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The following questions will be the subjet of report
• renormalization group and ε-expansion
• numerial alulation
• main objets of interest are anomalous dimensions and beta-funtionGlobal Objetive:
• to develop an approah that allows to perform automated multi-loopalulations in a wide range of modelsTo solve this problem we onstruted representation for anomalous dimensionsvia onvergent integrals suitable for numerial alulations.



Current Objetives
• perform 4-loop alulations in φ3-model - ompleted3-loop:O.F. de Alantara Bon�m, J.E. Kirkham and A.J. MKane , J.Phys A: MathGen. 13 (1980) L245-L251O.F. de Alantara Bon�m, J.E. Kirkham and A.J. MKane , J.Phys A: MathGen. 14 (1981) 2391-2413
• perform 6-loop alulations in φ4-model - in progress5-loop:Chetyrkin K.G, Kataev A.L., Tkahev F.V., Phys.Lett., B99, 147 (1981);B101,457(E) (1981)Gorihny S.S., Larin S.A.,Tkahev F.V., Phys.Lett., A101, 120 (1984)Kazakov D.I., Phys.Lett., B133, 406 (1983)Kleinert H., Neu J., Shulte-Frohlinde V., Chetyrkin K.G., Larin S.A.,Phys.Lett., B272,39 (1991); Erratum: B319, 545 (1993)
• to generalize the developed approah to models of ritial dynamis -planned



A ommon sheme used for alulations in the framework of ε-expansion:
• alulation of renormalization onstants Z (singular funtions ontainingpoles on ε)
• using the obtained Z alulation of anomalous dimensions, beta-funtion,�xed point and other quantities (all poles on ε anel eah other)

γi = β∂g ln ZiL. Ts. Adzhemyan and M. V. Kompaniets, Theoretial and Mathematial Physis,169(1): 1450�1459 (2011)On this way we have found
• renormalization sheme suitable for numerial alulation
• representation for residues at poles on ε in the form of well-onvergentintegralsOutome:
• 4-loop orretions for anomalous dimensions in φ3 model alulated.
• The results for anomalous dimensions seems to be muh more simple thanfor renormalization onstants.Objet of this report: alulation of anomalous dimensions without usingrenormalization onstants



Main resultrepresentation of anomalous dimensions through renormalized quantities(derivative of 1-irreduible funtion with respet to mass)
γi =

2fi
1 + f2

, i = 2, 3 . (1)
fi = −R(m2∂m2 Γ̄i)|m=µ , (2)Advantages:

• presene of R-operation in (2) guarantees UV �niteness of alulatedquantities
• R operation onstruted in suh a way that no poles on ǫ arise at anystep of alulations ("Theory without divergenes")
• quantities fi an be expressed in suitable for numerial alulation form.



Model φ3 (d = 6− ε)Renormalized ation :
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Zg , ϕ0 = ϕZϕ . (5)Renormalization onstants Zi eliminate divergenes in Γ2 = 〈ϕϕ〉1−ir and
Γ3 = 〈ϕϕϕ〉1−ir



R operation
ΓR = RΓ = (1 − K)R ′Γ, (6)Where R ′ - inomplete R operation (eliminating divergenes in subgraphs)

1 − K - eliminates remaining super�ial divergeneThe hoie of a partiular operator K amounts to the hoie of subtrationshemeMS (minimal subtration) ZM (zero-momentum)K only poles on ε momentum seriesAnomalous dimensions do not depend Renormalized quantitieson mass, the RG equations have an be represented in the forma simple form of a �theory without divergenes�



R operation in �theory without divergenes�
ΓR = RΓ =

Y

i

(1 − Ki )Γ, (7)For zero-momentum subtration sheme (ZM) we may use followingrepresentation
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χ({a}), (9)produt is taken over relevant subgraphs χi (inluding diagram χ as a whole)

ni - subgraph dimension
ai -a parameters that streth moments �owing into subgraph χi

• Here subtration ounterterms are replaed with di�erentiation operation
• There are no poles on ε in the di�erentiated diagrams in eah termO. I. Zav'yalov, Renormalized Quantum Field Theory [in Russian℄, Nauka,Mosow (1979); English transl., Kluwer, Dordreht (1990)



For our purposes subtration sheme should meet the following requirements:
• (Req. 1) Allow to express anomalous dimensions through quantities, whihare possible to alulate using ("theory without divergenes")

Rχ =
Y

i

1

ni !

Z 1
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dai (1 − ai )

ni ∂
ni +1
ai

χ({a}), (10)
• (Req. 2) Anomalous dimensions do not depend on mass (like in MS)MS ZM NPReq. minimal subtration zero-momentum normalization point1 no yes for some quantities2 yes no yes



S = −
1

2
(m2Z1 + p2Z2 + δm2)ϕ2 −
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6
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3 . (11)Zero-momentum subtration sheme (ZM)Renormalization onstants are de�ned by following onditions:
ΓR

3 |{p}=0 = −gµε/2 , ΓR
2 |p=0= −m

2 (∂p2Γ
R
2 ) |p=0= −1 . (12)and δm2 is de�ned by

ΓR
2 |p=0,m=0= 0. (13)Normalization point subtration sheme (NP)

ΓR
3 |{p}=0,m=µ = −gµε/2 , ΓR

2 |p=0,m=µ= −µ2 , (∂p2ΓR
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ΓR
2 |p=0,m=0= 0. (15)This modi�ation grants that anomalous dimensions do not depend on mass(like in MS sheme).



Subtration operation K for NP sheme
KΓ3 = Γ3 |{p}=0,m=µ , (16)

KΓ2 = Γ2 |p=0,m=0 +
m2

µ2
(Γ2 |p=0,m=µ −Γ2 |p=0,m=0) +

+p
2 · (∂p2Γ2) |p=0,m=µ . (17)For quantities in whih substitution m = µ performed, operation (17) beomes:

(KΓ2) |m=µ= Γ2 |p=0,m=µ +p
2 · (∂p2Γ2) |p=0,m=µ . (18)This allows to use for these quantities representation
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Anomalous dimensionsLet us onsider normalized 1-irreduible Green funtions satisfying theonditions:
Γ̄R

i |m=µ = 1 , i = 1, 2, 3 . (19)
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«

, Γ̄2 = −(∂p2Γ2) |p=0 ,

Γ̄3 = Γ3 |{p}=0 /(−gµε/2) ,RG equations have the following form (the same as in MS sheme):
“

µ∂µ + β∂g − γm2m
2∂m2 − γi

”

Γ̄R
i = 0 , i = 1, 2, 3 , (20)If we onsider RG equations at m = µ and take into aount that

µ∂µΓ̄R
i = −2m2∂m2 Γ̄R

i , ∂g Γ̄
R
i |m=µ = 0 we obtain

(2 + γ1 − γ2) Fi = γi , i = 1, 2, 3 . (21)where
Fi = −(m2∂m2 Γ̄

R
i )|m=µ . (22)Solving equations (21) we get:

γi =
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1 + F2 − F1
, i = 1, 2, 3 (23)



Fi = −(m2∂m2 Γ̄
R
i )|m=µ . (24)

Fi are �nite quantities, but they are not suitable for alulations due toompliated subtration operation:
KΓ2 = Γ2 |p=0,m=0 +
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More suitable quantities are

fi = −R(m2∂m2 Γ̄i)|m=µ ,for whih subtration has the simple form:
(KΓ2) |m=µ= Γ2 |p=0,m=µ +p

2 · (∂p2Γ2) |p=0,m=µ , (26)and representation (25) is possible



The main resultIt is possible to express quantities Fi in terms of fi

Fi =
fi

1 + f1
, i = 2, 3 , (27)and obtain representation:

γi =
2fi

1 + f2
, i = 2, 3 . (28)this is desired representation of anomalous dimensions that satis�es ourrequirements.Although relation (27) looks very simple, it took muh e�ort to prove it.Thus,

• anomalous dimensions are alulated diretly from diagrams of1-irreduible funtions
• the ontribution of eah diagram is presented in a form of UV-�niteintegral



Example of quantities, whih is neessary to alulatefor f3 = −R(m2∂m2 Γ̄3) we need to alulate Rχ, where χ is
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.This is a well-onvergent integral suitable for numerial alulations.



This approah allows to alulate 4-loop orretions to ritial exponents inmodel φ3

η = −0.1111ǫ − 0.0588ǫ2 + 0.0439ǫ3 − 0.081ǫ4 + O(ǫ5)Analytial alulations of the 3rd order of ǫ-expansion:
• O.F. de Alantara Bon�m, J.E. Kirkham and A.J. MKane, J.Phys A: Math Gen. 13 (1980) L245-L251
• O.F. de Alantara Bon�m, J.E. Kirkham and A.J. MKane, J.Phys A: Math Gen. 14 (1981) 2391-2413
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+ O(ǫ4) ≈

≈ −0.11111ǫ − 0.05898ǫ2 + 0.04367ǫ3 + O(ǫ4)Our urrent work is onentrated on 6-loop alulations of index η (ritialdimension of �eld) in model φ4




