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ll-defined. A § sequence with finite correlation times

(f(t,x)f(t',x")) = D(t,x;t',x') = 6(t —t)D(x,x"), t —1t

yields Stratonovich interpretation. Mathematicians prefer Ito.
Sometimes second-order SDE Is discussed
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Loop expansion of |det (—0; — K + U’)| to remove A loops.
e
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The SDE in the Stratonovich sense yields the FPE:
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The FPE for the Ito interpretation of the same SDE:
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Equations coincide, when b(y) Is a constant (additive noise).
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Operators in the Heisenberg picture and Dirac picture
(Euclidean, imaginary time)

A

or(t) = e Melt o) = e Lotgelot  fo=_7K¢.
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Gn(t1,t2,.. . tn) = Tr {poT [Pg(t1)Pu(t2) - OH(tn)]}

with the density operator po = [dy|po)(¢|. Use identity
resolutions [dy|¢){¢| =1 and the representation

p (. tlpo, to) = (o |exp[L(t —to)] | o)

to conclude that for t; >ty > t3 > ... > t,_1 > t, > o

/dm.../dsonsm-~90np(901,t1;---;90n,tn) = Gp(t1,...tn).

Use the QFT to evaluate expectation values for the FPE!
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Discontinuous sample paths, use the master equation

%p (p,t) = /dx Wielh: hp (x,t) = Wikle, t)p (¢, )] -

Description of reactions, population dynamics etc; use the
(integer valued) occupation number »n and the probability

density P (t,n).
Classic example: stochastic Verhulst model

dP(t,n)

=B+ 1) +9(n+ D2P(t,n+ 1)+ \n—1)P(t,n— 1)

— (ﬁn + An + 7n2) P(t,n)

with death rate g, birth rate A and damping coefficient ~.
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The operator L is determined by the rules:
nP(t,n)|n) =ataP(t,n)|n), nP(t,n)|n—1)=aP(t,n)|n)...
Liouville operator for the stochastic Verhulst model:

L@",a)=pI—aa+~I—aNaa"a+Na" —1a"a.
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Generic form of the generating function of the moments
G =Toa [ex0 (3)] . o= [delm)iplorin=R)(P],

where S; = [[7dt o (t)J(t) or Sy = [/ dtaf,(Han(t)J(t).
In the Dirac picture (L = Lo+ Ly, t;>t; > tg)

1T BSJ — eiotoﬁ(tg, tf)T [Gg‘]_'_gﬂ U(ti, to)e_ﬁoto

LotOTe fto dtT |: SJ—I—in| Tefti;fz(t) dte—f/oto
where U(t,t/) = e~tLoe(t=t)Let'Lo &) — ft L;(t)dt and T is the

anti-chronological product.

e
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G(J)=Tr| N<e - A + = A +
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Pi=¢

¢ is a shorthand for the operators in L;. Definition of the T
product fixes the ambiqguity in the functional L;.

IN QFT L — —i(H — uN)/h, po — e~ H-#N/T /7. vield
finite-temperature Green functions and Keldysh graphs.

X exp ISJ(¢2)—/fLI(¢1)dU+/fLI(¢2)du]

t() tO

Separate evaluation of Tre~Loto syeLoto N, . ] for FPE and ME.
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Tr e~ Loto joeloto N { i, 4]} = / Do po(0)F [0.19]

where po(¢) = p(p,tg). Therefore

0 0 0 0 0 0
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02 0p1

0p1 0T 7o 07
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For any operator functional F'[x, | calculation yields
re Lol {F(r, g1} = [ Dem(o)F [0.ne].

where po(¢) = p(p,tg). Therefore
0 0 0 0 65 0 ]

— | D A— + A
L) / #polp) exp [5901 oy 02 57T2+5901n57T2

X exp [/ fdthQ(t)J(t)—/ fL[(m,gol)dt—l—/ fL[(?TQ,QOQ) dt]

to tO

71‘,2: :O
Pi=ne

In the limit ¢ty — oo, t; = —oo we arrive at Keldysh rules.
Cancelation of closed propagator loops is produced by the
auxiliary set of fields w1, 1.
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In first-order models closed loops of A, A vanish. The
contribution of fields =1, 1 IS reduced to a constant:

é é

6(1) = [ Demip) [e o iesmenend)|

=0
po=ne

Introduce functional integral through the Gaussian trick

e //D¢D¢6 PAT PO+ o5,

Obtain generating function of Martin-Siggia-Rose theory:

///pgppgbpgbpg G(0i+K)p+S1(d,0+nep)+ (o+nep)J




The functional L; is quadratic in 7. Therefore (constant b)
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The functional L; is quadratic in 7. Therefore (constant b)

r

G(J) = ///DmeDnzpo(@) exp J(Anz + nyp)
1 1

\

+ 5m2bDbny — SmbDbryy + 11.(bDb) " U + ma(bDb) ™ Uy

.
1 1
- §U1(bDb)_1U1 - §U2(bDb)_1U2 -

/

where U, = U(An; + nna +ny), Uy = U(Ana + ne) .
Cancelations are now explicit in the functional integral.
Should be more convenient numerically than use of ghosts.
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Generating function of Green functions of number density
operators has a more complicated expression

G(J) = /ﬁ e*G(s) exp [

271

0 ~ 0 N 0 0 N 0 . 0
(5&1 5@1'_ 5&2 (5@3_ (5&1 5@3_

X exp { /[—L](a]L +1,a1) + L](CL5r + 1, &2)] dt}

X exp {/ [(a;(t) + 1)a2(t)] J(t) dt}

where

G(s) = Z F£:> P(0,n—1).
n=1
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» Ambiguities in stochastic field theory both from ambiguity
of SDE and ambiguity of functional representation.

» Ambiguity of functional representation gives rise to the
determinant problem.

» Unambiguous SDE: choice of either Ito or Stratonovich
Interpretation, use Fokker-Planck equation.

» Unambiguous functional representation: definition of the
T product at coinciding time arguments.

» SO
Sc

s SC

ution of the determinant problem with the aid of
nwinger-Keldysh approach.

nwinger-Keldysh approach advantageous for

numerical calculation.
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