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Introduction

Introduction

Partial Spontaneous Breaking of Global Supersymmetry is an approach, dedicated to
study of superbranes and Born-Infeld theories. Such breaking of supersymmetry
necessarily accompanies breaking of target space Poincaré symmetry, which is result
of embedding of extended object (membrane, particle worldline) in the (flat)
spacetime. Partial spontaneous breaking of global supersymmetry also implies
appearance of Goldstone fermions; then supersymmetry is partially realized as
nonlinear transformation of these fermions and related bosonic coordinates and
bosonic fields.

In this talk we consider PBGS with d = 3, N = 4 hypermultiplet as Goldstone
superfield, which describes membrane in D = 7. Originally we considered this system
just as a simplified version of 3-brane in D = 8, described by d = 4, N = 2
hypermultiplet. However, it possibly leads to important insights about such systems in
general.
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Introduction

Introduction

Then constructing component action for the system with spontaneous N = 8→ N = 4
breaking of supersymmetry in d = 3, we use coset approach (previously outlined by
Stefano Bellucci). It allows us to construct systematically

Transformation laws for superfields;

Cartan forms, invariant under these transformations;

Covariant derivatives;

Irreducibility conditions and bosonic action from bosonic forms;

Conditions, that put system on-shell.

Then standard program is to check invariance of generalized bosonic action and
Wess-Zumino term under broken supersymmetry, derive unbroken symmetry
transformation laws for components, fix remaining arbitrary constants by invariance at
low orders in fields and then check invariance of the action under full transformation
laws.
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Preliminary considerations Algebra and its consequences

Algebra and its consequences

Our starting point is N = 8 super-Poincaré algebra in d = 3. Its bosonic part consists
of generators

Momenta generators Pab and cental charges Z iα (together - 7D translations)

Mab - 3d Lorentz, two su(2) algebras T ij , Rαβ

Generators K iα
ab from coset SO(1, 6)/SO(1, 2)× SU(2)× SU(2), mix together

Pab and Z iα

They are accompanied by supercharges Q i
a, Q ia, Sαa , Sαa with anticommutators{

Q i
a,Q jb

}
= 2δi

j Pab,
{

Sαa ,Sβb

}
= 2δαβPab,

{
Q i

a,S
α
b

}
= 2εabZ iα,

{
Q ia,Sαb

}
= 2εabZiα.

They have standard commutation relations with Mab, T ij , Rαβ . With K iα
ab

i
[
K iα

ab ,Q
j
c

]
= εij

(
εacSαb + εbcSαa

)
, i
[
K iα

ab ,S
β
c

]
= −εαβ

(
εacQ i

b + εbcQ i
a

)
.
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Preliminary considerations Cartan forms

Cartan forms
Bosonic forms can be constructed with use of ISO(1, 6)/SO(1, 2)× SU(2)× SU(2)
coset element

gbos = eixabPab eiq(x)iαZiαeiΛ(x)ab
iαK iα

ab .

Interesting bosonic forms from g−1
bosdgbos then are

ΩP =

[(
cosh 2

√
Y
)cd

ab
dxab + 2

(
sinh 2

√
y

2
√

y

)jβ

iα
dq iαΛcd

jβ

]
Pcd ,

ΩZ =

(cosh 2
√

y)
jβ
iα dqjβ + 2Λab

iαdxcd

(
sinh 2

√
Y

2
√

Y

)cd

ab

Z iα.

Here Y cd
ab = Λiα

abΛcd
iα, y jβ

iα = Λab
iαΛjβ

ab. Applying condition ΩZ = 0 (Inverse Higgs
Phenomenon - Ivanov, Ogievetsky) leads to

dqiα = −2dxabΛcd
iα

(
tanh 2

√
Y

2
√

Y

)cd

ab

, ΩP = dxabPcd ecd
ab ⇒

ecd
ab =

(
1

cosh 2
√

Y

)cd

ab
, gcd

ab =
(
e2)cd

ab = δc
aδ

d
b − ∂abq iα∂cd qiα, Lbos =

√
det g.
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Preliminary considerations Cartan forms

Cartan forms
Overall coset element, that takes into account fermions, reads

g = eixabPab eθ
a
i Qi

a+θ̄iaQia eiqiαZ iα
eψ

a
αSα

a +ψ̄aαSaαeiΛab
iαK iα

ab .

Just one fermionic form is of interest:

ΩS =

(cosh 2
√

W
)γa

αb
dψb

γ + 2d θ̄jb

(
sinh 2

√
T

2
√

T

)kc

jb

Λa
kcα

Sαa ,

T ia
jb = Λia

cγΛ
cγ
jb , Wβb

αa = Λβj
acΛ

cb
jα.

Bosonic forms, modified by fermionic generators, can be found by replacing

dxab → 4xab = dxab − i
(
θ

(a
i d θ̄b)i + θ̄i(adθb)

i +ψ(a
α dψ̄b)α

+ ψ̄
α(adψb)

α

)
,

dqiα → 4qiα = dqiα − 2i
(
ψaαdθa

i + ψ̄aαd θ̄a
i
)
.

New subforms are invariant under both supersymmetries:

δQxab = i
(
ε

(a
i θ̄

b)i + ε̄i(aθ
b)
i

)
, δQθ

a
i = εa

i , δQ θ̄
ia = ε̄ai ,

δSψ
a
α = εa

α, δSθ
aα = 0, δSxab = i

(
ε

(a
α ψ̄

b)α
+ ε̄α(aψb)

α

)
, δSqiα = 2i

(
εaαθ

a
i + ε̄aαθ̄

a
i

)
.
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Preliminary considerations Covariant derivatives

Covariant derivatives

Subform 4xab, invariant under both supersymmetries, allows us to define derivatives,
covariant with respect to both supersymmetries

∇ab =
(

E−1
)cd

ab
∂cd , Ecd

ab =
1
2

(
δc

aδ
d
b + δd

a δ
c
b

)
− i
(
ψ(c
α∂abψ̄

d)α
+ ψ̄

α(c
∂abψ

d)
α

)
;

∇i
a = Di

a − i
(
ψc
α∇

i
aψ̄

dα
+ ψ̄

cα∇i
aψ

d
α

)
∂cd ,

∇ia = Dia − i
(
ψc
α∇iaψ̄

dα
+ ψ̄

cα∇iaψ
d
α

)
∂cd .

“Ordinary” covariant derivatives read

Di
a =

∂

∂θa
i
− iθ̄ib∂ab, Dia =

∂

∂θ̄ia
− iθb

i ∂ab,
{

Di
a, Djb

}
= −2iδi

j∂ab.
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Preliminary considerations Irreducibility conditions

Irreducibility conditions

In the supersymmetric case, dθ-part of condition ΩZ = 0 implies the relation between
ψa
α and ∇i

aqjα (IHP):

∇j
aqiα + 2iψaαδ

j
i = 0, ∇jaqiα + 2iψ̄aαεij = 0⇒

∇(j
a qi)

α = 0, ∇a(jqi)α = 0, ψaα = i
4∇

k
aqkα, ψ̄aα = i

4∇kaqk
α.

Thus, not only the relation between ψa
α and ∇i

aqjα appears, but also the generalized
conditions that define d = 3, N = 4 hypermultiplet. This is on-shell multiplet, with no
auxiliary fields, and odd derivatives of ψa

α, ψ̄
aα, can be expressed in terms of ∇abqiα

with help of relations

∇jbψaα =
i
3

[{
∇k

a, ∇jb

}
qkα +

1
2
{
∇ja, ∇kb

}
qk
α

]
,

and so on.
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Broken supersymmetry and anzatz for action S-SUSY transformations

S-SUSY transformations
Let us now construct the anzatz for the component action and check its invariance
under broken supersymmetry. As ψa

α can be expressed in terms of ∇i
aqjα, we may

define

qiα = qiα|θ→0, ψ
a
α = ψa

α|θ→0, ψ̄
aα = ψ̄

aα|θ→0.

Then broken SUSY transformations of these components, defined at point, read

δ?Sψ
a
α = εa

α − UM∂Mψ
a
α δ

?
Sqiα = −UM∂Mqiα, UM = i

(
ε(a
α ψ̄

b)α + ε̄α(aψb)
α

)(
σM
)

ab
.

(with vector notations with proper σA matrices.) One may define derivative, covariant
with respect to broken supersymmetry, that acts on components

DA =
(
E−1

)B

A
∂B, EB

A = δB
A − i

(
ψc
α∂Aψ̄

dα + ψ̄dα∂Aψ
c
α

)(
σB
)

cd
.

Clear advantage of using this derivative is that δ?SDAqiα = −UM∂MDAqiα. Also
δ?S det EB

A = −∂M
(
UM det E

)
. Bosonic action then can be made invariant with respect

to S-supersymmetry (∂A → DA, × det E )

L0 = det E
(

A +
√

det gD
C

)
, gAB = ηAB − 2dAB, dAB = DAq iαDBqiα.
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Broken supersymmetry and anzatz for action Wess-Zumino term

Wess-Zumino term

Another important ingredient of component Lagrangian is Wess-Zumino term. The
way exists to systematically construct such term, developed by Mezincescu. At first,
one should construct 4-form Ω4 (in d = 3 case), invariant under broken
supersymmetry, and with property dΩ4 = 0. As Λiα

A , and θa
i , θ̄

ia, are invariant under
broken supersymmetry, good candidates are (ΩZ )iα|Λ,θ→0 = dq iα,
(ΩS)a

α|Λ,θ→0 = dψa
α, (Ω̄S)aα|Λ,θ→0 = dψ̄aα.

As i-index exists only on dq iα, when these forms can only be interleaved as
dq iα ∧ dqβi ; then, obviously, Ω4 ∼ idq iα ∧ dqβi ∧ dψaα ∧ dψ̄a

β . Ω4 can be represented

as dΩ3, and
∫

Ω3 is the right Wess-Zumino term. It reads

Ω3 ∼ idq iα ∧ dqβi ∧
(
ψaα ∧ dψ̄a

β + ψ̄a
β ∧ dψaα

)
,

SWZ = i
∫

d3xεABC∂Aq iα∂Bqβi
(
ψaα∂Cψ̄

a
β + ψ̄a

β∂Cψaα
)
.

Other possible terms (with different amounts of q’s and fermions) can be excluded on
dimensional grounds.
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Broken supersymmetry and anzatz for action Wess-Zumino term

Wess-Zumino term
One may choose another representation for Wess-Zumino term, in which it looks more
covariant:

LWZ = iεABC∂Aq iα∂Bqβi
(
ψaα∂Cψ̄

a
β + ψ̄a

β∂Cψaα
)
, ∂A = EB

ADB ⇒

LWZ = i det EεABCDAq iαDBqβi
(
ψaαDCψ̄

a
β + ψ̄a

βDCψaα
)

Then we vary the second equivalent form, all terms with UM (come from shift of
coordinates) combine into total divergence; the rest is

i det EεABCDAq iαDBqβi
(
εaαDCψ̄

a
β + ε̄a

βDCψaα
)

and becomes full divergence after removing determinant and E−1.

Complete anzatz for the action is, therefore,

L = L0 + BLWZ =

= det E
(

A +
√

det gB
A

)
+ iB det EεABCDAq iαDBqβi

(
ψaαDCψ̄

a
β + ψ̄a

βDCψaα
)
.

with two constants A, B, which have to be fixed by the unbroken supersymmetry.
Moreover, one may also add constant term to Lagrangian, if necessary.
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Unbroken supersymmetry invariance ∇ψ and others

∇ψ and others

Next natural step is to define transformation laws for components under unbroken
supersymmetry. This can be done with help of formulaes

δ?Q f = −
(
εa

i Di
a + ε̄aiDai

)
f|θ→0,

where Di
a can be expressed in terms of ∇i

a. To know the complete set of laws, we
therefore, have to define ∇i

aψ
b
α, ∇iaψ̄

aα
, ∇iaψbα, ∇ibψ̄aα.

As happened in the systems with auxiliary fields, we may use condition ΩS |dθ = 0 to
extract information about such relations:

ΩS =

(cosh 2
√

W
)γa

αb
dψb

γ + 2d θ̄jb

(
sinh 2

√
T

2
√

T

)kc

jb

Λa
kcα

Sαa .

Therefore, ∇i
aψ

b
α, ∇iaψ̄

bα are zero. Also, comparing ΩS with its conjugate, one may
note that ∇iaψbα = ∇iaψ̄bα. It is difficult to achieve more this way, however, as there is
no obvious way to resum power series in Wβb

αa = Λβj
ac in terms of Y cd

ab = Λiα
abΛ

cd
iα.
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Unbroken supersymmetry invariance ∇ψ and others

∇ψ and others

∇iaψbα, ∇ibψ̄aα also can be found with help of anticommutators of covariant
derivatives. Let us split them into symmetric and antisymmetric parts in {a, b}:

∇iaψbα|θ→0 = ∇iaψ̄bα|θ→0 =
(
σA)

ab JAiα + εabXiα.

This together with ∇i
aψ

b
α = 0 ∇iaψ̄

bα
= 0 has to be substituted into equations

∇iaψbα +∇ibψ̄aα =
i
2

{
∇k

b, ∇ka

}
qiα,

∇iaψbα −∇ibψ̄aα = − i
6

[{
∇kb, ∇ia

}
qk
α +

{
∇ib, ∇ka

}
qk
α

]
.

This results in system of matrix equations

2JA
iα =

(
2− JB

kβJkβ
B + XkβX kβ

)
DAqiα + 2

(
JB

kβDBqiα
)

Jkβ
A ,

Xiα = 1
3 ε

ABCJAiβJβBkDCqk
α − 1

3

(
XiβJβBk + XkβJβBi

)
DBqk

α.

But this system is also difficult to solve.
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Unbroken supersymmetry invariance Another approach

Another approach
As it is difficult to learn directly from equations, what JA

iα, Xiα are, let us adopt another
strategy. There are no substantial doubts that action is finally invariant, with properly
adjusted constants. We, therefore, may use the invariance of action as condition on
JA

iα and Xiα and, once they are found, ensure that nonlinear equations are satisfied.
Clear advantage of this approach is that JA

iα and Xiα enter not action, but
transformation laws of ψa

α and ψ̄aα, and therefore, resulting conditions are linear.
Let us fix constants. In first approximation in fields, δqiα = 2iεa

i ψaα,

δQqiα ∼ 2iεa
i ψaα, δQψ

a
α ∼ 0, δQψ̄

aα ∼ −εb
j

(
σA
)a

b
∂Aq jα,

L ∼ i(1 + A)
(
ψc
α∂Aψ̄

dα + ψ̄dα∂Aψ
c
α

)(
σA
)

cd
+ ∂Aq iα∂Aqiα.

With help of integration by parts, variation reads

δQL ∼ 2iεbj∂Aψ
c
α∂Bq jα

(
(A− 1)ηABδb

c + (1 + A)εABC (σC)b
c

)
⇒ A = 1.

Coefficent near Wess-Zumino term can be fixed by considering variation in first order
in fermions and third in bosons. Finally,

L = 2− det E
(

1 +
√

det gB
A

)
+ 2i det EεABCDAq iαDBqβi

(
ψaαDCψ̄

a
β + ψ̄a

βDCψaα
)
.
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Unbroken supersymmetry invariance Another approach

Analysis of variation
Then one should vary this action with respect to unbroken supersymmetry with
arbitrary JA

iα, Xiα. Careful analysis (to complicated to present there) shows that action
is invariant if

JA
iα = F

2

(
ηAB +

√
det g(g−1)AB

)
DBqiα, Xiα = F

3 ε
ABCDAqiβDBqβk DCqk

α,

F = 2
1− 1

2

√
det g+ 1

2

√
det g tr(g−1)

.

As expected, they satisfy system of nonlinear equations

2JA
iα =

(
2− JB

kβJkβ
B + XkβX kβ

)
DAqiα + 2

(
JB

kβDBqiα
)

Jkβ
A ,

Xiα = 1
3 ε

ABCJAiβJβBkDCqk
α − 1

3

(
XiβJβBk + XkβJβBi

)
DBqk

α.

Expressions for J(Dq) can be considered significant result on their own, as one may
find that ∇ψ can be expressed in terms of Dq in all currently studied systems by the
formulaes with the same structure, with proper metric and possibly adjusted
coefficients in F3. In particular, this happens in N = 2→ N = 1 and N = 4→ N = 2
PBGS in d = 3 and N = 2→ N = 1 in d = 4. As in previously studied systems
equations ∇ψ(Dq) were solved before proving invariance of action, it was not noticed.

N. Kozyrev (BLTP JINR, Dubna) Membrane in D = 7 SIS’14, Dubna, 12.09.14 16 / 17



Conclusion

Conclusion

Let us present summary of the main results of this talk.

On the way of understanding of component actions for P-branes, invariance of
action with maximal amount of supersymmetries has been proven:

L = 2− det E
(

1 +
√

det gB
A

)
+

+2i det EεABCDAq iαDBqβi
(
ψaαDCψ̄

a
β + ψ̄a

βDCψaα
)
,

gAB = ηAB − 2DAqiαDBq iα, EB
A = δB

A − i
(
ψc
α∂Aψ̄

dα + ψ̄dα∂Aψ
c
α

)(
σB
)

cd
.

Applied method of proving invariance of action appeared to be effective and is
likely useful in analysis of system with hypermultiplet in d = 4.

Expression of second components of fermions, found on the way of proving,
seems to be rather general and applicable for all previously studied systems.
Geometric meaning of expression J(Dq) and exact degree of generality of this
result are not clear at present time. However, it is supposed to be helpful in
search of action for higher dimensional systems.
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