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Originally, the AdS/CFT correspondence provides a r elation between string theory 
and/or (super)gravity in asymptotically anti-de Sitt er (AdS) space-time (the “bulk”)
and Conformal Field Theory (CFT) on the boundary. (Example:  Type IIB string 
theory on AdS 5 x S5 → N=4 strongly coupled SUSY Yang-Mills gauge theory o n AdS 5

boundary - Maldacena, Witten... )

Such correspondence allows us to compute Quantum Fi eld Theory obSuch correspondence allows us to compute Quantum Fi eld Theory ob servables servables 
on the boundary by expanding around classical solut ions of the gon the boundary by expanding around classical solut ions of the g ravity (+ other ravity (+ other 
fields) theory in the bulk (large N expansion using  saddle pointfields) theory in the bulk (large N expansion using  saddle point approximation).approximation).

Correlation functions of the QFT on the boundary in  the strong cCorrelation functions of the QFT on the boundary in  the strong c oupling  regime oupling  regime 
can be computed from classical gravity solutions in  the bulk:  tcan be computed from classical gravity solutions in  the bulk:  t he bulk quantum he bulk quantum 
corrections are 1/N quantum corrections.corrections are 1/N quantum corrections.

The boundary/bulk connection provides an explicit r ealization ofThe boundary/bulk connection provides an explicit r ealization of the so the so 
called called holographic principleholographic principle ..

The The AdSAdS/CFT correspondence: a brief summary/CFT correspondence: a brief summary



��The dual gravitational system has at least one extr a dimension The dual gravitational system has at least one extr a dimension zz; ; 
the field theory  properties can be extracted by wo rking on the the field theory  properties can be extracted by wo rking on the boundary.boundary.

�� The extra dimension The extra dimension zz should be interpreted as an energy scale.should be interpreted as an energy scale.

�� It represents the It represents the renormalisationrenormalisation group  flow of the quantum field theory group  flow of the quantum field theory 
defined on the boundary.defined on the boundary.

�� The The AdSAdS /CFT correspondence "/CFT correspondence " geometrisesgeometrises " the field theory energy scale." the field theory energy scale.

�� GeometrisationGeometrisation : in the dual bulk gravitational description the en ergy scale : in the dual bulk gravitational description the en ergy scale 
is treated geometrically on an equal footing to the  spatial direis treated geometrically on an equal footing to the  spatial dire ctions of the ctions of the 
boundary field theory boundary field theory 

AdSAdS/CFT correspondence: another view/CFT correspondence: another view

Large N gauge theory 

d-dim space-time

Classical Einstein gravity

d+1 - dim space-time

Strong coupled field theory
at finite timperature



EinsteinEinstein--Hilbert action in Hilbert action in AdSAdS spacespace
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Equations of motion and highly symmetrical vacuum solution:
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The limit r <<  Lr <<  L reduces AdS to Minkowski space.
In the opposite limit L << rL << r the total metric becomes the Poincaré metric

Coordinates on  the boundary: (t, xi)
Extra radial coordinate z running from z=0 (the boundary) to z = ∞∞∞∞ (the origin)

Each  radial slice is a d-dim Minkowski space

Change of variables:
(Poincaré coordinates)
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Conformal symmetry and Conformal symmetry and AdSAdS isometriesisometries

xxxx→→→→ xxxx′′′′;;;; gggg′′′′µµµµνννν((((xxxx
′′′′)))) ==== MMMM((((xxxx))))ggggµµµµνννν((((xxxx))))

Generators:Generators:

RotationsRotationsRotations

TranslationsTranslationsTranslations

DilatationsDilatationsDilatations

Special conformal transformations Special conformal transformations Special conformal transformations 

ddddssss2222 ==== LLLL2222
zzzz2222
((((
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))))

The symmetry group of the AdSd+1 metric is the conformal group in
d-dim Minkowski spacetime: SO(2,d).

A subgroup is a scaling x Poincaré transformations

MMMMµµµµνννν ==== iiii((((xxxxµµµµ∂∂∂∂νννν −−−− xxxxνννν∂∂∂∂µµµµ))))

PPPPµµµµ ==== −−−−iiii∂∂∂∂µµµµ
DDDD ==== −−−−iiiixxxxµµµµ∂∂∂∂µµµµ

KKKKµµµµ ==== iiii((((xxxx2222∂∂∂∂µµµµ −−−− 2222xxxxµµµµxxxxνννν∂∂∂∂
νννν))))

The symmetries of the bulk action act on the The symmetries of the bulk action act on the 
boundary quantum field theory as conformal boundary quantum field theory as conformal 
transformationstransformations

QFT on the AdS boundary 
is CFT

QFT on the AdS boundary 
is CFT

Deformations of the geometry away from AdS can be th ought of as 
deformations of the field theory away from conforma l fixed point



IRIR

z z →→→→→→→→∞∞∞∞∞∞∞∞ (r (r →→→→→→→→ 0)0)

UVUV

z z →→→→→→→→ 00

(r (r →→→→→→→→∞∞∞∞∞∞∞∞))

QFT
QFT

Planar AdSPlanar AdS2+12+1: : RenormalisationRenormalisation group flowgroup flow

IR: scale
UV: scale
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Scale invariance:Scale invariance:
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A classical approximation for the gravity 
theory will be valid if LLLLdddd−−−−1111////GGGG≫≫≫≫1111



Holographic correspondenceHolographic correspondence

Holographic correspondence:

AdS bulk

dynamical field  Φ

QFT on the boundary
Operator Ofield

The QFT operators defined on the z=0 boundary are given by the  theory in the bulk

The boundary value of the bulk field Φ→→→→Φ00 gives a backround source 
for the field theory operator

QFT generating functional:QFT generating functional:

Gauge invariant 
operator of the QFT

A source 
(non-dynamical)

Fundamental 
fields of QFT

The idea of holography: to promote the source Φ0 to a dynamical field in the bulk
(Gubser, Klebanov, Polyakov and Witten, 1998)

The idea of holography: to promote the source The idea of holography: to promote the source Φ0 0 to a dynamical field in the bulkto a dynamical field in the bulk
((GubserGubser, , KlebanovKlebanov, , PolyakovPolyakov and Witten, 1998)and Witten, 1998)
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Holographic correspondenceHolographic correspondence

The catch:The catch: suppose we have            - which theory of gravity in the bulk it corresponds to?SSSSQQQQFFFFTTTT

Approach:Approach: Start from the bulk gravity and identify the bounda ry theoryStart from the bulk gravity and identify the bounda ry theory
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Simple analogy: mechanical action as a function of boundary conditions (on-shell action)
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How it works: massive scalar field in How it works: massive scalar field in AdSAdS
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Ansatz: φφφφ ==== φφφφ((((zzzz))))eeeeiiiikkkk····xxxx

(Translation invariance 
parallel to the boundary)

Equation of motion:Equation of motion:
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Bessel function of the first kind Jn(z)               Bessel function of the second kind Yn(z)
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How it works: massive scalar field in How it works: massive scalar field in AdSAdS

The solution near the boundary:The solution near the boundary:
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The boundary condition:               The boundary condition:               The boundary condition:               
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How it works: a beautiful/perverse way to derive Ohm's lawHow it works: a beautiful/perverse way to derive Ohm's law

Ohm's law : relation between the induced current density        and external electric field((((jjjj((((tttt)))) ((((EEEE((((tttt))))

Fourier transform: ((((jjjj((((ωωωω)))) ==== σσσσ((((ωωωω)))) ((((EEEE((((ωωωω)))) Drude model: σσσσ((((ωωωω)))) ==== σσσσ0000
1111−−−−iiiiωωωωττττ

High frequencies:

DrudeDrude model: model: σ σ →→--1/1/iiωτωτ

Field theory: particleField theory: particle --hole hole 
productionproduction ((graphenegraphene ))

(Z. Q. Li, et al, Nature Physics 4, 532 (2008))(Z. Q. Li, et al, Nature Physics 4, 532 (2008))(Z. Q. Li, et al, Nature Physics 4, 532 (2008))(Z. Q. Li, et al, Nature Physics 4, 532 (2008))

in d=2+1 in d=2+1 σσ is dimensionless, the model  is dimensionless, the model  
manifests its  scale invariancemanifests its  scale invariance

Problems with understanding of strongly Problems with understanding of strongly 
interacting systems interacting systems e.ge.g, unconventional , unconventional 
superconductors (superconductors ( cupratescuprates ))

||||σσσσ|||| ==== CCCC
ωωωω2222////3333

??



Holographic conductivityHolographic conductivity

Bulk: 3+1 dimBulk: 3+1 dim
EinsteinEinstein --Maxwell modelMaxwell model
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;;;;;;;; ΛΛΛΛΛΛΛΛ ======== −−−−−−−−33333333Probe limit (fixed AdS):Probe limit (fixed Probe limit (fixed AdSAdS):):

Gauge field A m 	 U(1) current J m

Graviton  g mn 	 energy-momentum tensor T mn

Holographic correspondence:

Challenging question: how to study the boundary operators  at finite temp erature?

The idea:  consider The idea:  consider AdSAdS black holes instead of the regular black holes instead of the regular AdSAdS gravitygravity

UVUV
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Detour: Black holesDetour: Black holes



Karl SchwarzschildKarl Schwarzschild
1873 1873 -- 19161916

Static spherically symmetric metric, Static spherically symmetric metric, 
solution of the Einstein equations solution of the Einstein equations 
withwith

Schwarzschild, 1916Schwarzschild, 1916

wherewhere

Coordinate singularity at the event horizonCoordinate singularity at the event horizon

True singularity at True singularity at 

ScwarzshildScwarzshild blackblack holesholes areare nonnon--rotatingrotating and and unchargeduncharged

TTTTTTTTµµµµµµµµνννννννν ======== 00000000

rrrrrrrr ======== rrrrrrrrHHHHHHHH
rrrrrrrr ======== 00000000

Black holesBlack holes

ffff((((rrrr)))) ==== 1111−−−− 2222MMMMGGGG
rrrr
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rrrr
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Roy Patrik KerrRoy Patrik Kerr

Kerr, 1963Kerr, 1963

Ezra T. NewmanEzra T. Newman

Stationary metric, a solution of the Einstein equat ions Stationary metric, a solution of the Einstein equat ions 
with nonwith non --zero angular momentum (rotating black hole)zero angular momentum (rotating black hole)

wherewhere

andand aaaa ==== JJJJ////MMMM
Newman, 1965Newman, 1965

Electrically charged generalization of the Kerr Electrically charged generalization of the Kerr 
solutionsolution
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++++++++ ssssssssiiiiiiiinnnnnnnn22222222 θθθθθθθθ
ρρρρρρρρ22222222 ((((((((aaaaaaaa ddddddddtttttttt −−−−−−−− ρρρρρρρρ2222222200000000ddddddddφφφφφφφφ))))))))22222222 ++++++++ ρρρρρρρρ22222222

∆∆∆∆∆∆∆∆ ddddddddrrrrrrrr22222222 ++++++++ ρρρρρρρρ22222222ddddddddθθθθθθθθ22222222

ρρρρ2222 ==== rrrr2222 ++++ aaaa2222 ccccoooossss2222 θθθθ,,,,
ρρρρ22220000 ==== rrrr2222 ++++ aaaa2222,,,, ∆∆∆∆ ==== rrrr2222 −−−− 2222MMMMrrrr ++++ aaaa2222
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Rotating black holesRotating black holes



H. H. ReissnerReissner, 1916; , 1916; G.NordstrG.Nordströömm, 1918, 1918

Hans J. Hans J. ReissnerReissner

1874 1874 -- 19671967

Gunnar Gunnar NordstrNordströömm

1881 1881 -- 19231923

Charged static spherically symmetric black holes, the  Charged static spherically symmetric black holes, the  
Schwarzschild metric withSchwarzschild metric with

ElectricallyElectrically ((QQ) ) and magneticallyand magnetically ((gg) ) 

charged black holes;charged black holes;
The event horizons are located atThe event horizons are located at

TTmnmn SS 00. Energy Energy densitydensity outsideoutside
thethe horizonhorizon isis duedue to to thethe CoulombCoulomb fieldsfields of of 
thethe chargescharges Q Q andand gg

NNNN((((rrrr)))) ==== 1111−−−− 2222MMMM
rrrr ++++ QQQQ2222++++gggg2222

rrrr2222

Einstein equations are solved together Einstein equations are solved together 
with Maxwell field equations with Maxwell field equations 

GGGGGGGGµµµµµµµµνννννννν ======== 88888888ππππππππGGGGGGGGTTTTTTTTµµµµµµµµνννννννν
11111111√√√√√√√√
−−−−−−−−gggggggg ∂∂∂∂∂∂∂∂µµµµµµµµ((((((((

√√√√√√√√−−−−−−−−ggggggggFFFFFFFFµµµµµµµµνννννννν )))))))) ======== 00000000

ReissnerReissner––NordstrNordstr öömm Black HolesBlack Holes

rrrr±±±± ==== MMMM ±±±±
√√√√
MMMM 2222 −−−− QQQQ2222 −−−− gggg2222



Introducing temperature: Introducing temperature: AdSAdS black holesblack holes

Hawking temperature is dual to the temperature of the system onHawking temperature is dual to the temperature of the system on the the 
boundary in d=3boundary in d=3
Temperature of the black hole is proportional to the surface grTemperature of the black hole is proportional to the surface gravity, T=avity, T=κκ/2/2ππ
Entropy of a black hole is proportional to surface area of evenEntropy of a black hole is proportional to surface area of event horizont horizon
Dynamics in the bulk yields the  boundary thermal field theory Dynamics in the bulk yields the  boundary thermal field theory including including 
nonnon--equilibrium processes (dissipation)  equilibrium processes (dissipation)  

Planar AdS Schwarzschield:

ffff((((zzzz)))) ==== 1111−−−−
((((

zzzz

rrrrhhhh

))))3333
;;;; ΛΛΛΛ ==== −−−−3333

Planar AdS Reissner-Nordström

ffff((((zzzz)))) ==== 1111−−−−
((((

1111 ++++
rrrr2222hhhhµµµµ

2222

γγγγ2222

))))((((
zzzz

rrrrhhhh

))))3333
++++
rrrr2222hhhhµµµµ

2222

γγγγ2222

((((
zzzz

rrrrhhhh

))))4444

Chemical potential µ = Q γγγγ ==== eeee2222LLLL2222

8888ππππGGGG

On the boundary:       is a source for     (charge density)On the boundary:       is a source for     (charge density)On the boundary:       is a source for     (charge density)AAAA0000 JJJJ0000 〈〈〈〈JJJJ0000〉〉〉〉 ∼∼∼∼ µµµµ////rrrrhhhh

ddddssss2222 ====
LLLL2222

zzzz2222

((((
−−−−ffff((((zzzz))))ddddtttt2222 ++++

ddddzzzz2222

ffff((((zzzz))))
++++ ηηηηµµµµννννddddxxxx

µµµµddddxxxxνννν
))))

Classical solution

AAAA0000 ==== QQQQ
((((
1111−−−− zzzz

rrrrhhhh

))))
TTTT ==== 1111

4444ππππrrrrhhhh

((((
3333−−−− rrrr2222hhhhQQQQ

2222

γγγγ2222

))))



Holographic conductivityHolographic conductivity

Conductivity:Conductivity:Conductivity:

An electric field on the boundary:An electric field on the boundary: AAAAxxxx ==== ((((EEEE////iiiiωωωω))))eeeeiiiiωωωωtttt;;;;
∂∂∂∂AAAAxxxx
∂∂∂∂tttt

==== EEEEeeeeiiiiωωωωtttt

In the bulk:In the bulk: AAAAxxxx ==== ((((EEEE////iiiiωωωω))))eeeeiiiiωωωωtttt ++++ 〈〈〈〈JJJJxxxx〉〉〉〉zzzz ++++ .... .... ....

Field equation in the fixed AdS space:Field equation in the fixed Field equation in the fixed AdSAdS space:space:

σσσσ((((ωωωω)))) ====
1111

eeee2222
AAAA′′′′xxxx
iiiiωωωωAAAAxxxx

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
zzzz====0000

((((((((ffffffffAAAAAAAA′′′′′′′′xxxxxxxx))))))))
′′′′′′′′ ++++++++

ωωωωωωωω22222222

ffffffff
AAAAAAAAxxxxxxxx ========

44444444µµµµµµµµ22222222

γγγγγγγγ22222222rrrrrrrr22222222hhhhhhhh
zzzzzzzz22222222AAAAAAAAxxxxxxxx



Low T Low T (small (small rrhh))
Effective mass is negative, 

there is a long-range scalar field (the hair)

Bulk: 3+1 dimBulk: 3+1 dim
AbeianAbeian Higgs modelHiggs model

SSSSSSSS ========

∫∫∫∫∫∫∫∫
dddddddd44444444xxxxxxxx

√√√√√√√√−−−−−−−−gggggggg
{{{{{{{{

11111111

44444444
FFFFFFFFµµµµµµµµννννννννFFFFFFFF

µµµµµµµµνννννννν ++++++++ ||||||||∇∇∇∇∇∇∇∇µµµµµµµµ −−−−−−−− iiiiiiiiAAAAAAAAµµµµµµµµφφφφφφφφ||||||||22222222 ++++++++ mmmmmmmm22222222 ||||||||φφφφφφφφ||||||||22222222
}}}}}}}}

Probe limit (fixed planar 
AdS3+1 Schwarzschield):

Probe limit (fixed planar Probe limit (fixed planar 
AdSAdS3+13+1 SchwarzschieldSchwarzschield):):

ddddssss2222 ==== −−−−ffff((((zzzz))))ddddtttt2222 ++++
ddddzzzz2222

ffff((((zzzz))))
++++ zzzz2222ddddxxxxiiiiddddxxxx

iiii

ffff((((zzzz)))) ==== zzzz2222
((((

1111−−−− rrrr3333hhhh
zzzz3333

))))
;;;; LLLL ==== 1111

Holographic superconductivityHolographic superconductivity

AnsatzAnsatz :: φφφφ ==== ||||φφφφ|||| ==== φφφφ((((zzzz))));;;; AAAAµµµµ ==== ωωωω((((zzzz))))δδδδ0000µµµµ

ωωωωωωωω ′′′′′′′′′′′′′′′′ ++++++++
22222222

zzzzzzzz
ωωωωωωωω ′′′′′′′′ −−−−−−−− 22222222φφφφφφφφ22222222

ffffffff
ωωωωωωωω ======== 00000000Field equationsField equations

HightHight T T (large (large rrhh))
Effective mass is positive, 

Solution for scalar field is trivial (no hair)

φφφφφφφφ′′′′′′′′′′′′′′′′ ++++++++

((((((((
ffffffff ′′′′′′′′

ffffffff
++++++++

22222222

zzzzzzzz

))))))))
φφφφφφφφ′′′′′′′′ ++++++++

((((((((
ωωωωωωωω22222222

ffffffff 22222222
−−−−−−−− mmmmmmmm22222222

ffffffff

))))))))
φφφφφφφφ ======== 00000000

Holographic correspondence:Holographic correspondence: φφφφφφφφ ∝∝∝∝∝∝∝∝ 〈〈〈〈〈〈〈〈QQQQQQQQ〉〉〉〉〉〉〉〉 TTTT <<<< TTTTcccc :::: 〈〈〈〈QQQQ〉〉〉〉 ����==== 0000;;;;

TTTT >>>> TTTTcccc :::: 〈〈〈〈QQQQ〉〉〉〉 ==== 0000



Holographic phase transitionHolographic phase transition

〈〈〈〈QQQQ〉〉〉〉
There is a finite temperature continuous 

symmetry breaking transition

〈〈〈〈QQQQ〉〉〉〉 ∝∝∝∝ ((((TTTTcccc −−−− TTTT ))))1111////2222 aaaassss TTTT →→→→ TTTTcccc

Note:Note: Semiclassical approximation 
to the gravity (weak curvature) means:

On the boundary it should match the large 
N limit:

LLLL

GGGG
∼∼∼∼ NNNN ≫≫≫≫ 1111

LLLL

GGGG
∼∼∼∼ LLLL

llllppppllll
≫≫≫≫ 1111

Second order phase transition 
with critical exponent 1/2

As N decreases, the quantum gravitational effects become important; 

Holographic superconductors are described not in terms of electrons and Cooper pairs but 
in the framework of the order parameter of strongly coupled field theory defined on the 
boundary of the AdS space; this charged operator condenses below a critical temperature. 

In the AdS Abelian Higgs model the order parameter        is a scalar (s-wave) 〈〈〈〈QQQQ〉〉〉〉



Holographic correspondenceHolographic correspondence

In the AdS 4 EYMH model the correspondence is as follows:
Scalar field Φ 	 triplet of scalar operators O
Gauge field A m 	 global SU(2) current J m

- gauge symmetry in the bulk W conservation of the current Jm

Graviton  g mn 	 energy-momentum tensor T mn

- classical scale invariance in the bulk W conservation of stress-energy tensor

• Fermion field 	 fermion operator Oy

Asymptotic matters! 

A very interesting case: SU(2) symmetry on the boundary is explicitly broken  
to Abelian group  via asymptotic behavior of the Hig gs field:

U(1) symmetry remains unbroken

∂∂∂∂µµµµJJJJaaaaµµµµ ==== εεεεaaaabbbbccccvvvv
bbbbOOOOcccc

Next step: extend the model by inclusion of the non-Abelian matter fields in AdS4 space:

SSSS ====
1111

2222

∫∫∫∫
dddd4444xxxx

√√√√−−−−gggg
{{{{

1111

11116666ππππGGGG
((((RRRR −−−− 2222ΛΛΛΛ))))−−−− 1111

eeee2222
FFFFµµµµννννFFFF

µµµµνννν++++ ((((DDDDµµµµΦΦΦΦ))))((((DDDDµµµµΦΦΦΦ))))−−−− VVVV ((((ΦΦΦΦ))))

}}}}

ΦΦΦΦaaaa →→→→ vvvvaaaa ++++
〈〈〈〈OOOOaaaa〉〉〉〉
rrrr3333

++++ .... .... .... ⇐⇐⇐⇐==== ΦΦΦΦaaaa0000 ==== vvvvaaaa;;;; 〈〈〈〈OOOO((((xxxx))))〉〉〉〉 ====
δδδδSSSS

δδδδΦΦΦΦ0000



Detour: Einstein Detour: Einstein vsvs YangYang--MillsMills

Pure gravity (attraction)Pure gravity (attraction)Pure gravity (attraction)

LLLLLLLL ======== −−−−−−−− RRRRRRRR

1111111166666666ππππππππGGGGGGGG

Pure Yang-Mills  (attraction/repulsion)Pure YangPure Yang --Mills  (attraction/repulsion)Mills  (attraction/repulsion)

LLLL ====
1111

2222
TTTTrrrr FFFF 2222µµµµνννν

Lichenrowitz: there are black holes  
but there are no gravitational solitons, the 
only globally regular, asymptotically flat, 
static vacuum solution to the Einstein eqs
with finite energy is Minkowski space.

Deser, Coleman: Classical Yang-Mills 
theory in 3+1 dim is scale invariant -
there is no soliton solutions

IsraelIsrael ’’s theorem:s theorem: Static Einstein-Maxwell black holes are spherically symmetric

‘‘NoNo--hairhair ’’ theorem:theorem:
Stationary black holes are completely characterized 
by their mass MM,  charge QQ and angular momentum JJ



EinsteinEinstein--YangYang--Mills modelMills model

SSSS ====
1111

2222

∫∫∫∫
dddd4444xxxx

√√√√−−−−gggg {{{{((((RRRR −−−− 2222ΛΛΛΛ))))−−−−TTTTrrrr FFFFµµµµννννFFFF
µµµµνννν}}}}

RRRRµµµµνννν −−−− 1111
2222
RRRRggggµµµµνννν ++++ ΛΛΛΛggggµµµµνννν ==== TTTTµµµµνννν ;;;; DDDDµµµµFFFF

µµµµ
νννν ==== ∇∇∇∇µµµµFFFF µµµµνννν ++++ [[[[AAAAµµµµ,,,, FFFF

µµµµ
νννν ]]]] ==== 0000

Spherical symmetry: ddddssss2222 ==== −−−−σσσσ2222((((rrrr))))NNNN ((((rrrr))))ddddtttt2222 ++++
1111

NNNN ((((rrrr))))
ddddrrrr2222 ++++ rrrr2222((((ddddθθθθ2222 ++++ ssssiiiinnnn2222 θθθθddddφφφφ2222))))

Static asymptotically flatStatic asymptotically flat solutionsolution

The The BartnikBartnik --McKinnon McKinnon solitonssolitons

Found numerically by the shooting method;

The solution is globally regular;

Analytic proof of existence of solutions of the differential 
equation;

Gauge function ω(r) has at least one zero,  the solutions 

are characterized by the number of nodes of the ω(r)

AAAAaaaakkkk ==== εεεεiiiiaaaakkkk
xxxxkkkk

rrrr2222
((((wwww((((rrrr)))) −−−− 1111))))



Properties of the solutionsProperties of the solutions

Dimensionless variables:

MMMMMMMMPPPPPPPP llllllll ∼∼∼∼∼∼∼∼ 11111111////////
√√√√√√√√
GGGGGGGG;;;;;;;; llllllllPPPPPPPP llllllll ∼∼∼∼∼∼∼∼

√√√√√√√√
GGGGGGGG

xxxx ==== eeee√√√√
4444ππππGGGG

rrrr ∼∼∼∼ rrrr
llllPPPPllll

;;;; ˜̃̃̃MMMM ==== eeeeMMMM
√√√√

GGGG
4444ππππ
∼∼∼∼ MMMM
MMMMPPPPllll

ΙΙ ΙΙΙΙ ΙΙΙΙΙΙ

Region Region ΙΙ:: Yang-Mills field is almost trivial, the metric
is close to Schwarzchild

Region Region ΙΙΙΙ:: Yang-Mills field corresponds to monopole
the metric is almost Reissner–Nordström

Region Region ΙΙΙΙΙΙ:: Yang-Mills field is almost trivial, 
the metric is asymptotically Schwarzchild

All All BartnikBartnik --McKinnonMcKinnon configurations are configurations are sphaleronssphalerons

Galtsov, Volkov: There are EYM black hole 
solutions with long-range non-abelian fields

(hairy black holes )

The catch:The catch: the asymptotically flat solutions are unstable
BM BM solutionssolutions areare staticstatic asymptoticallyasymptotically flatflat
gravitationallygravitationally boundbound EYM EYM sphaleronsphaleron solutionssolutions ; ; 
thethe exteriorexterior of of thethe limitinglimiting solutionsolution approachesapproaches
RN RN blackblack hole   hole   



Generalised Generalised BartnikBartnik --McKinnon McKinnon solitonssolitons

Axial symmetry: ddddssss2222 ==== −−−−ffffddddtttt ++++
mmmm

ffff

((((
ddddrrrr2222 ++++ rrrr2222ddddθθθθ2222

))))
++++

llll

ffff
rrrr2222 ssssiiiinnnn2222 θθθθddddϕϕϕϕ

k=1k=1 k=2k=2 k=3k=3

n=7n=7

n=4n=4

n=1n=1

AAAAAAAAµµµµµµµµddddddddxxxxxxxx
µµµµµµµµ ========

((((((((
KKKKKKKK11111111

rrrrrrrr
ddddddddrrrrrrrr ++++++++ ((((((((11111111 −−−−−−−− KKKKKKKK22222222))))))))ddddddddθθθθθθθθ

))))))))
ττττττττ
((((((((nnnnnnnn))))))))
ϕϕϕϕϕϕϕϕ

22222222eeeeeeee
−−−−−−−−nnnnnnnn ssssssssiiiiiiiinnnnnnnn θθθθθθθθ

((((((((

KKKKKKKK33333333
ττττττττ
((((((((nnnnnnnn,,,,,,,,kkkkkkkk))))))))
rrrrrrrr

22222222eeeeeeee
++++++++ ((((((((11111111 −−−−−−−− KKKKKKKK44444444))))))))

ττττττττ
((((((((nnnnnnnn,,,,,,,,kkkkkkkk))))))))
θθθθθθθθ

22222222eeeeeeee

))))))))

ddddddddϕϕϕϕϕϕϕϕ

(Kleihaus,Kunz, Shnir et al)

n=7n=7

BartnikBartnik --McKinnonMcKinnon solutions are composite statessolutions are composite states



AdSAdS BartnikBartnik --McKinnon McKinnon solitonssolitons

Found numerically: There are continous families of solutions;

Boundary conditions on the gauge function ω(r) can be relaxed

Gauge function ω(r) may have no zero,  the solutions possess a non-integer   

magnetic charge

There are rotating and electrically charged BM solitons

There are stable configurations, both colored black holes and self-gravitating lumps

Fixed Fixed AdSAdS spacespace Asymptotically Asymptotically AdSAdS spacespace Limiting Limiting AdSAdS

(Maison, Winstanley, Radu, Bjoraker, Hosotani et al)



BartnikBartnik --McKinnon McKinnon solitonssolitons in in asympoticallyasympotically AdSAdS space space 

Axial symmetry in the bulk:

ddddssss2222 ==== −−−−ffff
((((

1111 −−−− ΛΛΛΛ

3333
rrrr2222
))))
ddddtttt2222 ++++

mmmm

ffff

((((
ddddrrrr2222

1111 −−−− ΛΛΛΛ
3333
rrrr2222

++++ rrrr2222ddddθθθθ2222

))))

++++
llll

ffff
rrrr2222 ssssiiiinnnn2222 θθθθddddϕϕϕϕ2222

ΛΛΛΛ →→→→ eeee2222

4444ππππGGGG
ΛΛΛΛDimensionless variables: Two branches of the solutionsTwo branches of the solutions

n=1n=1 n=2n=2 n=4n=4 n=8n=8 n=14n=14

n=12n=12 n=6n=6 n=4n=4 n=4n=4 n=1n=1



k=2k=2

BartnikBartnik --McKinnon McKinnon solitonssolitons : composite structure : composite structure 

Fixed Fixed AdSAdS

Throat + Throat + AdSAdS

Note:Note: Yang-Mills interaction can be 
both repulsive and attractive

SimplestSimplest k=1 k=1 spherically symmetric solution    spherically symmetric solution    
has 2 components on top of each other: has 2 components on top of each other: MAPMAP

The The constitutentsconstitutents of theof the k=1  k=1  

solution are aligned:solution are aligned:

k=1 k=1 solution possesses a  nonsolution possesses a  non --
vanishing magnetic dipole momentvanishing magnetic dipole moment

Lower branch: it has no flat space limit; 
gauge interaction is repulsive       

Critical point: configuration decays into components

Upper branch: the components are anti-aligned: 
gauge interaction is attractive

Along the loop constituents are separated

Limit of very strong gravity: the space is split into the internal    
region and the outer region 

========⇒⇒⇒⇒⇒⇒⇒⇒ aaaaaaaassssssss gggggggg ↑↑↑↑↑↑↑↑,,,,,,,, GGGGGGGG ↑↑↑↑↑↑↑↑

k k solution consists of solution consists of kk MAPsMAPs

========⇒⇒⇒⇒⇒⇒⇒⇒ aaaaaaaassssssss gggggggg ↓↓↓↓↓↓↓↓,,,,,,,, GGGGGGGG ↑↑↑↑↑↑↑↑



Monopole core:  Rc~mv
-1

YangYang--MillsMills --Higgs TheoryHiggs Theory

MMMM ==== −−−−
∫∫∫∫
dddd3333xxxx

√√√√−−−−ggggTTTT 00000000 ;;;;

gggg ====
∫∫∫∫
dddd3333xxxx

√√√√−−−−gggg TTTTrrrr((((∗∗∗∗FFFF 0000nnnnDDDDnnnnΦΦΦΦ))));;;;

QQQQ ====
∫∫∫∫
dddd3333xxxx

√√√√−−−−gggg TTTTrrrr((((FFFF 0000nnnnDDDDnnnnΦΦΦΦ))));;;;

JJJJ ==== 2222
∫∫∫∫
dddd3333xxxx

√√√√−−−−gggg TTTTrrrr((((FFFFrrrrϕϕϕϕFFFF
rrrr0000 ++++ FFFFθθθθϕϕϕϕFFFF

θθθθ0000 ++++ DDDDϕϕϕϕΦΦΦΦDDDD0000ΦΦΦΦ))));;;;

SSSS ====
1111

2222

∫∫∫∫
dddd4444xxxx {{{{TTTTrrrr FFFFµµµµννννFFFF

µµµµνννν++++TTTTrrrr ((((DDDDµµµµΦΦΦΦ))))((((DDDDµµµµΦΦΦΦ))))−−−−VVVV((((ΦΦΦΦ))))}}}}

FFFFµµµµνννν ==== ∂∂∂∂µµµµAAAAνννν −−−− ∂∂∂∂ννννAAAAµµµµ ++++ iiiieeee[[[[AAAAµµµµ,,,, AAAAνννν ]]]]

DDDDµµµµΦΦΦΦ ==== ∂∂∂∂µµµµΦΦΦΦ ++++ iiiieeee[[[[AAAAµµµµ,,,,ΦΦΦΦ]]]]

VVVV ((((ΦΦΦΦ)))) ==== λλλλ ((((ΦΦΦΦ2222 −−−− ηηηη2222))))2222

φφφφaaaa ==== rrrraaaa

eeeerrrr2222HHHH((((eeeeηηηηrrrr))))

AAAAaaaannnn ==== εεεεaaaammmmnnnn
rrrrmmmm

eeeerrrr2222 ((((1111−−−−KKKK((((eeeeηηηηrrrr))))))))

´t Hooft-Polyakov static spherically symmetric solution : monopole



MA pair: MA pair: magneticmagnetic dipoledipole (Taubes, (Taubes, 
Nahm, RNahm, R üüber, ber, Kleihaus,KunzKleihaus,Kunz & & ShnirShnir ))

MagneticMagnetic chargecharge ::

QQQQ ==== 1111
2222ππππ

∫∫∫∫

SSSS2222

((((ΦΦΦΦddddΦΦΦΦ ∧∧∧∧ ddddΦΦΦΦ))))

==== 1111
2222
nnnn [[[[1111−−−− ((((−−−−1111))))mmmm]]]]

AAAAAAAAµµµµµµµµddddddddxxxxxxxx
µµµµµµµµ ========

((((((((
KKKKKKKK11111111

rrrrrrrr ddddddddrrrrrrrr ++++++++ ((((((((11111111 −−−−−−−− KKKKKKKK22222222))))))))ddddddddθθθθθθθθ
)))))))) ττττττττ ((((((((nnnnnnnn))))))))ϕϕϕϕϕϕϕϕ

22222222eeeeeeee −−−−−−−−nnnnnnnn ssssssssiiiiiiiinnnnnnnn θθθθθθθθ

((((((((
KKKKKKKK33333333

ττττττττ ((((((((nnnnnnnn,,,,,,,,mmmmmmmm))))))))
rrrrrrrr

22222222eeeeeeee ++++++++ ((((((((11111111 −−−−−−−− KKKKKKKK44444444))))))))
ττττττττ
((((((((nnnnnnnn,,,,,,,,mmmmmmmm))))))))

θθθθθθθθ

22222222eeeeeeee

))))))))
ddddddddϕϕϕϕϕϕϕϕ;;;;;;;;

ΦΦΦΦΦΦΦΦ ======== ΦΦΦΦΦΦΦΦaaaaaaaa ττττττττ
aaaaaaaa

22222222 ======== aaaaaaaa

((((((((
HHHHHHHH11111111

ττττττττ ((((((((nnnnnnnn,,,,,,,,mmmmmmmm))))))))
rrrrrrrr

22222222 ++++++++ HHHHHHHH22222222
ττττττττ
((((((((nnnnnnnn,,,,,,,,mmmmmmmm))))))))

θθθθθθθθ

22222222

))))))))
........

NonNon--BPS axially symmetric MAPBPS axially symmetric MAP

UUUUUUUU ======== eeeeeeeeiiiiiiiimmmmmmmmθθθθθθθθττττττττ
((((((((nnnnnnnn))))))))

φφφφφφφφ



MultimonopolesMultimonopoles, monopole chains and vortices, monopole chains and vortices

(P. Sutcliffe, N.Manton et al) (Kleihaus,Kunz, Shnir et al)



Branch of gravitating solutions links the monopole to the RN black hole

SelfSelf --gravitating gravitating DyonsDyons

Branch of gravitating MA-chains is linked to the BM solutions

n=1, m=1n=1, m=1

n=1, m=2,3..n=1, m=2,3..

Dimensionless parameters of the model: aa22 = 4p= 4p22 GGhh22,   b,   b22 ==ee22//hh



From gravitating From gravitating DyonsDyons to to BartnikBartnik --MacKinnon solutionsMacKinnon solutions

As gravity increases, the second branch of graviting axially symmetric nn-MA 
chain evolve toward composite system of a Bartnik-McKinnon solution of EYM 
theory in the inner region and an outer n n −− 22 flat space solution of YMH theory.



Gravitating EYMH Gravitating EYMH solitonssolitons: strong gravity limit: strong gravity limit

BranchBranch structurestructure :: TwoTwo distinctsdistincts limitslimits a a →→→→→→→→ 0,  0,  ((aa22 = 4p= 4p22 GGhh2 2 ) ) 

Lower branch is linked to the flat  space solution
Critical point: configuration decays into component s
Upper branch:
LimitingLimiting behaviorbehavior at at semisemi --PlanckPlanck scalesscales : : splittingsplitting of of thethe spacespace intointo an   an   
interiorinterior and an and an outerouter regionsregions : BM : BM sphaleronsphaleron isis confinedconfined ((intermediateintermediate b)b);;
Change of Change of thethe geometrygeometry : a : a longlong throatthroat isis formedformed ;;

ConicalConical singularitysingularity occursoccurs in in thethe limitlimit of of strongstrong gravitygravity

====⇒⇒⇒⇒ aaaassss GGGG ↑↑↑↑,,,, αααα ↑↑↑↑

====⇒⇒⇒⇒ aaaassss GGGG ↑↑↑↑,,,, ηηηη ↓↓↓↓



Black hole solutions are linked to  
gravitating monopoles; there are m=1,n>1 
axially symmetric black hole solutions with 
a regular deformed S 2 horizon and  non-
trivial non-Abelian fields outside 
Neither Israel theorem nor the “no-hair”
theorem cannot be generalized to theories
with nonabelian fields
Regular horizon (f(r h) = 0)
No uniqueness
A globally regular multimonopole solution
corresponds to a family of black holes for
range of values of r h 

Increasement of r h yields increasement
both of the mass and  the Hawking  
temperature  

(Lee, Weinberg, (Lee, Weinberg, Breitenlohner, Forgacs, Maison, Hartmann, Kleihaus Kunz, Shnir…)

NonNon--AbelianAbelian Hairy Black HolesHairy Black Holes



AdSAdS SU(2) EYMH theorySU(2) EYMH theory

(Maison, Breitenlocher, Shaposhnik, Moreno, Tong, B olognesi, Kunz, Radu, Shnir..)

V = 0:    V = 0:    Gauge field A m 	 triplet of conserved currents
Scalar field ΦΦΦΦa 	 scalar operators 
BPS limit: 

SU(2) global symmetry on the boundary is broken:

V < 0:  V < 0:  Abelian symmetry in the bulk 	 U(1) conserved 
boundary current      , massive gauge boson 	

charged spin-1 operator
Scalar field ΦΦΦΦ 	 relevant scalar operator

•• V > 0:  V > 0:  Scalar field is irrelevant

Boundary CFTBoundary CFT

JJJJJJJJaaaaaaaaµµµµµµµµ
QQQQaaaa

ΦΦΦΦaaaa((((zzzz)))) →→→→ ηηηηaaaa ++++
CCCCaaaa

zzzz3333
++++ .... .... ....

∂∂∂∂µµµµJJJJaaaaµµµµ ==== εεεεaaaabbbbccccηηηηbbbbQQQQcccc ηηηηbbbb ==== ccccoooonnnnsssstttt UUUU((((1111))))

SSSS ====
1111

2222

∫∫∫∫
dddd4444xxxx

√√√√−−−−gggg {{{{((((RRRR−−−− 2222ΛΛΛΛ))))−−−−TTTTrrrr FFFFµµµµννννFFFF
µµµµνννν−−−−TTTTrrrr ((((DDDDµµµµΦΦΦΦ))))((((DDDDµµµµΦΦΦΦ))))−−−−VVVV((((ΦΦΦΦ))))}}}}

JJJJµµµµ

ΦΦΦΦaaaa((((zzzz)))) →→→→ nnnnaaaa
((((
ηηηη ++++

CCCC0000
zzzz∆∆∆∆−−−−

++++
CCCC1111
zzzz∆∆∆∆++++

++++ .... .... ....

))))



Holographic Holographic AdSAdS dyondyon

Holographic p-wave superconductors
In the bulk we have:  

d=3+1 Yang-Mills-Higgs theory;
Schwarzschild-AdS black hole 

On the boundary: d=2+1 Abelian Quantum Field 
Theory which undergoes a phase transition exhibiting 
condensation below a critical temperature.

AbelianAbelian Higgs model  at finite temperatureHiggs model  at finite temperature

ddddddddssssssss22222222 ========
ddddddddrrrrrrrr22222222

NNNNNNNN ((((((((rrrrrrrr))))))))
++++++++ rrrrrrrr22222222((((((((ddddddddθθθθθθθθ22222222 ++++++++ ssssssssiiiiiiiinnnnnnnn22222222 θθθθθθθθddddddddϕϕϕϕϕϕϕϕ22222222)))))))) −−−−−−−− NNNNNNNN ((((((((rrrrrrrr))))))))ddddddddtttttttt22222222

NNNN ((((rrrr)))) ==== 1111−−−− ΛΛΛΛ
3333
rrrr2222 −−−− 2222MMMM

rrrr

NNNN((((rrrr)))) ==== ((((1111−−−− rrrrhhhh
rrrr

))))
[[[[
1111−−−− ΛΛΛΛ

3333

((((
rrrr2222 ++++ rrrrrrrrhhhh ++++ rrrr2222hhhh

))))]]]]

BPS limit: V = 0BPS limit: V = 0

((((((((BBBBBBBB,,,,,,,, ((((((((EEEEEEEE
AAAAaaaa0000 ==== eeeeηηηη ˆ̂̂̂nnnnaaaa

((((
µµµµ ++++

QQQQ

rrrr
++++ .... .... ....

))))

AAAAkkkk ==== BBBBεεεεkkkkiiiixxxxiiii ++++ .... .... .... ====⇒⇒⇒⇒ LLLLQQQQFFFFTTTT ((((AAAA)))) ==== AAAAiiiiJJJJiiii

ΦΦΦΦaaaa ==== ηηηηaaaa ++++ CCCCaaaa

rrrr3333 ++++ .... .... .... ====⇒⇒⇒⇒ LLLLQQQQFFFFTTTT ((((ΦΦΦΦ)))) ==== ΦΦΦΦ ···· OOOO((((xxxx))))



DyonsDyons in in AdSAdS spacespace
ΛΛ=0=0 ΛΛ==--33

The Higgs field on the boundary becomes a constant       
It does not qualify as a proper order parameter

The order parameter is the gauge function K



KKKK1111

0.730          0.731              0.732               0.733

Some more Some more numericsnumerics....

HHHH1111

HHHHHHHH ((((((((rrrrrrrr)))))))) ======== ηηηηηηηη

((((((((
11111111 −−−−−−−− HHHHHHHH11111111((((((((TTTTTTTT ))))))))

rrrrrrrr33333333
++++++++

HHHHHHHH22222222((((((((TTTTTTTT ))))))))

rrrrrrrr55555555
++++++++ ........ ........ ........

))))))))
KKKKKKKK((((((((rrrrrrrr)))))))) ========

KKKKKKKK11111111((((((((TTTTTTTT ))))))))

rrrrrrrrνννννννν++++++++11111111
++++++++

KKKKKKKK22222222((((((((TTTTTTTT ))))))))

rrrrrrrrνννννννν++++++++33333333
++++++++ ........ ........ ........



Interpretation: Phase transition in the bulk at T=Tcr

Physics in the bulk/boundary Physics in the bulk/boundary 

Bulk: Boundary:

LLLLQQQQFFFFTTTT ((((AAAA)))) ==== AAAAiiiiJJJJiiii

LLLLQQQQFFFFTTTT ((((ΦΦΦΦ)))) ==== ΦΦΦΦ ···· OOOO((((xxxx))))

AAAAkkkk ==== ccccoooonnnnsssstttt JJJJkkkk ==== 0000;;;;BBBB ==== 0000

ΦΦΦΦ ==== ccccoooonnnnsssstttt OOOO ==== 0000

AAAAkkkk ==== BBBBεεεεkkkkiiiixxxxiiii ++++ .... .... ....

AAAA0000 ==== CCCC0000 ++++ CCCC1111
rrrr° ++++ .... .... ....

ΦΦΦΦ ==== vvvv ++++ CCCC
rrrrαααα

++++ .... .... ....

KKKK1111

AAAAAAAAssssssss TTTTTTTT <<<<<<<< TTTTTTTTccccccccrrrrrrrr ::::::::

AAAAAAAAssssssss TTTTTTTT >>>>>>>> TTTTTTTTccccccccrrrrrrrr ::::::::

To the right of Tcr the conguration becomes trivial, SU(2) global symmetry is restored.
To the left of Tcr the congurations, which correspond to v.e.v.'s in the dual field
theory are non-trivial.
There is a finite temperature continuous symmetry breaking transition.
The system condenses below a critical temperature T♠

Fitting the curves one confirms that this is a second order phase transition:

KKKKKKKK11111111 ∝∝∝∝∝∝∝∝ ((((((((TTTTTTTTccccccccrrrrrrrr −−−−−−−− TTTTTTTT ))))))))11111111////////22222222 ;;;;;;;; HHHHHHHH11111111 ∝∝∝∝∝∝∝∝ ((((((((TTTTTTTTccccccccrrrrrrrr −−−−−−−− TTTTTTTT ))))))))



AdS/CFT may become AdS/CondMatterTheory (no strings attached)
AdS/gauge duality is able to compute dynamical transport properties

of strongly coupled systems  at nonzero T. 
On the gravity side: a 3 + 1 EYMH  model in AdS-Schwarzschild 

black hole background.
On the QFT side: a 2 + 1 Abelian Higgs Model
We constructed generalized BM AdS solutions 
We obtained static axially symmetric dyonic solutions in fixed 

AdS background
Dyonic black hole in AdS yields phase transition on the boundary 

at critical temperature
Vortex condensation?  
Is there is strongly coupled holographic superconductor? P-wave? 

D-wave?

Summary and OutlookSummary and Outlook



Thank you for your attention!Thank you for your attention!
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