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Factorisation Theorem in Quantum Chromodynamics(QCD)

Hadronic cross section in terms of partonic cross sections convoluted with appropriate PDF:

2Sd0'PlP2 ‘r,mh Z/ —<I>ab (¢, ) 28 d6“ (;,mﬁ,up>
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Hadronic cross section in terms of partonic cross sections convoluted with appropriate PDF:
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® The perturbatively calculable partonic cross section:

oo 7
da_ab (Z, m%},?""F) — Z (%’?) da.ab,(’b) (Z, m%z,?"l’F?l'l’R)
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o f1 (z, puF) are Parton distribution functions with momentum fraction .
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Factorisation Theorem in Quantum Chromodynamics(QCD)

Hadronic cross section in terms of partonic cross sections convoluted with appropriate PDF:
T
2S’da'PlP2 T,mh Z/ —<I>ab (¢, ) 28 d6“ (;,mﬁ,up>
® The perturbatively calculable partonic cross section:

déa? (2 m? - N M i deebs () 2
) haMF) = Z A o (zamha#’FaFl’R)
1=0

e The non-perturbative flux:

Pob(T, pr) = /wl _.fa (2, NF).fb( ,NF)

£ (z, puF) are Parton distribution functions with momentum fraction .
pnr is the Renormalisation scale and v, Factorisation scale

® The Renormalisation group invariance:

ddu o1Pz2(r,m{) = o, MU= UF, LR
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Partonic Cross section
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| |
Partonic Cross section

L dx o T
2S dottz (’T, mi) :Z ?CI)ab (z, pp) 25 d6?° (;, m?, uF>

ab T
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| |
Partonic Cross section

L dx o T
2S dottz (’T, mi) :Z ?CI)ab (z, pp) 25 d6?° (;, m?, uF>

ab T

25 do® (2, m3, pr)

T
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Theoretical Ambiquities

6 (=, P'%‘) = o(® (2, N%‘) + as (MzR) U(l)(za ll'zRa N’%‘) + a?(ﬂzR) o(?) (2, HzRa H%‘) + ..
Often it is difficult to compute even first order corrections (1) in field theory due to

e |arge number of Feynman diagrams

e Complexity of the integrals (Ultraviolet, Soft and Collinear divergences)
e Analytical methods
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Theoretical Ambiquities
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Theoretical Ambiquities

&6(z 1) = o O(z, ) + as (b)) oW (2, k. 17) + a2(p) @ (2, 1%, 17) + - -

Often it is difficult to compute even first order corrections (1) in field theory due to

e |arge number of Feynman diagrams
e Complexity of the integrals (Ultraviolet, Soft and Collinear divergences)
e Analytical methods

Fixed Order results are sensitive to

Factorisation Scale Dependence g

Renormalisation Scale Dependence pugr

Missing higher order corrections

Large corrections at every order in as in some special kinematic region
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Theoretical Ambiquities

&6(z 1) = o O(z, ) + as (b)) oW (2, k. 17) + a2(p) @ (2, 1%, 17) + - -

Often it is difficult to compute even first order corrections (1) in field theory due to

e |arge number of Feynman diagrams
e Complexity of the integrals (Ultraviolet, Soft and Collinear divergences)
e Analytical methods

Fixed Order results are sensitive to

e [actorisation Scale Dependence pg

e Renormalisation Scale Dependence ur

e Missing higher order corrections

® |arge corrections at every order in as in some special kinematic region

Solutions:

® To device smart methods to do the integrals for higher order terms
e To identify and resum the important contributions to all orders
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| |
Parton Distributions Functions

L dx o T
2S dottz (’T, mi) :Z ?CI)ab (z, pup)28 dé?® (;, mi, p,F>

ab T
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Parton Distributions Functions

L dx o T
2S dottz (’T, mi) :Z ?CI)ab (z, pup)28 dé?® (;, mi, [1,F>

ab T

Flux:

(I)ab (iB, .U*F)
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Parton Distributions Functions

Ldx T
25 da'P1P2 (T, mi) :Z ;(I)ab (.’,U [,LF)ZS de® (;, mi, [,LF>

ab T

Flux:

(I)ab (iB, .U*F)

Pop(z, pr) = /: = (2, ur) Io ( aﬂF)
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DGLAP Evolution/Renormalisation Group Equations

Pob (T, pr) = /{: %fa (2, r) fo (Salv’vF)
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DGLAP Evolution/Renormalisation Group Equations

Pob (T, pr) = /{: _.fa (2, uF) So ( aI~LF>

DGLAP Evolution equation(Renormalisation Group Invariance):
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DGLAP Evolution/Renormalisation Group Equations

Pob (T, pr) = /{: %fa (2, uF) So (galJJF)

DGLAP Evolution equation(Renormalisation Group Invariance):

d 1 dz T
uFd—fa(w,uF) =/ — Pop (2, ur) fo (—,uF)
HF r = z

Perturbatively Calculable

P,py(z,up) = (%) PO (2) one loop (LO)
+<%>2P(1)(z) two loop (INLO)
+ (%’?)3P(2) (2) three loop (ININLO)

NNLO is computed few years ago (summer 2004 by Moch,Vermaseren,Vogt)
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DGLAP Evolution/Renormalisation Group Equations

Pob (T, pr) = /{: _.fa (2, uF) So ( aFLF)

DGLAP Evolution equation(Renormalisation Group Invariance):

pr 2 fawnr) = [ Rz e fo (Er)

Perturbatively Calculable

P,py(z,up) = (%) PO (2) one loop (LO)
+<%>2P(1)(z) two loop (INLO)
+ (%’?)3P(2) (2) three loop (ININLO)

NNLO is computed few years ago (summer 2004 by Moch,Vermaseren,Vogt)

Partron distribution functions have been extracted very precisely at DESY
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PDF from LHC

[Martin, Roberts, Stirling, Thorne/

LHC parton kinematics
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g+ g— H at LHC

e Hinchcliff, Dawson, Djuoadi, Spira, Zerwas, Laenen, Moch, Catani, Grazzini, Harlander,
Kilgore, Anastasiou, Melnikov, van Neerven, Smith, Ravindran, many more
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g+g— HatLHC
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® NNLO result reduces scale dependence considerably

e Hinchcliff, Dawson, Djuoadi, Spira, Zerwas, Laenen, Moch, Catani, Grazzini, Harlander,
Kilgore, Anastasiou, Melnikov, van Neerven, Smith, Ravindran, many more

p. 8/30



g+g— HatLHC

o(pp - H+X) [pb] Vs=14TeV

R, -

Ko 5

KK
QX Wo’« o

e
SRR 22
LR n"' «‘4 ’4

O,
o
T
oo
X
R

X X0 nuuwn.
O
RS
S
LR i

‘,‘m,wy,u,w,,mw

mmu L

i mum (—

L \uuwyu\

i m._m,w A ik

Lo mmw L

MY

mm‘w'wm\\\ i nw "ww
| o

~  —— NNLO Harlander-‘
- —— NLO
- —— LO

1 100120 140 160 180 200 220 240 260 280 300

M, [GeV]

® NNLO result reduces scale dependence considerably

e Good News!

e Hinchcliff, Dawson, Djuoadi, Spira, Zerwas, Laenen, Moch, Catani, Grazzini, Harlander,
Kilgore, Anastasiou, Melnikov, van Neerven, Smith, Ravindran, many more
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Soft part of NNLO

Catant, Harlander, Kilgore
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Soft part of NNLO

Catant, Harlander, Kilgore

1 da m2
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Soft part of NNLO

Catant, Harlander, Kilgore
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Soft part of NNLO

Catant, Harlander, Kilgore

L dx m?2
28 doP1P2 (1,my,) = Z/ @,y (x) 28 d5" (=, mn,) r=_h
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Soft part of NNLO

Catant, Harlander, Kilgore

L dx m?2
28 doP1P2 (1,my,) = Z/ @,y (x) 28 d5" (=, mn,) r=_h
T/ T x S
LHC (S=(14Tev)2) ® &, (x) becomes large when
1e+07 : : ; ; : L — Lmin — T
w—
1e+06 | (001)gg ]

e Dominant contribution to Higgs production

100000 1 comes from the region when & — 7

§ 10000 |

1000

e |t is sufficient if we know the partonic cross
section when x — T

100 : .
e x — T is called soft limat.

0 0001 0002 0003 0004 0005 0.006
X = QZ/S e Expand the partonic cross section around
Gluon flux is largest at LHC r = T.
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Soft part

Catant et al, Harlander and Kilgore
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Soft part
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® Expand the partonic cross section around © = Torz = Z = 1.
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Soft part
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Soft part

Catant et al, Harlander and Kilgore
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Soft part

Catant et al, Harlander and Kilgore

® Expand the partonic cross section around © = Torz = Z = 1.

dé(z) =CcO(z) + > (1 —=z)c® PO
] T

1=1

o C(O);

oo k o
c® =cis(1—2+> c¥ In”(1 — 2)
=0 (1—2) n

L Cg will be pure constants such as ¢(2), ¢(3).

] Compute the entire cross section in the "soft limit".
OR

Extract from "Form factors and DGLAP kernels" using

1) Factorisation theorem 2) Renormalisation Group Invariance

3) Sudakov Resummation
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Soft gluon cancellation

V. Ravindran
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Soft gluon cancellation

V. Ravindran
oV (z,Q?%,es,ec) - Virtual soft gluon

(1F*12)
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Soft gluon cancellation

V. Ravindran
UXb(zv Q?,es,ec) - Virtual soft gluon aaRb(z, Q?,es,ec) - Real soft gluon
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Soft gluon cancellation

V. Ravindran
UXb(zv Q?,es,ec) - Virtual soft gluon aaRb(z, Q?,es,ec) - Real soft gluon

(IF'1?) (®)5)

® ¢, - soft gluon regulator
® c. - collinear parton regulator

e Soft plus Virtual is soft gluon divergence free:

R+V
aab+ (Z’QzaEC) — Uc‘sz(zan’ss’ed + Ufb(zan’ESaEC)
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Soft gluon cancellation

V. Ravindran
UXb(zv Q?,es,ec) - Virtual soft gluon aaRb(z, Q?,es,ec) - Real soft gluon

(IF'1?) (®)5)

® ¢, - soft gluon regulator
® c. - collinear parton regulator

e Soft plus Virtual is soft gluon divergence free:

R+V
aab+ (Z’Qzasc) — o'c‘sz(zan’ss’ed + Uc?b(zan’ESaEC)

Only collinear partons remain
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Factorisation of Collinear partons

Due to the massless partons, collinear singularities appear in
e the phase space of the real emission processes

e |oop integrals of the virtual corrections
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Factorisation of Collinear partons

Due to the massless partons, collinear singularities appear in
e the phase space of the real emission processes

e |oop integrals of the virtual corrections

R4V
aab+ (2, Qza €c) = Z Cea (2, I"’%‘ s€c) @Tap(2, U’%‘a ec) @ Acal(z, Qza I"%‘)
c,d

(Bare) (Mass Factorised)

DGLAP kernels satisfy Renormalisation Group Equations:

d
dy%

1
WO Tz wdee) = TP (2,143) ®T (2 ik <0) -
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Factorisation of Collinear partons

Due to the massless partons, collinear singularities appear in
e the phase space of the real emission processes

e |oop integrals of the virtual corrections

R \%
+ (zan EC) Zrca(zaﬂ%‘,GC) ®I‘db(zall'%‘350) ®Acd(zaQ2aF‘%‘)
c,d

(Bare) (Mass Factorised)

DGLAP kernels satisfy Renormalisation Group Equations:

d

1
_—quz ®I‘zp,2€ .
i 1P (,03) ®T (=, 4 <o)

T
The diagonal terms of the splitting functions P(*) (z) have the following structure

Py (z) =2|Bl ,6(1 —2) + Al Do| + B [,(2),
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Factorisation of Collinear partons

Due to the massless partons, collinear singularities appear in
e the phase space of the real emission processes

e |oop integrals of the virtual corrections

R \%
+ (zan EC) Zrca(zaﬂ%‘,GC) ®I‘db(zall'%‘350) ®Acd(zaQ2aF‘%‘)
c,d

(Bare) (Mass Factorised)

DGLAP kernels satisfy Renormalisation Group Equations:

d

1
——quz ®I‘zp,2€ .
i 1P (,03) ®T (=, 4 <o)

T
The diagonal terms of the splitting functions P(*) (z) have the following structure

Py (z) =2|Bl ,6(1 —2) + Al Do| + B [,(2),

1
Do = ( ) , pW jrare regular when 2z — 1.
_I_

'reg,
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Factorisation of Soft and Collinear partons

12

B a In(1 — 2)
A(z,Q%) = 81 —2)+ as(Q?) <a115(1 —z)+ (1—2)4 + o ( 1—2z >+

—|—R1(Z)> _|_a§(Q2)(..._|_..._|_..._|_R2(z)> 4+ ...
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Factorisation of Soft and Collinear partons

12

B a In(1 — 2)
A(z,Q%) = 81 —2)+ as(Q?) <a115(1 —z)+ (1—2)4 + o ( 1—2z >+

—|—R1(Z)> _|_a§(Q2)(..._|_..._|_..._|_R2(z)> 4+ ...

R;(z) areregularas z — 1

Soft distribution functions factorise
A(zQ) = S(zQ%uk) ® (51— 2)
+0s(Q*) Ra(z, Q% uh) + a2(Q) Ra (2, Q% i) + - - )
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Factorisation of Soft and Collinear partons

A(zQ%) = 81—z +as(Q) <a”5(1 —D+ G, (lnil—_j>+

—|—R1(Z)> _|_a§(Q2)(..._|_..._|_..._|_R2(z)> 4+ ...

R;(z) areregularas z — 1

Soft distribution functions factorise
A(zQ) = S(zQ%uk) ® (51— 2)
+0s(Q*) Ra(z, Q% uh) + a2(Q) Ra (2, Q% i) + - - )
Soft contribution exponentiates

S(z, Q?, [J,zR) = Cexp (‘Il(z, Q>, qu)> ¥(z,Q?, ,qu) 1s”finite distribution”
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Factorisation of Soft and Collinear partons

12

B a In(1 — 2)
A(z,Q%) = 81 —2)+ as(Q?) <a115(1 —z)+ (1—2)4 + o ( 1—2z >+

—|—R1(Z)> _|_a§(Q2)(..._|_..._|_..._|_R2(z)> 4+ ...

R;(z) areregularas z — 1
Soft distribution functions factorise
A= Q%) = S(=Q%uh) ® (81— =2)
+0s(Q*) Ra(z, Q% uh) + a2(Q) Ra (2, Q% i) + - - )
Soft contribution exponentiates

S(z, Q?, ;,LZR) = Cexp (‘Il(z, Q>, qu)> ¥(z,Q?, ,qu) 1s”finite distribution”

cef(R) = 51—2)+ %f(Z) n %f(Z) ® f(z) + %f(Z) RF(2) @ f(2) 4.
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Soft plus Virtual at N3LO and beyond

Using "factorisation” of UV, Soft and Collinear:

I=q,9 mn=4+e¢

L p(z, @, uk,n3) = Cexp (‘Pfa(z,qz,qu,u%,s)>
e=0
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Soft plus Virtual at N3LO and beyond

Using "factorisation” of UV, Soft and Collinear:

I=q,9 mn=4+e¢

P p(z,d%, 1%, nE) = Cexp (‘Pfa(z,qz,qu,u%,s)>
e=0

. 2 AT /A 2
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+2 q)é(&saqzal"?azae) — 2 mCInI‘II(&Sall'zaﬂ'%‘azae)

o Zl(as, 3, nu?,€) is operator renormalisation constant with p is mass parameter in
n = 4 + e dimensional regularisation — N3LO
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Soft plus Virtual at N3LO and beyond

Using "factorisation” of UV, Soft and Collinear:

I=q,9 mn=4+e¢

P p(z,d%, 1%, nE) = Cexp (‘Pfa(z,qz,qu,u%,s)>
e=0

. 2 AT /A 2
\I—’fg(z,q2,u%,u%,€) — (ln (ZI(G'S,F"%{,N2,5)) +ln|FI(aS’Q2aU'2,€)| >5(1_z)

+2 <I>1£(&s,q2,M2,Z,€) — 2 mCInI‘II(&Sall'zaﬂ'%‘azae)

o Zl(as, 3, nu?,€) is operator renormalisation constant with p is mass parameter in
n = 4 + e dimensional regularisation — N3LO

o Fl(as,Q?, u?,e) is the Form factor with Q% = —g? — N3LO
e &1 (as,q?,p?,z,¢) is the soft distribution function — N3LO level
e I'sr(as, pu?, u2, 2, €) is mass factorisation kernel — N3LO

as = Q?
° 1672

1
m:i for DIS/eTe™, m=1 for DY, Higgs
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Solution to (Soft)Sudakov Equation

d ~ 1 |—r1 [ . LLZ —1(. q* “2
® — &' (as,qz,p,2,z,s) = S |K as’—g’z’s +G as,—z,—lj,z,s
2 7 MR M
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Solution to (Soft)Sudakov Equation

Solution to (soft) Sudakov equation:

oo 2\ t5
~ L q LA )
! (asaqza .U'za 2 €) — Z ag <_2> Se (I)I’(z)(zae)
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Solution to (Soft)Sudakov Equation

Solution to (soft) Sudakov equation:
oo 2\ 1<
I/~ 2 .2 ~i (9 ? i &I,31)
&' (as,q”, pu?, z,e) = E ag | — St &\ (z,€)
where

&1 (z,e) = LLE (¢) <AI — —8(1—2) AL, GI(e) =G I(z,s)>
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Solution to (Soft)Sudakov Equation

Solution to (soft) Sudakov equation:
> rq2\'z . ...
sl (&s,qz,p,z,z,s) = Z&; (—) St 1,0 (2, ¢)
where
1) (z,e) = £ (e) <AI — —8(1—2) Al, GI(e) =G I(z,s)>

Most general solution:

@I(&87q27“2729€) — (I)I(als,qZ(l_z)Zm,“’Z,e)

_ i&i <q2(1 —2z)2m>i% s <2(i1'ni€z)> 31 (e)

1=1 H
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Solution to (Soft)Sudakov Equation

d R 1 —TI R [,Lz —I R q2 ”2
qzd—qZCPI (asaq2al"'2aza€) = _[K (asau—gaza€> + G (asa—zau—ljazas
Solution to (soft) Sudakov equation:

> rq2\'z . ...
sl (&s,qz,uz,z,s) = Z a (—) St 1,0 (2, ¢)
where
1) (z,e) = £ (e) <AI — —8(1—2) Al, GI(e) =G I(z,s))

Most general solution:

@I(&Saqzaﬂzazae) — q)I(&s,qZ(l_z)Zm,“Z,s)
e 2 2m \ ¢5 :
i (a°(1 — = 2 1T E - i
= e (TR s (i) 610
1=1 H 2(1—2)

e All the poles are known upto three loop

e All the poles and finite terms are known upto two loop level
|

|
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Threshold Resummation

e Alternate derivation for the threshold resummation formula in z space for both DY and DIS:

N ™m
q)lg(a'saq2al*"27za€) — < {

a®(1—2)?"8p g)\2
/. e A (@ (%)

1 —2= nZ2,

‘l‘EIJI’ (as (q2(1 - z)2m6P) ,E) })
4+

rsa—2) S ai ( u(sp) st dp ™ (e)

=1

oo 2 2
m ~i [ MR —I(z)
+<1_z>+ .231‘13(”2) (e)

1=

N|®
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Threshold Resummation

e Alternate derivation for the threshold resummation formula in z space for both DY and DIS:

2 2m
m 97 (1=2)""dp g)2
q)lg(a'saq2all'27za€) — ( {/ Ag (aS(Az))
1—2z| Juz A2

‘|‘EIJI’ (as (q2(1 - z)2m6P) ,E) })

e The threshold exponents D7 for DY and B/ for DIS are related to Gh (e = 0).

o @f: (e = 0) upto three loop gives D and By for ¢ = 1, 2, 3 (Moch,Vermaseren,Vogt)
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Threshold Resummation

e Alternate derivation for the threshold resummation formula in z space for both DY and DIS:

2 2m
m 97 (1=2)""dp g)2
q)lg(&saqzauzazag) — ( {/ Ag (aS()‘z))
1—2z| Juz A2

-|—G1£ (as (¢°(1 — 2)*™ép) , ) })

e The threshold exponents D7 for DY and B/ for DIS are related to Gh (e = 0).

o @f: (e = 0) upto three loop gives D and By for ¢ = 1, 2, 3 (Moch,Vermaseren,Vogt)

I
e Expansion of Ce(zép) leads to soft part of the cross section.

e Soft part of Wilson Coeffient of Fs (x, Q?) structure functions upto "four loops" can be
reproduced (Moch,Vogt,Vermaseren)
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Hadro production in ete™ annihilation at N3LO

Blimlein and VR
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Hadro production in ete™ annihilation at N3LO

Bliumlemn and VR
e The scaling variable in DIS is

q2

2p-q

TBj = — —q* >0
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Hadro production in ete™ annihilation at N3LO

Bliumlemn and VR
e The scaling variable in DIS is

q2 2
rp; = — —q° >0
’ 2p - q
® The scaling variable in hadro production is
2p-q
Lee — q2 >0

q2
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Hadro production in ete™ annihilation at N3LO
Bliumlemn and VR

e The scaling variable in DIS is

2

q 2
rp; = — —q° >0
’ 2p - q
® The scaling variable in hadro production is
2p-q
Lee — 2 q2 >0
q

e Drell-Levy-Yan showed that these two processes are related by crossing relation.
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Hadro production in ete™ annihilation at N3LO
Bliumlemn and VR

e The scaling variable in DIS is

q2 2
rp; = — —q° >0
’ 2p - q
® The scaling variable in hadro production is
2p-q
Lee — 2 q2 >0
q

Drell-Levy-Yan showed that these two processes are related by crossing relation.
Gribov-Lipatov relation in the soft limit:

CI)DIS(&SaQ29lJ'27ij7€) — q)ee(a'quzvll'z’weeve)

PII(:BBj) = 13”(31366) Distributions
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Hadro production in ete™ annihilation at N3LO

Bliumlemn and VR
e The scaling variable in DIS is

q2 2
rp; = — —q° >0
’ 2p - q
® The scaling variable in hadro production is
2p-q
Lee — 2 q2 >0
q

Drell-Levy-Yan showed that these two processes are related by crossing relation.
Gribov-Lipatov relation in the soft limit:

(I)DIS(&SaQ29lJ'27mBj7€) — q)ee(a'quzvll'z’weeve)

PII(ij) = ﬁ[[(iﬂee) Distributions

e From DIS results, we can predict soft plus virtual part of the coefficient functions for hadro
production in eT e~ annihilation upto three loop level.

N3LO coefficient function C’éi)’sv (s, 2) New result

-p. 17/30



Scale variation at N®LO,gy for Higgs production

Vogt,Moch, V. Ravindran

R = 2NiLO (1)
oniro(Ho)
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Scale variation at N®LO,sy for Higgs production
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Scale variation at N®LO,sy for Higgs production
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Scale variation at N®LO,sy for Higgs production

Vogt,Moch, V. Ravindran

R = 2NiLO (1)
oniro(Ho)

I I I
70 ' | ' | ' T . 3 .
- o (pb) LHC(14 TeV) - = . |
O N*LO(pSV) ] 14 = R-Ratio LHC(14 TeV)
60 N N3LO(pSV) - s |
E\: ] PP PPPR LO |
- ] RO NLO
50 R — TN ——— NNLO T
- - 12 N e N3LO(pSV) —
- ] \\:'-_. .................. N4LO(pS\/) 1
40 3 .
%0 . 1
20 [ .
10 - = 0.8 7
C | | |
100 150 ) 200 250 05 1 15 5

/g

e Scale uncertainity improves a lot

® Perturbative QCD works at LHC
|

|
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Less-Inclusive Drell-Yan and Higgs Productions
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Less-Inclusive Drell-Yan and Higgs Productions

I
do T

E = O (w(l)awgaq2)WI(m(1)7m(2)aq2) ’ I=gq,b,g ,

Born

The =9 (i = 1, 2) are related to the kinematical variables g2 and .

2 — . 1 .
r=xp = (P1 — p2) q’ and cc:Y:—ln(p2 q).
S 2 P1-q
I,.0 .0 2 ! ! I 2
W' (x7,x5,q°) = Z / dac1/ dxz H,_ (1,22, 1%)
ab=q,q,g 0 0

1 1
X/ dz1 / dzz 8(x) — x121) 6(x) — :222)
0 0

I 2
XAd,ab(zl’ Z2, q2, /J'%‘a ”R) .

Here, pr is the renormalisation scale and pr the factorisation scale.
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Rapidity of Drell-Yan and its Scale dependence at NNLO

Anastasiou, Dizon, Melnikov, Petriello
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Rapidity of Drell-Yan and its Scale dependence at NNLO

d*c/dM/dY [pb/GeV]

Anastasiou, Dizon, Melnikov, Petriello
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Rapidity of Drell-Yan and its Scale dependence at NNLO

Anastasiou, Dizon, Melnikov, Petriello

pp - (Z,77)+X
T T T | T T T T | T T T T T
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e NNLO exact reduces the scale uncertainity significantly
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Rapidity of Drell-Yan and its Scale dependence at NNLO

Anastasiou, Dizon, Melnikov, Petriello

pp - (Z,77)+X

80 — —]

- NLO 7

vvvvv

A AT RS
1 EEIRIIEIIIILIIETITIN
0000 02020 0 2020020202020 202020 0 2 20 %0 200
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LR RRRIIIIILLLLLRLRRRS
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Q

60 —

40

d*c/dM/dY [pb/GeV]

20

e NNLO exact reduces the scale uncertainity significantly

e Also "most difficult" computation in QCD
What is next?
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Soft Gluons

We first study the contributions coming from the soft gluons.

1 2 2 2 _ hard 2 2 2 sV 2 2 2
Ad,a,b('zlaz27q s WE s MR) = AI,a,b (21, 22,9 all'Fall'R)"'(saEA d,I(zlaz2aq s WE s MR
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Soft Gluons

We first study the contributions coming from the soft gluons.

1 2 2 2 _ hard 2 2 2 sV 2 2 2
Ad,a,b('zlaz27q s WE s MR) = AI,a,b (21, 22,9 all'Fall'R)'l‘(saE d,I(z19z2aq s WE s MR

The soft-plus-virtual parts of the differential cross sections (ASY ; (21, 22, q?, p%, nu2)) are

found to be

’
e=0

I
Sc‘l,,I(zlaz27 q2’ M2R9 IJI%‘) = Cexp (‘IJd(qza ”2R7 /-1%‘721922, 5))
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Soft Gluons

We first study the contributions coming from the soft gluons.

1 2 2 2 _ hard 2 2 2 sV 2 2 2
Ad,a,b('zlaz2aq s WE s MR) = AI,a,b (21, 22,9 a“FaMR)+6aE d,I(z19z2aq s WE s MR

The soft-plus-virtual parts of the differential cross sections (ASY | (z1, 22, q?, p%, nu2)) are

found to be

’
e=0

I
Sc‘l,,I(zlaz27 q2’ HzRa N%‘) = Cexp (‘IJd(qza HzRv /-1%‘7219227 5))

The symbol "C" means convolution.

cef(z1,22) = 5(1—21)5(1—22)+%f(zl,zz)-l-%f(21,z2)®f(21,22)

-I-%f(21,22) QR f(z1,22) ® f(z1,22) + - - .
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Soft Gluons

We first study the contributions coming from the soft gluons.

1 2 2 2 _ hard 2 2 2 sV 2 2 2
Ad,a,b('zlaz2aq s WE s MR) = AI,a,b (21, 22,9 a“FaMR)+6aE d,I(z19z2aq s WE s MR

The soft-plus-virtual parts of the differential cross sections (ASY | (z1, 22, q?, p%, nu2)) are
found to be

9

I
Sc‘l,,I(zlaz27 q2’ HzRa N%‘) = Cexp (‘IJd(qza HzRv /-1%‘7219227 5))
e=0

The symbol "C" means convolution.

cef(z1,22) = 5(1—21)5(1—22)+%f(zl,zz)-l-%f(21,z2)®f(21,22)

-I-%f(21,22) QR f(z1,22) ® f(z1,22) + - - .

The function f(z1, z2) is a distribution of the kind §(1 — z;),

t=0,1,--+, and 73 =1,2,
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Rapidity distribution do /dy of Higgs at N®*LO,,sv

J.Smith, W. van Neerven, V. Ravindran

R — oniro (k)
O'NiLo(HO)
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Rapidity distribution do /dy of Higgs at N®*LO,,sv

J.Smith, W. van Neerven, V. Ravindran
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Rapidity distribution do /dy of Higgs at N®*LO,,sv
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Rapidity distribution do /dy of Higgs at N®*LO,,sv

J.Smath, W. van Neerven, V. Ravindran

R = 2NiLO (1)
oniro(Ho)

T T T | T T T | T T T | T T T

L N, o~ N e LO T '\.‘ T T T T T T T T T T T T T
10 | doidy (pbiGev) (LHC) T Lo _ i i
L my=lsGev NNLOg, 1 16 |i ReRatio(Y) (LHO) m, =115 GeV |
- NLOg, - B 1
I 7 LY memememems LO |

8 O NLO
Y \\_ """"" NNLOg,, T
1.4 =% % — N°LO.g, —
6 i \\\ \\'\ 7
1.2 — \\\\'\_\ —
4 i \\\\\. |
SR L NS _
2 a TSagLl o T i
0_8 1 1 | 1 1 1 1 | 1 1 1 1 L T
0.5 1 1.5
[SUTR

Scale uncertainity improves a lot
Perturbative QCD works at LHC
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Rapidity distribution do/dy of DY at N®*LO,sv

J.Smith, W. van Neerven, V. Ravindran

R — oniro (k)
O'NiLo(HO)

- p. 23/30



Rapidity distribution do/dy of DY at N®*LO,sv

J.Smith, W. van Neerven, V. Ravindran
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Rapidity distribution do/dy of DY at N®*LO,sv
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Rapidity distribution do/dy of DY at N®*LO,sv

J.Smath, W. van Neerven, V. Ravindran

R = 2NiLO (1)
oniro(Ho)
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e Scale uncertainity improves a lot
® Perturbative QCD works at LHC
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Large pr distributions

Normalised distribution for the process a + b — c(pr) + X:
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Large pr distributions

Normalised distribution for the process a + b — c¢(pr) + X:

t,Lu — Mandelstam wvariables

d2o(0) ) -t d?o

AN —
ab (PT) ( dtdu dtdu

The threshold region:
S4 = S8 —|— t —|— u — 0
Distributions:

5(s4), <ln"3(34/p%)> i=0,1,2, -
_|_

S4

/ ot L4 f(sa) (lni s;/pg,>+ = /Op% L1 (f(s0) - £(0) (lni ii/’”%)
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Distributions:
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where
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At Large pr these distributions dominate at every order in s and hence resummation
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Large pr distributions

Normalised distribution for the process a + b — c¢(pr) + X:

t,Lu — Mandelstam wvariables

d?o(0) -t d?o
dtdu dtdu

Aab(pT) — (
The threshold region:
S4 = S8 —|— t —|— u — 0

Distributions:

5(s4), <ln"3(34/p%)> i=0,1,2, -
_|_

S4

where

/ ot L4 f(sa) (lni Ssi/p%>+ = /Op% L1 (f(s0) - £(0) (lni ii/’”%)

At Large pr these distributions dominate at every order in s and hence resummation
At leading order: a + b — ~ + cis proportional to §(s4)
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NLO pr distributions
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NLO pr distributions

Contributions:
1) Real emission: a + b — v(pr) + c+ d
2) Virtual corrections: a + b — ~(pr) + ¢

3) UV Renormalisation and Mass Factorisation
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NLO pr distributions

Contributions:
1) Real emission: a + b — v(pr) + c+ d
2) Virtual corrections: a + b — ~(pr) + ¢

3) UV Renormalisation and Mass Factorisation

s
i=1,2 4

nt—1(s4 /02
ANLO (pry = 5(s4) + as(u%) <c06(34)—|— Z ci(uz,t;) <1 ( 4/PT)> +Reg(tz'))
_I_
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NLO pr distributions

Contributions:
1) Real emission: a + b — v(pr) + c+ d
2) Virtual corrections: a + b — ~(pr) + ¢

3) UV Renormalisation and Mass Factorisation

nt—1(s4 /02
ANLO (pry = 5(s4) + as(u%) <c06(34)—|— Z ci(uz,t;) <1 ( 4/PT)> +Reg(t7:)>
_I_

i=1,2 54
<1ni—1<34/p%)>
sS4 +

2) Collinear partons(incoming as well as outgoing massless quarks and gluons)

arise due to

1) Outgoing soft gluons

Computation of NNLO is highly non-trivial:
® two loop boxes, one loop correctionsto 2 — 3

e 2 — 4 phase space
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Multi-parton amplitudes in QCD
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Multi-parton amplitudes in QCD

Consider a process:

a(p1) + b(p2) — c(p3) + d(pa) + - - - + n(pN)
The amplitude :

M > = M({pi}a&saﬂzanas)

— ZCL ML({pi}aa's,P‘27Q27€)
L

where Cy, is a colour vector.
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Multi-parton amplitudes in QCD

Consider a process:

a(p1) + b(p2) — c(p3) + d(pa) + - - - + n(pN)
The amplitude :

M > = M({pi}a&saﬂzanas)

— ZCL ML({pi}aa's,l«'?,Qzas)
L

where Cy, is a colour vector. |M > Factorises:

N

|M >= <H FI(&SauzaQzas)ﬁé({pi}a&saﬂzaQzas)> |H >
I

® ( is the hard scale in the problem.
e F'I - processindpendent "Form factors"
e Y and |H > - process dependent "soft" and "Hard parts”

Cross section < M|M > from "no-bremstraulung"” processes factorises

- p. 26/30



Mass factorisation
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Mass factorisation

Collinear Singularities are removed by mass factorisation:

In (Afact) = — Y C InTy (as, p?, p2, 51, 1)

I=in
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Mass factorisation

Collinear Singularities are removed by mass factorisation:

In (Afact) = — Y C InTy (as, p?, p2, 51, 1)

I=in

Mandelstam variables:

Mass factorisation kernels 'y (as, u?, u%., sa, t7) depend:

1
Pri(as) = 2 [315(34) + Al (-) + P;79(s4)
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Mass factorisation

Collinear Singularities are removed by mass factorisation:

In (Afact) = — Y C InTy (as, p?, p2, 51, 1)

I=in

Mandelstam variables:

Mass factorisation kernels 'y (as, u?, p%, sa, tr) depend:

1
Pri(as) = 2 [315(34) + Al (-) + P;79(s4)
+tr

S4

"+t r"-distribution:

<1ni(34/t_,)> :<(1n(84/Q2)—1n(t1/Q2))> . (=In(tr/@2)"*
+tr 4

o
S4 S4 1+ 1 (84)
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Soft distribution functions

Bremstraulung diagrams contribute to soft divergences:

P° = Z c &' (a'sall'zall'%‘934atI)+ch)r (&87“27“%‘934913I)

I—=i1n,out
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Soft distribution functions

Bremstraulung diagrams contribute to soft divergences:

P° = Z c &' (&37N27M%‘9347tI)+C(I)F (&57“27“%‘9349131)

I—=i1n,out

ds

d . 1|—1 (. ,LL2 —I [ . s K
s—®! (GS,M2,84,t1,€) = S |K a’Sa_RaS47€ + G a'S?_?_R
2 e 2 ®
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Soft distribution functions

Bremstraulung diagrams contribute to soft divergences:
P° = Z c &' (&37N27M%‘9347tI)+C(I)F (&57“27“%‘9349131)

I—=i1n,out

d
ds

Solution to (soft) Sudakov equation:

oo =
. o S 2 . A .
o (as,,u,2,34,t1,s) = E a (E) Se <I>I’(z)(34,e)

X 1|—1 (. p2 1 (. s p
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Soft distribution functions

Bremstraulung diagrams contribute to soft divergences:

P° = Z c &' (&37N27M%‘9347tI)+C(I)F (&57“27“%‘9349131)

I—=i1n,out

d R 1|—1 (. u? —I [ . s P2
S£¢I(as,uz,34,t1,s) — §[K (as,“—§,84,€>+G (as,—z,“—§,84,t1,s

Solution to (soft) Sudakov equation:
> /s \'2 . ...
(I)I (&37“2734913195) — Za'; (E) S:; (I)I’(z)(347€)

Most general solution:

&1 (a5, u?,s4,t1,6) = @I(&s,sﬁ/tf,uz,e)

>, ./ 82mg 2 ime\ -
— Za; (824rlmuz) S‘:<234)¢I,(Z)(€)

1=1
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Large pr distribution

In Ay = UV — renormalisation + Virtual + Soft + Mass factorisation

is finite
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Large pr distribution

In Ay = UV — renormalisation + Virtual + Soft + Mass factorisation
is finite
InA; = 5(34)[ S InZy (as, 12, 13,e)
J=I,as
+ Z In |13‘I (ELS, 2, s, e) | + In |13“S (ELS, w2, tr, s) |]
1

-+ Z cd! (&3,u2,34,t1,s) + cpl (&3,u2,34,t1,s)

I—=in,out

— Z Clnl'y (&s,M2784,t1,€)

I=in

- p. 29/30



Large pr distribution

In Ay = UV — renormalisation + Virtual + Soft + Mass factorisation
is finite
InA; = 5(34)[ S InZy (as, 12, 13,e)
J=I,ag
+ Z In |13‘I (ELS, pu?, s, e) | + In |13‘5 (ELS, w2, tr, s) |]
1

-+ Z cd! (&s,u2,34,t1,s) + cpl (&s,u2,34,t1,s)

I—=in,out

— Z Clnl'y (&sall'2734atI7€)

I=in
 Z; (as,pu?, u%, ) - are known to three loops.

o Fl (as,u?,s,¢e)and ®! (as, pu?, sa,tr, ) are known to two loop level, only poles are
known to three loop level.

® F° (as,p?,s,e) and @1 (as, pu2, s4,tr, €) are known to "one loop level".

e Two loop F? (as, p?, s,e) and @1 (as, u2, sa, tr, €) for few cases.
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Large pr distribution

In Ay = UV — renormalisation + Virtual + Soft + Mass factorisation
Is finite
InAg = 0d(sa) [ Z In Z; (&s, 2, qu, s)
J=I,ag

—|—Zln|13'1 (&,S,[J,Z,S,e) | +1n|F6 (&,S,p,z,tj,é?) |]
I

-+ Z cd! (&s,u2,34,t1,s) + cpl (&s,u2,34,t1,s)

I—=in,out

— Z Clnl'y (&sall'2734atI7€)

I=in
 Z; (as,pu?, u%, ) - are known to three loops.

o Fl (as,u?,s,¢e)and ®! (as, pu?, sa,tr, ) are known to two loop level, only poles are
known to three loop level.

® F° (as,p?,s,e) and @1 (as, pu2, s4,tr, €) are known to "one loop level".

e Two loop F? (as, p?, s,e) and @1 (as, u2, sa, tr, €) for few cases.
Large pr distribution can be obtained.
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Conclusions

e Gluons from the soft and collinear regions "factorise".
e Resummation of soft and collinear gluons is possible through Sudakov resummation.

e Resummed total cross sections and rapidity distribtions can be beyond beyond NNLO level
in the soft and collinear region.

® From three loop form factors and three loop splitting functions, soft plus virtual N3 LO

results for "total cross sections” in DIS, hadroproduction in eT e~ annihilation, Drell-Yan,
Higgs production are available.

e Soft plus virtual N3 LO results for rapidity distributions of Drell-Yan and Higgs production
are also available.

e |arge pr distributions for prompt photon, Drell-Yan and Higgs production can also be
obtained using resummed approach.
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