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• Factorisation of soft and collinear contributions
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• Soft-plus-Virtual at N3LOpSV for total cross section, rapidity distribution

• Soft-plus-Virtual at N2LOpSV for large pT distributions
• Conclusions
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“τ

x
, m2

h, µF

”

• The perturbatively calculable partonic cross section:

dσ̂ab
`

z, m2
h, µF

´

=
∞
X

i=0

„

αs(µR)

4π

«i

dσ̂ab,(i)
`

z, m2
h, µF , µR

´

• The non-perturbative flux:

Φab(x, µF ) =

Z 1

x

dz

z
fa (z, µF ) fb

“x

z
, µF

”

• fP1
a (x, µF ) are Parton distribution functions with momentum fraction x.

• µR is the Renormalisation scale and µF , Factorisation scale

• The Renormalisation group invariance:
d

dµ
σP1P2(τ, m2

h) = 0, µ = µF , µR



- p. 3/30

Partonic Cross section



- p. 3/30

Partonic Cross section

2S dσP1P2
(

τ, m2
h

)

=
∑

ab

∫ 1

τ

dx

x
Φab (x, µF) 2ŝ dσ̂ab
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Often it is difficult to compute even first order corrections σ(1) in field theory due to

• Large number of Feynman diagrams
• Complexity of the integrals (Ultraviolet, Soft and Collinear divergences)
• Analytical methods
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PDF from LHC
[Martin,Roberts,Stirling,Thorne]
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g + g → H at LHC
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• NNLO result reduces scale dependence considerably

• Good News!
• Hinchcliff,Dawson, Djuoadi, Spira, Zerwas, Laenen, Moch, Catani, Grazzini, Harlander,
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!

+

• Cδ
0 will be pure constants such as ζ(2), ζ(3).

• Compute the entire cross section in the "soft limit".

OR

Extract from "Form factors and DGLAP kernels" using

1) Factorisation theorem 2) Renormalisation Group Invariance

3) Sudakov Resummation



- p. 11/30

Soft gluon cancellation

V. Ravindran



- p. 11/30

Soft gluon cancellation

V. Ravindran
σV

ab(z, Q2, εs, εc) - Virtual soft gluon
(|F I |2)

+ · ··



- p. 11/30

Soft gluon cancellation

V. Ravindran
σV

ab(z, Q2, εs, εc) - Virtual soft gluon
(|F I |2)

+ · ··

σR
ab(z,Q2, εs, εc) - Real soft gluon

(ΦI
ab)

+ · ··



- p. 11/30

Soft gluon cancellation

V. Ravindran
σV

ab(z, Q2, εs, εc) - Virtual soft gluon
(|F I |2)

+ · ··

σR
ab(z,Q2, εs, εc) - Real soft gluon

(ΦI
ab)

+ · ··

• εs - soft gluon regulator
• εc - collinear parton regulator

• Soft plus Virtual is soft gluon divergence free:

σ
R+V
ab (z, Q2, εc) = σV

ab(z, Q2, εs, εc) + σR
ab(z, Q2, εs, εc)



- p. 11/30

Soft gluon cancellation

V. Ravindran
σV

ab(z, Q2, εs, εc) - Virtual soft gluon
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σR
ab(z,Q2, εs, εc) - Real soft gluon

(ΦI
ab)
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• εs - soft gluon regulator
• εc - collinear parton regulator

• Soft plus Virtual is soft gluon divergence free:

σ
R+V
ab (z, Q2, εc) = σV

ab(z, Q2, εs, εc) + σR
ab(z, Q2, εs, εc)

Only collinear partons remain
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1

1!
f(z) +
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˛F̂ I (âs, Q2, µ2, ε)
˛

˛

2

!

δ(1 − z)

+2 Φ I
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• ZI (âs, µ2
R , µ2, ε) is operator renormalisation constant with µ is mass parameter in

n = 4 + ε dimensional regularisation → N3LO
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âs, q2, µ2, z, ε
´

=
1

2

"

K
I
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âs,
q2

µ2
R

,
µ2

R

µ2
, z, ε

!#

Solution to (soft) Sudakov equation:

ΦI
`
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• All the poles are known upto three loop
• All the poles and finite terms are known upto two loop level
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Threshold Resummation
• Alternate derivation for the threshold resummation formula in z space for both DY and DIS:
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´
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• The threshold exponents DI
i for DY and BI

i for DIS are related to G
I
P (ε = 0).

• G
I
P (ε = 0) upto three loop gives DI

i and BI
i for i = 1,2,3 (Moch,Vermaseren,Vogt)
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P (âs, q2, µ2, z, ε) =

 

m

1 − z

(

Z q2(1−z)2mδP

µ2

R

dλ2

λ2
AI

`

as(λ
2)
´

+G
I

P

`

as
`

q2(1 − z)2mδP

´

, ε
´

)!

+

+δ(1 − z)
∞
X

i=1

âi
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• The threshold exponents DI
i for DY and BI

i for DIS are related to G
I
P (ε = 0).

• G
I
P (ε = 0) upto three loop gives DI

i and BI
i for i = 1,2,3 (Moch,Vermaseren,Vogt)

• Expansion of Ce

“

2ΦI

P

”

leads to soft part of the cross section.
• Soft part of Wilson Coeffient of F2(x, Q2) structure functions upto "four loops" can be

reproduced (Moch,Vogt,Vermaseren)
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ΦDIS (âs, Q2, µ2, xBj , ε) = Φee(âs, q2, µ2, xee, ε)
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Hadro production in e+e− annihilation at N3LO

Blümlein and VR
• The scaling variable in DIS is

xBj = −
q2

2p · q
− q2 > 0

• The scaling variable in hadro production is

xee =
2p · q

q2
q2 > 0

• Drell-Levy-Yan showed that these two processes are related by crossing relation.
• Gribov-Lipatov relation in the soft limit:

ΦDIS (âs, Q2, µ2, xBj , ε) = Φee(âs, q2, µ2, xee, ε)

PII (xBj) = P̃II (xee) Distributions

• From DIS results, we can predict soft plus virtual part of the coefficient functions for hadro
production in e+e− annihilation upto three loop level.

N3LO coefficient function C
(3),sv
ee (αs, z) New result
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Scale variation at N3LOpSV for Higgs production

Vogt,Moch, V. Ravindran

R =
σN iLO (µ)

σN iLO(µ0)
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• Scale uncertainity improves a lot
• Perturbative QCD works at LHC



- p. 19/30

Less-Inclusive Drell-Yan and Higgs Productions



- p. 19/30

Less-Inclusive Drell-Yan and Higgs Productions

dσI

dx
= σI

Born(x0
1, x0

2, q2)WI (x0
1, x0

2, q2) , I = q, b, g ,

The x0
i (i = 1,2) are related to the kinematical variables q2 and x.

x = xF =
2(p1 − p2) · q

S
, and x = Y =

1

2
ln

„

p2 · q

p1 · q

«

.

WI (x0
1, x0

2, q2) =
X

ab=q,q,g

Z 1

0
dx1

Z 1

0
dx2 HI

ab(x1, x2, µ2
F )

×

Z 1

0
dz1

Z 1

0
dz2 δ(x0

1 − x1z1) δ(x0
2 − x2z2)

×∆I
d,ab(z1, z2, q2, µ2

F , µ2
R) .

Here, µR is the renormalisation scale and µF the factorisation scale.
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Rapidity of Drell-Yan and its Scale dependence at NNLO
Anastasiou, Dixon, Melnikov, Petriello

• NNLO exact reduces the scale uncertainity significantly
• Also "most difficult" computation in QCD

What is next?
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The symbol "C" means convolution.

Cef(z1, z2) = δ(1 − z1)δ(1 − z2) +
1

1!
f(z1, z2) +
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2!
f(z1, z2) ⊗ f(z1, z2)

+
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f(z1, z2) ⊗ f(z1, z2) ⊗ f(z1, z2) + · · · .
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Cef(z1, z2) = δ(1 − z1)δ(1 − z2) +
1

1!
f(z1, z2) +

1

2!
f(z1, z2) ⊗ f(z1, z2)

+
1

3!
f(z1, z2) ⊗ f(z1, z2) ⊗ f(z1, z2) + · · · .

The function f(z1, z2) is a distribution of the kind δ(1 − zj),

Di(zj) =

"

lni(1 − zj)

(1 − zj)

#

+

i = 0,1, · · ·, and j = 1,2 ,
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• Scale uncertainity improves a lot
• Perturbative QCD works at LHC
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Normalised distribution for the process a + b → c(pT ) + X:
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where
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+
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”

 

lni s4/p2
T
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!

At Large pT these distributions dominate at every order in αs and hence resummation
At leading order: a + b → γ + c is proportional to δ(s4)
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NLO pT distributions

Contributions:

1) Real emission: a + b → γ(pT ) + c + d

2) Virtual corrections: a + b → γ(pT ) + c

3) UV Renormalisation and Mass Factorisation
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NLO pT distributions

Contributions:

1) Real emission: a + b → γ(pT ) + c + d

2) Virtual corrections: a + b → γ(pT ) + c

3) UV Renormalisation and Mass Factorisation

∆N LO(pT ) = δ(s4) + as(µ
2
R)

0

@c0δ(s4) +
X

i=1,2

ci(µ
2
F , ti)

 

lni−1(s4/p2
T )

s4

!

+

+ Reg(ti)

1

A

 

lni−1(s4/p2
T )

s4

!

+

arise due to

1) Outgoing soft gluons

2) Collinear partons(incoming as well as outgoing massless quarks and gluons)

Computation of NNLO is highly non-trivial:
• two loop boxes, one loop corrections to 2 → 3

• 2 → 4 phase space
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Multi-parton amplitudes in QCD

Consider a process:

a(p1) + b(p2) → c(p3) + d(p4) + · · · + n(pN )

The amplitude :

|M > = M
“

{pi}, âs, µ2, Q2, ε
”

=
X

L

CL ML

“

{pi}, âs, µ2, Q2, ε
”

where CL is a colour vector.
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F̂ I (âs, µ2, Q2, ε)F̂ δ({pi}, âs, µ2, Q2, ε)
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Consider a process:

a(p1) + b(p2) → c(p3) + d(p4) + · · · + n(pN )

The amplitude :

|M > = M
“

{pi}, âs, µ2, Q2, ε
”

=
X

L

CL ML

“

{pi}, âs, µ2, Q2, ε
”

where CL is a colour vector. |M > Factorises:

|M >=

 

Y

I

F̂ I (âs, µ2, Q2, ε)F̂ δ({pi}, âs, µ2, Q2, ε)

! 1

2

|H >

• Q is the hard scale in the problem.

• F̂ I - process indpendent "Form factors"

• F̂ δ and |H > - process dependent "soft" and "Hard parts"

Cross section < M|M > from "no-bremstraulung" processes factorises
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âs, µ2, µ2
F , s4, tI

´

Mandelstam variables:

ta = −t, tb = −u, tc = s

Mass factorisation kernels ΓI

`

âs, µ2, µ2
F , s4, tI

´

depend:

PII (âs) = 2
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#
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II (s4)

"+tI "-distribution:
 

lni(s4/tI )

s4

!

+tI

=

 
`

ln(s4/Q2) − ln(tI /Q2)
´

s4

!

+

+

`

− ln(tI /Q2)
´i+1

i + 1
δ(s4)



- p. 28/30

Soft distribution functions



- p. 28/30

Soft distribution functions

Bremstraulung diagrams contribute to soft divergences:

ΦS =
X

I=in,out

C ΦI
`
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âs,
s

µ2
R

,
µ2

R

µ2
, s4, tI , ε

!#

Solution to (soft) Sudakov equation:
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Bremstraulung diagrams contribute to soft divergences:

ΦS =
X

I=in,out
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Most general solution:
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âi
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âs, µ2, s4, tI , ε
´

+ CΦΓ
`
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Conclusions

• Gluons from the soft and collinear regions "factorise".

• Resummation of soft and collinear gluons is possible through Sudakov resummation.

• Resummed total cross sections and rapidity distribtions can be beyond beyond NNLO level
in the soft and collinear region.

• From three loop form factors and three loop splitting functions, soft plus virtual N3LO

results for "total cross sections" in DIS, hadroproduction in e+e− annihilation, Drell-Yan,
Higgs production are available.

• Soft plus virtual N3LO results for rapidity distributions of Drell-Yan and Higgs production
are also available.

• Large pT distributions for prompt photon, Drell-Yan and Higgs production can also be
obtained using resummed approach.
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