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Supersymmetric backgrounds in supergravity

Supersymmetric solutions of supergravity
M. Duff et al. (1981,1982)

. . . . . . . . .
P. van Nieuwenhuizen & N. Warner (1984)

M. Duff, B. Nilsson & C. Pope, Kaluza-Klein Supergravity (PR, 1986)
Concept of Killing spinors

All supersymmetric solutions of minimal (gauged) supergravity in 5D
J. Gauntlett, J. Gutowski, C. Hull, S. Pakis & H. Reall (2003)

J. Gauntlett & J. Gutowski (2003)

Superspace formalism to determine (super)symmetric backgrounds in
off-shell supergravity
I. Buchbinder & SMK, Ideas and Methods of Supersymmetry and
Supergravity or a Walk Through Superspace, IOP, Bristol, 1995 (1998)
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Superspace formalism is universal, for it is geometric and may be
generalized to supersymmetric backgrounds associated with any off-shell
supergravity theory formulated in superspace.

Applications of the formalism:

Rigid supersymmetric field theories in 5D N = 1 AdS superspace
SMK & G. Tartaglino-Mazzucchelli (2007)

Rigid supersymmetric field theories in 4D N = 2 AdS superspace
SMK & G. Tartaglino-Mazzucchelli (2008)

D. Butter & SMK (2011)
D. Butter, SMK, U. Lindström & G. Tartaglino-Mazzucchelli (2012)

Rigid supersymmetric field theories in 3D (p, q) AdS superspaces
SMK, & G. Tartaglino-Mazzucchelli (2012)

SMK, U. Lindström & G. Tartaglino-Mazzucchelli (2012)
D. Butter, SMK & G. Tartaglino-Mazzucchelli (2012)
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Recent developments

Exact results (partition functions, Wilson loops etc.)
in rigid supersymmetric field theories on curved backgrounds
(e.g., S3, S4 ,S3 × S1 etc.) using localization techniques

V. Pestun (2007, 2009)
A. Kapustin, B. Willett & I. Yaakov (2010)

D. Jafferis (2010)
· · · · · · · · · · · · · · · · · · · · · · · ·

Necessary technical ingredients:

Curved space M should admit some unbroken rigid supersymmetry
(supersymmetric background);

Rigid supersymmetric field theory on M should be off-shell.

These developments have inspired much interest in the construction and
classification of supersymmetric backgrounds that correspond to off-shell
supergravity formulations.
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Classification of supersymmetric backgrounds in off-shell
supergravity

Component approaches
G. Festuccia and N. Seiberg (2011)

B. Jia and E. Sharpe (2011)
H. Samtleben and D. Tsimpis (2012)

C. Klare, A. Tomasiello and A. Zaffaroni (2012)
T. Dumitrescu, G. Festuccia and N. Seiberg (2012)

D. Cassani, C. Klare, D. Martelli, A. Tomasiello and A. Zaffaroni (2012)
T. Dumitrescu and G. Festuccia (2012)

A. Kehagias and J. Russo (2012)

Such results naturally follow from the superspace approach
4D, N = 1 SMK (2012)
3D N = 2 SMK, U. Lindström, M. Roček, I. Sachs

& G. Tartaglino-Mazzucchelli (2013)
5D N = 1 SMK, J. Novak & G. Tartaglino-Mazzucchelli (2014)
Superspace approach is more powerful for constructing the most general
rigid supersymmetric field theories.
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(Conformal) symmetries of curved spacetime

(Conformal) symmetries of a curved superspace may be defined similarly
to those corresponding to a curved spacetime within the Weyl-invariant
formulation for gravity.

S. Deser (1970)
P. Dirac (1973)

Three formulations for gravity in d dimensions:

Metric formulation;

Vielbein formulation;

Weyl-invariant formulation.

We briefly recall the metric and vielbein approaches and then concentrate
in more detail of the Weyl-invariant formulation.
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The metric and vielbein formulations for gravity

Metric formulation
Gauge field: metric gmn(x)
Gauge transformation: δgmn = ∇mξn +∇nξm
ξ = ξm(x)∂m a vector field generating an infinitesimal diffeomorphism.

Vielbein formulation
Gauge field: vielbein em

a(x) , e := det(em
a) 6= 0

The metric is a composite field gmn = em
aen

bηab
Gauge transformation: δ∇a = [ξb∇b + 1

2K
bcMbc ,∇a]

Gauge parameters: ξa(x) = ξmem
a(x) and K ab(x) = −K ba(x)

Covariant derivatives (Mbc the Lorentz generators)

∇a = ea
m∂m +

1

2
ωa

bcMbc , [∇a,∇b] =
1

2
Rab

cdMcd

ea
m the inverse vielbein, ea

mem
b = δa

b;
ωa

bc [e] the Lorentz connection.

(Conformal) supersymmetries of curved superspace Sergei M. Kuzenko



Supersymmetric backgrounds: Introductory comments (Conformal) symmetries of curved spacetime (Conformal) symmetries of curved superspace Supersymmetric backgrounds in d = 3, N = 2 supergravity

Weyl transformations

Weyl transformations
The torsion-free constraint

Tab
c = 0 ⇐⇒ [∇a,∇b] ≡ Tab

c∇c +
1

2
Rab

cdMcd =
1

2
Rab

cdMcd

is invariant under Weyl (local scale) transformations

∇a → ∇′a = eσ
(
∇a + (∇bσ)Mba

)
,

with the parameter σ(x) being completely arbitrary.

ea
m → eσea

m , em
a → e−σem

a , gmn → e−2σgmn

Weyl transformations are gauge symmetries of conformal gravity.
Einstein gravity possesses no Weyl invariance.
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Weyl-invariant formulation for Einstein gravity

Weyl-invariant formulation for Einstein gravity
Gauge fields: vielbein em

a(x) , e := det(em
a) 6= 0

& conformal compensator ϕ(x) , ϕ 6= 0
Gauge transformations (K := ξb∇b + 1

2K
bcMbc)

δ∇a = [ξb∇b +
1

2
K bcMbc ,∇a] + σ∇a + (∇bσ)Mba ≡ (δK + δσ)∇a ,

δϕ = ξb∇bϕ+
1

2
(d − 2)σϕ ≡ (δK + δσ)ϕ

Gauge-invariant gravity action

S =
1

2

∫
ddx e

(
∇aϕ∇aϕ+

1

4

d − 2

d − 1
Rϕ2 + λϕ2d/(d−2)

)
Imposing a Weyl gauge condition ϕ = 1

2κ

√
d−1
d−2 = const

reduces the action to

S =
1

2κ2

∫
ddx e R − Λ

κ2

∫
ddx e
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Conformal isometries

Conformal Killing vector fields
A vector field ξ = ξm∂m = ξaea, with ea := ea

m∂m, is conformal Killing if
there exist local Lorentz, K bc [ξ], and Weyl, σ[ξ], parameters such that

(δK + δσ)∇a =
[
ξb∇b +

1

2
K bc [ξ]Mbc ,∇a

]
+ σ[ξ]∇a + (∇bσ[ξ])Mba = 0

A short calculation gives

K bc [ξ] =
1

2

(
∇bξc −∇cξb

)
, σ[ξ] =

1

d
∇bξ

b

Conformal Killing equation

∇aξb +∇bξa = 2ηabσ[ξ]

Equivalent spinor form in d = 4: ∇(α
(α̇ξβ)

β̇) = 0
(∇a → ∇αα̇ and ξa → ξαα̇)
Equivalent spinor form in d = 3: ∇(αβξγδ) = 0
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Conformal isometries

Lie algebra of conformal Killing vector fields

Conformally related spacetimes (∇a, ϕ) and (∇̃a, ϕ̃)

∇̃a = eρ
(
∇a + (∇bρ)Mba

)
, ϕ̃ = e

1
2 (d−2)ρϕ

have the same conformal Killing vector fields ξ = ξaea = ξ̃aẽa.

The parameters K cd [ξ̃] and σ[ξ̃] are related to K cd [ξ] and σ[ξ] as
follows:

K[ξ̃] := ξ̃b∇̃b +
1

2
K cd [ξ̃]Mcd = K[ξ] ,

σ[ξ̃] = σ[ξ]− ξρ

Conformal field theories
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Isometries

Killing vector fields
Let ξ = ξaea be a conformal Killing vector,

(δK + δσ)∇a =
[
ξb∇b +

1

2
K bc [ξ]Mbc ,∇a

]
+ σ[ξ]∇a + (∇bσ[ξ])Mba = 0 .

It is called Killing if it leaves the compensator invariant,

(δK + δσ)ϕ = ξϕ+
1

2
(d − 2)σ[ξ]ϕ = 0 .

These Killing equations are Weyl invariant in the following sense:
Given a conformally related spacetime (∇̃a, ϕ̃)

∇̃a = eρ
(
∇a + (∇bρ)Mba

)
, ϕ̃ = e

1
2 (d−2)ρϕ ,

the above Killing equations have the same functional form when
rewritten in terms of (∇̃a, ϕ̃), in particular

ξϕ̃+
1

2
(d − 2)σ[ξ̃]ϕ̃ = 0 .
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Isometries

Because of Weyl invariance, we can work with a conformally related
spacetime such that

ϕ = 1

Then the Killing equations turn into[
ξb∇b +

1

2
K bc [ξ]Mbc ,∇a

]
= 0 , σ[ξ] = 0

Standard Killing equation

∇aξb +∇bξa = 0

Lie algebra of Killing vector fields

Rigid symmetric field theories in curved space
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(Conformal) symmetries of curved superspace

Weyl-invariant approach to spacetime symmetries has a natural
superspace extension in all cases when supergravity is formulated as
conformal supergravity coupled to certain conformal compensator(s) Ξ

zM = (xm, θµ) local coordinates of curved superspace
DA = (Da,Dα) = EA + ΩA + ΦA superspace covariant derivatives
EA = EA

M(z)∂M superspace vielbein
ΩA = 1

2 ΩA
bc(z)Mbc superspace Lorentz connection

Φ = ΦA
I (z)TI superspace R-symmetry connection

Supergravity gauge transformation

δKDA = [K,DA] , δKΞ = KΞ , K := ξBDB +
1

2
K bcMbc + K ITI

Super-Weyl transformation

δσDa = σDa + · · · , δσDα =
1

2
σDα + · · · , δσΞ = wΞσΞ ,

with wΞ a non-zero super-Weyl weight
(Conformal) supersymmetries of curved superspace Sergei M. Kuzenko
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Conformal isometries of curved superspace

Let ξ = ξBEB be a real supervector field. It is called conformal Killing if

(δK + δσ)DA = 0 ,

for some Lorentz K bc [ξ], R-symmetry K I [ξ] and super-Weyl σ[ξ]
parameters.

All parameters K bc [ξ], K I [ξ] and σ[ξ] are uniquely determined in
terms of ξB .

The spinor component ξβ is uniquely determined in terms of ξb.

The vector component obeys an equation that contains all the
information about the conformal Killing supervector field.

d = 3 DI
(αξβγ) = 0

d = 4 DI
(αξβ)β̇ = 0
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Isometries of curved superspace

Let ξ = ξBEB be a conformal Killing supervector field,

(δK[ξ] + δσ[ξ])DA = 0 , (?)

for uniquely determined parameters K bc [ξ], K I [ξ] and σ[ξ].
It is called Killling if the compensators are invariant,

(δK[ξ] + wΞσ[ξ])Ξ = 0 . (??)

The Killing equations (?) and (??) are super-Weyl invariant in the sense
that they hold for all conformally related superspace geometries.

Using the compensators Ξ we can always construct a scalar superfield
φ = φ(Ξ), which is an algebraic function of Ξ, nowhere vanishing, and
has a nonzero super-Weyl weight wφ, δσφ = wφσφ.

(δK[ξ] + wΞσ[ξ])φ = 0 .

Super-Weyl invariance may be used to impose the gauge φ = 1, and then

σ[ξ] = 0 .
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(Conformal) supersymmetries of curved superspace

Of special interest are curved backgrounds which admit at least one
(conformal) supersymmetry. Such a superspace must possess a conformal
Killing supervector field ξA with the property

ξa| = 0 , ξα| 6= 0

and describe a bosonic background with the property that all spinor
components of the superspace torsion and curvature tensors

[DA,DB} = TAB
CDC +

1

2
RAB

cdMcd + RAB
ITI

have zero bar-projections,

ε(T···
···) = 1→ T···

···| = 0 , ε(R···
···) = 1→ R···

···| = 0 .

These conditions are supersymmetric.
At the component level, all spinor fields may be gauged away.
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d = 3, N = 2 supergravity

3D N = 2 curved superspace, M3|4, parametrized by local coordinates
zM = (xm, θµ, θ̄µ), m = 0, 1, 2 and µ = 1, 2
Superspace structure group SL(2,R)×U(1)R
Superspace covariant derivatives

DA = (Da,Dα, D̄α) = EA + ΩA + iΦAJ .

Algebra of covariant derivatives

{Dα,Dβ} = −4R̄Mαβ , {D̄α, D̄β} = 4RMαβ ,

{Dα, D̄β} = −2i(γc)αβDc − 2CαβJ − 4iεαβSJ
+4iSMαβ − 2εαβCγδMγδ .

Mab = −Mba ←→Mαβ =Mβα Lorentz generators
Dimension-1 torsion superfields: (i) real scalar S; (ii) complex scalar R
such that JR = −2R; (iii) real vector Ca ←→ Cαβ .
Bianchi Identities:

D̄αR = 0 , (D̄2 − 4R)S = 0 . . .
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Conformal isometries

The conformal Killing supervector fields obey the equation

(δK + δσ)DA = 0 ,

where

δKDA = [K,DA] , K = ξCDC +
1

2
K cdMcd + i τJ

and

δσDα =
1

2
σDα + (Dγσ)Mγα − (Dασ)J , . . .

It suffices to require (δK + δσ)Dα = 0, which implies

ξα = − i

6
D̄βξβα , Kαβ = D(αξβ) − D̄(αξ̄β) − 2ξαβS

σ =
1

2

(
Dαξα + D̄αξ̄α

)
, τ = − i

4

(
Dαξα − D̄αξ̄α

)
All parameters ξα, Kαβ , σ and τ are expressed in terms of ξa.
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Conformal isometries

The remaining vector parameter ξa satisfies

D(αξβγ) = 0 (?)

and its conjugate.
Implication: superfield analogue of the conformal Killing equation

Daξb +Dbξa =
2

3
ηabDcξc .

Eq. (?) is fundamental in the sense that it implies (δK + δσ)DA ≡ 0
provided the parameters ξα, Kαβ , σ and τ are defined as above.
The conformal Killing supervector field is a real supervector field

ξ = ξAEA , ξA ≡ (ξa, ξα, ξ̄α) =
(
ξa,− i

6
D̄βξβα,−

i

6
Dβξβα

)
which obeys the master equation (?).
If ξ1 and ξ2 are two conformal Killing supervector fields, their Lie bracket
[ξ1, ξ2] is a conformal Killing supervector field.
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Conformal isometries

Equation (δK + δσ)Dα = 0 implies some additional results that have not
been discussed above. Define

Υ := (ξB ,Kβγ , τ)

It turns out that

DAΥ is a linear combination of Υ, σ and DCσ;

DADBσ can be represented as a linear combination of Υ, σ and
DCσ.

The super Lie algebra of the conformal Killing vector fields on M3|4 is
finite dimensional. The number of its even and odd generators cannot
exceed those in the N = 2 superconformal algebra osp(2|4).
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Charged conformal Killing spinors

Look for curved superspace backgrounds admitting at least one
conformal supersymmetry. Such a superspace must possess
a conformal Killing supervector field ξA with the property

ξa| = 0 , εα := ξα| 6= 0 .

All other bosonic parameters are assumed to vanish, σ| = τ | = Kαβ | = 0.
Bosonic superspace backgrounds without covariant fermionic fields:

DαS| = 0 , DαR| = 0 , DαCβγ | = 0 .

These conditions mean that the gravitini can completely be gauged away

Da| = Da := ea +
1

2
ωa

bcMbc + ibaJ ≡ Da + ibaJ , ea := ea
m∂m .

Introduce scalar and vector fields associated with the superfield torsion:

s := S| , r := R| , ca := Ca| .

S-supersymmetry parameter: ηα := Dασ|.
(Conformal) supersymmetries of curved superspace Sergei M. Kuzenko
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Charged conformal Killing spinors

Q-supersymmetry parameter εα := ξα| obeys the equation

Daε
α +

i

2
(γ̃aη̄)α + iεabc c

b(γ̃cε)α − s(γ̃aε)
α − ir(γ̃aε̄)

α = 0 ,

which is equivalent to(
D(αβ − ic(αβ

)
εγ) =

(
D(αβ−i(b + c)(αβ

)
εγ) = 0 ,

η̄α = −2i

3

(
(γaDaε)α + 2i(γaε)αca + 3sεα + 3ir ε̄α

)
.

This follows by bar-projecting the equation (Cαβγ = −iD(αCβγ))

0 = Daξα +
i

2
(γa)α

βD̄βσ − iεabc(γb)α
βCcξβ − (γa)α

β(ξβS + ξ̄βR)

−1

2
εabcξ

b(γc)βγ
(
iC̄αβγ −

4i

3
εα(βD̄γ)S −

2

3
εα(βDγ)R

)
,

which is one of the implications of (δK + δσ)Da = 0.
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Supersymmetric backgrounds

Rigid supersymmetry transformations (in super-Weyl gauge φ = 1)
are characterised by

σ[ξ] = 0 =⇒ ηα = 0 ,

The conformal Killing spinor equation turns into

Daε
α = −iεabccb(γ̃cε)α + s(γ̃aε)

α + ir(γ̃aε̄)
α .

Da = ea +
1

2
ωa

bcMbc + ibaJ = Da + ibaJ .

[Da,Db] =
1

2
Rab

cdMcd + iFabJ = [Da,Db] + iFabJ .
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Supersymmetric backgrounds with four supercharges

The existence of rigid supersymmetries imposes non-trivial restrictions on
the background fields. In the case of four supercharges, these are

Das = 0 , Dar = 2ibar , Dacb = 2εabcc
cs ,

r s = 0 , r ca = 0 .

ca is a Killing vector field,

Dacb + Dbca = 0 .

The U(1)R field strength proves to vanish, Fab = 0.
The Einstein tensor Gab := Rab − 1

2η
abR is

Gab = 4
[
cacb + ηab

(
s2 + r̄ r

)]
.

For the Cotton tensor Wab := 1
2εacdW

cd
b =Wba, with

Wabc = 2D[aRb]c + 1
2ηc[aDb]R, we obtain

Wab = −24s
[
cacb −

1

3
ηabc

2
]
.
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Compensators

Type I supergravity: Chiral compensator

D̄αΦ = 0 , δσΦ =
1

2
σΦ , JΦ = −1

2
Φ .

The freedom to perform the super-Weyl and local U(1)R transformations
can be used to impose the gauge Φ = 1.
Consistency conditions:

S = 0 , Φα = 0 , Φαβ = Cαβ .

Supersymmetric backgrounds with four supercharges:

r ca = 0 , Dar = 0 , Dacb = 0 .

Such spacetimes are necessarily conformally flat,

Wab = 0 .

Solution with ca = 0 corresponds to (1,1) AdS superspace.
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Compensators

Type II supergravity: Real linear compensator

D̄2G = 0 , δσG = σG .

Super-Weyl invariance allows us to choose the gauge G = 1.
Consistency conditions:

R = R̄ = 0 .

All supersymmetric backgrounds with four supercharges:

Das = 0 , Dacb = 2εabcc
cs .

The Cotton tensor

Wab = −24s
[
cacb −

1

3
ηabc

dcd
]

= −6c
[
Rab −

1

3
ηabR

]
Solution with ca = 0 corresponds to (2,0) AdS superspace.
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General feature of maximally supersymmetric backgrounds

For any background admitting four supercharges, if there exists a tensor
superfield T such that its bar-projection vanishes, T | = 0, and this
condition is supersymmetric, then the entire superfield is zero, T = 0.

Supersymmetric conditions

DαS| = 0 , DαR| = 0 , DαCβγ | = 0 .

imply

DαS = 0 , DαR = 0 , DαCβγ = 0 .
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Maximally supersymmetric backgrounds in Type I SUGRA

Dimension-1 torsion superfields

S = 0 , R Ca = 0 , DAR = 0 , DACb = 0

are covariantly constant.

Algebra of covariant derivatives

{Dα,Dβ} = −4R̄Mαβ , {D̄α, D̄β} = 4RMαβ ,

{Dα, D̄β} = −2i(γc)αβDc − 2CαβJ − 2εαβCγδMγδ ,

[Da,Dβ] = iεabc(γb)β
γCcDγ − i(γa)βγR̄D̄γ ,

[Da, D̄β] = −iεabc(γb)β
γCcD̄γ − i(γa)β

γRDγ ,

[Da,Db] = 4εabc
(
δc d R̄R + CcCd

)
Md .

4 different superalgebras.
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