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ff44 model
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Field equation:Field equation: ∂∂∂∂∂∂∂∂µµµµµµµµ∂∂∂∂∂∂∂∂
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Vacuum:Vacuum: φφφφφφφφ00000000 ======== ±±±±±±±±aaaaaaaa Static configuration: Static configuration: T=0T=0
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22222222UUUUUUUU ((((((((φφφφφφφφ)))))))) φφφφφφφφ′′′′′′′′ ≥≥≥≥≥≥≥≥ 00000000Energy bound:Energy bound:



ff44 model: Applications

Phenomenological theory of second order Phenomenological theory of second order 
phase transitions phase transitions 
A model of the A model of the displacivedisplacive phase transitions phase transitions 
A model of A model of uniaxialuniaxial ferroelectricsferroelectrics
A phenomenological theory of the nonA phenomenological theory of the non--perturbativeperturbative transition in    transition in    
polyacetylenepolyacetylene chain chain 
Condensed matter physics:  solitary waves in shapeCondensed matter physics:  solitary waves in shape--memory   memory   

alloys  alloys  
Cosmology: model dynamics of the domain walls.  Cosmology: model dynamics of the domain walls.  
Biophysics: Biophysics: solitonsoliton excitations in DNA double helices. excitations in DNA double helices. 
Quantum field theory: a model example to investigate transitionQuantum field theory: a model example to investigate transition
between between perturbativeperturbative and nonand non--perturbativeperturbative sectors of the theory. sectors of the theory. 
A model of quantum mechanical A model of quantum mechanical instantoninstanton transitions in doubletransitions in double--
well potentialwell potential



Kink solution 

Kink solution:Kink solution: φφφφφφφφKKKKKKKK ¯̄̄̄̄̄̄̄KKKKKKKK ======== ±±±±±±±±aaaaaaaa ttttttttaaaaaaaannnnnnnnhhhhhhhh
((((((((
mmmmmmmm((((((((xxxxxxxx−−−−−−−−xxxxxxxx00000000))))))))√√√√√√√√

22222222

))))))))

Topological charge:                                        Topological charge:                                        -- mapping mapping 
((--a ; a) a ; a) →→ ((--------∞∞∞∞∞∞∞∞ ; ; ; ; ; ; ; ; ∞∞∞∞∞∞∞∞))))))))

Energy is minimal ifEnergy is minimal if 11111111√√√√√√√√
22222222
φφφφφφφφ′′′′′′′′ ========

√√√√√√√√
UUUUUUUU ((((((((φφφφφφφφ))))))))

Mass of the kink:Mass of the kink:

MMMMMMMM ======== EEEEEEEE========
∞∞∞∞∞∞∞∞∫∫∫∫∫∫∫∫
−−−−−−−−∞∞∞∞∞∞∞∞

ddddddddxxxxxxxx
√√√√√√√√
22222222UUUUUUUU ((((((((φφφφφφφφ)))))))) φφφφφφφφ′′′′′′′′ ========
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φφφφφφφφ((((((((∞∞∞∞∞∞∞∞))))))))∫∫∫∫∫∫∫∫

φφφφφφφφ((((((((−−−−−−−−∞∞∞∞∞∞∞∞))))))))

ddddddddφφφφφφφφ((((((((aaaaaaaa22222222 −−−−−−−− φφφφφφφφ22222222)))))))) ========
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φφφφφφφφ((((((((∞∞∞∞∞∞∞∞))))))))

φφφφφφφφ((((((((−−−−−−−−∞∞∞∞∞∞∞∞))))))))

QQQQQQQQ ======== 11111111
22222222aaaaaaaa [[[[[[[[φφφφφφφφ((((((((∞∞∞∞∞∞∞∞)))))))) −−−−−−−− φφφφφφφφ((((((((−−−−−−−−∞∞∞∞∞∞∞∞))))))))]]]]]]]]

MMMMMMMM ======== 22222222
√√√√√√√√
22222222λλλλλλλλaaaaaaaa33333333

33333333 ======== 22222222
√√√√√√√√
22222222mmmmmmmm33333333

33333333λλλλλλλλ

Mass of the scalar Mass of the scalar excitaionexcitaion:: mmmmmmmm ======== aaaaaaaa
√√√√√√√√
λλλλλλλλ

Energy density:Energy density: EEEEEEEE ======== mmmmmmmm22222222aaaaaaaa22222222

22222222 sssssssseeeeeeeecccccccchhhhhhhh44444444
((((((((
mmmmmmmm((((((((xxxxxxxx−−−−−−−−xxxxxxxx00000000))))))))√√√√√√√√

22222222

))))))))
Topological currentTopological current JJJJJJJJµµµµµµµµ ======== 11111111

22222222aaaaaaaa εεεεεεεεµµµµµµµµνννννννν∂∂∂∂∂∂∂∂
ννννννννφφφφφφφφ;;;;;;;; QQQQQQQQ ========

∞∞∞∞∞∞∞∞∫∫∫∫∫∫∫∫
−−−−−−−−∞∞∞∞∞∞∞∞

ddddddddxxxxxxxxJJJJJJJJ00000000 ======== 11111111
22222222aaaaaaaa
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ddddddddxxxxxxxx ∂∂∂∂∂∂∂∂φφφφφφφφ∂∂∂∂∂∂∂∂xxxxxxxx



Interaction between the kinks 

KinkKink--antikinkantikink pair (a=1, m = pair (a=1, m = √√2)2)::

Far away from the pair (somewhere at x Far away from the pair (somewhere at x ≈≈ 0)0)

Interaction energy:Interaction energy:

φφφφφφφφ((((((((xxxxxxxx)))))))) ======== 11111111++++++++ttttttttaaaaaaaannnnnnnnhhhhhhhh((((((((xxxxxxxx−−−−−−−−RRRRRRRR))))))))−−−−−−−− ttttttttaaaaaaaannnnnnnnhhhhhhhh((((((((xxxxxxxx++++++++RRRRRRRR))))))))

ttttttttaaaaaaaannnnnnnnhhhhhhhh((((((((xxxxxxxx −−−−−−−− RRRRRRRR)))))))) ≈≈≈≈≈≈≈≈ −−−−−−−−11111111 ++++++++ 22222222eeeeeeee22222222((((((((xxxxxxxx−−−−−−−−RRRRRRRR)))))))) ;;;;;;;;
ttttttttaaaaaaaannnnnnnnhhhhhhhh((((((((xxxxxxxx ++++++++ RRRRRRRR)))))))) ≈≈≈≈≈≈≈≈ 11111111 −−−−−−−− 22222222eeeeeeee−−−−−−−−22222222((((((((xxxxxxxx++++++++RRRRRRRR))))))))

Linear oscillations on the static kink background:Linear oscillations on the static kink background: φφφφφφφφ ======== φφφφφφφφKKKKKKKK ++++++++ δδδδδδδδφφφφφφφφ

→→

KinksKinks attractsattracts eacheach otherother withwith thethe force force 

EEEEEEEEiiiiiiiinnnnnnnntttttttt ≈≈≈≈≈≈≈≈ −−−−−−−−1111111166666666eeeeeeee−−−−−−−−22222222LLLLLLLL ,,,,,,,, LLLLLLLL ======== 22222222RRRRRRRR

FFFFFFFF ======== ddddddddEEEEEEEEiiiiiiiinnnnnnnntttttttt

ddddddddLLLLLLLL ≈≈≈≈≈≈≈≈ 3333333322222222eeeeeeee−−−−−−−−22222222LLLLLLLL

¨̈̈̈̈̈̈̈φφφφφφφφ −−−−−−−− φφφφφφφφ′′′′′′′′′′′′′′′′ −−−−−−−− λλλλλλλλ((((((((aaaaaaaa22222222 −−−−−−−− φφφφφφφφ22222222))))))))φφφφφφφφ ======== 00000000 δδδδδδδδ ¨̈̈̈̈̈̈̈φφφφφφφφ −−−−−−−− δδδδδδδδφφφφφφφφ′′′′′′′′′′′′′′′′ −−−−−−−− mmmmmmmm22222222
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11111111 −−−−−−−− 33333333

22222222 ccccccccoooooooosssssssshhhhhhhh22222222((((((((mmmmmmmmxxxxxxxx////////22222222))))))))

]]]]]]]]
δδδδδδδδφφφφφφφφ ======== 00000000



Modes of oscillations: ff44 model

Modes on the Modes on the ff44 kink:kink: δδδδδδδδφφφφφφφφ ========
∞∞∞∞∞∞∞∞∑∑∑∑∑∑∑∑
nnnnnnnn========00000000

CCCCCCCCnnnnnnnn((((((((tttttttt))))))))ηηηηηηηηnnnnnnnn((((((((xxxxxxxx))))))))

dddddddd22222222ηηηηηηηηnnnnnnnn
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δδδδδδδδηηηηηηηηnnnnnnnn ======== ωωωωωωωω22222222ηηηηηηηηnnnnnnnn((((((((xxxxxxxx))))))))

PeashlePeashle--Teller potential:Teller potential:

Zero (translational) mode: Zero (translational) mode: ww22=0=0 Internal mode: Internal mode: ww2 2 ==

ηηηηηηηη00000000 ======== 22222222√√√√√√√√
33333333 ccccccccoooooooosssssssshhhhhhhh22222222 zzzzzzzz

ηηηηηηηη11111111 ========
√√√√√√√√

22222222
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ccccccccoooooooosssssssshhhhhhhh22222222 zzzzzzzz
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44444444
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O(3) O(3) sigma--model

Field equation:Field equation:

Energy                                        remains finite if Energy                                        remains finite if as  as  rr →→ ∞∞∞∞∞∞∞∞

Mapping from the (Mapping from the (x,yx,y) plane  to the target ) plane  to the target 
space Sspace S22

LLLL ==== 1111
2222
∂∂∂∂µµµµφφφφ

aaaa∂∂∂∂µµµµφφφφaaaa;;;; φφφφaaaaφφφφaaaa ==== 1111

using the Lagrange multiplierusing the Lagrange multiplier LLLLLLLL ======== 11111111
22222222 ∂∂∂∂∂∂∂∂µµµµµµµµφφφφφφφφ

aaaaaaaa∂∂∂∂∂∂∂∂µµµµµµµµφφφφφφφφaaaaaaaa ++++++++ λλλλλλλλ((((((((11111111 −−−−−−−− φφφφφφφφaaaaaaaaφφφφφφφφaaaaaaaa))))))))

∂∂∂∂∂∂∂∂µµµµµµµµ∂∂∂∂∂∂∂∂
µµµµµµµµφφφφφφφφaaaaaaaa ++++++++ ((((((((∂∂∂∂∂∂∂∂µµµµµµµµφφφφφφφφ

bbbbbbbb∂∂∂∂∂∂∂∂µµµµµµµµφφφφφφφφbbbbbbbb))))))))φφφφφφφφaaaaaaaa ======== 00000000

φφφφφφφφaaaaaaaa ======== ((((((((φφφφφφφφ11111111 ,,,,,,,, φφφφφφφφ22222222 ,,,,,,,, φφφφφφφφ33333333)))))))) d=2+1 d=2+1 

φφφφφφφφ →→→→→→→→ ((((((((00000000,,,,,,,, 00000000,,,,,,,, 11111111))))))))

((((((((ddddddddxxxxxxxx,,,,,,,, ddddddddyyyyyyyy)))))))) →→→→→→→→
((((((((
∂∂∂∂∂∂∂∂��������φφφφφφφφ
∂∂∂∂∂∂∂∂xxxxxxxx ddddddddxxxxxxxx,,,,,,,,

∂∂∂∂∂∂∂∂ ��������φφφφφφφφ
∂∂∂∂∂∂∂∂yyyyyyyy ddddddddyyyyyyyy

))))))))

Topological charge:                                        Topological charge:                                        
-- mapping Smapping S22 →→ SS22

QQQQQQQQ ======== 11111111
44444444ππππππππ

∫∫∫∫∫∫∫∫
dddddddd22222222xxxxxxxx ((((((((��������φφφφφφφφ ········ ��������σσσσσσσσ)))))))) ======== 11111111

44444444ππππππππ

∫∫∫∫∫∫∫∫
dddddddd22222222xxxxxxxx ��������φφφφφφφφ

[[[[[[[[
∂∂∂∂∂∂∂∂ ��������φφφφφφφφ
∂∂∂∂∂∂∂∂xxxxxxxx ××××××××

∂∂∂∂∂∂∂∂��������φφφφφφφφ
∂∂∂∂∂∂∂∂yyyyyyyy

]]]]]]]]

The boundary of the (The boundary of the (x,yx,y) plane is equivalent to a) plane is equivalent to a
point, i.e. the plane is equivalent to the sphere point, i.e. the plane is equivalent to the sphere SS22

λλλλλλλλ ======== φφφφφφφφaaaaaaaa∂∂∂∂∂∂∂∂µµµµµµµµ∂∂∂∂∂∂∂∂
µµµµµµµµφφφφφφφφaaaaaaaa

EEEEEEEE ======== 11111111
44444444

∫∫∫∫∫∫∫∫
dddddddd22222222xxxxxxxx ((((((((∂∂∂∂∂∂∂∂nnnnnnnnφφφφφφφφ

aaaaaaaa ········ ∂∂∂∂∂∂∂∂nnnnnnnnφφφφφφφφaaaaaaaa))))))))



O(3) O(3) sigma--model: Lump solitons

Problem:Problem: find solution in the sector with topological charge find solution in the sector with topological charge Q=1Q=1

Vacuum:Vacuum: φφφφφφφφaaaaaaaa ======== ((((((((00000000,,,,,,,, 00000000,,,,,,,,−−−−−−−−11111111))))))))

SO(2) invariant SO(2) invariant ansatzansatz: : {{
ffffffff ((((((((00000000)))))))) ======== 00000000;;;;;;;; ffffffff ((((((((∞∞∞∞∞∞∞∞)))))))) ======== ππππππππ

φφφφφφφφαααααααα ======== nnnnnnnnαααααααα ssssssssiiiiiiiinnnnnnnn ffffffff ((((((((rrrrrrrr)))))))),,,,,,,, φφφφφφφφ33333333 ======== ccccccccoooooooossssssss ffffffff ((((((((rrrrrrrr))))))))
nnnnnnnnαααααααα ======== ((((((((ccccccccoooooooossssssss ϕϕϕϕϕϕϕϕ;;;;;;;; ssssssssiiiiiiiinnnnnnnn ϕϕϕϕϕϕϕϕ))))))))

∂∂∂∂∂∂∂∂kkkkkkkkφφφφφφφφ
αααααααα ======== 11111111

rrrrrrrr

((((((((
δδδδδδδδkkkkkkkkαααααααα −−−−−−−− nnnnnnnnkkkkkkkknnnnnnnnαααααααα

))))))))
ssssssssiiiiiiiinnnnnnnn ffffffff ++++++++ nnnnnnnnkkkkkkkknnnnnnnnααααααααffffffff ′′′′′′′′ ccccccccoooooooossssssss ffffffff ;;;;;;;; ∂∂∂∂∂∂∂∂kkkkkkkkφφφφφφφφ

33333333 ======== −−−−−−−−nnnnnnnnkkkkkkkkffffffff ′′′′′′′′ ssssssssiiiiiiiinnnnnnnn ffffffff

Trick: Trick: do not solve field equation directly!do not solve field equation directly!

FFFFFFFF aaaaaaaa
iiiiiiii ======== ∂∂∂∂∂∂∂∂iiiiiiiiφφφφφφφφ

aaaaaaaa ±±±±±±±± εεεεεεεεaaaaaaaabbbbbbbbccccccccεεεεεεεεiiiiiiiijjjjjjjjφφφφφφφφ
bbbbbbbb∂∂∂∂∂∂∂∂jjjjjjjjφφφφφφφφ

ccccccccConsiderConsider

∫∫∫∫∫∫∫∫
dddddddd22222222xxxxxxxx FFFFFFFF aaaaaaaa

iiiiiiii FFFFFFFF
aaaaaaaa
iiiiiiii ≥≥≥≥≥≥≥≥ 00000000BecauseBecause

11111111
22222222FFFFFFFF

aaaaaaaa
iiiiiiii FFFFFFFF

aaaaaaaa
iiiiiiii ======== ∂∂∂∂∂∂∂∂iiiiiiiiφφφφφφφφ

aaaaaaaa∂∂∂∂∂∂∂∂iiiiiiiiφφφφφφφφ
aaaaaaaa ∓∓∓∓∓∓∓∓ εεεεεεεεaaaaaaaabbbbbbbbccccccccεεεεεεεεiiiiiiiijjjjjjjjφφφφφφφφ

aaaaaaaa∂∂∂∂∂∂∂∂iiiiiiiiφφφφφφφφ
bbbbbbbb∂∂∂∂∂∂∂∂jjjjjjjjφφφφφφφφ

cccccccc

∫∫∫∫∫∫∫∫
dddddddd22222222xxxxxxxx ∂∂∂∂∂∂∂∂iiiiiiiiφφφφφφφφ

aaaaaaaa∂∂∂∂∂∂∂∂iiiiiiiiφφφφφφφφ
aaaaaaaa ≥≥≥≥≥≥≥≥ ±±±±±±±±

∫∫∫∫∫∫∫∫
dddddddd22222222xxxxxxxx εεεεεεεεaaaaaaaabbbbbbbbccccccccεεεεεεεεiiiiiiiijjjjjjjjφφφφφφφφ

aaaaaaaa∂∂∂∂∂∂∂∂iiiiiiiiφφφφφφφφ
bbbbbbbb∂∂∂∂∂∂∂∂jjjjjjjjφφφφφφφφ

cccccccc

EEEEEEEE ≥≥≥≥≥≥≥≥ ±±±±±±±±44444444ππππππππQQQQQQQQ ∂∂∂∂∂∂∂∂iiiiiiiiφφφφφφφφ
aaaaaaaa∂∂∂∂∂∂∂∂iiiiiiiiφφφφφφφφ

aaaaaaaa ======== εεεεεεεεaaaaaaaabbbbbbbbccccccccεεεεεεεεiiiiiiiijjjjjjjjφφφφφφφφ
aaaaaaaa∂∂∂∂∂∂∂∂iiiiiiiiφφφφφφφφ

bbbbbbbb∂∂∂∂∂∂∂∂jjjjjjjjφφφφφφφφ
cccccccc



O(3) O(3) sigma--model: Lump solitons

ffffffff ′′′′′′′′ ======== 11111111
rrrrrrrr ssssssssiiiiiiiinnnnnnnn ffffffff ffffffff ======== 22222222 aaaaaaaarrrrrrrrccccccccttttttttaaaaaaaannnnnnnn

rrrrrrrr

rrrrrrrr00000000

Solution:Solution: φφφφφφφφαααααααα ========
22222222xxxxxxxxααααααααrrrrrrrr00000000
rrrrrrrr2222222200000000 ++++++++ rrrrrrrr22222222

;;;;;;;; φφφφφφφφ33333333 ========
rrrrrrrr2222222200000000 −−−−−−−− rrrrrrrr22222222

rrrrrrrr2222222200000000 ++++++++ rrrrrrrr22222222

Topological charge:Topological charge:

Riemann sphere coordinates on the target space Riemann sphere coordinates on the target space SS2 2 ::

RRRRRRRR11111111 ========
22222222φφφφφφφφ11111111

11111111 −−−−−−−− φφφφφφφφ33333333
;;;;;;;; RRRRRRRR22222222 ========

22222222φφφφφφφφ22222222

11111111 −−−−−−−− φφφφφφφφ33333333
;;;;;;;; RRRRRRRR ======== RRRRRRRR11111111 ++++++++ iiiiiiiiRRRRRRRR22222222 ;;;;;;;; zzzzzzzz ======== xxxxxxxx ++++++++ iiiiiiiiyyyyyyyy

EEEEEEEE ========
∫∫∫∫∫∫∫∫
dddddddd22222222xxxxxxxx

||||||||∂∂∂∂∂∂∂∂zzzzzzzzRRRRRRRR||||||||22222222 ++++++++ ||||||||∂∂∂∂∂∂∂∂ ¯̄̄̄̄̄̄̄zzzzzzzzRRRRRRRR||||||||22222222
((((((((11111111 ++++++++ ||||||||RRRRRRRR||||||||22222222))))))))22222222 ;;;;;;;; QQQQQQQQ ========

11111111

ππππππππ

∫∫∫∫∫∫∫∫
dddddddd22222222xxxxxxxx

||||||||∂∂∂∂∂∂∂∂zzzzzzzzRRRRRRRR||||||||22222222 −−−−−−−− ||||||||∂∂∂∂∂∂∂∂ ¯̄̄̄̄̄̄̄zzzzzzzzRRRRRRRR||||||||22222222
((((((((11111111 ++++++++ ||||||||RRRRRRRR||||||||22222222))))))))22222222

∂∂∂∂∂∂∂∂ ¯̄̄̄̄̄̄̄zzzzzzzzRRRRRRRR ======== 00000000
Field equation becomes the Field equation becomes the 
CauchyCauchy--Riemann equation:Riemann equation:

QQQQQQQQ ======== 11111111
44444444ππππππππ

∫∫∫∫∫∫∫∫
dddddddd22222222xxxxxxxx εεεεεεεεaaaaaaaabbbbbbbbccccccccεεεεεεεεiiiiiiiijjjjjjjjφφφφφφφφ

aaaaaaaa∂∂∂∂∂∂∂∂iiiiiiiiφφφφφφφφ
bbbbbbbb∂∂∂∂∂∂∂∂jjjjjjjjφφφφφφφφ

cccccccc ======== 11111111



SkyrmeSkyrme familyfamily

(2+1)(2+1)--dimdim: Baby Baby SkyrmeSkyrme modelmodel

φφφφ :::: SSSS2222 →→→→ SSSS2222;;;; φφφφ∞∞∞∞ ==== ((((0000,,,, 0000,,,, 1111))))
VVVV ((((φφφφ)))) ==== µµµµ2222((((1111−−−− φφφφ3333))))Standard choice:

(3+1)(3+1)--dimdim: SkyrmeSkyrme modelmodel

φφφφ :::: SSSS3333 →→→→ SSSS3333;;;; φφφφ∞∞∞∞ ==== ((((0000,,,, 0000,,,, 0000,,,, 1111))))

QQQQQQQQ ∈∈∈∈∈∈∈∈ ZZZZZZZZ ======== ππππππππ22222222((((((((SSSSSSSS
22222222))))))))

RRRRRRRRµµµµµµµµ ======== ∂∂∂∂∂∂∂∂µµµµµµµµUUUUUUUUUUUUUUUU
†††††††† ;;;;;;;; UUUUUUUU ======== φφφφφφφφ00000000IIIIIIII ++++++++ iiiiiiiiσσσσσσσσaaaaaaaa ········ φφφφφφφφaaaaaaaa

LLLLLLLL ======== −−−−−−−− TTTTTTTTrrrrrrrr

{{{{{{{{
11111111

22222222
((((((((RRRRRRRRµµµµµµµµRRRRRRRR

µµµµµµµµ)))))))) ++++++++
11111111

1111111166666666
(((((((([[[[[[[[RRRRRRRRµµµµµµµµ ,,,,,,,, RRRRRRRRνννννννν ]]]]]]]][[[[[[[[RRRRRRRR

µµµµµµµµ ,,,,,,,, RRRRRRRRνννννννν ]]]]]]]])))))))) ++++++++ µµµµµµµµ22222222((((((((UUUUUUUU −−−−−−−− IIIIIIII))))))))
}}}}}}}}

QQQQQQQQ ∈∈∈∈∈∈∈∈ ZZZZZZZZ ======== ππππππππ33333333((((((((SSSSSSSS
33333333))))))))

LLLL ====
1111

2222
∂∂∂∂µµµµφφφφ∂∂∂∂

µµµµφφφφ−−−− 1111

4444
((((∂∂∂∂µµµµφφφφ ×××× ∂∂∂∂ννννφφφφ))))

2222 −−−− VVVV ((((φφφφ))))

QQQQ ====
1111

22224444ππππ2222
TTTTrrrr

∫∫∫∫

RRRR3333

εεεεiiiijjjjkkkkRRRRiiiiRRRRjjjjRRRRkkkkdddd
3333xxxx

LLLL ====
1111

2222
∂∂∂∂µµµµφφφφ∂∂∂∂

µµµµφφφφ−−−− 1111

4444
((((∂∂∂∂µµµµφφφφ×××× ∂∂∂∂ννννφφφφ))))

2222 −−−− VVVV ((((φφφφ))))

QQQQ ====
1111

4444ππππ

∫∫∫∫

RRRR2222

φφφφ ···· ((((∂∂∂∂1111φφφφ×××× ∂∂∂∂2222φφφφ))))dddd
2222xxxx



Baby Baby SkyrmeSkyrme modelmodel

φφφφφφφφ ======== ((((((((φφφφφφφφ11111111 ,,,,,,,, φφφφφφφφ22222222 ,,,,,,,, φφφφφφφφ33333333))))))));;;;;;;; φφφφφφφφaaaaaaaa ········ φφφφφφφφaaaaaaaa ======== 11111111;;;;;;;; φφφφφφφφ :::::::: SSSSSSSS22222222 →→→→→→→→ SSSSSSSS22222222

Derrick'sDerrick's scalingscaling theoremtheorem:: SkyrmeSkyrme termterm providesprovides a a scalescale
butbut cannotcannot stabilisestabilise thethe solitonsoliton: potential : potential termterm isis necessarynecessary

((TchrakianTchrakian, , ZakrzewskiZakrzewski, , LeeseLeese (1990)(1990)

LLLLLLLL ======== 11111111
44444444 ((((((((∂∂∂∂∂∂∂∂µµµµµµµµφφφφφφφφ

aaaaaaaa))))))))22222222 −−−−−−−− κκκκκκκκ
88888888

[[[[[[[[
((((((((∂∂∂∂∂∂∂∂µµµµµµµµφφφφφφφφ

aaaaaaaa∂∂∂∂∂∂∂∂µµµµµµµµφφφφφφφφ
aaaaaaaa))))))))22222222 −−−−−−−− ((((((((∂∂∂∂∂∂∂∂µµµµµµµµφφφφφφφφ

aaaaaaaa∂∂∂∂∂∂∂∂ννννννννφφφφφφφφ
aaaaaaaa))))))))((((((((∂∂∂∂∂∂∂∂µµµµµµµµφφφφφφφφaaaaaaaa∂∂∂∂∂∂∂∂ννννννννφφφφφφφφaaaaaaaa))))))))

]]]]]]]]
++++++++mmmmmmmm22222222((((((((11111111 −−−−−−−− φφφφφφφφ33333333))))))))

QQQQQQQQ ======== 11111111
44444444ππππππππ

∫∫∫∫∫∫∫∫
dddddddd22222222xxxxxxxx εεεεεεεεaaaaaaaabbbbbbbbccccccccεεεεεεεεiiiiiiiijjjjjjjjφφφφφφφφ

aaaaaaaa∂∂∂∂∂∂∂∂iiiiiiiiφφφφφφφφ
bbbbbbbb∂∂∂∂∂∂∂∂jjjjjjjjφφφφφφφφ

cccccccc ======== 11111111

EEEEEEEE ≥≥≥≥≥≥≥≥ ±±±±±±±±44444444ππππππππQQQQQQQQ equalityequality isis possiblepossible ifif κκκκκκκκ ======== 00000000 aaaaaaaannnnnnnndddddddd mmmmmmmm ======== 00000000

Axially symmetric Axially symmetric ansatzansatz::

φφφφφφφφ11111111 ======== ssssssssiiiiiiiinnnnnnnn ffffffff ((((((((rrrrrrrr)))))))) ccccccccoooooooossssssss((((((((QQQQQQQQϕϕϕϕϕϕϕϕ −−−−−−−− δδδδδδδδ))))))));;;;;;;;
φφφφφφφφ11111111 ======== ssssssssiiiiiiiinnnnnnnn ffffffff ((((((((rrrrrrrr)))))))) ssssssssiiiiiiiinnnnnnnn((((((((QQQQQQQQϕϕϕϕϕϕϕϕ −−−−−−−− δδδδδδδδ))))))));;;;;;;;
φφφφφφφφ33333333 ======== ccccccccoooooooossssssss ffffffff ((((((((rrrrrrrr))))))))

Q=1Q=1 Q=2Q=2



Baby Baby SkyrmeSkyrme modelmodel

Potential of Potential of thethe baby baby SkyrmeSkyrme modelmodel:: potential potential termterm U(U(ϕϕ) ) may be chosen almost may be chosen almost 
arbitrarily, however must vanish at infinity  for a given vacuumarbitrarily, however must vanish at infinity  for a given vacuum field value in order to field value in order to 
ensure ensure existanceexistance of the finite energy solutions: of the finite energy solutions: 

Several potential terms have been studied in great detail:Several potential terms have been studied in great detail:

““OldOld”” model, with model, with 

HolomorphicHolomorphic model, with model, with 

““Double vacuumDouble vacuum”” model, with model, with 

KarlinerKarliner, Hen (2007), Hen (2007)

φφφφaaaa((((0000)))) ==== ((((0000,,,, 0000,,,, 1111))))

UUUUUUUU ((((((((φφφφφφφφ)))))))) ======== mmmmmmmm22222222((((((((11111111 −−−−−−−− φφφφφφφφ33333333))))))))

UUUUUUUU ((((((((φφφφφφφφ)))))))) ======== mmmmmmmm22222222((((((((11111111 −−−−−−−− φφφφφφφφ33333333))))))))
44444444

UUUUUUUU ((((((((φφφφφφφφ)))))))) ======== mmmmmmmm22222222((((((((11111111 −−−−−−−− φφφφφφφφ2222222233333333))))))))



SkyrmeSkyrme model:model:

SphericallySpherically symmetricsymmetric skyrmionskyrmion (Q= 1)(Q= 1)

HedgehogHedgehog ansatzansatz::

ˆ̂̂̂̂̂̂̂nnnnnnnn======== ((((((((ssssssssiiiiiiiinnnnnnnnθθθθθθθθ ccccccccoooooooossssssssϕϕϕϕϕϕϕϕ,,,,,,,, ssssssssiiiiiiiinnnnnnnnθθθθθθθθ ssssssssiiiiiiiinnnnnnnnϕϕϕϕϕϕϕϕ,,,,,,,, ccccccccoooooooossssssss θθθθθθθθ))))))))

The topological chargeThe topological charge

The boundary conditionsThe boundary conditions

correspond to Q=1 correspond to Q=1 

ffffffff ((((((((00000000)))))))) ======== ππππππππ,,,,,,,, ffffffff ((((((((∞∞∞∞∞∞∞∞)))))))) ======== 00000000

Good approximation:Good approximation:

ffffffff ((((((((rrrrrrrr)))))))) ======== 44444444 aaaaaaaarrrrrrrrccccccccttttttttaaaaaaaannnnnnnn((((((((eeeeeeeerrrrrrrr ))))))))

φφφφφφφφ ======== ((((((((φφφφφφφφ11111111 ,,,,,,,, φφφφφφφφ22222222 ,,,,,,,, φφφφφφφφ33333333 ,,,,,,,, φφφφφφφφ44444444))))))));;;;;;;; φφφφφφφφaaaaaaaa ········ φφφφφφφφaaaaaaaa ======== 11111111;;;;;;;; φφφφφφφφ :::::::: SSSSSSSS33333333 →→→→→→→→ SSSSSSSS33333333

UUUUUUUU ======== φφφφφφφφ44444444 ++++++++ φφφφφφφφaaaaaaaa ········ σσσσσσσσaaaaaaaa ======== ccccccccoooooooossssssss ffffffff ((((((((rrrrrrrr)))))))) ++++++++ iiiiiiii ˆ̂̂̂̂̂̂̂nnnnnnnn ········ σσσσσσσσ ssssssssiiiiiiiinnnnnnnn ffffffff ((((((((rrrrrrrr))))))))

UUUUUUUU :::::::: SSSSSSSS33333333 →→→→→→→→ SSSSSSSS33333333

QQQQQQQQ ======== 11111111
2222222244444444ππππππππ22222222

∫∫∫∫∫∫∫∫
dddddddd33333333xxxxxxxxεεεεεεεεiiiiiiiijjjjjjjjkkkkkkkkεεεεεεεεaaaaaaaabbbbbbbbccccccccddddddddφφφφφφφφ

aaaaaaaa∂∂∂∂∂∂∂∂iiiiiiiiφφφφφφφφ
bbbbbbbb∂∂∂∂∂∂∂∂jjjjjjjjφφφφφφφφ

cccccccc∂∂∂∂∂∂∂∂kkkkkkkkφφφφφφφφ
dddddddd)))))))) ======== 11111111

ππππππππ

[[[[[[[[
ffffffff ((((((((rrrrrrrr)))))))) −−−−−−−− ssssssssiiiiiiiinnnnnnnn 22222222ffffffff ((((((((rrrrrrrr))))))))

22222222

]]]]]]]]∞∞∞∞∞∞∞∞
00000000

LLLLLLLL ======== −−−−−−−−
∫∫∫∫∫∫∫∫
dddddddd33333333xxxxxxxx

{{{{{{{{
11111111
22222222 ((((((((∂∂∂∂∂∂∂∂µµµµµµµµφφφφφφφφ

aaaaaaaa))))))))22222222 −−−−−−−− 11111111
44444444 [[[[[[[[((((((((∂∂∂∂∂∂∂∂µµµµµµµµφφφφφφφφ

aaaaaaaa∂∂∂∂∂∂∂∂ννννννννφφφφφφφφ
aaaaaaaa))))))))22222222 −−−−−−−− ((((((((∂∂∂∂∂∂∂∂µµµµµµµµφφφφφφφφ

aaaaaaaa))))))))44444444 ]]]]]]]] ++++++++ mmmmmmmm22222222 ((((((((11111111 −−−−−−−− φφφφφφφφ33333333))))))))
}}}}}}}}

ThereThere isis no no selfself--dualdual skyrmionsskyrmions: : EE íí Q Q 



Low energy QCD ($ 1000000 Problem) Low energy QCD ($ 1000000 Problem) 

ΛQSB ~ 1 GeV

Perturbative QCD
(Quarks & gluons)

Low-energy effective theory Hadrons

ΛQCD ~ 180 MeV

Weak definition of the confinement:   There are no color states in 
physical spectrum

Strong definition of the confinement:   The quarks in hadrons are 
binded by a linear potential



SkyrmionsSkyrmions and hadrons and hadrons ((““Top Gear approachTop Gear approach””))
by courtesy of Paul Sutcliffeby courtesy of Paul Sutcliffe

Skyrme model as low-energy QCD:

If you are a computer simulation freak:

NuclearNuclear physicsphysics fromfrom QCD, large QCD, large scalescale latticelattice
calculationscalculations

If you believe that 3 ⋍⋍⋍⋍∞∞∞∞∞∞∞∞ :

If you are a particle phenomenologist: 

Quark potential Quark potential modelsmodels, , fittingfitting experimental experimental datadata



Rational map Rational map SkyrmionsSkyrmions

TheThe SkyrmeSkyrme fieldfield isis effectivelyeffectively a a mapmap UU: : SS33 →→ SU(2) ~ SSU(2) ~ S33

TheThe ideaidea of of thethe rational rational mapmap ansatzansatz:  :  

Separate the radial and the angular

dependence of the Skyrme field as as 

Identify spheres SS22 with concentric

spheres in  compactified RR33

Identify target space SS22with spheres

of latitude on SS33

UUUUUUUU ======== eeeeeeeexxxxxxxxpppppppp {{{{{{{{iiiiiiiiffffffff ((((((((rrrrrrrr)))))))) ˆ̂̂̂̂̂̂̂nnnnnnnnRRRRRRRR ········ σσσσσσσσ}}}}}}}}

(N.S. Manton, (N.S. Manton, C.HoughtonC.Houghton && P.SutcliffeP.Sutcliffe, 1998), 1998)

R. A. R. A. BattyeBattye
P. P. SutcliffeSutcliffe
(2007)(2007)



Rational map Rational map SkyrmionsSkyrmions

UUUUUUUU ======== eeeeeeeexxxxxxxxpppppppp {{{{{{{{iiiiiiiiffffffff ((((((((rrrrrrrr)))))))) ˆ̂̂̂̂̂̂̂nnnnnnnnRRRRRRRR ········ σσσσσσσσ}}}}}}}}

ˆ̂̂̂̂̂̂̂nnnnnnnnRRRRRRRR ======== 11111111
11111111++++++++||||||||RRRRRRRR||||||||22222222 ((((((((RRRRRRRR++++++++RRRRRRRR∗∗∗∗∗∗∗∗,,,,,,,, iiiiiiii((((((((RRRRRRRR∗∗∗∗∗∗∗∗−−−−−−−−RRRRRRRR)))))))),,,,,,,, 11111111−−−−−−−−||||||||RRRRRRRR||||||||22222222))))))))

Stereographic projection:Stereographic projection: zzzzzzzz ======== ttttttttaaaaaaaannnnnnnn((((((((θθθθθθθθ////////22222222))))))))eeeeeeeeiiiiiiiiϕϕϕϕϕϕϕϕ

ˆ̂̂̂̂̂̂̂nnnnnnnnzzzzzzzz ========
11111111

11111111++++++++||||||||zzzzzzzz||||||||22222222 ((((((((zzzzzzzz ++++++++ zzzzzzzz∗∗∗∗∗∗∗∗,,,,,,,, iiiiiiii((((((((zzzzzzzz∗∗∗∗∗∗∗∗ −−−−−−−− zzzzzzzz)))))))),,,,,,,, 11111111−−−−−−−− ||||||||zzzzzzzz||||||||22222222))))))))
ˆ̂̂̂̂̂̂̂nnnnnnnnRRRRRRRR :::::::: SSSSSSSS22222222 →→→→→→→→ SSSSSSSS22222222

The The holomorphicholomorphic map of degree B:map of degree B:

RRRRRRRR ======== aaaaaaaa((((((((zzzzzzzz))))))))////////bbbbbbbb((((((((zzzzzzzz))))))))

RRRRRRRR((((((((zzzzzzzz)))))))) ======== zzzzzzzz44444444++++++++22222222iiiiiiii
√√√√√√√√
33333333zzzzzzzz22222222++++++++11111111

zzzzzzzz44444444−−−−−−−−22222222iiiiiiii
√√√√√√√√
33333333zzzzzzzz22222222++++++++11111111

B= 4:B= 4:

B= 7:B= 7: RRRRRRRR((((((((zzzzzzzz)))))))) ======== zzzzzzzz77777777−−−−−−−−77777777zzzzzzzz55555555−−−−−−−−77777777zzzzzzzz22222222−−−−−−−−11111111
zzzzzzzz77777777++++++++77777777zzzzzzzz55555555−−−−−−−−77777777zzzzzzzz22222222++++++++11111111

(Octahedral (Octahedral SkyrmionsSkyrmions))

((IcosahedralIcosahedral SkyrmionsSkyrmions))



R. A. R. A. BattyeBattye, N. S. Manton,, N. S. Manton,
C.HoughtonC.Houghton
andand P. P. SutcliffeSutcliffe (1996,2004)(1996,2004)

Shell vs. CrystalShell vs. CrystalShell vs. CrystalShell vs. Crystal

Shell wins for m c 0.16

Crystalline Crystalline structurestructure of of nucleonsnucleons



FaddevFaddev--SkyrmeSkyrme modelmodel

Carrier field: Carrier field: 3D3D unit vector field unit vector field ϕϕaa in in RR33, locally smooth, locally smooth

3D3D unit vectors can be unit vectors can be fepresentedfepresented by points on the sphere by points on the sphere SS22

Hopf Hopf mapmap: : ϕϕ:: SS33→ → → → → → → → SS2 2 , , thethe homotopyhomotopy classclass pp33((SS22) = ) = ��������

ϕϕaa = (0, 0, 1) at infinity (in any direction)= (0, 0, 1) at infinity (in any direction)

ϕϕaa = (0, 0,= (0, 0,−−1) on the ring x1) on the ring x22 + y+ y22 = 1, z = 0 (vortex core).= 1, z = 0 (vortex core).

TheThe Hopf Hopf chargecharge: : GivenGiven ϕϕ: : → → → → → → → → SS22 definedefine FFijij= = εεabcabcϕϕ
aa ∂∂∂∂∂∂∂∂i i ϕϕ

bb ∂∂∂∂∂∂∂∂j j ϕϕ
cc

GivenGiven FFijij constructconstruct potential potential FFijij = = ∂∂∂∂∂∂∂∂iiAAjj -- ∂∂∂∂∂∂∂∂jjAAii

FaddeevFaddeev--SkyrmeSkyrme LagrangianLagrangian::

QQQQQQQQ ======== 11111111
1111111166666666ππππππππ22222222

∫∫∫∫∫∫∫∫
dddddddd33333333xxxxxxxx εεεεεεεεiiiiiiiijjjjjjjjkkkkkkkk AAAAAAAAiiiiiiii FFFFFFFFjjjjjjjjkkkkkkkk

LLLLLLLL ======== 11111111
22222222 ((((((((∂∂∂∂∂∂∂∂iiiiiiiiφφφφφφφφ

aaaaaaaa))))))))22222222 −−−−−−−− κκκκκκκκ22222222

44444444

((((((((
εεεεεεεεaaaaaaaabbbbbbbbcccccccc φφφφφφφφ

aaaaaaaa∂∂∂∂∂∂∂∂iiiiiiiiφφφφφφφφ
bbbbbbbb∂∂∂∂∂∂∂∂jjjjjjjjφφφφφφφφ

cccccccc
))))))))22222222



SolitonsSolitons of the of the FaddeevFaddeev--SkyrmeSkyrme modelmodel

Q=1 Q=2 Q=3

Q=4 Q=4 Q=4

1111AAAA1111,,,,1111 2222AAAA2222,,,,1111 33333333 ˜̃̃̃̃̃̃̃AAAAAAAA33333333,,,,,,,,11111111

4444 ˜̃̃̃AAAA4444,,,,1111 4444LLLL1111,,,,11111111,,,,111144444444AAAAAAAA22222222,,,,,,,,22222222



SolitonsSolitons of the of the FaddeevFaddeev--SkyrmeSkyrme modelmodel

Q=5 5555 ˜̃̃̃AAAA5555,,,,1111 Q=5 5555LLLL1111,,,,22221111,,,,1111 Q=6 6666LLLL2222,,,,22221111,,,,1111 Q=6 6666LLLL3333,,,,11111111,,,,1111

Q=7 7777KKKK3333,,,,2222 8888LLLL3333,,,,33331111,,,,1111Q=8Q=8 8888 ˜̃̃̃AAAA4444,,,,2222 Q=8 8888KKKK3333,,,,2222



Buckled, linked and knotted Buckled, linked and knotted hopfionshopfions

1111AAAA1111,,,,1111

Axially-symmetric

44444444AAAAAAAA22222222,,,,,,,,22222222

55555555 ˜̃̃̃̃̃̃̃AAAAAAAA55555555,,,,,,,,11111111

Buckled

Linked

4444LLLL1111,,,,11111111,,,,1111

6666LLLL3333,,,,11111111,,,,1111

99999999LLLLLLLL22222222,,,,,,,,22222222,,,,,,,,2222222211111111,,,,,,,,11111111,,,,,,,,11111111

9999KKKK3333,,,,2222

8888KKKK3333,,,,2222

Knotted

7777KKKK3333,,,,2222



8888 ˜̃̃̃AAAA4444,,,,2222

Position curves and linking numbersPosition curves and linking numbers

6666LLLL1111,,,,11113333,,,,11118888KKKK3333,,,,22224444 AAAA4444,,,,1111



Elastic rod approximationElastic rod approximation

D. Harland, J.M. Speight and P.M. SutcliffeD. Harland, J.M. Speight and P.M. SutcliffeD. Harland, J.M. Speight and P.M. SutcliffeD. Harland, J.M. Speight and P.M. Sutcliffe
Phys. Rev.D83 (2011) 065008Phys. Rev.D83 (2011) 065008Phys. Rev.D83 (2011) 065008Phys. Rev.D83 (2011) 065008

Position curve
γγγγγγγγ((((((((ssssssss)))))))) ∈∈∈∈∈∈∈∈ RRRRRRRR33333333

αααα((((LLLL)))) ==== αααα((((0000)))) ++++ 2222ππππNNNN

Torsion Curvature κκκκ((((ssss))))ττττττττ ((((((((ssssssss))))))))

Tubular coordinates:
• Arclength parameter
• Polar coordinates         in the disk

ssssssss ∈∈∈∈∈∈∈∈ [[[[[[[[00000000,,,,,,,, LLLLLLLL]]]]]]]]
ρρρρ,,,, θθθθ

FrenetFrenet frameframe

Preimage of 

φφφφ ==== ((((0000,,,, 0000,,,, 1111))))

Tangent vector ����tttt((((ssss))))

frame vector ����mmmm((((ssss))))

Twisting function: αααααααα((((((((ssssssss)))))))) ======== ��������tttttttt ········ ��������mmmmmmmm′′′′′′′′ ×××××××× ��������mmmmmmmm

Faddeev-Skyrme effective energy functional:

����mmmm((((ssss)))) ==== ����nnnn((((ssss))))ssssiiiinnnnαααα((((ssss))))++++����bbbb((((ssss)))) ccccoooossssαααα((((ssss))))

EEEE ====

∫∫∫∫ ((((
AAAA++++ BBBBκκκκ2222 ++++ CCCC((((αααα′′′′ −−−− ττττ ))))2222

))))
ddddssss

dddd

ddddssss




����tttt((((ssss))))
����nnnn((((ssss))))
����bbbb((((ssss))))



 ====




0000 κκκκ((((ssss)))) 0000

−−−−κκκκ((((ssss)))) 0000 ττττ ((((ssss))))
0000 −−−−ττττ ((((ssss)))) 0000








����tttt((((ssss))))
����nnnn((((ssss))))
((((ssss))))







Dynamics of the Dynamics of the solitonssolitons: : modulimoduli spacespace

(Picture by courtesy of Paul Sutcliffe)


