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Electromagnetic duality and Dirac monopoleElectromagnetic duality and Dirac monopole

System of  generalized Maxwell equations System of  generalized Maxwell equations 

is invariant  with respect to the transformations of electromagnis invariant  with respect to the transformations of electromagnetic duality:etic duality:

Classical motion in the monopole Coulomb magnetic field: Classical motion in the monopole Coulomb magnetic field: 

Generalized angular momentum is conserved:Generalized angular momentum is conserved:
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DiracDirac’’s monopole: Charge quantizations monopole: Charge quantization

��������BBBBBBBB ======== gggggggg ��������rrrrrrrrrrrrrrrr33333333 ======== ∇∇∇∇∇∇∇∇ ×××××××× ��������AAAAAAAA;;;;;;;; ∇∇∇∇∇∇∇∇ ········ ��������BBBBBBBB ======== 44444444ππππππππgggggggg ??
��������AAAAAAAA ======== gggggggg

rrrrrrrr
��������rrrrrrrr××××××××��������nnnnnnnn

rrrrrrrr−−−−−−−−((((((((��������rrrrrrrr········��������nnnnnnnn))))))))
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DiracDirac ’’s string is invisible if the charge s string is invisible if the charge 
quantization condition is imposed:quantization condition is imposed:
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NonNon--AbelianAbelian monopolesmonopoles

BreakBreak--through of 1974:through of 1974:
`̀t t HooftHooft --PolyakovPolyakov monopole solutionmonopole solution

While a Dirac monopole could becould be
incorporated in an Abelian theory, some 
non-Abelian models inevitably containinevitably contain
monopole solutions

Non-Abelian monopole is a non-linear 
system of coupled gauge and scalar (Higgs)
fields, its energy is finite and the fields are
regular everywhere in space. The gauge 
symmetry is spontaneously broken via Higgs mechanis m
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22222222 ++++++++ VVVVVVVV ((((((((||||||||ΦΦΦΦΦΦΦΦ||||||||))))))))



MagneticMagnetic monopolesmonopoles

A.M.PolyakovA.M.Polyakov

*1945*1945

Gerard 't Gerard 't HooftHooft

*1946*1946

P.A.M.DiracP.A.M.Dirac

19021902--19841984DiracDirac monopolemonopole (1931)(1931) NonNon--AbelianAbelian monopolemonopole

WuWu--YangYang monopolemonopole (1975)(1975)
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RegularRegular staticstatic configurationconfiguration
GaugeGauge groupgroup SU(2)SU(2)
MagneticMagnetic chargecharge isis thethe
topologicaltopological numbernumber : : Qg=n/2 Qg=n/2 
TheThe monopolemonopole isis veryvery heavyheavy ,,

M~m_vM~m_v /e/e
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Properties of nonProperties of non--AbelianAbelian monopoles [SU(5)]monopoles [SU(5)]

Monopole has a Monopole has a corecore of of radiusradius rrmm ~ ~ mmxx
--11 ~~ 1010--29 29 cm cm 

Monopole Monopole isis superheavysuperheavy :   :   M  M  ~ ~ mmxx//α α ~ ~ 101017 17 GeVGeV ~~ 1010--7 7 gg
MagneticMagnetic chargecharge of of thethe monopolemonopole has has topologicaltopological rootsroots ::

Electromagnetic subgroup is associated with rotations about Electromagnetic subgroup is associated with rotations about 
direction of the Higgs fielddirection of the Higgs field
Monopole solution mixes the Monopole solution mixes the spacialspacial and group rotations:and group rotations:

��������ΦΦΦΦΦΦΦΦ →→→→→→→→ vvvvvvvv��������rrrrrrrr

SS22 →→ SS22

��������JJJJJJJJ ======== ��������LLLLLLLL ++++++++ ��������TTTTTTTT ++++++++ ��������SSSSSSSS



DyonsDyons

Monopole has 4 collective coordinates: Monopole has 4 collective coordinates: RRRRRRRRkkkkkkkk aaaaaaaannnnnnnndddddddd χχχχχχχχ((((((((tttttttt))))))))

Electric charge of a Electric charge of a dyondyon is is QQQQQQQQ ======== 44444444ππππππππ ˙̇̇̇̇̇̇̇χχχχχχχχ

Charge quantization condition for a pair of Charge quantization condition for a pair of dyonsdyons ::

Consequence:Consequence: SpinSpin --statistic theorem admits both Bosestatistic theorem admits both Bose --Einstein and Einstein and 
FermiFermi --Dirac statistics.Dirac statistics.

QQQQQQQQ11111111gggggggg22222222 −−−−−−−− QQQQQQQQ22222222gggggggg11111111 ======== nnnnnnnn
22222222



Relic MonopolesRelic Monopoles

Monopoles should have been produced in the very early Universe:

SSSSSSSSUUUUUUUU ((((((((55555555)))))))) →→→→→→→→ SSSSSSSSUUUUUUUU ((((((((33333333)))))))) ×××××××× SSSSSSSSUUUUUUUU ((((((((22222222)))))))) ×××××××× UUUUUUUU ((((((((11111111)))))))) →→→→→→→→ SSSSSSSSUUUUUUUU ((((((((33333333)))))))) ×××××××× UUUUUUUU ((((((((11111111))))))))eeeeeeeemmmmmmmm

As T < As T < TTcc ~ 10~ 1015 15 GeVGeV the Higgs field acquires a nonthe Higgs field acquires a non --zero zero v.e.vv.e.v ..

V(V(ΦΦΦΦΦΦΦΦ)) V(V(ΦΦΦΦΦΦΦΦ)) Predictions of the Big Bang 
scenario (adiabatic expansion)
1 monopole per 101 monopole per 1044 nucleons!nucleons!

Inflation scenario: The potential is suffuciently
flat at Φ=0, the phase transition occurs at TTcc ~ 10~ 109 9 GeVGeV
-- only a few monopoles may survive the inflation!only a few monopoles may survive the inflation!

V(V(ΦΦΦΦΦΦΦΦ))



Experimental Experimental searchsearch forfor monopolesmonopoles

Accelerator Accelerator searchsearch
((FermilabFermilab , CERN, DESY, CERN, DESY……))

SuperconductingSuperconducting coilscoils

IndirectIndirect limits (limits ( ParkerParker ‘‘ss boundbound , , 
neutronneutron starsstars ……))

SearchSearch forfor monopolemonopole catalysiscatalysis
((IceCubeIceCube , Berkeley, Stanford, IBM, Berkeley, Stanford, IBM ……))

MonopolesMonopoles in in cosmiccosmic raysrays
((ScintillatorsScintillators and ionization detectors)and ionization detectors)

No No monopolemonopole detecteddetected yetyet !!
((©©Picture by courtesyPicture by courtesy G.GiacomelliG.Giacomelli ))



Fake monopolesFake monopoles

●●●● „Monopoles“ in spin-ice crystal structures

(Castelnovo, C., R. Moessner, and S. L. Sondhi, 
Magnetic monopoles in spin ice, Nature, Vol. 451, 42-45, 2008;
D.J.P. Morris et al, Dirac Strings and Magnetic Monopoles
in the Spin Ice; Science, Vol. 326, 411-414, 2009 )

●●●● „Monopoles“ in spin-ice crystal structures

(Castelnovo, C., R. Moessner, and S. L. Sondhi, 
Magnetic monopoles in spin ice, Nature, Vol. 451, 42-45, 2008;
D.J.P. Morris et al, Dirac Strings and Magnetic Monopoles
in the Spin Ice; Science, Vol. 326, 411-414, 2009 )

A sum of nearest-neighbor Ising model term and long range dipolar interactions

HHHHHHHH ======== JJJJJJJJ
∑∑∑∑∑∑∑∑
iiiiiiiijjjjjjjj

SSSSSSSSiiiiiiiiSSSSSSSSJJJJJJJJ ++++++++ σσσσσσσσ
∑∑∑∑∑∑∑∑
iiiiiiiijjjjjjjj

33333333(((((((( ˆ̂̂̂̂̂̂̂eeeeeeeeiiiiiiii ········ ˆ̂̂̂̂̂̂̂rrrrrrrriiiiiiiijjjjjjjj ))))))))(((((((( ˆ̂̂̂̂̂̂̂eeeeeeeejjjjjjjj ········ ˆ̂̂̂̂̂̂̂rrrrrrrriiiiiiiijjjjjjjj ))))))))−−−−−−−−((((((((eeeeeeeeiiiiiiii ········eeeeeeeejjjjjjjj ))))))))
rrrrrrrr33333333iiiiiiiijjjjjjjj

(Mengotti et al, Nature Physics , 7 (2011) 68)

Where is the cheat?

Each dipole is replaced by a pair of Each dipole is replaced by a pair of 
equal and opposite magnetic chargesequal and opposite magnetic charges



Fake monopolesFake monopoles

●●●● „Monopoles“ and  low energy QCD ●●●● „Monopoles“ and  low energy QCD 

QCD confinement as dual Meissner effect: monopole condencation as a reason of 
formation of the chromoelectric flux tube and QCD is taking a form of the dual 
Ginzburg-Landau model (S.Mandelstam, G `t Hooft et al (1970s))

Where is the cheat?

There is no monopoles in QCD!There is no monopoles in QCD!

Perturbative QCD        Low energy effective theory           Hadrons
(Quarks & gluons)              (Pions and quarks)  

ΛΛΛΛΛΛΛΛχ χ ~ 1 ~ 1 GeVGeV ΛΛΛΛΛΛΛΛQCDQCDQCDQCDQCDQCDQCDQCD ~ 180 ~ 180 MeVMeV



HereHere wewe areare: : YangYang--MillsMills--HiggsHiggs TheoryTheory

´́t t HooftHooft --PolyakovPolyakov staticstatic sphericallyspherically symmetricsymmetric solutionsolution

Monopole Monopole corecore :  :  RRcc~m~mvv
--11
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FFFFFFFFµµµµµµµµνννννννν ======== ∂∂∂∂∂∂∂∂µµµµµµµµAAAAAAAAνννννννν −−−−−−−− ∂∂∂∂∂∂∂∂ννννννννAAAAAAAAµµµµµµµµ ++++++++ iiiiiiiieeeeeeee[[[[[[[[AAAAAAAAµµµµµµµµ ,,,,,,,, AAAAAAAAνννννννν ]]]]]]]]
DDDDDDDDµµµµµµµµΦΦΦΦΦΦΦΦ ======== ∂∂∂∂∂∂∂∂µµµµµµµµΦΦΦΦΦΦΦΦ ++++++++ iiiiiiiieeeeeeee[[[[[[[[AAAAAAAAµµµµµµµµ ,,,,,,,,ΦΦΦΦΦΦΦΦ]]]]]]]]

VVVVVVVV ((((((((ΦΦΦΦΦΦΦΦ)))))))) ======== λλλλλλλλ ((((((((ΦΦΦΦΦΦΦΦ22222222 −−−−−−−− aaaaaaaa22222222))))))))22222222

φφφφφφφφaaaaaaaa ======== rrrrrrrr
aaaaaaaa

eeeeeeeerrrrrrrr22222222
HHHHHHHH ((((((((eeeeeeeeaaaaaaaarrrrrrrr))))))))

AAAAAAAAaaaaaaaannnnnnnn ======== εεεεεεεεaaaaaaaammmmmmmmnnnnnnnn
rrrrrrrr
mmmmmmmm

eeeeeeeerrrrrrrr22222222
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LongLong--rangerange scalarscalar fieldfield F ~ 1/r

No No netnet interactioninteraction betweenbetween thethe BPS BPS monopolesmonopoles
AnalyticalAnalytical solutionsolution of of thethe BPS  BPS  equationsequations::

Sir M. Sir M. AtiyahAtiyah , R. Ward  (1977),, R. Ward  (1977),
P. P. ForgacsForgacs et alet al (1981), (1981), 
W. Nahm (1982), W. Nahm (1982), 
P. P. SutcliffeSutcliffe (1996) (1996) and and otherother

KKKKKKKK ======== ξξξξξξξξ

ssssssssiiiiiiiinnnnnnnnhhhhhhhh ξξξξξξξξ ;;;;;;;; HHHHHHHH ======== ξξξξξξξξ ccccccccooooooootttttttthhhhhhhh ξξξξξξξξ −−−−−−−− 11111111

MagneticMagnetic chargecharge of a of a monopolemonopole isis
a a topologicaltopological numbernumber

λλ =0,=0, Bk= Dk F

BPS monopolesBPS monopoles

BogomolnyBogomolny equations:equations:

BPS BPS monopolemonopole massmass :: M = 4ph/ M = 4ph/ ee

ΦΦΦΦΦΦΦΦ :::::::: SSSSSSSS22222222 →→→→→→→→ SSSSSSSS22222222

HomotopyHomotopy groupgroup ππππππππ22222222((((((((SSSSSSSS
22222222))))))))



SelfSelf--dual monopoles dual monopoles vsvs nonnon--self dual monopolesself dual monopoles

In the limit h=0 the energy becomes:  

The first order Bogomol'nyi equations                         yield absolute minimum:

No net interaction between the BPS monopoles: the electromagnetic repulsion is 
compensated by the long-range scalar interaction. 

BPS BPS monopolesmonopoles ::

Non Non selfself --dualdual monopolesmonopoles ::

They are solutions of the second order Yang-Mills equations:  

even if g=0 (deformations of the topologically trivial sector)

The constituents are non BPS monopoles and/or vortices in a static equilibrium;   
separation is relatively small, there are no long-range forces 

∂∂∂∂∂∂∂∂µµµµµµµµFFFFFFFFµµµµµµµµνννννννν ======== 00000000

MMMMMMMM ======== 44444444ππππππππgggggggg
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SelfSelf--dual monopoles dual monopoles vsvs nonnon--self dual monopolesself dual monopoles

Integrability of the BPS equations: there is a correspondence to the reduced self-
duality equations of the Yang-Mills theory:

Properties of the BPS monopole are completely defined by the Higgs field:

An infinite chain of YM instantons along Euclidean time axis 

BPSBPS monopolesmonopoles ::

DDDDDDDDkkkkkkkkΦΦΦΦΦΦΦΦ
aaaaaaaa
⇋⇋⇋⇋⇋⇋⇋⇋ DDDDDDDDkkkkkkkkAAAAAAAA

aaaaaaaa
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11111111
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∞∞∞∞∞∞∞∞∑∑∑∑∑∑∑∑
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11111111
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22222222rrrrrrrr
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11111111
zzzzzzzz−−−−−−−−iiiiiiiiωωωωωωωωnnnnnnnn ++++++++

nnnnnnnn========∞∞∞∞∞∞∞∞∑∑∑∑∑∑∑∑
nnnnnnnn========−−−−−−−−∞∞∞∞∞∞∞∞

11111111
zzzzzzzz∗∗∗∗∗∗∗∗++++++++iiiiiiiiωωωωωωωωnnnnnnnn

}}}}}}}}
======== 11111111

22222222rrrrrrrr
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ccccccccooooooootttttttthhhhhhhh zzzzzzzz
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======== 11111111

22222222rrrrrrrr
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Rational map monopolesRational map monopoles

ThereThere isis a a transformationtransformation of a of a monopolemonopole intointo a rational a rational mapmap fromfrom thethe
RiemanianRiemanian sphere to sphere to inselfinself :  :  R: SR: S22 ## SS2   2   (P. (P. SutcliffeSutcliffe , , N.MantonN.Manton et al)et al)

Construction of Construction of thethe rational rational mapsmaps monopolesmonopoles : : 

RRRRRRRR((((((((zzzzzzzz)))))))) ========
aaaaaaaa((((((((zzzzzzzz))))))))

bbbbbbbb((((((((zzzzzzzz)))))))) ========
aaaaaaaa11111111zzzzzzzz

nnnnnnnn−−−−−−−−11111111++++++++························++++++++aaaaaaaannnnnnnn
zzzzzzzznnnnnnnn++++++++bbbbbbbb11111111zzzzzzzznnnnnnnn−−−−−−−−11111111++++++++························++++++++bbbbbbbbnnnnnnnn ,,,,,,,, zzzzzzzz ======== xxxxxxxx11111111 ++++++++ iiiiiiiixxxxxxxx22222222

Represent BPS equation in spherical coordinates Represent BPS equation in spherical coordinates 

Impose a complex gauge Impose a complex gauge 

Construct the monopoles usingConstruct the monopoles using

rrrrrrrr,,,,,,,, zzzzzzzz,,,,,,,, zzzzzzzz

ΦΦΦΦΦΦΦΦ ======== −−−−−−−−iiiiiiiiAAAAAAAArrrrrrrr ======== iiiiiiii
22222222UUUUUUUU

−−−−−−−−11111111∂∂∂∂∂∂∂∂rrrrrrrrUUUUUUUU,,,,,,,, AAAAAAAAzzzzzzzz ======== UUUUUUUU−−−−
−−−−11111111∂∂∂∂∂∂∂∂zzzzzzzzUUUUUUUU,,,,,,,, AAAAAAAAzzzzzzzz ======== 00000000

UUUUUUUU ∼∼∼∼∼∼∼∼ eeeeeeeexxxxxxxxpppppppp

{{{{{{{{
22222222rrrrrrrr

11111111++++++++||||||||RRRRRRRR||||||||22222222

((((((((
||||||||RRRRRRRR||||||||22222222 −−−−−−−− 11111111 22222222RRRRRRRR
22222222RRRRRRRR 11111111 −−−−−−−− ||||||||RRRRRRRR||||||||22222222

))))))))}}}}}}}}



R = 1/z:R = 1/z: oneone sphericallyspherically symmetricsymmetric monopolemonopole centeredcentered at at thethe originorigin ;;

twotwo monopolesmonopolesRRRRRRRR((((((((zzzzzzzz)))))))) ======== aaaaaaaa11111111zzzzzzzz++++++++aaaaaaaa22222222
zzzzzzzz22222222++++++++bbbbbbbb11111111zzzzzzzz++++++++bbbbbbbb22222222

::::::::

RRRRRRRR((((((((zzzzzzzz)))))))) ======== iiiiiiii
√√√√√√√√
33333333zzzzzzzz22222222−−−−−−−−11111111

zzzzzzzz((((((((zzzzzzzz22222222−−−−−−−−iiiiiiii
√√√√√√√√
33333333))))))))

:::::::: TetrahedralTetrahedral monopolesmonopoles ((degreedegree 3 3 mapmap ))

RRRRRRRR((((((((zzzzzzzz)))))))) ======== zzzzzzzz4444
4444++++++++22222222iiiiiiii

√√√√√√√√
33333333zzzzzzzz22222222++++++++11111111

zzzzzzzz44444444−−−−−−−−22222222iiiiiiiizzzzzzzz22222222
√√√√√√√√
33333333++++++++11111111

:::::::: OctahedralOctahedral monopolesmonopoles ((degreedegree 4 4 mapmap ))



Monopole catalysis of proton decayMonopole catalysis of proton decay

ThereThere areare zerozero --energyenergy solutionssolutions of of thethe DiracDirac equationequation forfor a a masslessmassless fermionfermion
coupledcoupled to a to a monopolemonopole ;  ;  

Naive question:Naive question: What happened when a fermion collides with a monopol e?  

= +  ?

SpinSpin --flip? Charge conjugation? flip? Charge conjugation? ChiralityChirality ??

The ground state of a monopole becomes twoThe ground state of a monopole becomes two --fold degenerated:fold degenerated:

(i) (i) |Ω>  |Ω>  (no fermions;   Q(no fermions;   QFF= = --1/2)1/2) (ii)(ii) aa††|Ω|Ω>  >  (zero mode);   Q(zero mode);   QFF= 1/2)= 1/2)

There are nonThere are non --suppressed suppressed fermionicfermionic condensates on the monopole background:condensates on the monopole background:

〈〈〈〈〈〈〈〈((((((((eeeeeeee++++++++eeeeeeee−−−−−−−− −−−−−−−− dddddddd33333333 ¯̄̄̄̄̄̄̄dddddddd33333333))))))))(((((((( ¯̄̄̄̄̄̄̄uuuuuuuu11111111uuuuuuuu11111111 −−−−−−−− ¯̄̄̄̄̄̄̄uuuuuuuu22222222uuuuuuuu22222222))))))))))))))))〉〉〉〉〉〉〉〉 ∼∼∼∼∼∼∼∼ rrrrrrrr−−−−−−−−66666666

γγγγγγγγµµµµµµµµ((((((((∂∂∂∂∂∂∂∂µµµµµµµµ ++++++++ eeeeeeeeAAAAAAAAµµµµµµµµ))))))))ψψψψψψψψ ======== 00000000;;;;;;;; ��������JJJJJJJJ ======== ��������LLLLLLLL ++++++++ ��������TTTTTTTT ++++++++ ��������SSSSSSSS ;;;;;;;; ��������LLLLLLLL ======== 00000000,,,,,,,, ��������TTTTTTTT ++++++++ ��������SSSSSSSS ======== 00000000



RubakovRubakov--CallanCallan effecteffect

Monopole could Monopole could catalysecatalyse
baryon number violating baryon number violating 
processes like processes like 

P + monopoleP + monopole →→→→→→→→ ee++ + mesons + monopole+ mesons + monopole

SU(5) model with SU(5) model with masslessmassless
fermions in sfermions in s --wavewave

Caution:Caution: the effect is modelthe effect is model --dependent! dependent! 



NonNon --AbelianAbelian monopoles and  black holesmonopoles and  black holes



HairyHairy blackblack holesholes withwith axial axial symmetrysymmetry
areare linkedlinked to to monopolesmonopoles

(Cho, Freund (1975), van Nieuwenhuizen et al 
(1976),  Breitenlohner, Forgacs, Maison
(1992), Lee, Nair, Weinberg (1992), 
Hartmann, Kleihaus Kunz, Shnir…)

Dimensionless parameters of the model: aa22 = 4p= 4p22 GGhh22,   b,   b22 ==ee22//hh

Monopole Monopole corecore RRcc ~ m~ mvv
--11 = (= (eeh h ) ) --11 vsvs Schwarzschild Schwarzschild radiusradius RRSchSch= 2MG; = 2MG; 

RRcc ~~ RRSchSch as as h h ~ ~ MMPlPl = G = G --1/21/2

Gravitating monopolesGravitating monopoles

11111111√√√√√√√√−−−−−−−−gggggggg DDDDDDDDµµµµµµµµ((((((((
√√√√√√√√−−−−−−−−ggggggggFFFFFFFF µµµµµµµµνννννννν )))))))) −−−−−−−− 11111111

44444444
iiiiiiiieeeeeeee[[[[[[[[ΦΦΦΦΦΦΦΦ,,,,,,,, DDDDDDDDννννννννΦΦΦΦΦΦΦΦ]]]]]]]] ======== 00000000 ;;;;;;;;

11111111√√√√√√√√−−−−−−−−gggggggg DDDDDDDDµµµµµµµµ((((((((
√√√√√√√√−−−−−−−−ggggggggDDDDDDDDµµµµµµµµΦΦΦΦΦΦΦΦ)))))))) ++++++++ λλλλλλλλ((((((((ΦΦΦΦΦΦΦΦ22222222 −−−−−−−− aaaaaaaa22222222))))))))ΦΦΦΦΦΦΦΦ ======== 00000000 ........



Global monopoles (monopole as big as Universe)Global monopoles (monopole as big as Universe)

LLLLLLLL ======== 11111111
22222222 ((((((((∂∂∂∂∂∂∂∂µµµµµµµµΦΦΦΦΦΦΦΦ

aaaaaaaa))))))))22222222 −−−−−−−− VVVVVVVV ((((((((||||||||ΦΦΦΦΦΦΦΦ||||||||))))))));;;;;;;; SSSSSSSSOOOOOOOO((((((((33333333)))))))) →→→→→→→→ OOOOOOOO((((((((22222222))))))))

There is no vector (gauge) field There is no vector (gauge) field -- but gravity may be coupled to this system insteadbut gravity may be coupled to this system instead

TopologicalTopological defectsdefects & extra & extra dimensionsdimensions ::

d=5: domaindomain wall (kink in d=1 + D=4)wall (kink in d=1 + D=4)

d=6: vortex  (in d=2) + D=4vortex  (in d=2) + D=4

d=7: monopole  (in d=3) + D=4monopole  (in d=3) + D=4

d=8: instanton  (in d=4) +  D=4instanton  (in d=4) +  D=4

the internal space of a topological defect living in a higher
dimensional space-time

OurOur D=4 worldD=4 world::
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