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Keldysh and S-matrix technique
S-matrix approach - The transition amplitude from
Nin' to Sout! state

M = (out|in), o ~ |[M|?

-Adiabatic switching of the interactions.

lin) = U(0, —o0)|in)e, |out) = Uf(co, 0)|out)y
M = (out|in) = o(out|U(co, —oo)|in)g
- But S-matrix for a process 2-> 100 ???
Keldysh-Schwinger approach used to analyze the time
evolution of the density matrix p(t) =3 Pilvi(t))(ui(t)|
p(t) = Ut to)p(to) U (¢, to)
Any observable is given by

(At)) = tr(Ap) = tr(UT(t, to)AU(E, to)(to))



Quantum evolution: general case

- For evolution starting at t =t, and ending at t =t;

(F@))er = tr(F(@)p(t1)) = / AEF() (€U (1, )i (k) Ulto, £1)[€)
- / de / dé, / deaF() (€| U kL, to) €10 (€0 1A (ko) [€2) (€2l Uto, £1)]6),

with the matrix elements of the evolution operator
ne(t1)=¢
<€|O(t1ut0)|§1> = / an(t)e"s[m—‘]
ne(to)=¢&1
np(t1)=¢
< &|U(to, t1)]E > = / Dp(t)e Sl

na(to)=¢&2



Quantum evolution: general case

(F(@))e = / de / dé, / dea(61]p(to)|E2) x
ne(t1)=¢ ng(t1)=¢

<Fo [ D [ Digesi,
ne(to)=61 na(to)=&2
Sk[n] = S[ne] — S[ns]
- The fields ng and ng live on the Keldysh contour:
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Quantum evolution: general case

> [t is convenient to extend time t = co

/dxl/d§1/d§2 &11p(to)|€2)

nF(00)= B(00)=x1 . .
" / DT}F / Dis F(ﬁF( 1) "2’778( 1)> oSkl
ne(to)=61 np(to)=¢2

Only observable F depends on observation time t,
» The fields ng and ng now live on the extended
Keldysh contour:
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Quantum evolution: general case

Keldysh rotation:

¢ = nF;nB, bq = NF — 1B
bet) = LT8R 4o0)=x

2
$q(to) = & — &, pg(o0) =0

o= [ da [ de / dé>(611(t0) 62)

bc 00) X1 OO) 0
x / Dée / Doy F(ge(t)) €i5€lbotd
¢e(to)=1152 #q(to)=61—&2



Quantum evolution: general case
Lagrangian:

1

A
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5—5(%@) ~a? —Jo

Keldysh action:

T A
SK[Cbc’ Cf)q] = /dt[¢c¢q - Iébcébg - 8¢§¢q - J¢q] =
to

elta) € — &) = [ dt (dqlde+ G0t + ] - 50009)
to

1 7 .. A A
%SK[Q% ¢q] = /dt[¢c¢q - h21¢c¢2 - €¢g¢q - J¢q]
to

®q — hog



Quantum evolution: general case
Expansion in ¢4 is a quasiclassical expansion (not in X)

< F(@) >t,= / dx: / de, / des < &11p(to) €2 >
¢e(00)=x1 ‘
X / Do, F[gbc(tl)]ei¢6(t0)(§1—€2)

de(to)= §1+§2

o0)=0 T
¢g(c0) —i [ dt(pqAlpel— 2 de )
x / Dgq e B

¢q(to)=&1—&2
¢c(00)=x1

Doe Floe(t) / ’;l’fe"f’@l&)&(ﬁ = de(t0) O(Alge])

¢c(t0):51;r§2

_iX g b3 A
e (5%ebq 1 Eqﬁcqﬁg



Quantum evolution at the leading order in ¢,

In the leading order in ¢4 we have Flo.(t1)] = F[¢2(t1)]
where ¢? is solution of EoM. That

(F@)e = / if / ds, / de>(61[p(to) |62)ePE Pl (1))

Defining (&1 +£2)/2 = a and & — & = B one gets:

dp _
(F@)e? = /2};/61@ fiv(a, P, to) Flo2(t))]
FW(aapvtO) = /dﬁ<a+ §|ﬁ(t0)’a = §>61P5
$to) = a,  Hto)=p
B+ =0



Quantum evolution at the leading order in ¢,

For spatially inhomogeneous fields

° = [Dp(9) [ Datofiulat), ), tolFied(t:, )

where Dg(x) means the integration over 4-dimensional
functions and symbol Dg(x) - over 3-dimensional ones
and initial conditions

06+ 2 @P =0, #lto, ) =al9), §lto %) = P(x)



Numerical solution
Observables for consideration

1 A
TH = Hpd” p — g“( 0y p0° 24g04).

Dynamical interrelation between energy and pressure
and possibility of reaching the "hydrodynamic" regime
e =3p [trT* =0]

In the case of homogeneous field at the classical level

_¢ xt sbj_&
2 24’ Po= 2

€0
©(t) = dmax CV\( \[fbmax t—l—C)

Jacobi Elliptical functions

cos(¢) = en(k?,u), T =4K(k?)

¢
0/ V1- k25m2 x)’



Classical evolution: field, energy and pressure
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» Kevin Dusling (Brookhaven), Thomas Epelbaum,
Francois Gelis (Saclay, SPhT), Raju Venugopalan
(Brookhaven) [ Nucl.Phys. A850 (2011) 69-109 ]

» only numerical

» nonregular derivation (only for T* observables)

» without NLO



Quantum evolution at LO: pressure relaxation
Averaging over initial conditions with Gaussian Wigner
function gives

200 H

100

TPV
[

A S S R RS
1 15 20 25 30 35t

-100

=200+




Quantum evolution at LO: pressure relaxation
Pressure relaxation as a function of coupling:
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Quantum evolution at LO: pressure relaxation

> Let3 us define relaxation time 7 as a time at which
e '”( —01

&€

7( p0)

40

L L L L
2 4 6 8

> 7(po) IS approximately linear in pg in agreement
with analytical expression



Quantum evolution at LO: analytical solution
Ansatz for the Wigner function:

1 et
e 0 Po

fw(a, p,0) =

QopPom

Change variables
_ _ 1 A - _
Sp(t)a7p) = d)max(a,P) cn (7 \/>¢W\KZX(057P) t—‘f_ C(aaP)>

= dmaxcn(1/2,C),
\[gbmxm (1/2,0)dn(1/2,C)

/;/da%/\ﬂ Adrmax dC,
=2



Quantum evolution at LO: analytical solution
In the saddle point approximation

1 _ (Gmax=A)2 _ 2a%r

e % o5 (1)

FW(¢W\QX7 C7 0) ~ aopoﬂ

valid for ag < A and py < A*\/A/6, introducing a
Fourier transform

s el 2 e
cn (;;\/§¢maxt+ C) = Z uie i (\/Z(Zb t+c), (2)

k=—o00

-
Um = _}_/cn <;;t> e T dt,
0

one can receive for mean field

6n2pg agmx 2A7Tk\/x
= k2 0=~ k22
< Ye >LO0= 2A E Uupe XA1T2T e 62 coS -t
c LO - k ( T 6




Quantum evolution at LO: analytical solution
In the same approximation the pressure reads

Pro _ (% Qiik{uue*%(kﬂy
T k“(

€Lo

k=0 =—c0
o I (krh?e? cos <2WA(_:,< +0) 21:) =
_ A e
fLo = 5 A (3)
Let us consider the large time limit t — o (g = O).
Consider
2\ ? &
@) =-|=+ > k(g —kueug i = (4)
k=—o0



Quantum evolution at LO: analytical solution

The corresponding sum can be calculated analytically,
(0) =1/3, so that
PLO(t — o0) =¢e.0(41(0)—1) = Eﬂ

The next step is q =2,1(q) ~ 0.12

prLo(t — o00) =¢€L0 [;Jr

_24n?pd 20872 4 A
81(2)6 )\A4'r2oe 30"2 tQCOS (T\/;t) F coo

"Thermalization time" t,, can be estimated as

3 T
o T 5




Quantum evolution at LO: analytical solution

Pro/€Lo
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Figure : Pressure relaxation: comparison of numerical result
an analytical expression with terms up to q =6 taken into
account. The parameter values are po = 1.5v2, ag = 1/po,

A =10, A=0.9 (I(4) ~ —0.04, (6) ~ —0.006)



Quantum evolution at NLO

—i%tf dt' 693
0

: ~ 1= 8 [arewie) + o (@
to

Using procedure described above and relations

5 ' -
me Skldedal = g (t)e=KlPe:dal -
and e
1) o
@) 0 ezt )

which follows from causality, where ¢ is the solution of
EoM with nonzero J

RN (4)



Quantum evolution at NLO
One can obtain for NLO correction

(F@)ee = / dp / da fuulap. to)

t1)]
( el + / (e 5J3 t’

5))

Where
O*Fl(t)] _ dF o JAF
W dgf) (tl,t/) d(bQ (tl,t/)q)l(tl,t/)
d3
d¢3 (tlatl) 9
with

2 3
((Ssﬁ((?)) = ®1(ty,t), m = &3(t,t), (;ﬁ,((g)) = 3(t1, t).



Quantum evolution at NLO

Variation of equation of motion gives

53
5J3(t)

N A
Le=07 + §¢2(t)

(6 + %¢3 +J)t, =0

evolution equations for field variations:
Le, @1(t,t) = 6(t1—t),

Ly, @t t) = —Ap(t1)D3(ty,t),
Le, @3(ty, ) = —A®F(tr, ) — BAG(t1) @1 (b1, ) Dao(ts, E).



Quantum evolution at NLO
2 -point corvelation functions in the Keldysh formalism:

< Be(ty)de(ts) >= / dp / dofy(a, . to)d(t)6(ts),

< Be(t)dq(t) >= —l/ /dafw @ P, to) 5

. [dp ~
= —l/;/dafw(a,P,to)@l(tl,tg),
< ¢q(t1)pqg(tz) >=0 by construction.

In order to find ®((t,t)) one can note that
, A .
Bt [92(t) + g(¢g(t))3} = Ogives
A . -
[0F + §(¢S(t))2]¢8(t) = Ledg(t) =

It means that ¢3(t) = fi(t) is the first particular solution
of equation on ®,(t,t') (or Green function G(t,t") )



Quantum evolution at NLO

(8, t) = G(t. ) = 0(t — V) [ (£)fa(t) — Fa(t)f1 (D).

Or in other terms

Bt ¥) = o [(E)00E) — HUBE)+

Ge(t)e(t)(t — ot~ t)

¢0 = QmaxCih ( \/>¢wxax t+ C)
1 A
0 t) = _\/ggbfmxsm (; \/;‘stmx RS C) -dn (23 \/;wamx t+ C)



Quantum evolution at NLO
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Let formulate once again the main results obtained:

The systematic procedure of computing quantum
corrections in the framework of Keldysh formalism s
described.

Analytical expressions for pressure relaxation in the
scalar field model are presented.

Explicit equations for the next-to-leading order
corrections are written down.



