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SkyrmeSkyrme modelmodel

Tony Hilton Royle Skyrme

QCD:QCD: LL == −− 11
44
FF aaµµννFF

aaµµνν ++ ¯̄ψψii[[iiγγ
µµDDµµ −−mmδδiijj ]]ψψjj

Low energy meson theory:Low energy meson theory:

LL ==
ff 22ππ
44
TTrr ((∂∂µµUU∂∂

µµUU )) ++ .. .. ..

●● The idea of unifying bosons and fermions in a common framework

●● Consideration of localised field configurations instead of point-like particles

●● The desire to eliminate fermions from a fundamental formulation of theory

Skyrmes’ motivations (1962):SkyrmesSkyrmes’’ motivations (1962):motivations (1962):
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Baby Baby SkyrmionsSkyrmions in action:in action:

Condensed Matter SystemsCondensed Matter Systems

Yu, Onose et al. Nature 465, 901 (2010) 

Three-component 

superconductors

Experimental realization in 

a thin film of Fe0.5Co0.5Si 

J. Garaud, J. Carlström, and E. Babaev, 

Phys. Rev. Lett. 107, 197001 (2011); 

Rößler et al.  

Nature 442 (2006) 797 

Chiral Skyrmions in 

noncentrosymmetric magnets



SkyrmeSkyrme modelmodel

The The SkyrmeSkyrme field:field:

Sigma-model term Skyrme term Potential term

= 186 MeV,          = 136 MeVffππ mmππ

The topological charge:The topological charge: QQ ==
11

2244ππ22
εεiijjkk

��
dd33xxTTrr

��
((UU ††∂∂iiUU ))((UU ††∂∂jjUU ))((UU ††∂∂kkUU ))

��

Ri = (∂iU)U
†The su(2) current:The su(2) current: QQ == −− 11

2244ππ22
εεiijjkk

��
dd33xxTTrr((RRiiRRjjRRkk))

Rescaling:

LL ==
ff 22ππ
44
TTrr

��
∂∂µµUU∂∂

µµUU ††�� ++ 11

3322ee22
TTrr

����
UU ††∂∂µµUU,, UU

††∂∂ννUU
��22��

++
mm22
ππff

22
ππ

88
TTrr ((UU −− II))

EE ==
ffππ
44ee

��
dd33xx

��
−− 11
22
TTrr ((RRiiRR

ii)) −− 11

1166
TTrr (([[RRii ,, RRjj ]]))

22 ++mm22TTrr((UU −− II))
		

xxµµ →→ 22xxµµ//((eeffππ));; mm == 22mmππ//((ffππee))

UU :: SS33 →→ SS33
UU ((��rr,, tt)) −−−−−−→→rr→→∞∞ II

(Skyrme, 1961)



SkyrmeSkyrme modelmodel

The The SkyrmeSkyrme field:field:

Sigma-model term Skyrme term Potential term

The topological charge:The topological charge:

LL == ∂∂µµφφ
aa∂∂µµφφaa −− 11

22
((∂∂µµφφ

aa∂∂µµφφ
aa))22 ++

11

22
((∂∂µµφφ

aa∂∂ννφφ
aa))((∂∂µµφφbb∂∂ννφφbb)) −−mm22((11 −− φφaaφφaa∞∞))

QQ ==
11

1122ππ22

��
dd33xx εεaabbccddεε

iijjkkφφaa∂∂iiφφ
bb∂∂jjφφ

cc∂∂kkφφ
dd

UU == φφ00II ++ iiσσaa ·· ππaa φφaa == ((φφ00,, ππ
aa));; φφaa ·· φφaa == 11

Topological bound:Topological bound: E ≥ 12π2|Q|

Topological bound is not saturated in the Skyrme model, 

the solitons interact  



SkyrmionsSkyrmions from from instantonsinstantons

SU(2) YangSU(2) Yang--Mills                                         Mills                                         SkyrmeSkyrme modelmodel

L =
1

2g2
Tr F 2µν LL ==

ff 22ππ
44
TTrr ((∂∂µµUU∂∂

µµUU )) ++ .. .. ..

M.Atiyah and N.Manton, 

Phys. Lett. B 222, 438 (1989)

Q=1             
YM YM InstantonInstanton SkyrmionSkyrmion

A0 = ir̂a · τa



1

r2 + x20 + λ
− 1

r2 + x20

� UU ((rr)) == eexxpp [[iiττ aa ˆ̂rraaFF ((rr))]]

F (r) = π



1− r√

r2 + λ2

�

11

1166ππ22

��
dd44xxFFµµνν ��FFµµνν

11

2244ππ22
εεiijjkk

��
dd33xxTTrr

��
((UU ††∂∂iiUU ))((UU ††∂∂jjUU ))((UU ††∂∂kkUU ))

��

PontryaginPontryagin indexindex SkyrmionSkyrmion winding numberwinding number

Instanton’s holonomy: U(x) = P exp



i
∞�

−∞

dx0A0(x, x0)



 ∈ SU(2) −→
x→∞

I



SkyrmeSkyrme modelmodel

QQ ==
11

ππ

��
FF ((rr)) −− ssiinn 22FF ((rr))

22

��∞∞

00

The boundary conditionsThe boundary conditions

FF ((00)) == ππ,, FF ((∞∞)) == 00 QQ == 11

LL == −−
��
dd33xx

��
11
22 ((∂∂µµφφ

aa))22 −− 11
44 [[((∂∂µµφφ

aa∂∂ννφφ
aa))22 −− ((∂∂µµφφaa))44 ]] ++mm22 ((11 −− φφ33))

��

φφaa == ((σσ,, ππ11 ,, ππ22 ,, ππ33))UU ((rr)) == σσ ++ ππaa ·· ττ aa == ccooss FF ((rr)) ++ ii ˆ̂nn ·· ττ ssiinn FF ((rr))

Spherically symmetric Spherically symmetric skyrmionskyrmion::

(Hedgehog ansatz)UU ((rr)) == eexxpp [[iiττ aa ˆ̂rraaFF ((rr))]]



SkyrmionsSkyrmions: asymptotic field: asymptotic field

Field equations:Field equations: (1− ∂νφ
b∂νφb)∂µ∂

µφa + (∂µφ
b∂ν∂

νφb − ∂νφb∂µ∂νφ
b)∂µφa

+ ∂µφb∂νφb∂µ∂νφ
a +m2φa∞ = 0 .

(r2 + 2 sin2 F )F ′′ + 2rF ′ − sin 2F


1− F ′

2
+
sin2 F

r2

�
+m2 sinF = 0

For a Hedgehog:

m=0:             

The field of a Skyrmion represents  a triplet of orthogonal scalar dipoles

The energy of interaction of 2 dipoles:

F (r) ∼ d

4πr2
+ O



1

r8

�
, πi = sinF (r)r̂i =

dri
4πr3

, as r →∞

φφ11 φφ11

ψψ == 00

φφ11

AttractionAttraction
RepulsionRepulsion

ψψ == ππ

φφ22 φφ22
φφ22

φφ22

φφ11



Rotating Rotating SkyrmionsSkyrmions

Collective coordinates:Collective coordinates:

( ( IsorotationsIsorotations ))
UU ((rr,, tt)) == AA((tt))UU ((rr))AA††((tt));; AA((tt)) ∈∈ SSUU ((22))

Symmetries of the Skyrme model:

PoincarePoincare groupgroup

SO(4) SO(4) chiralchiral invarianceinvariance

RR
11,,33 ×× SSOO((33,, 11))

SSOO((44)) ∼∼== SSUU ((22)) ×× SSUU ((22))

ZZ22

The Euler-Lagrange equations:

∂∂µµ ¯̄RRµµ ≡≡ ∂∂µµRRµµ ++
11

44
[[RRνν ,, [[RR

νν ,, RRµµ]]]] == 00 ∂∂µµ ¯̄LLµµ ≡≡ ∂∂µµLLµµ ++
11

44
[[LLνν ,, [[LL

νν ,, LLµµ]]]] == 00

Rµ = (∂µU)U
†; Lµ = (∂µU

†)U

NoteNote: the currents              satisfy the zero curvature equation (Maurer–Cartan identity)RRµµ,, LLµµ

UU ((��rr,, tt)) −−−−−−→→rr→→∞∞ II

SSOO((33))

∂∂µµRRνν −− ∂∂ννRRµµ ++ [[RRµµ,, RRνν ]] == 00 ∂∂µµLLνν −− ∂∂ννLLµµ ++ [[LLµµ,, LLνν ]] == 00

SpacialSpacial rotations:rotations: ��rr →→ OO((tt))��rr;; OO((tt)) ∈∈ SSOO((33))



Rotating Rotating SkyrmionsSkyrmions

For the hedgehog ansatz any spatial 

rotation is equivalent to a group rotation 

because

Ωk = −iTr (τkȮO†); ωk = −iTr (τkȦA†)

Spacial rotationsSpacialSpacial rotationsrotations IsorotationsIsorotationsIsorotations

The angular velocities

Effective Effective LagrangianLagrangian::

Moments of inertia

The body-fixed spin and

isospin angular momenta
LLii == −−WWiijjωωjj ++ VViijjΩΩjj ;; KKii == UUiijjωωjj −−WWiijjΩΩjj

LL ==
11

22
ωωiiUUiijjωωjj ++

11

22
ΩΩiiVViijjΩΩjj −− ωωiiWWiijjΩΩjj −−MM

The space-fixed spin and

isospin angular momenta
JJii == −−OO††

iijjLLjj ;; IIii == −−AAiijjKKjj

OOiijj ==
11
22 TTrr((AAττiiAA

††ττjj ))

Integrals of motionIntegrals of motion



Spinning a hedgehog Spinning a hedgehog 

Q=1 UU ((rr)) == eexxpp [[iiττ aa ˆ̂rraaFF ((rr))]]

Spacial rotations can be absorbed into the group rotations: Spacial rotations can be absorbed into the group rotations: 

UU ((rr)) →→ AA((tt))UU ((OOrr))AA††((tt)) == ��AA((tt))UU ((rr)) ��AA((tt)) wwhheerree ��AA == OOAA ∈∈ SSUU ((22))

ΩΩaaLL == ii TTrr((AA†† ˙̇AAττ aa)) ΩΩaaRR == ii TTrr ˙̇AAAA††ττ aa))The angular velocities

II == 88ππ
33

∞∞��
00

rr22ddrr ssiinn22 ff ((rr))
��
FF22

ππ

44 ++ 11
ee22

��
ff ′′((rr))

22
++ ssiinn22 ff((rr))

rr22

����
LL == MM ++ II

22ΩΩ
22
LL == MM ++ II

22ΩΩ
22
RR == MM ++ II TTrr ˙̇AA†† ˙̇AA

The moment of inertia of the Skyrmion

Note:Note: Spherical top

The canonical quantization procedure: Introduce two sets of anguThe canonical quantization procedure: Introduce two sets of angularlar

momentamomenta, , JJLL (canonically conjugate  to (canonically conjugate  to WWLL) and ) and JJRR (conjugate to (conjugate to WWRR). ). 

JJLL,,RR == II ΩΩLL,,RR



Rigid body? Rigid body? 

I = const HH == MM ++
JJ 22

22II
== MM ++

jj((jj ++ 11))

22II
[[JJii,, JJjj ]] == εεiijjkkJJkk

Hedgehog approximation – spin = isospinHedgehog approximation – spin = isospin

J=1/2, S=1/2: J=1/2, S=1/2: Nucleon J=3/2, S=3/2: J=3/2, S=3/2: Δ-resonance

mmnn == 993399 MMeeVV mm∆∆ == 11223322 MMeeVV

 The Skyrme model can be considered as a low-energy effective theory 

of hadrons

 its solitonic solutions are identified with nucleons

 the topological charge is identified with baryon number

 it can thus be used to study the structure of nuclear matter at high 

densities

1980s-2000s: Everybody knows that..



Rigid body? Rigid body? 

I = const HH == MM ++
JJ 22

22II
== MM ++

jj((jj ++ 11))

22II
[[JJii,, JJjj ]] == εεiijjkkJJkk

Hedgehog approximation – spin = isospinHedgehog approximation – spin = isospin

J=1/2, S=1/2: J=1/2, S=1/2: Nucleon J=3/2, S=3/2: J=3/2, S=3/2: Δ-resonance

mmnn == 993399 MMeeVV mm∆∆ == 11223322 MMeeVV

2010.. But… Skyrme model requires for ~20% accuracy

ffππ(p(p)/ )/ ffππ((ππ) ~ 1/2) ~ 1/2

Rigid body approximationRigid body approximation

mmnn// mmππ ~ 2~ 2

““NucleiNuclei”” do not at all look like nucleido not at all look like nuclei

Binding energy of nucleons if too highBinding energy of nucleons if too high

The usual Skyrme model with pion fields only does not work



Rational map Rational map SkyrmionsSkyrmions

TheThe SkyrmeSkyrme fieldfield isis effectivelyeffectively a a mapmap UU: : SS33 →→ SU(2) ~ SSU(2) ~ S
33

TheThe ideaidea of of thethe rational rational mapmap ansatzansatz:  :  

Separate the radial and the angular

dependence of the Skyrme field as as 

Identify spheres SS22
with concentric

spheres in  compactified RR33

Identify target space SS22
with spheres

of latitude on SS33

(N.S. Manton, (N.S. Manton, C.HoughtonC.Houghton && P.SutcliffeP.Sutcliffe, 1998), 1998)

zz == ttaann((θθ//22))eeiiϕϕStereographic Projection:

ˆ̂nnzz ==
11

11 ++ ||zz||22



zz ++ ¯̄zz

11 ++ zz ¯̄zz
,, ii

zz∗∗ −− zz

11 ++ zz ¯̄zz
,,
11 −− zz ¯̄zz

11 ++ ¯̄zz

��

== ((ssiinn θθ ccooss φφ,, ssiinn θθ ssiinn φφ,, ccooss θθ))

Domain space Target space

n̂Z =



Z+ Z̄

1+ZZ̄
, i

Z̄−Z
1+ZZ̄

,
1−ZZ̄
1+ZZ̄

�

UU == eexxpp {{iiff ((rr)) ˆ̂nnZZ ·· σσ}}

ZZ == PP ((zz))//QQ((zz))



Rational map approximation Rational map approximation 

Static energy:Static energy: EE == 44ππ

�� 


rr22ff ′′

22
++ 22QQ((ff ′′

22
++ 11)) ssiinn22 ff ++WW

ssiinn44 ff

rr

��
ddrr

4πQ=

� 

1+|z|2
1+|Z|2

����
dZ

dz

����
�2

dzdz̄

(1+|z|2)2 WW==
11

44ππ

�� 


11++ ||zz||22
11++ ||ZZ||22

��������
ddZZ

ddzz

��������
��44

ddzzdd¯̄zz

((11++ ||zz||22))22

The The holomorphicholomorphic maps of degree Q:maps of degree Q:

Q= 4:Q= 4:

Q= 7:Q= 7:

(Octahedral (Octahedral SkyrmionsSkyrmions))

((IcosahedralIcosahedral SkyrmionsSkyrmions))

ZZ((zz)) == zz44++22ii
√√
33zz22++11

zz44−−22ii
√√
33zz22++11

Z(z) = z7−7z5−7z2−1
z7+7z5−7z2+1



SkyrmionsSkyrmions

Q=1             Q=2             Q=3             Q=4             

Q=5             Q=6             Q=7             Q=8             



R. A. R. A. BattyeBattye, N. S. Manton,, N. S. Manton,

C.HoughtonC.Houghton

andand P. P. SutcliffeSutcliffe (1996,2004)(1996,2004)

Shell vs. Crystal

Shell wins for m c 0.16

Crystalline Crystalline structurestructure of of nucleonsnucleons



SkyrmeSkyrme crystals:crystals:
(Klebanov, Kugler, Shtrikman, Manton..)

((xx11 ,, xx22,, xx33)) −−→→ ((σσ,, ππ11 ,, ππ22 ,, ππ33));; xxii == 22nniiLL

simple cubic lattice

U(x1 + L, x2, x3) = τ2U(x1, x2, x3)τ
2 etc

Atractive channel of interaction between 6 nearest neighbors

face-centred cubuc lattice

(x1,x2,x3) �→(−x1,x2,x3); (σ,π1,π2,π3) �→(σ,−π1,π2,π3)
(x1,x2,x3) �→(x2,x3,x1); (σ,π1,π2,π3) �→(σ,π2,π3,π1) ,

(x1,x2,x3) �→(x1,x3,−x2); (σ,π1,π2,π3) �→(σ,π1,π3,−π2),

Atractive channel of interaction between 12 nearest neighbors

Low density phaseLow density phase

LL22 ++ LL44 ++ LL00

(x1, x2, x3) �→ (x1 + L, x2 + L, x3) ; (σ, π
1, π2, π3) �→ (σ,−π1,−π2, π3)



SkyrmeSkyrme crystals:crystals:

½ Simple cubicBCC

(x1, x2, x3) �→ (x1 + L, x2, x3) ; (σ, π1, π2, π3) �→ (−σ,−π1, π2, π3)

High density phaseHigh density phase

σ = ∓ cos ξ1 cos ξ2 cos ξ3 ;

π1 = ± sin ξ1
�
1− 1

2
sin2 ξ2−

1

2
sin2ξ3+

1

3
sin2 ξ2 sin

2 ξ3 ξi = πxi/L

LL22 ++ LL44 ++ LL00



SkyrmeSkyrme crystals: crystals: LL22 ++ LL44 ++ LL00



Generalized Generalized SkyrmeSkyrme modelmodel

(C.Adam, J.Sánchez-Guillén and A.Wereszczynski..)

LL44 ==
11

3322ee22TTrr
����
UU ††∂∂µµUU,, UU

††∂∂ννUU
��22��

EE ≥≥ ±±QQ

LL66 == −−
λλ22

2244ππ22
TTrr
��
εεµµννρρσσUU

††∂∂µµUUUU
††∂∂ννUUUU

††∂∂ρρUU
��22
== BBµµBB

µµ

LL00 == µµ22VVLL22 ==
ff 22ππ
44
TTrr

��
UU ††∂∂µµUUUU

††∂∂µµUU
��

L = aL2 + bL4 + cL6 + L0

PoincarePoincare invariance & standard Hamiltonian (quadratic in time derivativeinvariance & standard Hamiltonian (quadratic in time derivatives):s):

Self-duality equation:SelfSelf--duality equation:duality equation: TTrr
��
εεµµννρρUU

††∂∂µµUUUU
††∂∂ννUUUU

††∂∂ρρUU
��
== ±±CC

√√
LL00

ππ22QQ ±± µµ
√√
VV == 00

SubmodelSubmodel:: LL66 ++ LL00



BPS BPS SkyrmionsSkyrmions -- CompactonsCompactons

Field equation: cos3
F

2
= ±3

4
(z − z0)

22 aarrccccooss
33

��
33zz

44
;; zz ∈∈ [[00,, 44

33
]]

00 ,, zz ≥≥ 44

33
,,

FF ((zz)) ==

More More compactonscompactons (non(non--BPS):BPS):

LL == LL00 ++ LL44 ++ LL66

Hedgehog parametrization: UU ((rr)) == eexxpp [[iiττ aa ˆ̂rraaFF ((rr))]] z =
2µr3

3



SkyrmeSkyrme crystals: crystals: submodelssubmodels of   of   LL22 ++ LL44 ++ LL66 ++ LL00

LL22 ++ LL66

High density phaseHigh density phase

aaLL22 ++ bbLL44 ++ LL66 ++ LL00

a, b→ 0

Low density phaseLow density phase



Yet another selfYet another self--dual dual SkyrmeSkyrme modelmodel

(L.A. Ferreira  and Ya Shnir)

ZZ11 == φφ11 ++ iiφφ22 ;; ZZ22 == φφ00 ++ iiφφ33 ;; ZZ∗∗aaZZaa == 11UU == φφ00II ++ iiσσaa ·· φφaa

AAµµ ==
ii

22
((ZZ∗∗aa∂∂µµZZaa −− ZZaa∂∂µµZZ

∗∗
aa )) ;; HHµµνν == ∂∂µµAAνν −− ∂∂ννAAµµ

L = m2

2
A2µ −

1

4e2
H2
µν ; E = 1

2

�
d3x



m2A2n +

1

e2
B2
n

�

QQ ==
11

1122ππ22

��
dd33xx εεaabbccddεε

iijjkkφφaa∂∂iiφφ
bb∂∂jjφφ

cc∂∂kkφφ
dd ==

11

44ππ22

��
dd33xx AAnnBBnn

Energy bound:Energy bound:

E = 1

2

�
d3x



mAn ±

1

e
Bn

�2
∓ m

e

�
d3xAnBn

EE ≥≥ 44ππ22mm
ee
||QQ|| SelfSelf--duality duality eqseqs:: mm ��AA ==

11

ee
��BB ==

11

ee
∇∇ ×× ��AA



Yet another selfYet another self--dual dual SkyrmeSkyrme modelmodel

The model  is invariant w.r.t group of conformal transformations in 3d

Two commuting U(1):Two commuting U(1):

mm00ff ((��rr)) ��AA == ±± 11

ee00ff ((��rr))
��BB

∂ξ =
x3
a
(x1∂1 + x2∂2) +

1

2a

�
a2 + x23 − x21 − x22

�
∂3

Toroidal coordinates:

Ansatz:AnsatzAnsatz::

zz ==
44aa22ρρ22

((rr22 ++ aa22))22
;; ttaann ξξ ==

22aaxx33
rr22 −− aa22

;; ttaannϕϕ ==
xx22
xx11

∂ϕ = x2∂1 − x1∂2

Z1 =
�
F (z)eInϕ; Z2 =

�
1− F (z)eImξ

FF ((zz)) ==
mm22zz

mm22zz ++ nn22((11 −− zz))

ff 22 ==
22mmnn((11 −−

√√
11 −− zz ccooss ξξ))

aa[[mm22zz ++ nn22((11 −− zz))]]



Yet another selfYet another self--dual dual SkyrmeSkyrme modelmodel

Energy density and topological charge:

EE == 1166mmnn

aa33
((rr//aa))22 ++ 11

[[44((ρρ//aa))22((mm22 −− nn22)) ++ nn22((((rr//aa))22 ++ 11))22]]22
;; QQ == mmnn

n=2, m=2             n=1, m=4             n=4, m=1             



Usual Skyrme model supports variety of different 

solitons which do not saturate the topological bound

Construction of Skyrme crystal allows us to 

approach the self-duality bound

Self-dual reduction of Skyrme models is possible

New exact self-dual Skyrme model is constructed   

SummarySummary



Thank you!Thank you!


