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* Sigma model and symmetries

e SU(3) LoM with Polyakov-Loop Potential

* Electrical and Heat Conductivity

* Bulk and Shear Viscosity
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Sigma-Model is a Physical system with the Lagrangian

T T
L(G1, @2, 0n) = Y Y gij deps A xdop;
i=1 j=1
The fields @, represent map from a base manifold spacetime
(worldsheet) to a target (Riemannian) manifold of the scalars linked
together by internal symmetries.

The scalars gij determines linear and non-linear properties.
It was introduced by Gell-Mann and Levy in 1960. The name o-model

comes from a field corresponding to the spinless meson @, scalar
Introduced earlier by Schwinger.




Symmetries

¢

LoM is an effective theory for QCD dof at low-energy and
incorporates global SU(Nf), x SU(Nf), x U(1), symmetry
(not local SU(3),)

For Nf=2 massless quarks, the phase transition can be of
« 2"-order, if U(1), symmetry is explicitly broken by instantons
* 1%t-order (fluctuations), if U(1), symmetry is restored at Tc

For Nf = 3 massless quarks, the transition is always of 15t-order

In last case, the term which breaks U(1), symmetry explicitly
drives 1%t-order phase-transition

In absence of explicit U(1), symmetry breaking, the transition is
fluctuation-induced of 1%t-order

Pisarski and Wilczek, PRD29, 338 (1984).




“osmolog

@C Importance of LcM
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 LoM is one of lattice QCD alternatives

 Various symmetry-breaking scenarios can be
iInvestigated in a more easy way

 Various properties of strongly interacting matter
can be studied

* But, finite-T LoM requires many-body resummation
schemes, because the IR divergences cause
perturbation theory to break down
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* Again, for Nf massless quarks, QCD Lagrangian has
SU(Nf), x SU(Nf), x U(1), symmetry

* Invacuum, a non-vanishing expectation value of the quark-
antiquark condensate, spontaneously breaks this symmetry to
diagonal SU(Nf), group of vector transformations, V=r + £

* For Nf=3, effective low-energy dof of QCD are scalar and
pseudoscalar mesons. Since mesons are quark-antiquark states,
they fall in singlet and octet representations of SU(3),.

* The SU(Nf), x SU(Nf), x U(1), symmetry of QCD Lagrangian is
explicitly broken by nonvanishing quark masses

* For M<Nf degenerate quarks, SU(M), symmetry is preserved

* If M>Nf, mass eigenstates are mixtures of singlet and octet states

Jonathan T. Lenaghan,, Dirk H. Rischke, Jurgen Schaffner-Bielich, Phys.Rev. D62 (2000) 085008
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N Symmetry and Conservations

SYMMETRIES IMPLY CONSERVATION LAWS:
INVARIANCE OF LAGRANGIAN UNDER TRANSLATIONS
IN SPACE AND TIME = MOMENTUM AND ENERGY
CONSERVATION

QCD LAGRANGIAN FOR MASSLESS QUARKS SHOWS
SYMMETRY UNDER VECTOR AND AXIAL TRANSFORMATION.
EQUALLY (VECTOR)
left- and right-handed parts treated
DIFFERENTLY (AXIAL)

FOR EXAMPLE: SYMMETRY OF VECTOR TRANSFORMATIONS
LEADS TO ISOSPIN CONSERVATION
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Chiral symmetry of vector field under unitary transformation & — ¢~ % T3

6% corresponding the rotational angle, Tijc-‘ matrix generates the transformation and
a index indicating several generators associated with the symmetry transformation.

Vector transformation Ay, Axil transformation A4
= ¢t ‘5“7 J =~ (]_ — z%(}) \Jr P = o~ 17 U =~ (1 . i‘)’s% “’) U
- . P - ",'_' - = - . Pp = T — =
V=e"32 ¥ =~ (1+ i§9) W conjugate VU= "¢ I =~ (1- iqfsg ) ¥

Fermions Dirac Lagrangian which describes free Fermion particle of mass m

Lp = P(i7,0" —m?)Y

Under vector transformation Ay, L, is invariant.
BUT axial-voctor transformation A reads

Aa: mgv=e""E mfyp =~ (1—ir*=0) m ¢ ¢,

¢ are component fields such as 7’s
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Combination of quarks (g# of mesons), a meson-like state» :

A
[ \
(scalar Meson) (pseudoscalar Meson)
Sigma like state JP = 0% Pion like state JP = 0~
— Toal T = i T,,,j; . f
o =Yy vTYsy

Gell-Mann & Levy obtained an invariant form if squares of the two states are summed

\
[ \
(Vector Meson) (Axial-Vector Meson)
Sigma like state /P = 07 Pion like state /¥ = 0~
Ay: m? > m? Ay % > m? +200m
0'2 N 0'2 0'2 - O'z — 2001
\ Y J
2 AV,AA

(m? + 0%) > (? + o?)
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| et Vector transformation

L o _ T; _T;
i Ty — Tysy 40 | PTyso - PoTisy
— Zl’l—)f’}’51’[] + 1'961']‘;(14_)’}’5'(]('170,
Vector transformation

[T,, ]] = ZZGIJka
Levi-Civita Symbols
f +1 for even permutation123,
€ijk = —1 forodd permutation 123,

0 Otherwise

\

T — 7T+ €077
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Axial-Vector transformation

T iPTysp — iPTysyp + 0 lI-JTi’Ys’)’S 1/’ ’P’Ys ’75’“,0
= ll{-)'I_")f5l[J+911plf)5,},

v577s = 1 and the commutation relation between matrices

T,, ] —25

+1 fori=j,
0 forixj

T — T+ 07T



| N LSM Lagrangian

L =i,.0,9 + %(aﬁwalw +8,00"0) — gx [(WysTY)T + (ihy)o] — % ((7*+0°) — 17

K. E K.E interaction term between nucleons Pion nucleon Potential
Of nucleons Of Mesons and the mesons

The chiral part of LcM-Lagrangian has SU(3)r X SU(3); symmetry

where fermionic part £, = Zﬁf (17 Dy — 9Ta(00 + i757a) Y5
f

and mesonic part £,, = Tr(3,®76*® — m*®Td) — )\ [Tr(®T®)]?
— A Tr(®T®)? + c[Det(®) + Det(Pd)]
+Tr[H(® + ®7)],
« m? is tree-level mass of the fields in the absence of symmetry breaking
* A4 and A,are the two possible quartic coupling constants,
e cis the cubic coupling constant,

» g flavor-blind Yukawa coupling of quarks to mesons and of quarks to
background gauge field 4, = 4,94

c=4.80;g =6.51; =5.90; 1, = 46.48; m? = (0.495)"2;



N SU(3) LSM

¢ is a complex 3 X 3 matrix and parameterizing scalar o, and
pseudoscalar 17, (nonets) mesons

P = 'Ta Dg = 'Ta (‘:T{I —+ jf?ﬂ_)

where o, are the scalar fields and &, are the pseudoscalar fields.
The 3 x 3 matrix H breaks the symmetry explicitly and is chosen as

H=1T,h,

where h.are nine external fields and T, = )\a /2 are generators of U(3) with Sxa
are Gell-Mann matrices o = /21

The T, are normalized such that Tr(7,7,) = d.p/2 and obey the U(3)
[Ta-. Tb] =1 fabc Tc
{Ta- Tb} — dabc Tc .

where fape and dgpe for a,b.c = 1,...,8 are the standard antisymmetric and symmetric structure
constants of SU(3) and

fabo =0 , davo = § Dab



iyl SU(3) LSM

Gell-Mann matrices with )\, = \/gl

010 0 —i0 10 0 001
M=l1001|, =|lioo0o]|, Ms=lo=10], MM=]|000],
000 000 00 0 100

00 —i 000 00 0 10 0
X ) ) .1
ds=l00 0 d=1001 =100 —i ds=—1]00 0
5 ? 6 ] T T'; 8 .\/§

i 0 0 010 0i 0 00 _2

as required A, span all traceless Hermitian matrices, then the generators follow1

8 1 8
[Tar Tb] =1 Z fnbcTc{Tar Tb} — géab £ Z dapeTe
=1 e=1
where f are structure constant given by
1 V3
f123 = Lf1a7 = —f156 = foa6 = fo57 = fass = —fag7 = §f458 = fers = —
1 1

d11s = doog = dare = —dges = —=dasg = dese = decs = dorrg = — ——
118 (4228 (338 888 \/5 448 (558 1668 778 5 \/?:
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ti

/\/Eh0+h3+h8 h1l — ih2 h4 — ih5 \
3 — — i — 1
3 V3
2 h8
H = hl+ ih2 —h0—h3+—  h6—ih7 |;
3 V3
2 h8
h4 + ih5 h6 + ih7 —h0 —2—
3 V3
| /71533—!—7150'3+71§m] ag K= \
Taoa = E ag —%a3+7%53+r%5n R? )
\ o K —72553+71§Ju/
(%W“+ﬁwg+v1,§wﬂ T K- \
: + 1 .0 1 1 0
Tomq = ﬁ m _ﬁﬂ- —I—ﬁﬂ'g—l-ﬁﬂg K




N SU(3) LSM
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When shifting @ field by vacuum expectation value,
1

L = 5 [duaac) P e 0o (M%) a0y — Ta(MS)a bﬂ'b]

1, i
(gabc =3 Fgha Ud) Fn B, — b (gabc + 3 et Ud) TaTb0c

1

= 2,}'(abcd OaqO0bTeTd — Efabcd (O'ao'ba'co'd = 7Ta77b7rc77d) - U(5) ;

where the tree-level potential is

i
_ me _, o 1 o _
U(U) — 5 Oq — GabcFa0b0c + §fabcdaaabacad — ha0q
T, 1S determined from
oU (7) e

By = m - 3gabc0'b0c . ) fabcdabacad - ha =3
a
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coefficients Gape, Fabed, and Hapeq are given by

c - . : i 9 .
gabc = — |dabe — = (OaOdObc + 0p0daoc + OcOdabO) + —dp000a09b00c0

6 2 2
Al e . .. Y

Fabed = — (0ab0ed + 9adlbe + 0acdbd) + — (dabndned + dadndnbe + dacndnbd)
4 8
Al . - Ao

Habcd — T Oabocd g o g (dabndncd o facnfnbd e fbcnfnad)

where tree-level masses, (m%g)qp and (m%p)qp are given by

2 2 g - - =
(777'-5)ab = m" Ogb — 6 gabc Oc + 4-7:abcd Oc0d
2

- - — =
(771p)ab = m* 0ab + 6 Gabe Oc + 4 Habed 0cOd

The masses are not diagonal, thus o, and mt, fields are not mass generators in
standard basis of SU(3). As, the mass matrices are symmetric and real,

diagonalization is achieved by an orthogonal transformation
5; =03 o
T ia a
. P
= Oz(a ) W s

(%.p); = 0u" (M3 p),, O
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The expectation values (O) = T, 54 + 15 05

where
I c _ /\2 _ _ & — /\2 — —2
ho = |m? — —=a0 + )\—}——)azla—l—[ + (A1 + A O‘——O']O'
0 -771 \/6 0 ( 1 3 0 0 2\/6 ( 1 2) 0 3\/§ 8 8
I c c A A
hg = -n12+%50+2\/§5'8+()\1+)\2)53__225'05'8+()\14—72)5%] o8

From PCAC relations Fa — Ju 21K .

2
V3

fr =924 MeV, fg =113 MeV

(f?r — fK)

g =



LSM involving Ponakov-LooE Potential W

Why Polyakov loop?

* the chiral model does NOT describe effects of QCD gluonic dof
* absence of confinement results in a non-zero quark number
density even in confined phase

 The functional form of the potential is motivated by the QCD
symmetries of in the pure gauge limit

U, ¢\ T) _ b(T) b w3y, ba
T4 — _T|¢|2 - E(‘?"‘B +¢") + E(|¢|2)2=

b(T)=a+a (%) + ag (%)2 + ag (%)3.

ag=6.75, a;=-1.95 = ay;=2625  a3—= 7.4

bz = 0.75 b =175




e LSM involving Polyakov-Loop Potential 11

The thermal expectation value of color traced Wilson loop in
the temporal direction determines Polyakov-loop potential

D(¥) = 7 (P(X)),

1
N
Polyakov-loop potential and its conjugate

(P — (Trt?')D)/ch
(P* — (Trt? 'F’+)/N¢?f

This can be represented by a matrix in the color space

5 p = 1/T Temperature
P(X) = Pexp [ff LfTALl(ffT)] ’
0 © 20

Ay = 1A” Polyakov gauge
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LSM involving Ponakov-LooE Potential
The coupling between Polyakov loop and quarks is given
by the covariant derivative

D, = dy, —iA, in PLSM Lagrangian

Ay = 64040 in the chiral limit

Lprsm = Lmeson + Louark + Gr0A0 —U(P,¢*,T), invariant under chiral
A flavor group (like QCD

Lagrangian)

‘C'clziral — ‘CIHUSOH + ‘Cl]uark g i ‘770/10

U(p,¢*,T) is T-dependent Polyakov Potential

In case of no quarks, then ¢ = ¢*and the Polyakov loop is considered
as an order parameter for the deconfinement phase-transition



Partition Function

In thermal equilibrium, the grand partition function can be defined
by using a path integral over quark, antiquark and meson fields

Z = Trexp[-(H— Y uNp)/T]

f=u,d,s
— /HDHRE)WE/D¢P@EEXP [/(£+ Z P‘f%[_)f’}‘ﬂﬂ)f) ,
a T f=u.d,s
where [ =i[)/"dt[,#  and Hf chemical potential

Thermodynamic potential density

—T'InZ
[ﬂmm =~ = U(0w, 0) + U, ¢, T) mw.]
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The quarks and antiquarks Potential contribution

+1n [1 + 3(¢" + (;{,E—(E-F#jfT) x e~ (E+m)/T 4 E—S{E-'-HHT]} ,

where N gives the number of quark flavors, F = /52 +m?2

Oy
f— ‘_r_
Mg 85

7 /

Mg = g
g %\/E

2
Mesonic potential U(s,,0,) = m—(cr;' +07) — hy0p — hyoy — 20,

2\/"“”*

A
—I—EIJEJZ + 8(2,\1 + do)ot + = ().1 +Ag)od,

Vandermonde determinant is found negligibly small
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N " Thermodynamical Potential @

The thermodynamic potential

—T1'nZ
[Q(Tr .rU*) — VH — U(JIﬂg'y) —[—H(tﬁ?? Crb*ﬂT) ‘[‘wa']

has the parameters
mzf Ny, h};f A1, A, ¢ and g

0x and 0y,  Condensates (chiral order parameters)
¢ and ¢*  (deconfinement order parameters

m?, hy, hy,A1, A2 and ¢ can be fixed, experimentally
Ox, Oy, ¢ and ¢~ minimizing the potential

20 90 20 0
d0y N 80'}/ - a(l) a 84)* min

=0, refined by lattice QCD,

0y = Oy, 0y = 0y, ¢ = ¢ and ¢* = ¢* are the global minimum



Transport Coefficients from PLSM

Fine structure etc. Number density

Oe (T :u) —

Quark mass

Quarks flavors /}

1
o Decay ti
k(T 1) Scy(T, L) S;: ecay time
Relative velocity \

Bulk and Shear Viscosity Specific heat

1 0 [e—3p 1
ﬁlTﬁT( T )—1—16 ij| zﬁ[—IGE—I—QTS—I—TcL;{—lG

Vacuum energy density

‘S .
n ~ Y Pressure, energy density, entropy, speed of sound
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Electrical Conductwntx

Based on parton-hadron-string dynamics transport approach

d
dt

an additional force causes the propagation of charge.

1;'7 = qjek,

The electrical current density

F’
./ (I T Q;
Z lM (fl Mass of j-th particle at time t

In natural units, the ratio of current density and electric field strength =

e|ectriC COI’ldUCtiVity e ' " | Electric conductivity
(‘r{] j €q e igf?jﬁn.m )
T E T proportionality between e-current and e-field & ow 3 ;32 2 .
0.03 =190 MeV —

F. Reif, Fundamentals of Statistical and Thermal Physics, (McGraw-Hill, New York, 1965).
W. Cassing, O. Linnyk, T. Steinert, and V. Ozvenchuk, Phys. Rev. Lett. 110, 182301 (2013).

T T T T T
000 001 002 0.03 0.04 0,05 0.
¢ E_[GeV/fm]



N Electrical Conductivity 1]

in relaxation time approximation, for partonic degrees of freedom
o is described in Gases, Liquids within the dynamical quasiparticle
and Solid State, model (DQPM), the thermal
dependence reads
2 2
en, ooT) e“n,(T)
()-0 e

T Vi, (T, (1))

I', width of quasiparticle spectral function
M, pole mass=spectral dist. of quark-mass

n density of nonlocalized charges
7 relaxation time of charge carriers
m," effective masses

flavor averaged fractional quark charge squared

In PHSD: DQPM matches quasiparticles properties to lattice QCD results in equilibrium
for EOS, electromagnetic correlator, among others.
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"~ Electrical Conductivity Conductivity g

Durde-Lorentz conductivity

Fine structure etc. Number density

Oe (T ,’J) -

Quark mass

Quarks flavors f

Decay time

o is related to flow of charges in presence of an electric field
(decay constant & relaxation time)

response of the strongly interacting system in equilibrium to an
external e-field

« external e-field is applied on flowing charges, the induced
electric current ] is related to the e-field. o is the proportionally
constant.

* self-interaction between quarks and gluons, Green-Kubo
corrector



Nerald Normalized Electrical Conductivitx 11

e
u=0.0MeV )
B PLSM )
NJL [24] oemms

0.3  DQPM [24] 7
LQCD cpex o

c,/T

0.2
0.1
0‘ 1 l 1 1 1 | 1
06 08 1 12 14 16 18 2
T /T,

NJL/DQPM: PRC88, 045204 (2013)
LQCD: PRL111,172001 (2013), PRD83,034504 (2011), JHEP1303,100 (2013), 1412.6411,
1501.0018



N enreds Non-Normalized Electrical Conductivit 8

o, [GeV]

0.1

0.08

0.06

0.04

0.02

1 T y | l '

PLSM
DQPM [24]

NJL/DQPM: PRC88, 045204 (2013)
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‘{ Heat COhdUCtiVitz :
From relativistic Navier-Stokes ansatz, heat flow is
proportional to the gradient of thermal potential

g" = —x nT T o=k (?#T _ T ok p) PRES7, 033019 (2013)
€Tp €EtTp Modeling X
g" =k(Y'T) = —« BxlT(x)l Temperature profile | . _ x (4% +b)
ap
Alternatively, linearizing Boltzmann Eq. = PRrD4s, 2916 (1993)
ofe VT : _
fi=5le+ Fra, fle = {expl(e: — ) /T(2)] + 1}~
8&‘1; T
Non-Equilibrium distribution function Equilibrium distribution function
o i 1 52
Then, the thermal current reads Jr = v > _(ep — #o)v: 5~ ¥p = 31T
P
1 24
- = —3a§T_2IH(T/qD) a, running strong coupling
K m

1.(T ) = { 3 n(T/ap) +0.30, T > ap, q, Debye wave number g*Nyu?/(2m?)

2
2¢(3) (;}'%) , '« gp.



Heat Conductivit
— ]f Specific heat
velocity | I = '?; K ||| Relaxation time

Relaxation time, specific heat are T- and mu-dependent

Relative velocity v,.; = /(p1p2)? — (myms)2/E1Es

k(1 p) 3{1 T T y‘

Relative velocity SpeC|f|c heat Decay time

k is related to heat flow of relativistic fluid (rate of energy change)

k can be estimated through irradiation caused by energetic ions



T Normalized Heat Conductivity

500 3 ;

o
-
)
=3
-

300

1

M = 0.0 MeV

PLSM
NJL [24] e
DQPM [24]

x /T?

200

100

v\’;".
v’-"k’)f;..
U ITITITT
‘X\Jlj;s).‘:: nnnnn s
‘......r\h:c:,s}!;-';:!.:;;..‘,_,.‘u,,_‘w_
O. | 008 ]-.2 1.6 2

NJL/DQPM: PRC88, 045204 (2013)



30 I I T T T

PLSM =
25 | NIL [24] ssne
DQPM [24]

Y,
R
T
5 i (b) e i
iy, gimigymmigigIRInImg LD
Rmimimmipaini

gisigiginininie

0

04 06 038 1 1.2 14 16 18 2

NJL/DQPM: PRC88, 045204 (2013)
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N Bulk Vlsc05|t¥

Kubo’s formula: shear n and bulk  viscosities are
related to the correlation function of stress tensor

(= lhm 1/ t /dgr e““‘"f<[9u( ), QM(O)D] PLB663, 217 (2008)

0 w—0

( = 01111(1}/ dz‘/dgr et 9’“’( ). 9”(0)]) LI- operators

In low energy theorems: bulk viscosity is a measure for violation
of conformal invariance

. — O\ % _ ? (maqq)y = —ﬂ-fﬁ ff— MZ f2
(E,’ B 3P)* — <'T?1-(]q>% + <'T?1-(](]>[] _4‘61.1‘ PCACﬂreIations o

Qwo( =Ts (iz - 3) —4(E-3P)+ (T% — 2) (maq)* +16le,| +6(M2 f2+ My ff)
CS
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Bulk Viscosit

— 1 [Tﬂd (E;Ep> + 166, | = ;T[ 16e+9T S+ T cy + 16|€,|

Vacuum energy density

1 1 I 1

PLSM =——

12 + =00 MeV TETGAT s
a DQPM[24]
0.8 — X xod LQCD
04 F
(a)
0
0.6 0.8 1 1.2 14 1.6
NJL/DQPM: PRC88, 045204 (2013) T/T,

PRD76, 101701(2007); PRL100, 162001(2008); PoS LAT2007, 221(2007); PRL94, 072305(2005).



PLSM —
NJL [24] -
DQPM [24]
LOQCD %X @A _

NJL/DQPM: PRC88, 045204 (2013)
KSS: Kovtun, Son, Starinets, PRL94, 111601 (2005).
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0.4 ! 1 1 T T 10 T T T T

LSM - -
imi PLSM with g = 6.5 =——
u=0.0MeV SB Limit /
K e | =0.0M PLSM with g= 10.5 ===
0.32 et 251 M 0.0 WIP4§1_\It=8 St
I %' dh 1 . asqtad, N, =8
0.24 | z 1 & \,  Contin. o
g ¥ LSM - - s
° 0.16 s PLSM s @
' p4, N, =8
N,=8 —— 2.5
0.08 Continuum i
0 . L 1 I ] 0 -
05 075 1 125 15 175 2 05 0715 1 TI'ZS 15 173 2
T/T, e
- PLSM — |
SB Limit - NS o
¥ asqtad: N.=8 o ]
2 m/m =0.1,N=8 a
K i i B O = 06| Y m/m=0.05N=8 «
o -
O
LSM - - 04
PLSM —.
continyum 0.2 r
- ' 0
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100 — . . 100 |

PLSM =
. p=00MeY  NILDA]
DQPM [24]

LQCD O e A

10 |

10 ¢

&5)/ G,/ T)

M/s)/ (o, /T)

(a)

: 0.8 1 12 14 16 18
T/T, T/T,

PLSM =—
NJL [24] e
1.2 | i _
LQCD ==
E 08; 1= 0.0 MeV |

T T T T T
LI LT ITTTIT I 1T

0.8 1 1.2 1.4 1.6 1.8




Summary

* PLSM seems to be able to generate lattice
QCD transport confidents

 Approaches a wide horizon in
understanding QGP properties at finite T

and mu
Il 2a

Cnacubo!
Thanks!
Danke!

http://atawfik.net/



