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Quantum Calogero model describes the set of N identical particles on a
circle interacting pairwise with inverse square potential.

CM is a rare example of integrable many-body problem.

CM is maximally superintegrable (has N Liouville plus N-1 additional
integrals of motion

Extensions: for trigonometric potentials, for particles with spins, for
supersymmetric systems, and for other Lie algebras
Hamiltonian with oscillator confining potential:

N

£E Tt o

i= 1<J qj
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Dynamical SL(2,R) symmetry

Generators of conformal symmetry:

N 1N
Ho = Ho|w=o, D= Z piqi, K = > Z qar,
-1 i—1

form algebra
{Ho,D} =2Ho,  {K,D}=—2K,  {Ho,K}=D.

Casimir 7 = 4HyK — D? is the angular part of the Calogero model commutes
with H, = Hy + w?K at any w.
For any function f on phase space F — f = {f,.} then

A 5] ov o0 A 0 A 0
Hy = ; — , K=-— ; , D= ——.
’ Z(p ddg;  ddg; (')p,) ZP 0qi Z q 0q; — p;,;;
+ - z 1
Ho=5", k=S, S:fED.
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Representation

Casimir 5 = 37 5.5 is a second-order operator, while the vector field

Laa=1

1={1,}= 82121 5.5 generated by 57 is a first-order one.

The descendants /s x = (3_)‘(/5., k=0,1,2,... form the basic states of the
spin-s representation

If s is positive half-integer and /s 2511 = 0, /5« is 2s-dimensional nonunitary
multiplet of integrals of motion.

If ls 2511 # 0, Is i is indecomposable (not fully reducible).

Suppose s, Is, are integrals of motion (highest weight vectors: L=S*"L =0,
then:

k
51,8 i k(251 —k+j+ 1) (2s, —j+1)
J(s1:52) :E 1Yk Isy k—jlsy.j
s1+sy—k (-1) C:/ r(251 “k+ 1)r(252 —k+ 1) 1,k—j1s2,)

j=0

k=0,1,2,....
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Quantum integrals of motion

{pig}=06  — +pi, qj] = 65

The operator ordering affects onIy dilatation
D=3 ;‘, 1(P/q/ +qipi) = ;‘, 1(P/C7/ +ih N/2.

The hermitian generators obey the quantum commutation relations
[Ho, D] = —2ih Ho, [K,D] =2ih K, [Ho, K] = —ih D,.

The quantum physical observables must be hermitian: it suffices to symmetrize
Isy s lsy 0y — %(Ish’q lsy ko + I527k2l511k1)'

k

51,5 i T(2s1—k+j+1)IM2s,—j+1)1

102 N1yt = (lsy b I Iy ko Iy k0 )-

s1t+s2—k Jz:;( ) CJ r(251 “k+ 1)r(252 “k+ 1) 2( 1ok lsy ke 1 sy ke 1J<1)

The simplest quantum |ntegra|s beyond the Liouville ones corresponds to
k=1 s =1and h =5 1" = [T, 1.
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Angular part in general conformal mechanics

Angular u = (04, pe,,)
Radial r* = El.g,?, oy =, Pigi

The conformal generators S, and S, are:




Dual generators

Introduce dual set of s{(2R)-generators:

0

28 cR 1 0 cR
SR_ = i
opr

oR _1,9
St = pr or’ r op,’ > = 2(r8r+p

)

the highest weight condition 5 k=0 S, = sl; reads Tl = 2(88 — 75R)I..
At zero angular part these relate S,|7—0 = RSER by inversion:

R : rﬂ?, Pr — Pr, u— u.

Convenient to replace (%, pr) to

1 iV 1 iV
E(Pr—f)a E(Pr"'f)

NI
Il

ZzZ =

Dual spin operators take the form:

S 7(_—+28_) S+Jrl'5Rf/\F(z—Jrz(;9 ), gfflgR—/\f(z +z—)
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Diagonalization of the hamiltonian

Addition of a harmonic confining potential is deformation compatible with
conformal symmetry

Hw = S+ — w2$,, Hw = §+ — (./.12:;7.
It is easy to see that the operator
U=U(w) = (iw)fgzeggy

links the Hamiltonian with harmonic potential to the diagonal conformal

generator,

U : —2iwS, — H.,, A, = —2iwUS,U".
Note also:

U: S — S, 2iS, —w 'S, +wS_.
So defining

2s
Tse = (iw)* > (U ke
k=0

And one deduces: . B
Hols e = —2i(s — Owls ¢
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Rational Calogero model with harmonic potential

can be obtained by SU(N) reduction

2
H, = %tr(Pz) + < (@), Ho = %tr(P2).

here
{P’J7 Ql‘/j/} = 5’1/5]’/

Hamiltonians H,, and Hp describe N3-dimensional oscillator and free particle in

RV
Upon gauge fixing
[PvQ]:iig(lie(ge)v e:(]-?lv‘--vl)
by SU(N) rotations one can turn Q; to diagonal form: Qj; = g9, then one
obtains: .
ig
Pij = pidj + (1 = 9j .
ij i+ ( J)qi —q
Generators of conformal algebra are:
1 1 1
S = Stx(PQ), S. = fitr((f), S, = 5tr(P2).
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Liouvilee integrals

Liouville integrals and their descendants are

lo=t(P¥), = 7(2(525) TG

)sym
here s < N/2, e index sym means symmetrization over all orderings of P, Q

matrices. Symmetrized traces can be computed by means of the generating
function

2s ¢
S S S— v
tr((P 4+ vQ)? § Ctr(PPTQ1)gymv = § :Els,g.
£=0 £=0

The composite integrals are

K
(s1,%2) _ (251)!(2s2)! 2s k+l k—2¢ 25, — € AL
LS = o k(s — o 21 P Jomtr(P72Q ) am
(=0
Introduce: o
1 Jw
A? ~_P+i,/=Q,
V2w V2
then
H= —tr(ATA) {A;

+ .
i ,A,-/j/} = 15,—,-/51-1-/.
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Time dependence

The matrix variables A* oscillate in time with frequency w:

AT = (A H,} = tiwAt, = AT() = e At (1),

The transformation U is:

UP=e 7A, UQ=e 4A".

The trace of any product of AT matrices

tr(A% .. AT, o€ {+,—-}.

Liouville integrals: }
I, = tr((ATAT)").

The first integral corresponds to the central U(1) part

71 = w_le = w_lHo + wK.
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Additional integrals

Using definition of AT one obtains:

tr(ATAT) = w T Hy — wK — iD, tr(A"A7) =w 'Ho — wK + iD.
The Casimir is:
7= (tr(ATA7))? —tr(ATAT)tr(AA7).

is conserved: )
T ={H., 1},

but does not commute with Liouville integrals: J, = {7, /,}
= 2inftr((A”A7)")ix((ATAT)(AT A7) ) —tr((ATAT) (A A7) (ATAT)).
Since J; = 0, one finds 2N — 1 integrals

(hy.. Iy oy ooy dn),

which form a complete set of integrals for H,,.
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Functional independence of integrals

Consider free-particle limit g — 0 one obtains:

A* = diag(a, ..., an) + O(g),

o fw iy
= *’QJ\/EZ\/FJQ Rer

Then integrals take the form:

N
I,,:ij'ﬂ J,,—4anpJ sin(
=

— %)
ij=1
Ol,yely) Oy,
O(h,...,In, b, ..., In) _ %((,ji,m,év,\,)) d((g;}, ,g,\,) _
Opsswspmearovom) gty ey
O, ) ’8(J2,...,JN)
O(py,---,pn) | [O0(p2; .- on)
due to:
ol, ol, " n
a0 =% B, = g 72 prpi — pipk) cos(pk — #i)

The first term is proportional to the Vandermonde determinant

6(/17-~-7IN)
Oy i) |y Pi=pPi);
A(p1;-- -5 pn) 19'1}2"’( o
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then one haS'

8J n—1
Do Z pi Bi, Bix = bix — ik Z by, bix = pipk cos(pi — pk).

One has Zi:l Bjj = 0 so adding first row and column to obtain N x N matrix:

1 0 S 0]
P1 8J2/8g02 e 8J2/8(p[v
in—l 6.]/\//6@2 e 8.//\//8@/\/
1 1 - 1 1 B ... By
p1 P2 .. PN 0 B»n ... B
in—l pév_l .. p%_l 0 Bn2 ... Bwn

Extracting the diagonal matrix By = Bipx one obtains:

In the simplest case of equal phases ¢; = ¢,

My = det(Bj — péy) = p"' ' p1, p=>_ pi
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