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Stephanov & Yin PRL 2012 (semi)classical model
derived from Weyl Hamiltonian H =o - -p ~
spin-1/2 system with positive helicity and en-
ergy, described by phase-space action S =

[(@+ea)- 7~ (pl+ o) la-P)ar. (1)

a(p) “momentum-dependent vector potential”
for “Berry monopole” in p-space

Vpxa=0 = b (2)

where p = p/|p|, A(x,t) & ¢(x,t) “ordinary”
vector & scalar potentials.

Fundamental assumption: Spin “enslaved”

s=sp| s=1 (3)




Lack of manifest Lorentz symmetry .

-arXiv:1404.5963
o arXiv:1404.64009

LLorentz algebra acts as

2

op = wxp+ |p|B,
<5a3 = wx:c—l—ﬁx(s| 2 )—,8 a:ﬁ (4)
\ p

N.B. a space-time action !
“dynamical” symmetry !

‘Duval, PAH| arXiv: 1406.0718

1. chiral system embedded into
massless spinning particle with
symmetry;

2. Spin enslavement |inconsistent| with

natural Lorentz symmetry

3. twisted (4) but Lorentz sym-
metry for chiral system (1).



Souriau’s mechanics

Dynamics determined by closed two-form o of
constant rank defined on ‘“evolution space” V.
Motions [curves or surfaces|] = “characteristic
leaves’” , tangent to kernel of two-form o.

Evolution space (V,o) (My,wi) phase space at t

Can be viewed as generalized variational cal-
culus.



Space of motions (M,w) symplectic manifold,
obtained from (V, o) by factoring out ‘“charac-
teristic submanifolds’ .

(M,w)

4
y

phase space [at time t] is section of evolution
space for fixed value t.




Symplectic description of chiral model

Variation of chiral action (1) yields egns of mo-
tion for position x and momentum p # 0 in
3-space,

((1—|—e@ B)‘;—‘f — p+ eExO+ (O -p)eB
{
(1—|—e@-B)Z—ZZ — e¢eE+epx B+¢2(E-B)®O,

(5)
E, B electric/magnetic field. “anomalous velocity
~ ‘“transverse shifts’ or ‘side jumps”’ in spin-
Hall-type effects.

Described within Souriau’'s framework . Evo-
lution space

Vi=T(®>\{0}) xR, (6)
endowed with two-form,
w = wo+ gez‘jkBi dz? A dz”, (7)
wog = dp; N dz* — 2|;|3eijkpi dp; N dpy, (8)
h = |p|+ eo, (9)



(s=1/2). w= o closed since
Ve B=0, Vp-0=0 (10)
see (2). Where
det(wag) = (1 +e© - B)? #0, (11)

kernel of o 1-dimensional; curve (w(r),p(ﬂ,t(r))
tangent to it iff eqns of motion (5) satisfied.

Evolution space (V, o) (My,wy) phase space at t
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Souriau’s Massless Spinning Particles

Souriau 1969 Free relativistic massless spinning
particle described by 9-dim evolution space

V9. Start with three four-vectors R, I, J in

Minkowski space R3-1 with signature (—, —, —, +).

VO ={R,1,JeR> | I, 1" = J,J" =0, I,J" = —1}
(12)

I future-directed. Lightlike vectors I, J gene-

rat null 2-plane. R represents spacetime event.

Equivalent but more convenient description uses
the spin tensor. Renaming P =1 (will be in-
terpreted as linear momentum),

S,LLI/ — —S E,UJI/pO' PPJO (13)

Satisfies 15, S¥ = s2, where s # 0 scalar spin
(also called helicity). [Pauli-Lubanski condi-
tion S, PY = 0 satisfied.

Identifying S = (Suv) with element of Lorentz
algebra 0(3, 1), evolutions space also presented
as

{R,P,S‘PMPM:O,SILU/PV_O 1S,LLI/S V_S } (14)
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V9 endowed with closed two-form

1
_ L 1Y A
o= —dP, NdR 2 dSA/\SpdSp“. (15)

Dynamics given by foliation whose leaves are
tangent to kero ; “world-sheet” [or world-line]
obtained by projecting leaf to Minkowski space,
yielding corresponding spacetime track.

Calculating kernel using constraints which de-
fine evolution space = curve (R(7), P(7),S(7))
tangent to kero iff

( P,R* = 0,
{ Pr = 0, (16)
SH = PHRY — PYRM,

\

where “dot” =d/dr. Spacetime velocity R or-
thogonal to momentum P.

(M,w)




Wigner translations

(16) integrated using spacetime vectors Z or-
thogonal to P, P,ZH =0,

RH  — RH 4 ZF,

PH  — PH (17)

SHY  — SHV 4 (PEZY — PYZH).
Any point in leaf reached by choosing suitable
/ = at each point kernel is 3-dim, projects to
spacetime as affine subspace of R3:1 spanned
by all vectors orthogonal to linear momentum
P = "motions” of free massless spinning par-
ticle take place on 3-dimensional “plane-wave”
tangent to light-cone at each spacetime event
R: particle is not localized in spacetime.
Wigner 39, Penrose 67, Souriau 69.

All curves which lie in a leaf (left invariant by
a “Z-shift” in (17)) should be considered as
same motion. Each (3-dimensional) leaf de-
fines therefore “motion” of particle. Space of
motions is collection M° = V?/ker o of leaves.
Explained below: spin is responsible for space-
time delocalization of massless particles.



Free massless spinning particle has 9-dim evolution space
V9. Dynamics defined by two-form o. ker o 3-dimensional,
whose points reached by a “Z-shift” (“Wigner transla-
tion” ). Characteristic leaves project into Minkowski as
3-planes orthogonal to momentum : massless spinning
particle can not be localized.

Put R = (r,t) where r and ¢ are position &
time in chosen Lorentz frame. Null-vectors

P = (p,|p|]) and J = (q,—l|q|), where p and
q two 3-vectors which satisfy p-q+ |p||q| = 1.

Siy = eijns", s=s(pla +alpl), (18)
Sia = s(p X q)j = (ﬁ X s)j. (19)
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Important observation
pP-S=35 (20)

in general. s fgleld length of s but projection onto p,
which is a constant.

Wigner transl. used to | ===cn Seiin

S = sp (21)
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space — time

The spin of a motion tangent to (3d) kernel of o can

be “enslaved” by suitable _ Chosing point on
Shifted curve with vanishing time coordinate provides us
with coordinate x of “motion”. The displaced motions

sweep a 3-plane under all Z-shifts.

Two-form o descends to space of motions MO
as symplectic two-form

S
2|p|>

w = dp; A dT* — IR B dp; Ndpy. | (22)
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Poincaré symmetry

Poincaré algebra spanned by (A,IN) where A =
(Auv) belongs to Lorentz algebra and ' = (I'#)
is translation in Minkowski space. Acts on V9:
[ SRM = NLRY 4+ TH,

$ SPH = NLPY, (23)
| 0Suy = NpSPY — N, SPE.

Leaves two-form (15) invariant ~ symmetry.

Action descends to space of motions (M°, w).
Noetherian conserved quantities

PH =M MM = RFPY — RVPH 4 SH  (24)

conserved linear and angular momentum.

In (341)-decomposition: parametrize Poincaré
algebra by /\ij = eijkwk, Nja = ﬁi, [ = ("}’,8),
w,B3,v € R3, e € R (rotations, boosts and space-
resp. time-translations). Inf. Poincaré-action
on V9 given by

(or = wXxr—+ Bt+ 7,
ot = [B-r+e¢
’ 25
| 9p = wxp+Blp|. (25)
| s = wxs—0Bx(pxs),

projects as natural action on Minkowski space.
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To write down explicit form of Poincaré mo-
menta, present matrix M = (Mpy) as M;; =
eijp t¥, Mja = g7 with £, g 3-vectors.

£ = rxp—+s,
{ d X (26)
g = |plr—pt+pxs.
Then
. g p
a:———r—pt—l——xs (27)
1P| |

itself conserved.

Full Poincaré algebra acts on space of mo-
tions as

p = wxp+ |p|B,

¢ dx = wx:ﬁ—l—ﬁx(slgz)—ﬁ-i} (28)

+ -

\ °

E"Ez

l

|~s

S
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10-parameter vectorfield (28) leaves free sym-
plectic structure invariant, i.e., generates fam-
ily of symmetries ~ Noether thm ~~ 10 con-
stants of the motion,

(¢ = T XP-+sp angular momentum
g = |pl& boost momentum

< - | (29)
p = p linear momentum

\ E = |p| energy

Conservation follows also directly from free egns
of motions. NB: two terms in angular momen-
tum £ separately conserved.

Poisson brackets of calculated using (22),

4,4} = _efj b, 14,95} = —ij gr, {4i,pj} = —ij Pk

{9:, €} = —ps; {pi,p;} =0, {pi, €} =0,
(30)

Poincaré algebra. Casimir invariants
m? = —p°4+E°=0, ¢-p=s, (31)

Zero-mass and spin-s representation .
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Twisted Poincaré symmetry of free chiral
model

Poincaré symmetry for free chiral system 7

In free case F = B = 0 motions determined
explicitly: ®-term drops out from (5),

'(1+e@-B)‘;—’: — p+cExO+ (O p)eB,
<
\(1—|—e@-B)2—€ — e¢eE+epx B+e2(E-B)®O,
integrated as:
x(t) = &+ pt, p(t) =p,  (32)

with &, p const. Space of motions M6 = V7/ ker o
described by £ = x(t) — pt and p. Two-form w
is (22) :

w = wo=dp; \ dz* — etk p; dpj N dpy.

2|p|3

Free chiral model g same space of motions
=l massless spinning particle §
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Chiral and massless spinning systems admit same space
of motions.

Strategy : import”’ natural Poincaré symmetry
of Souriau model to chiral system through their
common space of motions (M, w).

From identity of space of motions coordinates
conclude that position of chiral particle and of
massless Poincaré model are same, = r. In
terms of coordinates (a,p,t) on chiral evolu-
tion space V/, Poincaré action (28) becomes
“twisted"” |

AN

oxr — w><:1:—|—ﬁ><i—|—ﬁt—|—'y,

) 2|p| (33)
fp = wxp+|p|B,
ot = [B-x+e.

\
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Vector fields generate same (Poincaré) alge-
bra as in (28). Eagn (33) confirms and ex-
tends recently proposed action of Lorentz sub-

algebra [CHENNSONNSEBRARBVI Conservec

Lorentz quantities,

s

(7 ,e")

(M,w)
/
I ﬁh@x,’
\ = .
\

Identity of spaces of motion allows to “export” natural
Poincaré symmetry of latter to become “twisted” (“dy-
namical” ) symmetry of former.

rXp+3ip,
p|x — pt.

(34)

N.B. action (33) is usual, natural one on
ordinary spacetime. In fact, it is action on
spacetime at all, since it also involves momen-
tum variable p; is sort of “dynamical symmetry” .
x should be viewed as position variable,
because does not transform under a boost as
positions should.
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Embedding chiral system into
massless spinning model

Further insight gained by embedding evolution
space of chiral system, V', into that, V9, of
massless spinning particle by “enslaving spin” .
Condition

Sj4 = (ﬁ X S)j =0 (35)

defines submanifold ¥/ of V9 identified with
V7: restriction of free two-form of V9 to V7 is

(7)—(8).

Dynamics consistent with embedding. Motions
of chiral system lie within leaves of 3-dimensional
foliation of V2 and remain therefore motions
also for extended system.
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Chiral evolution space can be embedded, VI — V7,
into that, V®, of massless spinning particle by enslaving
spin by requiring p x s = 0. Constraint is Qg8 orentz-
invariant : Lorentz boost [3 does not leave p x s invari-

ant.

Lorentz symmetry inherited from embedding ?
. consider chiral motion r — pt embedded
into V2 s.t. s = sp and boost. Although spin
is boost-invariant,

(pxs)=sBxp#0 (36)

in general, = spin and momentum do not re-
main parallel . embedding chiral system through
spin enslavement is boost invariant .
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While full Poincaré group acts on V9, it is only
its | “Aristotle subgroup”  generated by space
rotations and by space- and time translations
which leaves V7 invariant : natural boosts are
broken by spin enslavement.

Lorentz symmetry restored by “unchaining spin
Boosting a trajectory in Vo according to (25),

s(r-pt) = —p(B-@-p1)).

5(%xs> ﬁx(g#)—#(ﬂ-(ﬁxs)).

Terms combine to yield action (28) on space
of motions,

55:=5<r—13t—|—£ ><s> = 3 x (sﬁ) —p(8 7).
| |
(37)
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Coupling to electromagnetic field

Conventional “minimal coupling” rule: 4-mo-
mentum shifted by 4-potential,

Pu — Ppu — €Ay, (38)

what is proposed in (1): rule (38) used
for 4-momentum (p,h), momentum in “Berry
term” O(p) shifted.

“half-way-rule” in (1) is instead consistent with
Souriau’'s prescription|, who works with same
evolution space as for free particle, but adds
electromagnetic field strength F' to free two-
form (15) ,

o— o+ el (39)

where e is electric charge. o closed, do = O,
because F'is closed 2-form of Minkowski space.

Rules (38) and (39) equivalent in spinless case
only. Why should (39) be chosen 7 Argument
in its favor comes form experience in plane,
where vielded insight into Hall-type phenom-
ena cf. 'Duval et al Phys. Lett. B 479, 284
(2000).
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Minimal coupling of massless spinning
model

Souriau’s prescription (39) applied to massless
spinning model yields, on evolution space V9,
closed two-form

o= —dP, AdR" — 2%2 dsh A S dsh, + gFW dRM A dRY.

(40)

Lengthy calculation = eqgns of motions (16)
change into

( J02% p
RH = PH4 ST FypP 7
5S-F
{ P* = —eFYRY, (41)
| S¥ = PHRY — PYRM

assuming
S F = S,3F* # 0. (42)

Dim of kero drops 3 — 1 : spin-field coupling
breaks “Z-shift” invariance =

spin degree can not be eliminated , we are left
with 9 — 1 = 8-dim. space of motions (phase
space locally).
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In terms of (3 + 1)-decomposition : assuming

15. F=18,43F =s.-(B—pxE)#0,

(dr  B-—-pxE

dt p-B

dp dr E-B _
— = E+—xB)= :
g = B+ xB) °p-BP

ds ><dr_pr p X (px FE)
a Pa%T 5B p-B

(43)
Unusual features :

e p one would have expected on r.h.s. of ve-
locity relation cancels out;

e eclectric charge drops out;

e Dynamics of the momentum decouples from
spin as long as latter does not vanish; scalar
spin s #= 0 disappears also from all equations.

Eas (43) = dp/dt = 0 = direction of p un-
changed during motion.
24



Put, for example, into crossed constant electric
& magnetic fields (like in Hall effect),

E=E% B=DBz2

E-B =0 = p itself const. of motion, = so is
angle 6 between B and p (0 # «/2 for p- B #*
0).

Assume for simplicity that initial momentum
lies in -z plane. Then egns of motion solved

by

E
_ 15 _ &=
r(t) = ((cose) z E}y)t4—ro,
p(t) = po,
s(t) = |p|<—tan9§—|—g(cosei—sin02)>t—|—so.

(44)
Thus, in addition to const.-speed vertical mo-
tion, particle also drifts perpendicularly to elec-
tric field with Hall velocity E/B.

Spin follows curious motion perpendicularly to

p = projection on p remains const, s(t) - p = sg - p.

Spin decoupled, but can consistently ‘“enslaved”
s and p do remain parallel.
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I
Motion in constant Hall-type electric and magnetic fields

described by eqn (44). Initial position, rq, chosen in y-z
plane, initial momentum and spin chosen parallel and
in -z plane. Spatial motion, r(t), is combination of
constant-velocity Hall drift perp. to E and B, com-
bined with const-velocity vertical drift. Momentum, p,
conserved, but spin, s(t), has curious, Hall-type motion

in plane perp to momentum.

Velocity superluminal (|dr/dt| > 1), diverges as
6 — w/2; for p- B = 0 instantaneous motions
with infinite velocity, parallel to 2z axis.
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Anomalous coupling

Minimal model curious, but not completely sat-
isfactory. Generalize. Clue : allow “mass-
square” to depend on coupling of spin to e.m.
field,

P, PH = —% S.F (45)

where used shorthand S - F = S,3F*. Real
constant ¢ : gyromagnetic ratio.

Pt = JH 4 % (S - F)JH, (46)

where I, J still asin (12). Allows to implement
(45). [Pauli-LubanskiK condition

S P? =0 (47)

automatically satisfied.
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Novel evolution space

(48)
endowed with closed two-form,

o = —dP, A dR* — 2—; dSy A Sp dSf + YeF,, dR* A dRY.
(49)

formally same as (40) up to different mass-

shell constraint.

New egns of motion from kernel using con-
straints which define V9.

. 1 1
Rt = Pr- (9= 2) S FpP* = g SM0,Fp 57,
(g _|_ 1) SQBFO‘B P p
Pt o= —eFiR —JorF,, 57,
4
s = PR = PR+ T[S F - S .

(50)
Zero-rest-mass counterparts of
'‘Bargmann-Michel-Telegdi eans for masseless
particle. Reduce to (40) for ¢ = 0. In “nor-
mal” case g =2 ~ Dirac egn anomalous ve-
locity canceled, but new contribution involv-
ing derivative of em field .
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(3 4+ 1)-decomposition:

R=(r,t), P=(p,E), Siq= (gxs>j (51)

where spin tensor still defined as in (13), but
new dispersion relation,

82\/\p|2—%S-F. (52)

Decomposing em field into electric and mag-
netic components,

%S-Fzs-(B—%xE). (53)

Tedious calculation yields (34 1)-form of egns
of motion (50).

N.B. For weak pure magnetic field, s = ip
p-B

2|p|
also proposed recently by [Chen et al , [Manuel et al .

cg
&~ lpl =S F=|pl - (54)
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Consider g = 2 4 fields constant ; field-derivative
terms & anomalous velocity drop out. Simpli-
fies to one reminiscent of a massive relativistic
particle,

([ dr

T = p,
dt b

dp dr

=2 — = E —><B>,
@=2)\ ‘3( T
d
G = o((&xs) BB

(55)
assuming that £ # 0 [sort of “effective mass’ |
is real. [NB: p #%= 0 implies that £ can not
vanish].

In pure magnetic field momentum and spin
satisfy eqns of identical form,

d d
—p=Ep><B, ® _fsxB. (56)
dt E dt E

Multiplying by p, s and by B, resp. =
|p| = const #0, p- B = const,
|s| = const # 0, s-B = const,

pz = const, s, = const,
E = \/|p\2 —es- B = const.
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Both momentum and spin vectors precess around
direction of magnetic field, B = Bz with com-

mon angular velocity w = —eB/£,
p(t) = (poe "¢B/E p ), (57)
s(t) = (sge "eB/E 5 ), (58)

where pg = px + tpy, So = sz + isy. [ herefore

r(t) = (Z%) e_i(eB/g)t, %t) + rg. (59)

Mo-
tion in pure const magnetic field B. Both [momentum
p(t) and spin s(t) precess around B direction. Position

r(t) spirals on cylinder around B-axis.
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