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Formation of equation of state at
early stage of ultrarelativistic

heavy-ion collisions

A. V. Leonidov, A. A. Radovskaya
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relativistic heavy ion collisions

⇓

..
early stage

⇓

..
relaxation of highly exited fields

⇓

..
scalar field theory

⇓

..
homogeneous scalar field
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Big Bang
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Little Bang

arxiv:1304.3634. Ulrich Heinz "Towards the Little
Bang Standard Model"
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Keldysh and S-matrix technique
S-matrix approach - The transition amplitude from
``in'' to ``out'' state

M = ⟨out|in⟩, σ ∼ |M|2

-Adiabatic switching of the interactions.

|in⟩ = Û(0,−∞)|in⟩0, |out⟩ = Û†(∞, 0)|out⟩0
M = ⟨out|in⟩ = 0⟨out|Û(∞,−∞)|in⟩0

- But S-matrix for a process 2-> 100 ???
Keldysh-Schwinger approach used to analyze the time
evolution of the density matrix ρ̂(t) =∑

i
Pi|ψi(t)⟩⟨ψi(t)|

ρ̂(t) = Û(t, t0)ρ̂(t0)Û†(t, t0)
Any observable is given by

⟨A(t)⟩ = tr(Âρ̂) = tr(Û†(t, t0)ÂÛ(t, t0)ρ̂(t0))
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Quantum evolution: general case
- For evolution starting at t = t0 and ending at t = t1

⟨F(φ̂)⟩t1 = tr(F(φ̂)ρ̂(t1)) =
∫
dξF(ξ)⟨ξ|U(t1, t0)ρ̂(t0)Û(t0, t1)|ξ⟩

=

∫
dξ
∫
dξ1

∫
dξ2F(ξ)⟨ξ|U(t1, t0)|ξ1⟩⟨ξ1|ρ̂(t0)|ξ2⟩⟨ξ2|Û(t0, t1)|ξ⟩,

with the matrix elements of the evolution operator

⟨ξ|Û(t1, t0)|ξ1⟩ =
ηF(t1)=ξ∫

ηF(t0)=ξ1

DηF(t)eiS[ηF]

< ξ2|Û(t0, t1)|ξ > =

ηB(t1)=ξ∫
ηB(t0)=ξ2

DηB(t)e−iS[ηB]
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Quantum evolution: general case

⟨F(φ̂)⟩t1 =

∫
dξ
∫
dξ1

∫
dξ2⟨ξ1|ρ̂(t0)|ξ2⟩×

× F(ξ)
ηF(t1)=ξ∫

ηF(t0)=ξ1

DηF

ηB(t1)=ξ∫
ηB(t0)=ξ2

DηB eiSK[η],

SK[η] = S[ηF]− S[ηB]

- The fields ηF and ηB live on the Keldysh contour:



.....
.
....

.
....

.
.....
.
....
.
....
.
....
.
.....
.
....
.
....
.
....
.
.....
.
....
.
....
.
....
.
.....

.
....

.
.....

.
....

.
....

.

Quantum evolution: general case
▶ It is convenient to extend time t = ∞

⟨F(φ̂)⟩t1 =

∫
dχ1

∫
dξ1

∫
dξ2⟨ξ1|ρ̂(t0)|ξ2⟩

×
ηF(∞)=χ1∫
ηF(t0)=ξ1

DηF

ηB(∞)=χ1∫
ηB(t0)=ξ2

DηB F
(
ηF(t1) + ηB(t1)

2

)
eiSK[η]

Only observable F depends on observation time t1
▶ The fields ηF and ηB now live on the extended
Keldysh contour:
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Quantum evolution: general case
Keldysh rotation:

ϕc =
ηF + ηB

2
, ϕq = ηF − ηB

ϕc(t0) =
ξ1 + ξ2

2
, ϕc(∞) = χ1

ϕq(t0) = ξ1 − ξ2, ϕq(∞) = 0

⟨F(φ̂)⟩t1 =

∫
dχ1

∫
dξ1

∫
dξ2⟨ξ1|ρ̂(t0)|ξ2⟩

×
ϕc(∞)=χ1∫

ϕc(t0)= ξ1+ξ2
2

Dϕc

ϕq(∞)=0∫
ϕq(t0)=ξ1−ξ2

Dϕq F(ϕc(t1)) eiSK[ϕc,ϕq]
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Quantum evolution: general case
Lagrangian:

L =
1

2
(∂µφ)

2 − λ

4!
φ4 − Jφ

Keldysh action:

SK[ϕc, ϕq] =
∞∫
t0

dt[ϕ̇cϕ̇q − λ

4!
ϕcϕ3q −

λ

6
ϕ3cϕq − Jϕq] =

ϕ̇c(t0)(ξ1 − ξ2)−
∞∫
t0

dt (ϕq[ϕ̈c +
λ

6
ϕ3c + J]− λ

4!
ϕcϕ3q)

1

ℏ
SK[ϕc, ϕq] =

∞∫
t0

dt[ϕ̇cϕ̇q − ℏ2
λ

4!
ϕcϕ3q −

λ

6
ϕ3cϕq − Jϕq]

ϕq → ℏϕq
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Quantum evolution: general case
Expansion in ϕq is a quasiclassical expansion (not in λ)

< F(φ̂) >t1=
∫
dχ1

∫
dξ1

∫
dξ2 < ξ1|ρ̂(t0)|ξ2 >

×
ϕc(∞)=χ1∫

ϕc(t0)= ξ1+ξ2
2

Dϕc F[ϕc(t1)]eiϕ̇c(t0)(ξ1−ξ2)

×

ϕq(∞)=0∫
ϕq(t0)=ξ1−ξ2

Dϕq e
−i

∞∫
t0
dt(ϕqA[ϕc]− λ

4!
ϕcϕ3q)

=

ϕc(∞)=χ1∫
ϕc(t0)= ξ1+ξ2

2

Dϕc F[ϕc(t1)]
∫ dp̃

2π
eip̃(ξ1−ξ2)δ(p̃− ϕ̇c(t0)) δ(A[ϕc])

e−i λ4!ϕcϕ3q ≈ 1− λ

4!
ϕcϕ3q
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Quantum evolution at the leading order in ϕq

In the leading order in ϕq we have F[ϕc(t1)] = F[ϕ0c(t1)]
where ϕ0c is solution of EoM. That

⟨F(φ̂)⟩LOt1 =

∫ dp̃
2π

∫
dξ1

∫
dξ2⟨ξ1|ρ̂(t0)|ξ2⟩eip̃(ξ1−ξ2)F[ϕ0c(t1)]

Defining (ξ1 + ξ2)/2 = α and ξ1 − ξ2 = β one gets:

⟨F(φ̂)⟩LOt1 =

∫ dp̃
2π

∫
dα fW(α, p̃, t0) F[ϕ0c(t1)]

fW(α, p̃, t0) =

∫
dβ⟨α+

β

2
|ρ̂(t0)|α− β

2
⟩eip̃β

ϕ0c(t0) = α, ϕ̇0c(t0) = p̃
ϕ̈0c +

λ

6
(ϕ0c)

3 = 0
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Quantum evolution at the leading order in ϕq

For spatially inhomogeneous fields

⟨F(φ̂)⟩LOt1 =

∫
Dp̃(x)

∫
Dα(x)fW[α(x), p̃(x), t0]F[ϕ0c(t1, x)],

where Dϕ(x) means the integration over 4-dimensional
functions and symbol Dϕ(x) - over 3-dimensional ones
and initial conditions

□ϕ0c +
λ

6
(ϕ0c)

3 = 0, ϕ0c(t0, x) = α(x), ϕ̇0c(t0, x) = p̃(x).
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Numerical solution
Observables for consideration

Tµν = ∂µφ∂νφ− gµν
(
1

2
∂σφ∂

σφ− λ

24
φ4

)
.

Dynamical interrelation between energy and pressure
and possibility of reaching the "hydrodynamic" regime
ε = 3p [trTµν = 0]
In the case of homogeneous field at the classical level

ε0 =
φ̇2

2
+
λφ4

24
, p0 =

φ̇2

2
− λφ4

24

φ(t) = ϕmax cn
(
1

2
;

√
λ

6
ϕmax t+ C

)
Jacobi Elliptical functions

u =

ϕ∫
0

dx√
1− k2sin2(x)

, cos(ϕ) = cn(k2,u), T = 4K(k2)



.....
.
....

.
....

.
.....
.
....
.
....
.
....
.
.....
.
....
.
....
.
....
.
.....
.
....
.
....
.
....
.
.....

.
....

.
.....

.
....

.
....

.

Classical evolution: field, energy and pressure

- 30 - 20 -10 10 20 30 40
t

-4

- 2

2

4

ΦH t L
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t
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- 20

20

40

¶ p

▶ Kevin Dusling (Brookhaven), Thomas Epelbaum,
Francois Gelis (Saclay, SPhT), Raju Venugopalan
(Brookhaven) [ Nucl.Phys. A850 (2011) 69-109 ]

▶ only numerical
▶ nonregular derivation (only for Tµν observables)
▶ without NLO
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Quantum evolution at LO: pressure relaxation
Averaging over initial conditions with Gaussian Wigner
function gives

5 10 15 20 25 30 35
t

-200

-100

100

200

1

3
¶

p
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Quantum evolution at LO: pressure relaxation
Pressure relaxation as a function of coupling:

10 20 30 40
t

- 1.0

- 0.5

0.5

1.0

p� ¶

Λ =1.5

Λ =0.5
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Quantum evolution at LO: pressure relaxation
▶ Let us define relaxation time τ as a time at which∣∣∣ ε−3p

ε

∣∣∣ = 0.1

2 4 6 8

10

20

30

40

Τ H p0 L

▶ τ(p0) is approximately linear in p0 in agreement
with analytical expression
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Quantum evolution at LO: analytical solution
Ansatz for the Wigner function:

fW(α,p, 0) = 1

α0p0π
e−

(α−A)2
α2
0

− p2
p20

Change variables

φ(t, α, p̃) = ϕmax(α, p̃) cn
(
1

2
;

√
λ

6
ϕmax(α, p̃) t+ C(α, p̃)

)
α = ϕ(0) = ϕmaxcn(1/2,C),

p = ϕ̇(0) = −
√
λ

6
ϕ2maxsn(1/2,C)dn(1/2,C)∫ dp̃

2π

∫
dα→

∫
|J| dϕmax dC,

|J| =
√
λ

6
ϕ2max.
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Quantum evolution at LO: analytical solution
In the saddle point approximation

fW(ϕmax,C, 0) ≈ 1

α0p0π
e−

(ϕmax−A)2
α2
0

−C2A4λ
6p20 (1)

valid for α0 ≪ A and p0 ≪ A2
√
λ/6, introducing a

Fourier transform

cn
(
1

2
;

√
λ

6
ϕmaxt+ C

)
=

∞∑
k=−∞

uke
2πik
T

(√
λ
6
ϕmaxt+C

)
, (2)

um =
1

T

T∫
0

cn
(
1

2
; t
)
e−imt 2πT dt,

one can receive for mean field

< φc >LO= 2A
∞∑
k=0

uke−
6π2p20
λA4T2 k

2e−
α2
0π

2λ

6T2 k2t2 cos
(
2Aπk
T

√
λ

6
t
)
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Quantum evolution at LO: analytical solution
In the same approximation the pressure reads

pLO
εLO

= −8

(
2π

T
)2 ∞∑

k=0

∞∑
l=−∞

k l ukul e−
6π2p20
λA4T2 (k+l)

2

× e−
α2
0π

2λ

6T2 (k+l)2t2 cos
(
2πA(k+ l)

T

√
λ

6
t
)

− 1

εLO =
λ

24
A4 (3)

Let us consider the large time limit t→ ∞ (q = 0).
Consider

I(q) = −
(
2π

T
)2 ∞∑

k=−∞

k(q− k)ukuq−k = (4)

1

T

T∫
0

(
d cn (12 ; t)

dt

)2

e− 2πi
T qt,
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Quantum evolution at LO: analytical solution
The corresponding sum can be calculated analytically,
I(0) = 1/3, so that

pLO(t→ ∞) = εLO(4I(0)− 1) =
εLO
3
.

The next step is q = 2, I(q) ≈ 0.12

pLO(t→ ∞) = εLO

[
1

3
+

8I(2)e−
24π2p20
λA4T2 e−

2α2
0π

2λ

3T2 t2cos
(
4πA
T

√
λ

6
t
)

+ ...

]

"Thermalization time" tth can be estimated as

tth ∼
√

3

2

T
πα0

√
λ
. (5)
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Quantum evolution at LO: analytical solution

2 4 6 8 10 12
t

1.0

0.5

0.5

1.0

pLO LO

numerical

analytical for q 6

1 3

Figure : Pressure relaxation: comparison of numerical result
an analytical expression with terms up to q = 6 taken into
account. The parameter values are p0 = 1.5

√
2, α0 = 1/p0,

A = 10, λ = 0.9 (I(4) ≈ −0.04, I(6) ≈ −0.006)
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Quantum evolution at NLO

e
−i λ

4!

∞∫
t0
dt′ϕcϕ3q

≈ 1 − iλ
4!

∞∫
t0

dt′ϕc(t′)ϕ3q(t′) + O(ϕ6q) (6)

Using procedure described above and relations
δ

δJ(t)e
iSK[ϕc,ϕq] = iϕq(t)eiSK[ϕc,ϕq] (7)

and
δϕ(t1)
δJ(t′) = 0 if t′ ≥ t1, (8)

which follows from causality, where ϕ is the solution of
EoM with nonzero J

ϕ̈+
λ

6
ϕ3 = J (9)
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Quantum evolution at NLO
One can obtain for NLO correction

⟨F(φ̂)⟩NLOt1 =

∫ dp̃
2π

∫
dα fW(α, p̃, t0)

×

F[ϕ0c(t1)] + λ

4!

t1∫
t0

dt′ϕ(t′)δ
3F[ϕ(t1)]
δJ3(t′)

∣∣∣∣∣∣
J=0

 .

Where
δ3F[ϕ(t1)]
δJ3(t′) =

dF
dϕΦ3(t1, t′) + 3

d2F
dϕ2Φ2(t1, t′)Φ1(t1, t′)

+
d3F
dϕ3Φ1(t1, t′)3,

with
δϕ(t1)
δJ(t′) = Φ1(t1, t′), δ

2ϕ(t1)
δJ2(t′) = Φ2(t1, t′), δ

3ϕ(t1)
δJ3(t′) = Φ3(t1, t′).
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Quantum evolution at NLO

Variation of equation of motion gives

δ3

δJ3(t′)(ϕ̈+
λ

6
ϕ3 + J)t1 = 0

L̂t = ∂2t +
λ

2
ϕ2(t)

evolution equations for field variations:

L̂t1Φ1(t1, t′) = δ(t1 − t′),
L̂t1Φ2(t1, t′) = −λϕ(t1)Φ2

1(t1, t′),
L̂t1Φ3(t1, t′) = −λΦ3

1(t1, t′)− 3λϕ(t1)Φ1(t1, t′)Φ2(t1, t′).
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Quantum evolution at NLO
2-point correlation functions in the Keldysh formalism:

< ϕc(t1)ϕc(t2) >=
∫ dp̃

2π

∫
dαfW(α, p̃, t0)ϕ(t1)ϕ(t2),

< ϕc(t1)ϕq(t2) >= −i
∫ dp̃

2π

∫
dαfW(α, p̃, t0)δϕ(t1)

δJ(t2)

= −i
∫ dp̃

2π

∫
dαfW(α, p̃, t0)Φ1(t1, t2),

< ϕq(t1)ϕq(t2) >= 0 by construction.
In order to find Φ1(t, t′) one can note that

∂t [ϕ̈0c(t) +
λ

6
(ϕ0c(t))3] = 0gives

[∂2t +
λ

2
(ϕ0c(t))2]ϕ̇0c(t) = L̂tϕ̇0c(t) = 0.

It means that ϕ̇0c(t) ≡ f1(t) is the first particular solution
of equation on Φ1(t, t′) (or Green function G(t,t') )
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Quantum evolution at NLO

Φ1(t, t′) = G(t, t′) = θ(t− t′)[f1(t′)f2(t)− f2(t′)f1(t)].

Or in other terms

Φ1(t, t′) = 6

λϕ4max
[ϕ̇0c(t′)ϕ0c(t)− ϕ̇0c(t)ϕ0c(t′)+

ϕ̇0c(t)ϕ̇0c(t′)(t− t′)]θ(t− t′)

ϕ0c(t) = ϕmaxcn
(
1

2
;

√
λ

6
ϕmax t+ C

)

ϕ̇0c(t) = −
√
λ

6
ϕ2maxsn

(
1

2
;

√
λ

6
ϕmax t+ C

)
·dn

(
1

2
;

√
λ

6
ϕmax t+ C

)
.
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Let formulate once again the main results obtained:
1. The systematic procedure of computing quantum

corrections in the framework of Keldysh formalism is
described.

2. Analytical expressions for pressure relaxation in the
scalar field model are presented.

3. Explicit equations for the next-to-leading order
corrections are written down.


