 20D

Biorthonormal dual of Wi(7): ®i(7) := - [ n(r)"F1 ]

on(r)* | n(7)*£1

(Pi(T)[W;(7)) = dij, PN ZICNCHCIES!

Jj==



H(r)Wi(7) = Ex(m)WV+(7)
Adiabatic approximation:
Wi(r0) — V(1) = e’;‘s*(T)ei’“(T)\Ui('r)



H(r)Vi(r) = Ex(T)V+(7)

Adiabatic approximation:
Wi(r0) — V(1) = ei‘s*(T)ei”’*(T)\lfi(‘r)

5+(t) = —fEi(T’)dT'zq:/ n(7")dr’
T . n(7)
z/ (DL(TH|WL(r))dr" = z/ (DL|dWy)
To n(7o)
Adiabaticity Condition:

(DL(7)|Wx(7))
Ey(r) —E_(7)

Garrison & Wright, PLA 128, 177 (1988)

Y+(7)

<1




Adiabaticity Condition:

(DL(7)|Wx(7))
Ey(r) —E_(7)

V(1) ~ ei‘S*(T)ei"Y*(T)\Ui(T)

n(7)
4n(T)2

2/ T

1l &
< 8|k2 — v(x)|3/2




Adiabaticity Condition:

(PL(T)|W£(T))
Ey(t)—E_(7)

W(7) ~ eiéi(f)ein(r)\ui(,,.)

n(7)
4n(T)2

e

1 &
< 8|k2 — v(x)|3/2

51(1) = T /T " a(Ydr! = T /m m VR —v(@)da’

0

1y (T II(T ) ) ‘= l 1 + t‘l(T)
e*()z n(:) \Uﬂ:() 2[1:!:11(7')]



Adiabaticity Condition:

(P+(7)|Wx(7))
Ey(r) — E_(7)

W(7) ~ ez'o;(f)ei%(’r)wi(,,-)

51(1) = T /T T n(r)dr = T /m x VR —v(@)da’

1y (T I'I(T ) ) ‘= l 1 + t‘l(T)
e*()z n(:) w:&:() Qllzl:n(T)]

n(7)

4n(T)2

e

1 &
< 8|k2 — v(x)|3/2

Recall: W(r) =1 [ g((;’)):;‘é’s((?) ] & ¢(1) = (r/k)



Adiabaticity Condition:

(PL(T)|W£(T))
Ey(t)—E_(7)

W(7) ~ eiéi(f)ein(r)\ui(,,.)

51(1) = T /T T n(r)dr = T /m m VR —v(@)da’

1y (T II(T ) ) ‘= l 1 + t‘l(T)
e*()z n(:) \Uﬂ:() 2[1:!:11(7')]

n(7)

4n(T)2

e

1 &
< 8|k2 — v(x)|3/2

Recall: W(r) =1 [ g((:))q—-:,i((:)) ] & ¢(1) = (r/k)

7 ’ L(7)dT’ N 7 . 2—v(2 !
D) w20 Fif Barydr 07 J,, V—v(a)dz
n(r) (k2 — v(x)]




= WKB Approximation = Adiabatic Approximation

e Semiclassical expression for transfer matrix

e Higher-order semiclassical scattering

A. M. JPA 47, 125301 (2014) & 345302 (2014)



Local Inverse Scattering

Problem: Given a positive real number kg and complex num-

bers Rg/r and To (# 0), find a scattering potential v(x) whose
reflection and transmission amplitudes at k£ = ko are given by

R/r = RY" and T = To.



Local Inverse Scattering

Problem: Given a positive real number kg and complex num-

bers Rg/r and To (# 0), find a scattering potential v(x) whose
reflection and transmission amplitudes at k£ = ko are given by

R/r = RY" and T = To.

Solution/Theorem: wv(x) can be written as the sum of at
Mmost six unidirectionally invisible finite-range potentials,

v(z) = vi(z) +va(x) + - -+ vs(x).
e v;(z) have mutually disjoint supports.
e v;(x) can be selected from the class {v},(x), v} (2)}.

[arXiv:1407.1760, to appear in Phys. Rev. A]



Application: Design of bidirectionally reflectionless phase-
shifting amplifier

Example: Choose 7y = +/2i. Then vo(x) doubles the intensity

(|75|? = 2) and produces a /2 phase shift in the transmitted
wave.



Application: Design of bidirectionally reflectionless phase-
shifting amplifier

Example: Choose 7Ty = +/2i. Then vo(x) doubles the intensity
(|TH|? = 2) and produces a 7/2 phase shift in the transmitted
wave.

Explicit model: vo(z) = vi(x) + vo(x) + v3(x) + va(x) with

(2) 1= Vo, n(x +d;) for j=1,3,

ko = 27 /um, n = 300, so that L, = 150 um, and

a1 = 1.57798 x 1074, d1 = 300.625 um,
ar = 1.93283 x 10~ %, do = 150.299 um,
az = 1.11565 x 1074, dz = 0.00000 pum,
a4 = 2.73409 x 1074, ds = —150.326 pm.






Summary:

e M = S-matrix for a two-level non-Hermitian Hamiltonian
which is pseudo-Hermitian for a real potential.

e M = Asymptotic value of the evolution operator for a two-
level pseudo-normal Hamiltonian.

e Dynamical equations for M = optical potential design
e Perturbative Unidirectional Invisibility & inverse scattering
e Adiabatic approximation & WKRB approximation

e Pre-exponential part of the WKB wave functions is actually
a complex geometric phase

e EXxplicit model for unidirectional invisibility

e Unidirectionally invisible potentials are local building blocks
of all scattering potentials

e Applications: Design of reflectionless amplifiers, absorbers,
phase-shifters, threshold lasers & anti-lasers.
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Thank you for your attention.



