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Final results of d-al'(J€Karlsruhe based project:

e 10 years of work of the KIT-MSU-INR multiloop group:

+ starting from the first publicatioBaikov, K. Ch. and Kihn, “Five-loop
vacuum polarization in pQCOD(a¢N?) results”, Phys.Rev.Lett. B559
(2003) 245.

+ ...

+ ...

+ and finishing with recent works
Phys.Rev.Lett.101:012002,2008; arXiv:0801.1821
Phys.Rev.Lett.104:132004,2010; arXiv:1001.3606v1
Nucl.Phys.B837:186-220,2010; arXiv:1004.1153

Nucl.Phys.Proc.Suppl.205-206:237-241,2010;
P. Baikov, K. Ch., J. Kiihn and J. Rittinger, in preparation
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Aim of the project

Extending to NNNNLO (which means:!!!) the classical NNNLO
O(a?) results by
Goirisny, Kataev, Larin, (1991); Samuel, Surguladze (1991on

‘the three “gold plated” (Bjorken, 1979 QCD observables:‘

Rz = I'(Zo — hadrons) /o (Zo — ptp™)

R, =T(r — hadrons+ v, ) /T(t — | + 0 + v;)

R(S) = oi(eTe™ — hadrons) /o(ete™ — putp7)

3/28



Why “gold plated”?

e As predictions are very clean theoretically: inclusivearvables,
expressible completely through two-point correlators.

e AsRz, R, and, to a lesser exteri¥(s) are very precisely measurec

e Atlast, the ratioR(s) is related in unique way with the vacuum
polarization operator, which contribute to the few impattahy-
-sical quantities. For example, the running of the effexti?=P in
the SM as well as the hadronic contribution to the muon
anomalous magnetic moment.

4128



Why NNNNLO could be of any

Importance at all?

« Because, with the NNNLO accuracy the theoretical
errors were comparable with the experimental ones
and, in despair, everybody was using the famous
Kataev&Starshenko /1998ktimation of thex? term
which (incidentally?) has happened to be quite close to theue

number!

« After our calculations the situation has become
significantly better, especially fdar,, where the the
theoretical error was reduced by a factor of four! (mo
discussion will follow).
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New Results to report

o (new!) result for the singlet contribution into the (massless)
(W) corelator = final complete O(«¢) result for the R(s)

o (new!) as spin-off: the complete QEDS-function in five loops

o (new!) final complete result for Z — hadrons at O (a?) (the
latter including in full power-not-suppressed top-mass
dependence)
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Z Boson Decay Rate into Hadrons

2
I'(Z - hadrong — Z/d@ ( M(Z fQCD)‘
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+ ...

I'(Z — hadrong =Ty - 2—2' (Hl(s— ie) —IIi(s+i 5))
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Vector and Axial Contributions to Z-decay

Z current to fermion: _v, —A
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JZi _g| JVi+g| JA‘- _g| 1/)| ! 1//’I+g| 1/47 '7577/J|
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i,j ={tb,csud}
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e status of theory (in the massless limit) o
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Singlet contribution to the (vector) Adler function

(Last missing term!)

0% (QP) — (z e a;<Q2>)
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Phenomenological implications foroy(ete~ — hadrons)

Numerically:

Rs) = 3) Q7 {1+a+aZ(1.986—0.1153)
f

+ a2 (~6.637— 1.200n — 0.005187) }

2
- (> Qf> (1.2395a.§ + (—17.8277+ 0.5748%;) ag)
f

for =5

%1 [1+ a5+ a51.409— 12.767a3 — 79.98&] +% [—1.240a3—14.95&]

Extra suppression factorg—e’9 ~ 0.03
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QED g-function in five loops

By a proper change of color factors we arrive atfté Adler function

of QED in five loops— the QEDg-function;

for a QED with one charged fermion we gét € %)

4 62 5570 832 | Gorishny, Kataev,
QED — ~ A+4AZ— = A3 AY < + — >
’ 243 "9 °°)|Larin, Surguladze, 1991

3 9

|
Zn

195067 , 800 416 6880
(s + 3G+ 56— "5%)

Numerically @ = & ~ 5.81 - 10°%)

4
BOEP = ~ A(1+3A - 5.1667A% — 100534A° + 112951A%)

3
No hope for a non-trivial fixed point solutiof(A*) = 0!
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Tool-box for massless correlators at2:

e IRR /Vladimirov, (78)/ + IR R* -operation /Chetyrkin, Smirnov
(1984)/ + resolved combinatorics Chetyrkin, (1997)/

e reduction to Masters: “direct and automatic” construction of CF's
through 1 /D expansion within the Baikov’s representation for
Feynman integrals @hys. Lett. B385 (1996) 403; B474 (2000) 385;
Nucl.Phys.Proc.Suppl.116:378-381,2093

o all master integrals (we need 4-loop massless propagatoraje

reliably known in analytical form /see next slide/

e computing: MPI-based (PARFORM) as well as thread-based
(TFORM) versions of FORM
Vermaseren, Retey, Fliegner, Tentyukov, ...(2000 - .)
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(non-trivial) 4-loop master integrals
/used in all calculations we are talking about/

/) = e+ 0

FO(X)- = 2% — 80Gs + 68 (3 + 50(s + O(e)

Kazakov, D.l., The Method
Of Uniqueness, A New
— Powerful  Technique  For
Multiloop Calculations.,
Phys.Lett., B133 (1983) 406

mo61 m62 m63 mb51

m42 m45 m34 m35

0 & U

O & O &

m41

@ Baikov, K.Ch.

(2010); R. Lee,
m36 A. Smirnov, V.

@ Smirnov, (2011)
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Vector and Axial Contributions to the Z-decay

Z current to fermion: =V, =A

: v A v S AS
2 =0 1% 9 ia =9 Ui UG i s

4 Z Vi Vi Vi Vi
; 5 = (?’)ZM@W+ o’ o
@) -5 S
4 (gf)2@+ Py 10
2 s 0

i,j={t,b,c,su,d}

e scaley/s=M; = m=0 (I={bcsud})

o 2 scales,/s = Mz andm (butM3/(4n¢) < 1):
Decoupling of top (factorization of top effects)
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‘t Hooft-Veltman-Larin Treatment ofs

Problem: naiveys (s, 7.] = 0) is not applicable for the singlet diagrams.

‘t Hooft-Veltman ‘72 treate##1+2¢3 gs 4-dimensional object

L! eM1H213H4

5 = 7 Vo Y2 Yz Vpa

(i={tb,csud})

Larin ‘93: introduce a special prefactor

4
C}\ - 1.—— E§Eis —+ ...

and define the axial vector current as:
A= Ei 7“75 1/}i = CA I_e ehharzhs Ei Vs V2 Vs wi

( (a effectively restores antisymmetry 9§ in NSdiagrams; it is fixed
uniquely from the (non-anomalous) Ward identity ,or, equivaleritly,
requiring scale inv. of the curregg 2—3 €FHIHHS Wi oy, 0 Vs ViliiS
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Decoupling of Top

Decoupling for QCD fields and coupling constat, (3, (s and(y):
6 flavour— 5 flavour

Vector current: naive decoupling (due to Ward Identity)
W M= 0+ o(1/n). Vo) "=V o) |

Axial vector currentno naive decoupling (due to potential anomaly if
it it would!)

AT ST GAT rome) AY T AT+ CL AT+ 0Ll

A =3 AP, (A —AP) M2 (Cy - Cy) AY — Ay + O(1/)
|
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Decoupling of Top

Calculation ofC;, with method of projectorsGorishny, Larin '8:

At(G) Mmoo Ch a(6( ), ,U/mt As 5)

(TO A uy: (TOAsU): /§\ /@\ @

(TUA u>|p:o: TAD’s Born

Calculation ofmassive tadpoles
e matching to topologies witkXP (Seidensticker and Steinhauger

¢ reduction withLaportaalg. viaCRUSHER(Marquard, Seidgl
o all master integrals up to 4 loop are knowsc{roder, Vuorinen '0b
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Decoupling of Top

Calculation ofCy:

n}—+oo

A + Cy (a® (), 11/ my) A

(TUA, uy:
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Decoupling of Top

AY M2 gAY, AY M2 AP +cy Al J

+0.125-05In ()]

3r
0515 0417|n(

) — 153107 (1)

—0.0841rf

)l
)

() )4 18335+ 155631n
)l

_ I
- 0.265- 0014|n( b

(%)
+ (222 - 1282+ 0:303In(25) — 0.40617 (1) — 0.13217 (15|

e 2 loopCollins, Wilczek and Zee '78

¢ 3 loop log enhanced terntdhetyrkin, Kiihn '93

e 3looplLarin, Ritbergen, Vermaseren '93; Chetyrkin, Tarasov 194
e 4loop is new
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Axial Vector Correlator

['(Z — hadrong = T'g- R(s) = I'o - (RY(s) + RA(9))

Optical Theorem:

NS S
R R
Decoupling: A® M=% c,AY, AP M2* A® ¢, AY.

a4
R Y (5RNS 4 G2 — 2(Ch — Cy) (RS + RED) + REY) J
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Master Formula fof'}

Iy = Tox

<Z 24 Z g’ ) {1 + as + 14092382 — 12.7671a3 — 79.9806ag}

< > 04131823 — 4.9841a;‘)

[ —3.08333— Iny,) &2

+ (— 159877 3.72222ny, + 1.91667Inf,h) as

+ (49.162+ 17.6822Iny, + 14.7153Ing, — 3.67361in},,) aﬁ} }

2
o= Gr Mz as = as’ Inp, = In L
Semv2’ T MM
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Effective Master Formula fof)

Using as inputdl; = 1720, ﬁ\, = 0.232 andas(Mz) = .1190 we arrive to an
“effective” Master Formula illustrating the total effect subleading singlet
contributions in comparison to the non-singlet ones:

(et

1 + as+1409a2 —1277a3 —7999& <<= NS

—0.1054a3 —|1.272 &| <=V SI

—0.6315a2 — 3.0341a3 + (11452 | <— A SI}
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Conclusions |

e The “10 years +" project of computing R(s) ahdZ — hadron$
at ordera? is finished!

e The last missing ingredients — singlet contributions— ® th
(massless) VV and AA as well as (massiva)A;), (AA,) and
(AvAp) correlators aO (o) are now available

e singletO(a?) contributions are numerically tiny

e the net effects 0O (a?) term inT' are: an increase of
das(Mz) = 0.0005

O(d) : as(Mz)"N-° = 0.1185+ 0.0026™° 4 0.002"

O(ad) : ag(Mz)"NNO = 0,1190-+ 0.0026™ + 0.0008"

andfour-fold decrease of the theory error!
/ K.Ch, Baikov and Kihn, PLR 101 (2008) 012002/
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Conclusions Il

e the5-loop QED j-function is computed— the first example of
5-loop RG function in a (normal) 4-D gauge theory: almost
exactly thirty yeas after similar result ingg model/K.Ch,
Gorishnii, Larin, and Tkachov, Phys.Lett. B132 (1983) 351/
D.l. Kazakov,Phys.Lett. B133 (1983) 406; Kleinert, Neu,
Schulte-Frohlinde , K.Ch., and Larin, Phys.Lett. B272 (1)889/

¢ All our methods and tools are equally well applicable to eatibn
of the5-loop 5-functions and anomalous dimensions in general
non-Abelian gauge theories. A couple of interesting examples
could be:

@ QCD p-function (important for a better understanding of the
T-lepton decay rate within the so-called contour-improvedhad)

@® the anom. dim. of the Konishi operator in N=4 supersymmairic
YM theory at5 loops( important for for better understanding of
Ads/CFT correspondence, integrability, ABA and TBA)
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Conclusion Il

The qualification above about “normal” theories is esséritia
supersymmetric theories life is different, for example,

M. Grisaru, D. Kazakov and D. Zanon,
“Five Loop Divergenced~or The N=2 Supersymmetric
Nonlinear Sigma Model”, Nucl.Phys. B287 (1987) 189
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World Summary of as 2009:

/ @-decays (N3LO) rOH
I

Y decays (NLO) —0—
I
D e |
NNNLO to D(Q :
and R(S) DIS jets (NLO) —Oo—

I
ete™ jets & shps (NNLO) ——O+—

I
electroweak fits(N3LO) '—:O—'

ete jets & shapes (NNLO) —o—

O.Ill 0.12 0.I13
O (M Z)

—> as(Mz)=0.1184 + 0.0007

(Bethke, arXiv:0908.1135)

Berlin, October 5, 2009

S. Bethke: ag 2009 QCD- the modern view




