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1. Braid group BM+1

A braid group BM+1 is generated by invertible
elements Ti (i = 1, . . .M) subject relations:

Braid : Ti Ti+1 Ti = Ti+1 Ti Ti+1 ,

Locality : Ti Tj = Tj Ti (|i − j | > 1) ,

We have elements

T k
i ∈ BM+1 (∀k = 1,2,3, . . . ) .

Thus, it is clear that

dim(BM+1) =∞ .
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1. Braid group BM+1

Ti =

• • . . . • • . . .• • •1 2 i i + 1 i + 2 M M + 1
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��

? ? ? ? ?• • . . . • • . . .• • •
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@@

��	@@R

��

? ? ? ? ?• • . . . • • . . . . . .• • •
@@

��	@@R

��
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= TjTi

Braid Relation
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��
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��	@@R

��

?• • •
@@

��	@@R

��

?• • •

=

i i + 1 i + 2• • •
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��	@@R

��

?• • •
@@

��	@@R

��

?• • •

• • •
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��	@@R

��

?

= TiTi+1Ti
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2.Hecke and Symmetric Group Algebras

Finite-dimensional quotients of braid group algebra:

1. Hecke algebra HM+1:

(Ti − q)(Ti + q−1) = 0 ,

dim(HM+1) = (M + 1)!

2. For q2 = 1 we have HM+1 → group algebra of SM+1.

T 2
i = 1 ,

ρ(Ti) =

• • . . . • • . . .• • •1 2 i i + 1 i + 2 M M + 1

@@

��	@@R

��

? ? ? ? ?• • . . . • • . . .• • •
= δk1

j1
· · · δki

ji+1
δ

ki+1
ji
· · · δkM+1

jM+1

Schur-Weyl duality⇒ representations of SLq(N) and SL(N).
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3. Algebraic solutions of Yang-Baxter equations
Let x , y be spectral parameters. The Yang-Baxter equation is:

Tn(x) Tn+1(xy) Tn(y) = Tn+1(y) Tn(xy) Tn+1(x) (∀n).

where baxterized elements Tn(x) ∈ HM+1 satisfy unitary condition:

Tn(x)Tn(x−1) = 1 .

Baxterized elements, or solutions of YBE, are

(V.Jones (1989), Y.Cheng, M.L.Ge, K.Xue (1991), A.P.I. (1995)):

Tn(x) =
Tn − a x

Tn − a x−1 ∈ HM+1 or ∈ BMWM+1 ,

where a = ±q±1. It gives the polynomial solution for HM+1
(M.Jimbo (1986)):

Tn(x) =
x

a− xa−1 (Tn − xT−1
n ) ∈ HM+1 .
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4. Bethe subalgebras
Having local solution y1(x) of RE one can construct nonlocal solution
of RE (∀n)

yn(x) = σn−1(x) · · ·σ1(x)σ1(x) · · ·σn−1(x) ,

This is an algebraic analog of Sklyanin’s monodromy matrix. Using

standard procedure we construct two-row transfer-matrix operators:

τn−1(x) = TrD(n) (yn(x)) ∈ Ĥn−1 ,

where TrD(n) is a special map Ĥn → Ĥn−1 and Ĥn−1 is generated by
{σ1, . . . , σn−2

• • . . . • • . . .• • •1 2 i i + 1 i + 2 n − 1 n

@@

��	@@R

��

? ? ?• • . . . • • . . .• • •
@
@
@R��	

��


 	
� �
6TrD(n)
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4. Bethe subalgebras

Transfer-matrix operators τn−1(x) = TrD(n) (yn(x)) form a

commutative family:

[τn−1(x), τn−1(z)] = 0 (∀x , z ∈ C) .

The operators τn−1(x) are generating functions for commutative Bethe
subalgebras in Ĥn−1, or in ˆBMW n−1.

From the point of view of integrable systems – τn−1(x) are generating
functions for ”integrals of motion” in integrable chain models.

The special element of the Bethe subalgebra is a Hamiltonians:

H = ∂xτn−1(x)|
x=1
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5. Integrable chain models

for Hecke algebra case we have

H ∼
n−2∑
m=1

Tm ,

The Hamiltonians H describe chain models with open boundary
conditions in the first and last sites of the chain.
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5. Integrable chain models

We propose algebraic formulation of integrable chain models.
The usual Hamiltonians of spin chains of SLq(N|K ) type (for
Hecke case) are obtained as ρ(H), where ρ – special R-matrix
representation of Hecke algebras. Such spin chains were
considered by many authors
(P.P. Kulish, E.K. Sklyanin, L. Mezinchescu, R. Nepomechie, D. Arnaudon, E. Ragoucy,

W. L. Yang, Y. Z. Zhang, N. J. MacKay, B. J. Short,...)

Example.
The Hamiltonian of XXZ Heisenberg spin chain is obtained as
ρR(H) in the case of SLq(2) type R-matrix representation ρR of
the Hecke algebra.
Any representation of Hecke algebras gives
an integrable chain model.
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5. Integrable chain models

We reduce the problem of searching of spectrum of spin chain
Hamiltonians to the investigation of spectrum of special elements H in
Bethe subalgebras in Hecke algebras.

The problem is: how can we find the spectrum of ρ(H) for all irreps ρ of
ĤM+1 algebras? This is a part of a more general math. problem: how
can we reformulate the representation theory of Hecke algebras
(known in the diagonal basis of Jucys - Murphy elements of
Gelfand - Zetlin commutative subalgebra) in terms of the diagonal
basis for the elements of Bethe commutative subalgebra.
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5. Integrable chain models
How it works. The simplest Hamiltonian for Hecke chain with open

boundary condition for special irreps ρk ,` is

Hk ,`(q) := ρk ,`

(
k+∑̀
i=1

Ti

)
− (q k − q−1 `)1.

We investigate the spectrum of this H for special irreps ρk ,` of Hk+`+1
which correspond to corner (or hook) type Young diagrams (A.P.I.,

O.Ogievetsky, A. Os’kin (2006)). Each standard Young tableau for the corner
diagram {k + 1,1`} :

1 j1 j2 . . . jk
i1
i2
...
i`

I dim(Vk ,`) = (k+`)!
k!`!

(j1, ..., jk , i1, ..., i`) is the special perm. of (2, 3, ..., k + `+ 1)

corresponds to the basis vector vI in the space Vk ,` of the irrep ρk ,`.
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5. Integrable chain models

In this case we obtain the spectrum of Hk ,`(q)

Spec(Hk ,`(q)) =

{∑̀
i=1

2 cos
πmi

k + `+ 1
, 1 ≤ m1 < m2 · · · < m` ≤ k + `

}
.

see also
(G.Duchamp, D.Krob, A.Lascoux, B.Leclerc, T.Scharf, J.Thibon, RIMS (1995))
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5. Integrable chain models

Remark (P.Martin, V.Rittenberg (1992)).
This spectrum is specific for the system of free
fermions. Indeed, one can show that the restricted
class of representations (corner or hook irreps) of
Hn+1 corresponds to Uqsu(1|1) models. These
models are related to the model of free fermions.

What can we say about spectrum of ρ(n−2,2)(H)
(Hecke chain for representations (n − 2,2))?

1 2 3 . . . n−2

n−1 n
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6. Spectrum of ρ(n−2,2)(H)

Using computer simulations we (A.P.I. and S.O.Krivonos, 2010) observed that
characteristic polynomials for the Hamiltonian

x =
n−1∑
k=1

ρ
(n−2,2)

(Tk )− (n−1)
2 (q − q−1)

are factorized into two polynomial factors with integer coefficients

P
(n−2,2)

(x , v) = P(1)
(n−2,2)

(x , v) · P(2)
(n−2,2)

(x , v)

where v = q+q−1

2 and ord(P(1)) = pn−1, ord(P(2)) = pn

pn =

[
n + 1

2

] [
n − 2

2

]
,

pn−1 + pn = dim
(
ρ

(n−2,2)

)
=

n(n − 3)

2

The forms of polynomials P(1)
(n−2,2)

(x , v), P(2)
(n−2,2)

(x , v) are very
cumbersome
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Example. n = 8⇔ (6,2)

P(1)
(6,2) =

(
18225v8 − 43740xv7 + 45684x2v6 − 17010v6 − 27108x3v5

+30132xv5 + 9990x4v4 − 22086x2v4 + 3528v4 − 2340x5v3

+8568x3v3 − 4116xv3 + 340x6v2 − 1854x4v2 + 1784x2v2 − 196v2

−28x7v + 212x5v − 340x3v + 112xv + x8 − 10x6 + 24x4 − 16x2)
P(2)

(6,2) =
(
2460375v12 − 8857350xv11 + 14565420x2v10 − 4811400v10

−14464818x3v9 + 14244660xv9 + 9659979x4v8 − 18898596x2v8

+2826090v8 − 4569372x5v7 + 14792544x3v7 − 6597288xv7

+1569456x6v6 − 7563024x4v6 + 6702804x2v6 − 610308v6

−394308x7v5 + 2638440x5v5 − 3869928x3v5 + 1049976xv5

+71901x8v4 − 635880x6v4 + 1388280x4v4 − 747648x2v4 + 41868v4

−9278x9v3 + 104512x7v3 − 316760x5v3 + 281912x3v3 − 47496xv3

+804x10v2 − 11208x8v2 + 44876x6v2 − 59340x4v2 + 19976x2v2

−1056v2 − 42x11v + 708x9v − 3608x7v + 6608x5v − 3688x3v
+592xv + x12 − 20x10 + 126x8 − 304x6 + 252x4 − 80x2 + 8

)
These polynomials are simplified in terms of new variables
Z = x −

[n−2
2

]
v , Y = x −

[n+2
2

]
v and reveal the ”integrable structure”:
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Example. n = 8⇔ (6,2)
For new variables Z = x − 3v , Y = x − 5v we obtain

P(1)
(6,2)

= Y 2Π2(Z ) + Y Π1(Z ) + Π0(Z ) ,

Π2(Z ) = Z 6 − 6Z 4 + 5Z 2 − 1 , Π1(Z ) = −4Z 5 + 16Z 3 − 6Z ,

Π0(Z ) = 3Z 4 − 9Z 2

P(2)
(6,2)

= Y 3Π3(Z ) + Y 2Π2(Z ) + Y Π1(Z ) + Π0(Z ) ,

Π3(Z ) = Z 9 − 14Z 7 + 49Z 5 − 49Z 3,

Π2(Z ) = −6Z 8 + 68Z 6 − 168Z 4 + 98Z 2,

Π1(Z ) = 9Z 7 − 85Z 5 + 136Z 3 − 56Z ,
Π0(Z ) = −2Z 6 + 18Z 4 − 24Z 2 + 8 ,

where polynomials Πn(Z ) are factorized as char. polynomials for ρ(H)
for corner type representations ρ.
We know P(1)

(n−2,2) and P(2)
(n−2,2) explicitly up to n = 13. Integer

coefficients are polynomials in n and all our conjectures work perfectly.
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P(1)
(n−2,2) = Z kn−1Y kn−1

(
1− (n − 4)Z−1Y−1 − (n−4)(n−5)

2 Z−2+

+ (n−5)(n−6)
2 Z−2Y−2 + (n−6)(n2−7n+8)

2 Z−3Y−1+
(n−6)(n−7)(n2−5n−4)

8 Z−4 − (n−6)(n−7)(n−8)
6 Z−3Y−3−

− (n4−20n3+137n2−338n+116)
4 Z−4Y−2 − . . .Z−5Y−1

)
+

. . . . . . . . . . . . . . .

+(−1)[(n−2)/4] (1+(−1)n)
2

{
( n

2 − 1)Z + Y
}kn−1 + (−1)[(n−1)/4] (1−(−1)n)

2 ,

P(2)
(n−2,2) = Z kn Y kn

(
1− (n − 2)Z−1Y−1 − (n−1)(n−4)

2 Z−2+

+ (n−2)(n−5)
2 Z−2Y−2 +

{
(n−4)(n−5)(n+9)

3 + (n−6)(n−7)(n−8)
6

}
Z−3Y−1+

+ (n−6)(n−1)(n2−3n−12)
8 Z−4

− (n−2)(n−6)(n−7)
6 Z−3Y−3 − (n4−12n3+37n2+18n−124)

4 Z−4Y−2−
− (n5−12n4+23n3+128n2−252n−224)

8 Z−5Y−1 + . . . . . . . . . . . . . . . . . . . . .
)

+

+(−1)
[ (n−1)

4 ] (1−(−1)n)
2 {(n − 2)Z + 2Y}kn + (−1)[ n

4 ] (1+(−1)n)
2 2kn ,

where kn = 1
4 ((−1)n − 5 + 2n), kn = 1

8 ((−1)n + 7− 8n + 2n2).
We need additional parameters!
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Summary

Hecke chains (chains based on the Hecke algebras) describe (in
the unified way) all spin chains with Uq(sl(N|K )) symmetries.
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2. Yang-Baxter Equations
For d=(1+1) quant. integrable field theories one obtains infinite number of IM
⇒ all particles save their momenta after scattering⇒ factorizing scattering
For two-particle S matrix (a single act of scattering) we have

S i j
nk (θ1 − θ2) =

i jθ1-θ2

�
�
��

@
@
@I

k n
≡ T j i

nk (x/y) , x = eθ1 , y = eθ2

where the arrowed lines show trajectories of point particles; θ1,2- rapidities

For 3-particle S matrix we have

i3

k3

θ

θ′
θ−θ′

?

Q
Q
Q
Q
Q
QQs

i2

k2

i1

k1

m2

m1

m3

�
�
�
�
�
��3 =

?

Q
Q
Q
Q
Q
QQs

�
�
�
�
�
�3

θ′

θ

θ−θ′

1
i1

2
i23 i3

k1

k2

k3

m1

m2

m3

(1)

This is a graphical representation of the Yang-Baxter eqs. (triangle eqs.):

Sm2m3
k2k3

(θ − θ′) Sm1i3
k1m3

(θ) Si1i2
m1m2

(θ′) = Sm1m2
k1k2

(θ′) Si1m3
m1k3

(θ) Si2i3
m2m3

(θ − θ′)
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2. Yang-Baxter Equations
In concise matrix notations YBE is written as

T23(x/y) T12(x) T12(y) = T12(y) T13(x) T23(x/y)

Vertex models⇒ Face models. New form of the YBE represented in the form
of triangle equation (1), but the indices are not on ”lines,” but on ”faces”:

y1

x3

y2

x2θ

y3θ′x

?

Q
Q
Q
Q
QQs

x1

�
�
�
�
��3 =

?

Q
Q
Q
Q
Q
Qs

�
�
�
�
�
�3

xθ′x3 y3

x2

x1

θ

y1

y2

(1a)

where θ, θ′ are angles, and summation is over x . If we denote

T x y
u z (θ) =

y

zx
u

θ

�
�
���

@
@

@@I

then the analytical form of (1a) is∑
x

T x1 x
y2 x3(θ − θ′) T x x2

x3 y1(θ) T x1y3
x x2 (θ′) =

∑
x

T y2 x
x3 y1(θ′) T x1 y3

y2 x (θ) T y3 x2
x y1 (θ − θ′)
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2. Yang-Baxter Equations
One can try to search a solution of the face YBE (1a) in the form

T xy
uz (θ) = Dθ(y ,u) D̄π−θ(x , z)

where Dθ(y ,u), D̄θ(x , z) satisfy star-triangle relations

G(θ, θ′) · D̄π−θ+θ′(x1, x3) Dθ(x2, x3) D̄π−θ′(x1, x2) =
=
∑

x Dθ′(x , x3) D̄π−θ(x1, x) Dθ−θ′(x2, x) ,

where G(θ, θ′) = G(θ, θ − θ′). St.Tr. relations are represented graphically as

G(θ, θ′)· x3
π-θ′

π- θ+θ′

x2

x1

θ

?
����

Q
Q
Q
Q
Q
QQs

��
��

�
�
�
�
�
��3

�����
� ������

=

?

�
�
�
�
�
�
�
�

����

Q
Q
Q
Q
Q
Qs
���
��
��
��
��
�

�
�
�
�
�
�3

�
���
�
�

�
�
��

�
�
��

xx3 θ′

x2

θ-θ′

π-θ

x1

@
@

@
@

�
�

�
� �

�
�
�

A
A
A
A

Let ~x , ~x ′ ∈ RD, then

Dθ(x , x ′) = Dθ(x , x ′) ∼
(

(~x − ~x ′)2
)−D

2 (1− θ
π

)
,
∑

x

∼
∫

dDx
πD/2
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2. Yang-Baxter Equations
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?
����
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��
��

�
�
�
�
�
��3

�����
� ������
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?

�
�
�
�
�
�
�
�

����

Q
Q
Q
Q
Q
Qs
���
��
��
��
��
�

�
�
�
�
�
�3

�
���
�
�

�
�
��

�
�
��
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@
@
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�
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� �

�
�
�
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A
A
A
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)−D

2 (1− θ
π

)
,
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x
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∫

dDx
πD/2
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3. The diagrams

The F.D. (considered here) are graphs with vertices connected by lines
labeled by numbers (indices).

To each vertex of the graph we associate the point in D-dimensional
Euclidean space RD, while the lines (edges) of the graph (with index α)
are propagators of massless particles

α
x y = 1/(x − y)2α

where (x − y)2α := (
∑D

i=1(xi − yi) (xi − yi))α , α ∈ C, x , y ∈ RD. We
have 2 types of vertices: the boldface vertices • denote the integration
over RD. These F.D. are called F.D. in the configuration space.
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4. Operator formalism
Let q̂i = q̂†i and p̂i = p̂†i be operators of coordinate and momentum

[q̂k , p̂j ] = i δkj .

Introduce states |x〉 ≡ |{xi}〉, |k〉 ≡ |{ki}〉: q̂i |x〉 = xi |x〉, p̂i |k〉 = ki |k〉,
and normalize these states as:

〈x |k〉 =
1

(2π)D/2 exp(i kj xj) ,

∫
dDk |k〉 〈k | = 1̂ =

∫
dDx |x〉 〈x | .

”Matrix representation” of p̂−2β (propagator of massless particle) is:

〈x | 1
p̂2β |y〉 = a(β)

1
(x − y)2β′ ,

(
a(β) =

Γ(β′)

πD/2 22β Γ(β)

)
.

where β′ = D/2− β and Γ(β) is the Euler gamma-function.
For q̂2α the ”matrix representation” is: 〈x |q̂2α|y〉 = x2α δD(x − y).
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4. Operator formalism
Algebraic relations (a,b,c) which are helpful for analytical calculations
of multi-loop perturbative integrals for F.D.⇒ reconstruction of graphs

a. Group relation. Consider a convolution product of two propagators:∫
dDz

(x − z)2α (z − y)2β =
G(α′, β′)

(x − y)2(α+β−D/2)
,

(
G(α, β) =

a(α + β)

a(α) a(β)

)
,

which leads to the reconstruction of graph:

•α βx y
z

=
α+β− D

2x y��
��

This is the ”matrix representation” of the operator relation

p̂−2α′ p̂−2β′ = p̂−2(α′+β′). !!!
Proof.∫

dDz 〈x |p̂−2α′ |z〉 〈z| p̂−2β′ |y〉 = 〈x |p̂−2(α′+β′)|y〉
() 25 / 41



4. Operator formalism
Algebraic relations (a,b,c) which are helpful for analytical calculations
of multi-loop perturbative integrals for F.D.⇒ reconstruction of graphs

a. Group relation. Consider a convolution product of two propagators:∫
dDz

(x − z)2α (z − y)2β =
G(α′, β′)

(x − y)2(α+β−D/2)
,

(
G(α, β) =

a(α + β)

a(α) a(β)

)
,

which leads to the reconstruction of graph:

•α βx y
z

=
α+β− D

2x y��
��

This is the ”matrix representation” of the operator relation

p̂−2α′ p̂−2β′ = p̂−2(α′+β′). !!!
Proof.∫

dDz 〈x |p̂−2α′ |z〉 〈z| p̂−2β′ |y〉 = 〈x |p̂−2(α′+β′)|y〉
() 25 / 41



b. Star-triangle relation Firstly considered in CFT (E.S.Fradkin, M.Ya.Palchik,

1978); (A.N.Vasilev,Yu.M.Pis’mak,Yu.R.Khonkonen(1981)); the ”Method Of
Uniqueness” (D.Kazakov, 1983)∫

dDz
(x − z)2α′ z2(α+β) (z − y)2β′ =

G(α, β)

(x)2β (x − y)2( D
2−α−β) (y)2α

.

Reconstruction of graph:

�
��HHH
• β′α′

α+β

z

0

x y

= G(α, β)

0

x y�
�
�
�

β

(α+β)′

α

A
A
A
A

α′ = D
2 − α

Operator version:

p̂−2αq̂−2(α+β)p̂−2β = q̂−2βp̂−2(α+β)q̂−2α !!!
Or in the form of Yang-Baxter equation (Tab(α) = (q̂(a) − p̂(b))2α):

T12(α) T23(α + β) T12(β) = T23(β) T12(α + β) T23(α) ,
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4. Operator formalism
Remarks on star-triangle relation:

1. STR is a commutativity condition for operators Hα = p̂2αq̂2α:

(p̂2γ q̂2γ) p̂2αq̂2α = p̂2αq̂2α (p̂2γ q̂2γ)⇒

p̂2(γ−α)q̂2γ p̂2α = q̂2α p̂2γ q̂2(γ−α) ⇒ STR for γ = α + β .

2. Algebraic proof of the STR. Introduce inversion operator R:

R2 = 1 , 〈xi |R = 〈 xi
x2 |

Rq̂iR = q̂i / q̂2 , Rp̂iR = q̂2 p̂i − 2 q̂i (q̂ p̂) =: Ki ,

R p̂2β R = q̂2(β+ D
2 ) p̂2β q̂2(β−D

2 ) .

Proof.

R p̂2α p̂2β R = R p̂2(α+β) R ⇒ p̂2αq̂2(α+β) p̂2β = q̂2β p̂2(α+β)q̂2α
⇑
R2
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4. Operator formalism
c. Integration by parts rule. (F. Tkachov, K. Chetyrkin, 1981)
(reconstruction of graphs)

��
�HHH
• α3α1

α2

0

x y

= 1
(D−2α2−α1−α3) {α1 (

��
�HHH
• α3α1 +1

α2−1

0

x y

−
��
�HHH
•









−1

α3
α1 +1

α2

0

x y

) +

+α3 (

��
�HHH
• α3 +1α1

α2−1

0

x y

−
��
�HHH
•
J
J
J
J

−1

α1
α3 +1

α2

0

x y

)}

It can be represented in the operator form:

(2γ−α−β) p̂2αq̂2γ p̂2β =
[q̂2, p̂2(α+1)]

4(α + 1)
q̂2γ p̂2β−p̂2αq̂2γ [q̂2, p̂2(β+1)]

4(β + 1) !!
where α = −α′1, γ = −α2 and β = −α′3.
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4. Operator formalism

The integration by parts identity

(2γ−α−β) p̂2αq̂2γ p̂2β =
[q̂2, p̂2(α+1)]

4(α + 1)
q̂2γ p̂2β−p̂2αq̂2γ [q̂2, p̂2(β+1)]

4(β + 1)
,

can be proved by using relations for Heisenberg algebra

[q̂2, p̂2(α+1)] = 4 (α + 1) (H + α) p̂2α ,

H q̂2α = q̂2α (H + 2α) , H p̂2α = p̂2α (H − 2α) ,

where H := i
2(p̂i q̂i + q̂i p̂i) is the dilatation operator.

The set of operators {q̂2, p̂2,H} generates the algebra sl(2).
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4. Operator formalism

An example of the operator representation for F.D.

Consider an operator:

Ψ(αi) = p̂−2α′1 q̂−2α2 p̂−2α′3 q̂−2α4 p̂−2α′5 · · · q̂−2α2k p̂−2α′2k+1 .

This operator is the algebraic version of 3-point function:

〈x |Ψ(αi)|y〉 ∼

0

•
z1

•
z2

α3α1

α2

α5

α4 · · ·

· · ·�
�
�
��

"
"
"
"
"
""

S
S
S
SS

b
b

b
b
b

bb

α2k

α2k−1 α2k+1
• •

zk
x y

Indeed,

〈x |Ψ(αi)|y〉=〈x |p̂−2α′1 q̂−2α2 p̂−2α′3 q̂−2α4 p̂−2α′5 · · · q̂−2α2k p̂−2α′2k+1 |y〉
⇑ ⇑ ⇑∫

d
D
z1 |z1〉〈z1 |

∫
d

D
z2 |z2〉〈z2 |

∫
d

D
zk |zk 〉〈zk |

Remark. 〈x |Ψ(αi)|x〉 represents the propagator-type diagrams.
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4. Operator formalism
The advantage: we change the manipulations with integrals by the
manipulations with elements of the algebra generated by p̂2α,q̂2β.

Is it possible to define the trace for this algebra?

Tr (Ψ(αi))=

∫
d

D
x〈x | 1

p̂
2α′1

1
q̂2α2

1

p̂
2α′3
· · · 1

q̂2α2k

1

p̂
2α′2k+1

|x〉 = c(αi)

∫
d

D
x

x2β .

(β =
∑

i αi ; c(αi)- coeff. function). The dim. reg. procedure requires:∫
d

D
x

x 2(D/2+α)
= 0 ∀α 6= 0 .

The extension of the definition of this integral is (S.Gorishnii, A.Isaev, 1985)∫ d
D

x
x2(D/2+α) = πΩDδ(α) , !!!

where ΩD = 2π
D/2

Γ(D/2) . Then, the cyclic property of ”Tr” can be checked.
”Tr” of propagators⇒ vacuum diagrams⇒ symmetries & identities.
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5. Applications
Lipatov chain model.

The Lipatov Hamiltonian which describes bound states of gluons at
high energies: H =

∑n
i=1 Hii+1, where

Hik = p̂i ln(ρik )p̂−1
i + p̂k ln(ρik )p̂−1

k + ln(p̂i p̂k )− 2Γ′(1) = (2)

= 2 ln(ρik ) + ρik ln(p̂i p̂k ) ρ−1
ik − 2Γ′(1) . (3)

Here ρik = qi − qk , where qi are complex coordinates and p̂i = −i ∂
∂qi

are momentum operators. Consider the operator (S.Derkachev):

Tik (ε) := ρ1+ε
ik (p̂i p̂k )ερ−1+ε

ik = 1+ε
(

2 ln(ρik ) + ρik ln(p̂i p̂k ) ρ−1
ik

)
+ε2 . . . .

(4)
We use the 1D analog of STR

ραik p̂α+β
i ρβik = p̂βi ρ

α+β
ik p̂αi ⇔ ραki p̂α+β

i ρβki = p̂βi ρ
α+β
ki p̂αi . (5)
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5. Applications

First, the ”T -operator” Tik (ε) satisfies the Yang-Baxter equation

Ti i+1(ε) Ti+1 i+2(ε+ ε′) Ti i+1(ε′) = Ti+1 i+2(ε′) Ti i+1(ε+ ε′) Ti+1 i+2(ε) ,

Second, we have

Tik (ε) = ρ1+ε
ik p̂εi ρ

−1
ik ρ1

ik p̂εk ρ
−1+ε
ik = p̂−1

i ρεik p̂1+ε
i p̂−1+ε

k ρεik p̂1
k =

= 1 + ε
(

p̂−1
i ln(ρik ) p̂i + p̂−1

k ln(ρik ) p̂k + ln(p̂i p̂k )
)

+ ε2 . . . ,

and this proves the equivalence of expressions (2) and (3).
Finally, the complete holomorphic Hamiltonian H =

∑n
i=1 Hii+1 appears

in the expansion over ε of the monodromy matrix (in the order ε1)

T(1,2...,n+1)(ε) = T1 2(ε) T2 3(ε) T3 4(ε) · · ·Tn n+1(ε) .
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5. Applications
L-loop ladder diagrams for φ3 FT⇔ D-dimensional conformal QM

Consider dimensionally and analytically regularized massless integrals

DL(p0,pL+1 ,p; ~α, ~β,~γ) =

[
L∏

k=1

∫
d

D
pk

p2αk
k (pk − p)2βk

]
L∏

m=0

1
(pm+1 − pm )2γm

which correspond to the diagrams (x1 = p0, x2 = pL+1, x3 = p):
0

• •γ1γ0

α1

β1

γ2

α2

β2

· · ·
· · ·
· · ·

�
�
��

"
"
"
"
""

S
S
SS

b
b

b
b
bb

S
S
SS

b
b
b
b
bb

�
�
��

"
"

"
"
""

βL

αL

γL−1 γL• •x1 x2

x3

----

� � � �
6 6 6 6........

p0-p

p0

p1- p

p1

pL - p

pL

pL L−1

pL+1−p

pL+1

pL+1 Lp10 p21

(pmk = pm − pk )

The diagrams (in config. and moment. spaces) are dual to each other
(the boldface vertices correspond to the loops). The operator version is

DL(xa; ~α, ~β,~γ) ∼ 〈x1|p̂−2γ′0
(∏L

k=1 q̂−2αk (q̂ − x3)−2βk p̂−2γ′k
)
|x2〉 .
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5. Applications
For simplicity we put αi = α, βi = β, γi = γ and consider the
generating function for DL:

Dg(xa;α, β, γ) =
∞∑

L=0

gL DL(xa;α, β, γ) ∼ 〈x1 |
(̂

p2γ′− ḡ
q̂2α(q̂ − x3)2β

)−1

| x2〉

where ḡ = g/a(γ ′) is the renormalized coupling constant. For the case
α + β = 2γ′ , using inversions, etc. we obtain

Dg ∼ 〈u |
(

p̂2γ ′ − gx

q̂2β

)−1

| v〉 ,

where gx = ḡ(x3)−2β, ui = (x1)i
(x1)2 −

(x3)i
(x3)2 , vi = (x2)i

(x2)2 −
(x3)i
(x3)2 .

The φ3-theory for D = 4 is related to γ′ = 1 = β and we obtain the
Green’s function for conformal QM:

Dg ∼ 〈u |
(

p̂2 − gx
q̂2

)−1
| v〉 ,

For D 6= 4 this GF⇒ ladder diagrams for α = β = 1, γ = D
2 − 1.
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5. Applications

Our method is based on the identity:

1
p̂2 − g/q̂2 =

∞∑
L=0

(
−g

4

)L
[
q̂2α (H − 1)

(H − 1 + α)L+1
1
p̂2 q̂−2α

]
αL

where we denote [. . . ]αL = 1
L!

(
∂L
α [. . . ]

)
α=0. Taking into account

(H − 1)

(H − 1 + α)L+1 =
(−1)L+1

L!

∫ ∞
0

dt tL etα ∂t

(
et (H−1)

)
and et(H+ D

2 ) |x〉 = |e−tx〉 the Green’s function Dg is written in the form

〈u| 1
(p̂2 − gx/q̂2)

|v〉 =
∞∑

L=0

1
L!

(gx

4

)L
ΦL(u, v) ,

ΦL(u, v) = −a(1)

∫ ∞
0

dt tL
[(

u2

v2

)α
etα
]
αL
∂t

(
e−t

(u − e−tv)2

)( D
2−1)
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5. Applications

For D = 4− 2ε one can expand ΦL(u, v) over small ε:

ΦL(u, v) =
Γ(1− ε)

4π2−εu2(1−ε)

∞∑
k=0

εk

k !
Φ

(k)
L (z1, z2) .

where z1 + z2 = 2(uv)/u2 and z1z2 = v2/u2. The coeff. functions Φ
(k)
L

are expressed in terms of multiple poly-logarithms. The first one is
(N.I. Ussyukina and A.I. Davydychev; D.J. Broadhurst; 1993)

Φ
(0)
L (z1, z2) =

1
z1 − z2

L∑
f =0

(−)f (2L− f )!

f ! (L− f )!
lnf (z1z2)

[
Li2L−f (z1)− Li2L−f (z2)

]
.

where polylogs are

Lim(w) =
∞∑

n=1

wn

nm .
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5. Applications

The next coefficient is: Φ
(1)
L (z1, z2) =

=
2L∑

n=L

n! ln
2L−n

(z1z2)
[
(nLin+1(z1)− Lin,1(z1,1)− Lin,1(z1,

z2
z1

))− (z1 ↔ z2)
]

(−1)n (2L− n)! (n − L)! (z1 − z2)
,

where multiple poly-logarithms are

Lim0,m1,...,mr (w0,w1, . . . ,wr ) =
∑

n0>n1>···>nr>0

wn0
0 wn1

1 · · ·w
nr
r

nm0
0 nm1

1 . . . nmr
r

.

The function Φ
(1)
L (z1, z2) gives the first term in the expansion over ε of

the L-loop ladder diagram (with special indices on the lines)

----

� � � �

6 6 6 6........

1

1

1

1

1− ε 1− ε1− ε 1− ε
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Summary

Coefficients ΦL(u, v) are used for the evaluations of 4-point
functions in N = 4 SYM theory.
Lipatov’s integrable model – describes high energy scattering of
hadrons in QCD.
Generalizations to massive case and to super-symmetric case. In
massive case it is tempting to calculate the Green’s function

〈u| 1
(p̂2 − g/q̂2 + m2)

|v〉 =
∞∑

L=0

gL ΦL(u, v ; m2) ,

It seems that the approach is not universal even for massless
FDs. We should add something new.
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