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Motivation

Quantum Calogero model describes the set of N identical particles on a
circle interacting pairwise with inverse square potential.

CM is a rare example of integrable many-body problem.

CM is maximally superintegrable (has N Liouville plus N-1 additional
integrals of motion

Extensions: for trigonometric potentials, for particles with spins, for
supersymmetric systems, and for other Lie algebras
Hamiltonian with oscillator confining potential:

Hω =
N∑

i=1

(
p2

i

2
+

ω2q2
i

2

)
+

∑

i<j

g 2

(qi − qj)2
(1)
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Dynamical SL(2,R) symmetry

Generators of conformal symmetry:

H0 = Hω|ω=0, D =
N∑

i=1

piqi , K =
1

2

N∑
i=1

q2
i ,

form algebra

{H0, D} = 2H0, {K , D} = −2K , {H0, K} = D.

Casimir I = 4H0K − D2 is the angular part of the Calogero model commutes
with Hω = H0 + ω2K at any ω.
For any function f on phase space F → f̂ = {f , .} then

Ĥ0 =
∑

i

(pi
∂

ddqi
− ∂V

ddqi

∂

∂pi
), K̂ = −

∑
pi

∂

∂qi
, D̂ =

∑

i

qi
∂

∂qi − pi
∂

∂pi

.

H0 = S+, K = S−, Sz = −1

2
D.
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Representation

Casimir Ŝ2 =
∑3

α=1 ŜαŜα is a second-order operator, while the vector field

Î = {I, .} = 8
∑3

α=1 SαŜα generated by Ŝ2 is a first-order one.

The descendants Is,k = (Ŝ−)k Is , k = 0, 1, 2, . . . form the basic states of the
spin-s representation

If s is positive half-integer and Is,2s+1 = 0, Is,k is 2s-dimensional nonunitary
multiplet of integrals of motion.

If Is,2s+1 6= 0, Is,k is indecomposable (not fully reducible).

Suppose Is1 , Is2 are integrals of motion (highest weight vectors: İs = S+Is = 0,
then:

I
(s1,s2)
s1+s2−k =

k∑
j=0

(−1)jC k
j

Γ(2s1 − k + j + 1)Γ(2s2 − j + 1)

Γ(2s1 − k + 1)Γ(2s2 − k + 1)
Is1,k−j Is2,j k = 0, 1, 2, . . ..
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Quantum integrals of motion

{pi , qj} = δij → i
~ [pi , qj ] = δij .

The operator ordering affects only dilatation
D = 1

2

∑N
i=1(piqi + qipi ) =

∑N
i=1(piqi + i~ N/2.

The hermitian generators obey the quantum commutation relations
[H0, D] = −2i~ H0, [K , D] = 2i~ K , [H0, K ] = −i~ D,.

The quantum physical observables must be hermitian: it suffices to symmetrize
Is1,k1 Is2,k2 → 1

2
(Is1,k1 Is2,k2 + Is2,k2 Is1,k1).

I
(s1,s2)
s1+s2−k =

k∑

j=0

(−1)jC k
j

Γ(2s1 − k + j + 1)Γ(2s2 − j + 1)

Γ(2s1 − k + 1)Γ(2s2 − k + 1)

1

2
(Is1,k1 Is2,k2 + Is2,k2 Is1,k1).

The simplest quantum integrals beyond the Liouville ones corresponds to
k = 1, s1 = 1 and I1 = S+: I

(1,s)
s = i

2~ [I, Is ].
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Angular part in general conformal mechanics

Angular u = (θα, pθα)
Radial r 2 =

∑
i g

2
i , rpr =

∑
i piqi

The conformal generators Sα and Ŝα are:
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Dual generators

Introduce dual set of s`(2R)-generators:

ŜR
+ = −pr r

2 ∂

∂r
, ŜR− =

1

r

∂

∂pr
, ŜR

z =
1

2
(r

∂

∂r
+ pr

∂

∂pr
)

the highest weight condition Ŝ+Is = 0 Ŝz Is = sIs reads ÎIs = 2(ŜR
+ − IŜR

−)Is .
At zero angular part these relate Ŝa|I=0 = RŜR

a R by inversion:

R : r → 1

r
, pr → pr , u → u.

Convenient to replace ( 1
r
, pr ) to

z =
1√
2
(pr − i

√I
r

), z̄ =
1√
2
(pr +

i
√I
r

).

Dual spin operators take the form:

ŜR
z =

1

2
(z̄

∂

∂z
+z

∂

∂z̄
), ŜR

++IŜR
− = i

√
I(z

∂

∂z̄
+z̄

∂

∂z
), ŜR

+−IŜR
− = i

√
I(z̄

∂

∂z̄
+z

∂

∂z
).
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Diagonalization of the hamiltonian

Addition of a harmonic confining potential is deformation compatible with
conformal symmetry

Hω = S+ − ω2S−, Ĥω = Ŝ+ − ω2Ŝ−.

It is easy to see that the operator

U = U(ω) = (iω)−Ŝz e
π
2

Ŝy

links the Hamiltonian with harmonic potential to the diagonal conformal
generator,

U : −2iωSz → Hω, Ĥω = −2iωUŜzU
−1.

Note also:
U : Sx → Sz , 2iSy → ω−1S+ + ωS−.

So defining

Ĩs,` = (iω)s
2s∑

k=0

Is,k(U
s)k`,

And one deduces:
Ĥω Ĩs,` = −2i(s − `)ωĨs,`.
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Rational Calogero model with harmonic potential

can be obtained by SU(N) reduction

Hω =
1

2
tr(P2) +

ω2

2
tr(Q2), H0 =

1

2
tr(P2).

here
{Pij , Qi′j′} = δij′δji′ .

Hamiltonians Hω and H0 describe N2-dimensional oscillator and free particle in

RN2

.
Upon gauge fixing

[P, Q] = −ig(1− e ⊗ e), e = (1, 1, . . . , 1)

by SU(N) rotations one can turn Qij to diagonal form: Qij = qiδij , then one
obtains:

Pij = piδij + (1− δij)
ig

qi − qj
.

Generators of conformal algebra are:

Sz =
1

2
tr(PQ), S− = −1

2
tr(Q2), S+ =

1

2
tr(P2).
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Liouvilee integrals

Liouville integrals and their descendants are

Is = tr(P2s), Is,` =
(2s)!

(2s − `)!
tr(P2s−`Q`)sym

here s ≤ N/2, e index sym means symmetrization over all orderings of P, Q
matrices. Symmetrized traces can be computed by means of the generating
function

tr((P + vQ)2s) =
2s∑

`=0

C 2s
` tr(P2s−`Q`)symv ` =

2s∑

`=0

v `

`!
Is,`.

The composite integrals are:

I
(s1,s2)
s1+s2−k =

(2s1)!(2s2)!

(2s1 − k)!(2s2 − k)!

k∑

`=0

(−1)`C k
` tr(P2s1−k+`Qk−`)symtr(P2s2−`Q`)sym.

Introduce:

A± =
1√
2ω

P ± i

√
ω

2
Q,

then
H =

ω

2
tr(A+A), {A−ij , A+

i′j′} = iδii′δjj′ .
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Time dependence

The matrix variables A± oscillate in time with frequency ω:

Ȧ± = {A±, Hω} = ±iωA±, 7→ A±(t) = e±iω(t−t0)A±(t0).

The transformation U is:

UP = e−
π
4 A−, UQ = e−

π
4 A+.

The trace of any product of A± matrices

tr(Aσ1 . . . Aσ1), σi ∈ {+,−}.

Liouville integrals:
Ĩn = tr((A+A−)n).

The first integral corresponds to the central U(1) part

Ĩ1 = ω−1Hω = ω−1H0 + ωK .
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Additional integrals

Using definition of A± one obtains:

tr(A+A+) = ω−1H0 − ωK − iD, tr(A−A−) = ω−1H0 − ωK + iD.

The Casimir is:

I = (tr(A+A−))2 − tr(A+A+)tr(A−A−).

is conserved:
İ = {Hω, I},

but does not commute with Liouville integrals: Jn = {I, Ĩn} =

= 2in[tr((A−A−)n)tr((A+A+)(A+A−)n−1)−tr((A+A+)n)tr((A−A−)(A+A−)n−1)].

Since J1 = 0, one finds 2N − 1 integrals

(Ĩ1, . . . , ĨN , J2, . . . , Jn),

which form a complete set of integrals for Hω.
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Functional independence of integrals

Consider free-particle limit g → 0 one obtains:

A± = diag(a1, . . . , aN) +O(g), aj =
pj√
2ω

− iqj

√
ω

2
=
√

ρje
− i

2
ϕj .

Then integrals take the form:

In =
N∑

j=1

ρn
j , Jn = 4n

N∑
i,j=1

ρiρ
n−1
j sin(ϕi − ϕj).

∂(I1, . . . , IN , J2, . . . , JN)

∂(ρ1, . . . , ρN , ϕ2, . . . , ϕN)
=

(
∂(I1,...,IN )

∂(ρ1,...,ρN )
∂(I1,...,IN ,)
∂(ϕ2,...,ϕN )

∂(J2,...,JN )
∂(ρ1,...,ρN )

∂(J2,...,JN )
∂(ϕ2,...,ϕN )

)
=

=

∣∣∣∣
∂(I1, . . . , IN)

∂(ρ1, . . . , ρN)

∣∣∣∣
∣∣∣∣
∂(J2, . . . , JN)

∂(ϕ2, . . . , ϕN)

∣∣∣∣
due to:

∂In
∂ϕk

= 0,
∂In
∂ρk

= nρn−1
k ,

∂Jn

∂ϕk
=

∑

i

(ρkρ
n
i − ρiρ

n
k) cos(ϕk − ϕi )

The first term is proportional to the Vandermonde determinant∣∣∣∣
∂(I1, . . . , IN)

∂(ρ1, . . . , ρN)

∣∣∣∣ = N!
∏

1≤i<j≤N

(ρj − ρi ),
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then one has:

∂Jn

∂ϕk
=

N∑

i=1

ρn−1
i Bik , Bik = bik − δik

N∑

l=1

blk , bik = ρiρk cos(ϕi − ϕk).

One has
∑N

i=1 Bij = 0 so adding first row and column to obtain N ×N matrix:



1 0 . . . 0
ρ1 ∂J2/∂ϕ2 . . . ∂J2/∂ϕN

...
...

. . .
...

ρN−1
1 ∂JN/∂ϕ2 . . . ∂JN/∂ϕN


 =

=




1 1 . . . 1
ρ1 ρ2 . . . ρN

...
...

. . .
...

ρN−1
1 ρN−1

2 . . . ρN−1
N


 ·




1 B12 . . . B1N

0 B22 . . . B2N

...
...

. . .
...

0 BN2 . . . BNN




Extracting the diagonal matrix Bik = B̃ikρk one obtains:
∣∣∣∣
∂(J2, . . . , JN)

∂(ϕ2, . . . , ϕN)

∣∣∣∣ =
N∏

i=2

ρi

∏

1≤i<j≤N

(ρj − ρi ) M11,

In the simplest case of equal phases ϕi = ϕ,

M11 = det(B̃ij − ρδij) = ρN−1ρ1, ρ =
N∑

i=1

ρi .
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