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l. Seiberg-Witten theory

In 1994 Seiberg-Witten proposed an exact expression for the low energy ef-
fective action (prepotential F )of N' = 2 SUSY d = 4 Yang-Mills gauge the-
ory with spontaneous breaking of non-abelian symmetry SU(2)— > U(1)

1

+ 3" (AT DAY + gD* [N, A + gD [Na, ) + 292 [, <b]2>}

Using non-renormalization theorem,holomophicity,electric-magnetic duality
and some additional physical assumptions like the conjecture about the con-
nection the analytic properties of the prepotential and vanishing masses of
dyons S-W write down the explicit expression for F



Il. Multi-Instanton calculus of DKM+H

To verify this proposal Dorey-Khoze-Mattis started the direct computation
coefficients F; quasiclassicaly.They get that N-instanton contribution is

(N)
FN — /dlu(n)e_smd

1
sN) = / d4ztr {—ZFWFW + 2D, d*DHep 4 gd*[Aa, /\a]}
The fields satisfy a reduced set of eqg-s of motion
Fuy = ﬁ,uy;
o, DHAY = 0;

DMDMCD = —g[Aa, A“]



1ils Il JGATIIRVIIW

Instantons in Yang-Mills theory were discovered by BPST in 1975. They are
solutions of the self-duality equation

F,u,]/ — ﬁ:U'V

Using the results of BZ and AW (1977) the general N-instanton solution was
constructed by ADHM(1978).

It is expressed through N x N matrices B1, Bp, a N x 2 matrix I and a
2 x N matrix J, which obey

[B1,Bo] +1J=0

[B1B}] + [Bo, BY) + 11T — JTJ =0
and can be conveniently organizied to 2N x (2N 4 2) matrix A
_ _ (1 B1 B3 0 z1 2o
A_C“Lbz_(ﬂ _B} BJ{.>+<O —%5 21>
Then the solution is expressed via 2N x 2 matrix U(x) :
A, =UT(x)o,U(x),if UTU=1and ATU =0,



Due to appearence Weyl zero modes of positive chirality in selfdual Y-M
background S( ) depends also on grassmann matrices N x N matrices
M4, Mo, a N X 2 matrix 4 and a 2 x N matrix v which obey

[My, Bo] + [B1, Ma] +puJ +1Iv =0
(M1, B] 4+ [My, BN + It — Jtv = 0

Taking into account that elements of cotangent bundle (DB, DB>, Dy, Dv)
satisfy to the same eq-s after the change

(M1, Mo, p,v)— > (DB1,DBo, D, Dv)

DKM transform the integral over super moduli space to integral of the expo-
nential of an mixed differential form.

Fn=[ e S (ADA)
MN



IV. Nekrasov patition function

Flume-Poghossian proved that S%E)(A, DA) is an exact equivariant form

sN) (A DA) = dyw

ind

and obtain

Fy = / e~ oW
N My

Using the localization technique the computation of the integral is reduced
to finding fixed points of the vector field and its determinants in these fixed
points .

The result is Nekrasov explicit formula for coefficients of S-W prepotential in
the pure N/ = 2 SUSY Yang-Mills theory

1
Frn =
N ; det v(P)




V. Conformal Field Theory

Two-dimensional conformal Liouville field theory arises in non-critical String
theory. The Lagrangian of the theory reads

1
Lirr = o (0a9)® + pe?
s

Here 1 is the cosmological constant and parameter b is related to the central
charge c of the Virasoro algebra

1
c=1+6Q%, Q=b+.
Virasoro algebra

C
[Lm, Ln] = (n — m)Ln—I—m + E(ns — n)5n—|—m 3



The key problem in CFT is the computation of the correlation functions of the
primary fields ® A . Here A is the conformal dimension
2
AN = % — A2

4-point correlation function of bosonic primaries @&, is expressed in terms
so-called Conformal blocks

(P1(0)P2(0)P3(1)Py(c0)) =

= (q7)2 P17 22Y OB CLF (A Al F (A A7)
JAN

This function F'(A;|A|q) is defined in Virasoro representation theory terms
uniquely.



Verma module generated by |A) such that
Lo|A) = ALy|A), Lg|A)y=0, fork>0
The sequence of vectors |[N)a,.a,,a defined as
Lo|N)ay,n,,8 = (A+ N)|N)a, a,,4,

Lk|N>A1)A2’A:(A—I—kAl—A2+k)|N—k>A17A27A, k>0

conformal block:

FA(A1, Az, Az, Aylg) = ZAl,Az,A<N|N>A3,A4,AqN
N



VI. AGT correspondence between N/ = 2 SUSY
44 gauge theory and 2d Conformal field theory.

Using this explicit expression for the Nekrasov instanton partition function
Alday,Gaiotto, Tachikawa in 2009 proposed the remarkable correspondence
between this gauge theory and CFT.

In particular they argued that Instanton partition function of
4-dimensional N/ = 2 SUSY gauge theory with four hypemultiplets
and four-point Conformal block of 2-dimensional Liouville field theory coin-

cide.
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Introduction

During the last years AGT correspondence between 2d Conformal field the-
ories and N’ = 2 SUSY 4d Gauge theories was extended for cases of CFT
with such symmetries, as affine Lie algebras, W algebras et cet.

It was shown recently that the instanton calculus in the gauge theories on
R* /7 give rise to the super-Virasoro conformal blocks. The idea to use the
Z> symmetric instanton moduli Msym is based on its conjectured relation to
the coset gl(n)>/gl(n — 2)» which is isomorphic to A = ¢l(2)5 x NSR.

This relation asserts that the algebra A has a representation with basis la-
beled by fixed points for the torus action on the moduli spaces Msym.

We confirm this conjecture by showing that the number of fixed points ac-
tually coincides with the number of states in the certain representation of
A = gl(2)s x NSR.

11



Generalizing AGT construction we restrict the equivariant integration by two
connected components of Z» invariant subspace Mgsym of ADHM moduli
space.

The obtained in such a way some new Instanton partition function is sup-
posed to coincide with super-Liouville conformal block up to additional factor
related to the algebra ¢i(2)5..

The so-called Whittaker limit of the Super conformal block is equal to the Z»
restricted instanton partition function of SU(2) N' = 2 SUSY pure gauge
theory.

To construct the explicit representation of the four-point super-Liouville con-
formal block function for Neveu-Schwatz sector we take into account that the
integral over the moduli space involves also integration over zero modes of
the matter fermions.

The instanton partition function is checked to coincide with the four-point
conformal block

12



Moduli space

ADHM date consist of N x N matrices B1, Bo,a N x2 matrix T anda2x N
matrix J, which are subject of the following set of conditions:

[B1, B2] +1J =0,

The solutions related by GL(N) transformations
B =gByg~ ', I'=gI, J'=1Jg'; geGL(N)

are equivalent.

The vectors obtained by the repeated action of B1 and B> on I7 > ,columns
of the matrix I ,span N-dimensional vector space V ,a fiber of the N-dimensional
fiber bundle ,whose base is the moduli space My itself.

13



The vector field and its fixed points.

The construction of the instanton partition function involves the determinants
of the vector field v on My, defined by

B — By, I — It,; J— titot, L,

where parameters 1, = expe;7,l = 1,2 and t, = exp ao3T.

Fixed points, which are relevant for the determinants evaluation, are found
from the conditions:

t;B; = g 'Bjg; Ity =g 1I; tytot, J=Jg.

The solutions of this system can be parameterized by pairs of Young dia-
grams ¥ = (¥7.1?2) such that the total number of boxes [171| + [¥2| = V.
The cells (i1.j1) € Y71 and (2, j2) € Y2 correspond to vectors BB I
and 1372 B4, respectively. It is convenient to use these vectors as a basis
in the fiber V' attached to some fixed point.

15



Then the explicit form of the ADHM data for the given fixed point is defined
straightaway

- 1e—1,7s—1
Gss' — ss’tls tJQS )

(Bl)ss’ — 57L3—|—1,i8/5j5,j8/7
(B2)sy = 5is,’i3/5j3+17j8/’

(I1)s = 951,
(I2)s = Og |7 |41
J =20,

where s = (is, js).
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Determinants of the vector field

The form of N/ = 2 SU(2) instanton partition function was derived to be
equal an integral of the equivariantly form, defined in terms of the vector
field v acting on the moduli space M y; .

By localization technique , the moduli integral is reduced to the determinants
of the vector field v in the vicinity of its fixed points

1
Zn (a,€e1,€e2) = :
zn: detfnv

We need to find all eigenvectors of the vector field on the tangent space
passing through the fixed points

tiéBi — /\g5B,L-g_1,

0It = N gol,

t1tot 167 = ANsJg L.
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This is equivalent to the following set of equations

A (5B’i)ss/ — (E’i _I_ gbs’ - ng) (5Bi)33/7

A (51)819 — (ap — ¢s) (51)8197

A (5J)ps — (61 + €0 — ap + Cbs) (5J)p37
where A = exp A1, gss = exp ¢s7 and

gbs — (ZS — 1)61 _I— (]S — 1)62 _I_ ap(s).

We should keep only those eigenvectors which belong to the tangent space.
This means excluding variations breaking ADHM constraints. On the Moduli
space

[0B1, Bo] + [B1,0Bo] +01J 4+ 1[6J = 0.

Gauge symmetry can be taken into account in the following way. We fix a
gauge in which 6 B1 »,461,4J are orthogonal to any gauge transformation of
B1 2,1, J. This gives additional constraint

6B, B/| + 611" — 157 = 0.

The variations in the LHS of the eq-ns above should be excluded.

23



The corresponding eigenvalues are defined from the equations

t1to([6B81, Bo] + [B1,0B2] +01J + 16J) =

= /\g( [6B1,B>] + [B1,0B>] +01J + 15(])9—17

6B, Bﬂ +or1t — gtsg = /\g( 6B, Bﬂ + oIt — JT(SJ) gL

One finds the following eigenvalues, which should be excluded :

A= (€1 + e+ ps — dg),
A= (¢S - gbs’)'

Thus, the determinant of the vector field is given by

detv =

[1 (e1+ ¢y —ds)(e2+ g —ds) I (a7 — @s)(e1 + €2 —a;+ ¢s)

s,8'€Y I=1,2:s€Y

1 (dy — ds)(e1 + €2 — by + ¢5)

s,s'eY
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Modified moduli space

The subspace of the Moduli space Mgsym for SU(2) gauge group is defined
by the following additional restriction of Z> symmetry

By =-PBP Y:B,=-PB,P Y. T1=PI. J=JP L

where P € GL(N) is some gauge transformation, obviously P2 = 1.

New manifold Msym is a disjoint union of connected components Msym(/N4, N_),
where N and N_ are integers which denote the dimensions of V; and V_

(l.e. even and odd subspaces of the fiber V') , N, + N_ = N. These
numbers are fixed inside a given connected component of Mgsym. Each
component is connected and can be considered separately.

14



Returning to to Msym we note that it contains all fixed points of the vector
field found above. For the operator P in the fixed point Y we get

P(BI B M,) = (-1)" BB,
so its matrix elements can be found explicitly, P,, = (—1)%7TJs§_, The
parity characteristic P(s) = (—1)%7Js is assigned to each box in the Young
diagrams related to the fixed point. We use convenient notation that each

box is white or black. If P(s) = 1, the box is white, and if P(s) = —1 ,itis
black.

Therefore the fixed points can be classified by the numbers of white and
black boxes, N4 and N_. These numbers are equal to the dimensions of
the subspaces V and V_ of the fiber attached to those points of Msym
which belong to the same component as the fixed point itself.
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Modified moduli space and g/(2)> x NSR algebra

The Whittaker vector found used not the whole space Msgsym, but only its
connected components Mgym (N, N) and Mgym(N, N — 1). The norm of
the Whittaker vector is equal to the sum of contributions of fixed points. In
this section we calculate the number of fixed points on such components and
discuss the result from the gi(2)> x NSR point of view.

We introduce the generating function

X(@) =3 [Msym(N, N)|g"N + > [ Meym(N, N — 1)|¢V /2,
N N

where |Msym(N4, N_)| is a number of fixed points on Mgym(N4, N_).
This number equal to the number of pairs of Young diagrams with N white
boxes and N_ black boxes.
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Denote by d(Y) = N4 (Y) — N_(Y") the difference between number of
white and black boxes in Young diagram Y. For any integer k we denote by

Y]
xe(@= > 4q7,
d(Y)=k
the generating function of Young diagrams of given difference d(Y). This
function has the form:

22k 1

e 2 .
Xk:(Q) q m];[o (1 _ qm—|—1)2

k24 k

for k = 0. The factor ¢g- 2 corresponds to the smallest Young diagram
with d(Y) = k. For k > 0 this diagram consist of 2k — 1 rows of length
2k — 1,2k —2,...,1. For k < 0 this diagram consist of 2|k| rows of length
2lk|,2|k] —1,..., 1.

19



The generating function of pairs Young diagrams with N,. — N_ = k reads

2
X,g; ) — Z Xk:1Xk727
k1 +ko=Fk

Using () and Jacobi triple product identity

Z (_1)’ntnqn2 — H (1 . q2m—|—2)(1 . q2m—|—1t)(1 - q2m—|—1t—1)

nez m>0
we get
1 — 2m-+1\2
(@) = @@+ P =TT oL 2 — @ @2
m>0 (1—gq )
where
1
xB(q) = nEZl}z>O D
xe(@= || @+4q").

TEZ—I—%, r>0

20



The first terms of the series for x(q) looks as follows

v(q) =14 2¢Y2 + 4g 4+ 8¢3/2 + 1642 + 28¢5/ + ..

The xg5(q)xr(g) equals to the character of standard representation of the
NSR algebra with generators Ly, Gr. xg(gq) equals to the character of
the Fock representation of the Heisenberg algebra. The term x 5(q)xr(q)
should be related to the fact that si(2) representation of level 2 can be real-
ized by one bosonic and one fermionic field .

The the generating function the whole space Mgsym has the form
1

x(@) =) |Msym(N)|q% = ] N
N neZ,n>0 (1 — q§)

The result equals to the character of the simple representation of g/(2)5 x
NSXR namely the tensor product of Fock representation of Heisenberg alge-
bra, vacuum representation of gi(2)> and N S representation of NSX.

21



Determinants of the vector field for Msym
The tangent space for this case is reduced by the additional requirement

—0B1o=PéB1oP” Y,  §I=PsI;, §J=056JP Y,

or, on the level of the matrix elements,
—(0B1,2)ss = P(5)(6B1,2)s¢P(s"); (61)sp = P(s)(81)sp;

(5J)ps — (5J)psp(3)a

The first relation means that only eigenvectors (§B1 5).y With the different
colors of s and s’ belong to Mgym. Similarly, the second and third leave
(6J)psand (6.J)ps only if s is white. Thus, we get the new determinant det’v

I1 (e1 + Gyt — ¢s)(e2 + Gy — ¢s) [[ (aa—¢s)(e1 + e —aa + ¢s)

s,s'eY a=1,2;s€Y
P(s)#P(s) P(s)=1
[ (b — 0)(c1 + 2 — b + 05)
s,s'€Y

P(s)=P(s")

25



Re-expressed in terms of arm-length and leg-length this expression gives

2
det'v = ]] 11 E(CLQ—CLg,Ya,Y5|3>(Q—E<aa—a57YaaYﬁ|5>)a
a,0=15e9Y,(B)

here E(a, Y1, Y2|3> are defined as follows

E(a, Y1, Ya|s) = a+ b(Ly; () + 1) = b Ay, (5) .

where Ay (s) and Ly (s) are respectively the arm-length and the leg-length
for a cell s in Y. The region ¢Y,(3) is defined as

Yo (B) = {(,4) € Ya| P(K;(Ya))# P(k:i(¥3)) |,
or, in other words, the boxes having different parity of the leg- and arm-
factors. So the contribution of the vector multiplet reads

1

SYM/ - >\ __
Zvée (@,Y) = det’v
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Matter multiplets

The hypermultiplets with masses © give some additional contribution be-
cause of appearence of the N fermionic null-modes . The amplitudes
of the null-modes can be considered as of the fiber V' attached to one of
the fixed point Y. The eigenvalues of the vector field are defined from the
equation

Aps = (i + Ps) Vs,

The corresponding contribution of the fundamental hypermultiplets with masses
1; looks as follows

4 2
209 = I T1 T (90 0) 1),
1=1 a=1 scYy,

Considering the case of Mgsym we impose some restrictions on the set of
eigenvectors for the fundamental multiplets. «» € V. ,if N-evenand ¢ € V.,
if V-odd.

27



The above consideration suggests the following form of the contributions of
the fundamental hyper multiplets

Zfsym(O)

4 2
(npd@, V) =T TI  II  (¢Caa,s) + ),
1=1 a=1 s€Y,,s—white
4 2
(mp@, V) =11 IT  II  (¢aa ) +m),

1=1 a=1 seY,,s—black

Zfsym(1)

The first expression correspond to the case with even number of instantons
,the second one correspond to the case with odd number of instantons.
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Four-point Super Liouville conformal block
Two-dimensional super conformal Liouville field theory arises in non-critical

String theory. The Lagrangian of the theory reads
1 1 ~ _ , _
Lorrr = o (0a0) + — (00 + 000 ) + 2iub?Pipe’® + 2mb?pe?
Here 1 Is the cosmological constant and parameter b is related to the central
charge c of the super-Virasoro algebra
> 1
c=142Q~, Q:b—|—g.

We are interested in the Neveu-Schwarz sector of the super-Virasoro alge-
bra

C
[Lm, Ln] = (n — m)Ln—I—m =+ 5(713 — n)5n+m :
1 1
{Gr.Gs} =2L,4 5+ 50("“2 - Z)5r—|—s ;
1
[Ln, Gr] = (En - "“)Gn—i—r -

where the subscripts m, n —integers and r, s — half-integers. The NS fields
belong to highest weight representations of super-Virasoro algebra.
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The central problems in CFT is the computation of the correlation functions
of the primary fields ® A and W Ao has the conformal dimension A defined
by Lo|A) = A|A), while WA = G_1,2PA. Together fields ® A and W A
form primary super doublet. The standart parametrization of the conformal
dimensions
Ay =L 2
8 2

4-point correlation function of bosonic primaries @®; is expressed in terms
superconformal blocks

(@1(q)P2(0)P3(1)Py(c0)) =

(qq)A—R1=B2y A (ClAzCﬁFo(AdAlQ)Fo(AdA@
+51A263%LF1(A1|A|Q)F1(Az|A|§)> :
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The first few coefficients of the superconformal blocks F{ 1

Fo(ailAal) = Y NFWY(an),
N=0,1,...
Fialalp) = Y NFMNaa)
N=1/2,3/2,...
FO) =1,
O
2N’
g1 _ (A+ A1 = A0)(A + Az — Ay)
PYAN
23 _ (14244241 —242)(1 +24 + 243 - 2404)
SA(1+2A)

4(A1 — Ap)(A3 — Ay)

T AT 20)(c+2(—3+ A +4A2)’
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We suggest the new representation for the NS four-point conformal blocks :

zY™O (@, V)
YooY Y Toames s = - RAM)A@)
N=0,1.... )_/,’N_'_()f):N vec )
N_(Y)=N
z™N e @ v)
>Ny sy Z? = (1 - F(AaM)|AW)]g) -
N:%’%, . N_|_(§7)=N—|—% vec ( )
'N_(Y)=N-3

The formula is the main result of this talk. The parameters of the conformal
block are related to those of the instanton partition function as
Q Q
u1=§—(>\1+>\2), M2=§—(>\1—>\2),

M3=%—(>\3+>\4), u4=%—(>\3—>\4),

= ()3

and
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