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Figure 1: Description of QGP formation in heavy ion collisions. The kinematic
landscape is defined by τ =

√

x2
0 − x2

1 ; η = 1
2 log x0+x1

x0−x1
; xT ={x2, x3} , where the

coordinates along the light-cone are x0 ± x1, the transverse ones are {x2, x3} and
τ is the proper time, η the “space-time rapidity”.

leads in general to a high η/s. Indeed, the mean free path induced by the
gauge theory should be small (hence the coupling strong) in order to damp
the near-by force transversal to the flow, measuring the shear viscosity.

It is thus interesting to use our modern (but still largely in progress)
knowledge of non perturbative methods in quantum field theory to fill the
gap between the macroscopic and microscopic descriptions of the quark-gluon
plasma produced in heavy-ion collisions. Lattice gauge theory methods are
very useful to analyze the static properties of the quark-gluon plasma, but
there are still powerless to describe the plasma in collision. Hence we are led
to rely upon the new tools offered by the Gauge/Gravity correspondence and
in particular the one which is the most studied and well-known namely the
AdS/CFT duality [7] between the N = 4 supersymmetric Yang-Mills theory
and the type IIB superstring in the large Nc approximation. The features of
the gauge theory on the (physical) Minkowski space in 3 + 1 dimensions at
strong coupling are in one-to-one relation with corresponding ones in the bulk
of the target space of the 10-d string and in particular in the 5-dimensional
metric of the AdS space, the boundary of which can be identified with the
4-dimensional Minkowski space.

One should be aware when using the AdS/CFT tools that there does
not yet exist a gravity dual construction for QCD. However, the nice fea-
ture of the quark-gluon plasma problems is that it is a deconfined phase
of QCD, characterized by collective degrees of freedom and thus one may
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[Heller, Janik, Peschanski]

Conventional picture of QGP dynamics

Early stages: Glauber, CGC, problem of inital conditions

Middle: low-viscosity hydrodynamics  

Late: hadronization   
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Evidence for QGP phase: elliptic flow
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FIG. 3: (Color online) Differential elliptic flow v2(pT ) for pions, kaons and protons in 2.76ATeV Pb+Pb collisions. Experimental
data are from ALICE [29]. Theoretical curves are from VISHNU. See text for details.

uct method [29]. With (η/s)QGP =0.16,2 VISHNU nicely
describes the identified hadron elliptic flow data up to
2GeV for all shown centralities. The value of (η/s)QGP

used here is slightly below the value 0.20−0.24 used in
our earlier work [19], which was obtained from fitting
the integrated and differential elliptic flow v2{4} for all
charged hadrons. The scalar product method flow mea-
surements v2{SP} use two particle correlations, which
are known to over-estimate the mean flow signal due to
non-flow contributions and fluctuations. In contrast, the
four particle cumulant method v2{4} minimizes non-flow
contributions and receives a negative contribution from
flow fluctuations, leading to somewhat lower flow values.
Due to its larger flow signal compared to v2{4}, v2{SP}
therefore leads to a slightly lower value of the extracted
QGP shear viscosity (η/s)QGP.3

2 In the proceedings [20] we used a value of (η/s)QGP =0.20, yield-
ing v2(pT ) values for pions, kaons and protons that were slightly
lower than the preliminary elliptic flow data reported by AL-
ICE at the Quark Matter 2011 conference [34]. After reduc-
ing (η/s)QGP from 0.20 to 0.16, the calculated v2(pT ) for these
identified hadrons increased by O(5%), providing an improved
description of the experimental data.

3 The reader may correctly object that one should not compare
different flow measures in the experimental data and theoretical
calculations. Unfortunately, it is difficult to eliminate the effect

The authors of [35] previously predicted the elliptic
flow for pions, kaons and protons at the LHC using a pure
(2+1)-d viscous hydrodynamic calculation that employed
the fluid dynamic code VISH2+1 to describe the evolu-
tion of both the QGP and hadronic phases. With their
choice of parameters, an MC-KLN initialization, a con-
stant value of η/s=0.20, and a decoupling temperature
Tdec=120MeV, they nicely predicted the later shown
ALICE data [34] for v2(pT ) below pT < 1.5GeV for pions
and kaons for mid-central to mid-peripheral centralities
bins. However, since the calculation assumed chemical
freeze-out at Tchem=165MeV and ignored B−B̄ annihi-
lation below Tchem, they over-predicted the proton yields.
The shapes of the proton pT spectra were predicted rea-
sonably well over most of the measured centrality range,
except for the most central collisions where the predicted

of flow fluctuations from experimental flow measurements, and
including them on the theoretical side requires an event-by-event
evolution approach which is prohibitively expensive with the
VISHNU hybrid code. We therefore emphasize that the analysis
presented here does not aim at a precision extraction of (η/s)QGP

– this would indeed require an event-by-event approach. The
goal here is rather to show that we can get a consistent overall
description of all soft-hadron observables with a common set of
parameters, and use this to make predictions for so far unpub-
lished measurements of additional hadron species.

⌘

s
=

2

4⇡

[arXiv:1311.0157]

v2 = hcos(2�)i

Recent simulations cast some doubt and allow for 
slower build-up of the flow

This scenario requires fast thermalization ~ 1 fm

Heavy Ions collision

Viscosity measured by the anisotropy 

in the particle production cross-section

RHIC data
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Deviation from conformality
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Figure 1. Comparison of the Nf = 2+1, µB = 0 (left) and µB = 400 MeV (right) NNLO HTLpt
pressure with lattice data from Borsanyi et al. [1, 4] and Bazavov et al. [13]. For the HTLpt results
a one-loop running coupling constant was used.
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Figure 2. Same as fig. 1 except with a three-loop running coupling constant.

6.3 Pressure

The QGP pressure can be obtained directly from the thermodynamic potential (4.5)

P(T,Λ, µ) = −ΩNNLO(T,Λ, µ) , (6.5)

where Λ above is understood to include both scales Λg and Λq. In figures 1 and 2 we

compare the scaled NNLO HTLpt pressure for µB = 0 (left) and µB = 400 MeV (right)

with lattice data from refs. [1, 3, 13]. In order to gauge the sensitivity of the results to

the order of the running coupling, in fig. 1 we show the results obtained using a one-loop

running and in fig. 2 the results obtained using a three-loop running. As can be seen by

comparing these two sets, the sensitivity of the results to the order of the running coupling

4We have checked that for the scale range of interest, this is a very good approximation to the exactly

integrated QCD three-loop β-function.
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Figure 6. Comparison of the Nf = 2+1, µB = 0 (left) and µB = 400 MeV (right) NNLO HTLpt
trace anomaly with lattice data. The µB = 0 lattice data are from [1] and the µB = 400 MeV
lattice data are from [4]. For the HTLpt results a one-loop running coupling constant was used.

In figure 5 we plot the scaled NNLO HTLpt entropy density for µB = 0 (left) and µB = 400

MeV (right) together with µ = 0 lattice data from ref. [1]. As we can see from this figure,

there is quite good agreement between the NNLO HTLpt entropy density and the lattice

data when the central value of the scale is used.

6.6 Trace anomaly

Since it is typically the trace anomaly itself which is computed on the lattice and then

integrated to obtain the other thermodynamic functions, it is interesting to compare di-

rectly with lattice data for the trace anomaly. The trace anomaly is simply I = E − 3P.

In the ideal gas limit, the trace anomaly goes to zero since E = 3P. When interactions are

included, however, the trace anomaly (interaction measure) becomes non-zero. In figure

6 we plot the NNLO HTLpt trace anomaly scaled by T 4 for µB = 0 (left) and µB = 400

MeV (right) together with lattice data from refs. [1] and [4]. As we can see from this figure,

there is quite good agreement between the NNLO HTLpt trace anomaly and the lattice

data for T ! 220 MeV when the central value of the scale is used.

6.7 Speed of sound

Another quantity which is phenomenologically interesting is the speed of sound. The speed

of sound squared is defined as

c2s =
∂P

∂E
. (6.10)

In figure 7 we plot the NNLO HTLpt speed of sound for µB = 0 (left) and µB = 400 MeV

(right) together with lattice data from refs. [1] and [4]. As we can see from this figure,

there is quite good agreement between the NNLO HTLpt speed of sound and the lattice

data when the central value of the scale is used.

– 17 –
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The study of deviations from the conformal behavior in the  
QGP dynamics has not been thoroughly investigated

[Buchel, Heller, Myers ‘15][Janik, Plewa, Soltanpanahi, Spalinski] 
consider the equilibration rate determined by lowest  
quasi-normal modes in non-conformal theories 

4

FIG. 4. Real (green continuous) and minus imaginary (red
dashed) parts of the lowest quasinormal mode frequencies for
O3 and O2 operators (see (10)) in N = 2⇤ gauge theory (from
top to bottom). The frequencies do not change significantly
as a function of m/T.

FIG. 5. Real (green continuous) and minus imaginary (red
dashed) parts of the lowest quasinormal mode frequencies the
operators O� and O↵ (from top to bottom) in N = 2⇤ gauge
theory.

The matter fluctuations �↵ and �� represent operators
with � = 2 and 3 in the N = 2⇤ gauge theory. The
results for the lowest QNM frequencies of �↵ and �� are
collected in Fig. 5. As in the previous examples, the
frequencies exhibit a very mild dependence on m/T .

Thermalization time for the energy-momentum
tensor.– Quasinormal modes of the energy-momentum
tensor in the boundary theory are dual to metric pertur-
bations in the bulk. Di↵erent polarizations decompose
into decoupled sets of various helicities with respect
to the propagation direction in the boundary [9]. The

simplest helicity-2 fluctuations are always equivalent
to a minimally coupled massless scalar [32] and its
momentum-dependence (at m/T = 4.8) is given by
� = 4 curve in Fig. 3. In the zero-momentum limit,
the helicity distinction vanishes implying that generic
metric perturbations obey the equation of motion for a
minimally coupled massless scalar. Hence in this case,
the QNM are the same as the scalar operator with
� = 4 plotted in Fig. 2. Finally, in Fig. 5, we plot
zero-momentum QNM associated with the perturbations
of the background scalars ↵ and �. Again, we find rather
mild dependence on m/T .

Comparison to conformal plasma at nonzero chemical
potential.– From an operational point of view, deviations
from conformality in N = 2⇤ gauge theory amount to the
presence of a dimensionless parameter m/T characteriz-
ing the equilibrium configuration. In order to confirm the
robustness of our main result, we consider a strongly cou-
pled conformal QGP at nonzero chemical potential µ. In
this case, the dimensionless parameter is µ/T . The dual
solution is the anti-de Sitter Reissner-Nordstrom black
hole (AdS-RN). We compute the lowest zero-momentum
quasinormal modes of phenomenological operators (with
� = 2, 3 and 4) dual to probe (neutral) scalar fields in
the AdS-RN background.

Again, as shown in Fig. 6, the frequencies depend
mildly on µ/T unless the chemical potential (at fixed
temperature) gets big enough to see the e↵ects of the
critical behaviour associated in the dual description with
the (near-)extremal AdS-RN. In this case, the dominant
QNM has a purely imaginary frequency. We explain in
the supplemental material why we do not expect similar
transition to occur in N = 2⇤ gauge theory and refer the
reader to refs [33] and [34], which discuss these purely
imaginary QNM in detail.

Note added: While this letter was being finalized we
learnt about the upcoming results of Ref. [35], which
presents the computation of QNM in a bottom-up holo-
graphic QCD model. The results of [35] are in line with
the point of view presented in this letter, i.e. equilibra-
tion rates in strongly coupled nonconformal plasma are
not very di↵erent from those of N = 4 SYM.

We would like to thank A. Donos, J. Fuini, U. Gursoy,
R. Janik, J. Jottar, M. Kaminski, L. Lehner, H. Soltan-
panahi, M. Spalinski, W. van der Schee and I. Yavin for
useful discussions, correspondence and comments on the
draft. We would like to thank the authors of articles [17]
and [35] for generously sharing their drafts prior to publi-
cation. This work was partly supported by the National
Science Centre grant 2012/07/B/ST2/03794. Research
at Perimeter Institute is supported by the Government
of Canada through Industry Canada and by the Province
of Ontario through the Ministry of Research & Innova-
tion. AB and RCM acknowledge support from NSERC

Figure 2: The imaginary parts of the lowest quasinormal mode at k = 0 for the
potentials from table 1 (left). The imaginary part for potential V2 together with the
“phenomenological” according to Eq. (33) (right).

the metric perturbations4.

5.1 The imaginary part of the QNM frequencies — damping

In the left panel of figure 2 we show the imaginary parts of the QNM frequencies in

units of temperature which is the natural scale in the problem i.e.

Im!

2 ⇡ T
(32)

We observe that the damping significantly decreases (by a factor of 2) close to the

transition. This shows that in the nonconformal case nonequilibrium dynamics become

more important close to Tc. Moreover we find that the plots basically lie on top of each

other for the various potentials from table 1. This indicates that the QNM frequencies

are not sensitive to the fine details of the potentials but are essentially dependent just

on the equation of state (speed of sound c
2
s
(T )), which was the common denominator

of all the potentials from table 1.

In order to parameterize the dependence of the damping on deviation from conformality,

we propose a phenomenological formula expressing this as a linear combination of c2
s
�

1
3

and T
d

dT
c
2
s
(T ). Specifically, we posit

Im! � Im!conf

2⇡T
= �

✓
c
2
s
(T )�

1

3

◆
+ �

0
T

d

dT
c
2
s
(T ) (33)

where �, �
0 are phenomenological parameters and Im!conf

2⇡ T
= �1.373 is the conformal

4
See the discussion in section 4.1

13

N=2*
V (�) = cosh(�) + �2 + �4 + �6

Einstein-scalar with 

Variation of the imaginary part = attenuation rate by factor of ~ 2
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Bottom-up non-conformal models  [Gursoy, Kiritsis, Nitti et al] 

Einstein-dilaton gravity

The potential can be tuned to reproduce the beta-function 

For asymptotically  AdS UV V = V0 + v1�+ v2�
2 + . . .

For confinement in the IR V ⇠ �Q(log �)P

Q > 4/3 orQ = 4/3 , P � 0

Confinement             finite-T transition between thermal
gas and BH 

S =
1

22

Z
d5x

p
�g

✓
R� 4

3
(@�)2 � V (�)

◆
� 1

2

Z
d4x

p
�hK
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We consider a simple setup with an exponential potential
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1. Introduction

2. Chamblin-Reall plasma

The Einstein-dilaton theory in 5 dimensions is given by the following action

A =
1

16⇡G5

Z
d
5
x
p
�g

✓
R� 4

3
(@�)2 + V (�)

◆
+ G.H. (2.1)

where

V = V0(1�X
2)e�

8
3X �

. (2.2)

Here X and V0 and ⇠ are constants. We consider X < 0 with no loss of generality.

An analytic black-brane and a thermal gas (no-horizon) solution of this action

can be found with the following metric functions

ds
2 = e

2A(u)
�
�f(u)dt2 + �ijdx

i
dx

j
�
+

du
2

f(u)
, � = �(u) , (2.3)

where for the thermal gas f(u) = 1.

Both for the black-hole and the thermal gas, one has the same dilaton:

� ⌘ e
� =

⇣
C1 � 4X2u

`

⌘ 3
4X

, (2.4)

the scale factor,

e
A = e

A0�
1

3X , (2.5)

– 1 –

X < 0

For                     analytic BH solution [Chamblin,Reall ’99]X > �1

2

Contents

1. Introduction 1

2. Chamblin-Reall plasma 1

2.1 Thermodynamics of the CR plasma 3

2.2 Boost-invariant CR plasma 5

3. Bjorken flow in the CR background 7

3.1 Analytic solution 8

3.2 IR regularity 10

4. Generalized dimensional reduction 11

1. Introduction

2. Chamblin-Reall plasma

The Einstein-dilaton theory in 5 dimensions is given by the following action

A =
1

16⇡G5

Z
d
5
x
p
�g

✓
R� 4

3
(@�)2 + V (�)

◆
+ G.H. (2.1)

where

V = V0(1�X
2)e�

8
3X �

. (2.2)

Here X and V0 and ⇠ are constants. We consider X < 0 with no loss of generality.

An analytic black-brane and a thermal gas (no-horizon) solution of this action

can be found with the following metric functions

ds
2 = e

2A(u)
�
�f(u)dt2 + �ijdx

i
dx

j
�
+

du
2

f(u)
, � = �(u) , (2.3)

where for the thermal gas f(u) = 1.

Both for the black-hole and the thermal gas, one has the same dilaton:

� ⌘ e
� =

⇣
C1 � 4X2u

`

⌘ 3
4X

, (2.4)

the scale factor,

e
A = e

A0�
1

3X , (2.5)

– 1 –

Contents

1. Introduction 1

2. Chamblin-Reall plasma 1

2.1 Thermodynamics of the CR plasma 3

2.2 Boost-invariant CR plasma 5

3. Bjorken flow in the CR background 7

3.1 Analytic solution 8

3.2 IR regularity 10

4. Generalized dimensional reduction 11

1. Introduction

2. Chamblin-Reall plasma

The Einstein-dilaton theory in 5 dimensions is given by the following action

A =
1

16⇡G5

Z
d
5
x
p
�g

✓
R� 4

3
(@�)2 + V (�)

◆
+ G.H. (2.1)

where

V = V0(1�X
2)e�

8
3X �

. (2.2)

Here X and V0 and ⇠ are constants. We consider X < 0 with no loss of generality.

An analytic black-brane and a thermal gas (no-horizon) solution of this action

can be found with the following metric functions

ds
2 = e

2A(u)
�
�f(u)dt2 + �ijdx

i
dx

j
�
+

du
2

f(u)
, � = �(u) , (2.3)

where for the thermal gas f(u) = 1.

Both for the black-hole and the thermal gas, one has the same dilaton:

� ⌘ e
� =

⇣
C1 � 4X2u

`

⌘ 3
4X

, (2.4)

the scale factor,

e
A = e

A0�
1

3X , (2.5)

– 1 –

Contents

1. Introduction 1

2. Chamblin-Reall plasma 1

2.1 Thermodynamics of the CR plasma 3

2.2 Boost-invariant CR plasma 5

3. Bjorken flow in the CR background 7

3.1 Analytic solution 8

3.2 IR regularity 10

4. Generalized dimensional reduction 11

1. Introduction

2. Chamblin-Reall plasma

The Einstein-dilaton theory in 5 dimensions is given by the following action

A =
1

16⇡G5

Z
d
5
x
p
�g

✓
R� 4

3
(@�)2 + V (�)

◆
+ G.H. (2.1)

where

V = V0(1�X
2)e�

8
3X �

. (2.2)

Here X and V0 and ⇠ are constants. We consider X < 0 with no loss of generality.

An analytic black-brane and a thermal gas (no-horizon) solution of this action

can be found with the following metric functions

ds
2 = e

2A(u)
�
�f(u)dt2 + �ijdx

i
dx

j
�
+

du
2

f(u)
, � = �(u) , (2.3)

where for the thermal gas f(u) = 1.

Both for the black-hole and the thermal gas, one has the same dilaton:

� ⌘ e
� =

⇣
C1 � 4X2u

`

⌘ 3
4X

, (2.4)

the scale factor,

e
A = e

A0�
1

3X , (2.5)

– 1 –

and the blackening factor

f = e
g = 1� C2�

� 4(1�X2)
3X . (2.6)

The boundary is located at u = �1. For f being a monotonically decreasing

function one needs to require

0 > X > �1

2
. (2.7)

Here C1, C2 and A0 are integration constants: C1 is the location of the singularity, C2

determines the location of the horizon. In terms of dual theory one can think of A0

determining the size of the dual plasma (or the string tension) C1 determining some

scale conformality breaking scale ⇤QCD and C2 the temperature T of the plasma.

For the thermal gas we set C2 = 0.

We find f ! 1 on the boundary, (� ! 0) as long as X < 1. There is an event

horizon located at (using (2.4)),

�h = C

3X
4(1�X2)

2 i.e.
uh

`
=

C1

4X2
� C

� X2

1�X2

2

4X2
. (2.8)

The curvature singularity is located at � = 1 i.e.,

u0

`
=

C1

4X2
. (2.9)

We note that when C2 6= 0 then uh < u0 and indeed there is a well-behaved black-hole

solution to the system. The metric of the black-hole is given by,

ds
2 = e

2A0

⇣
C1 � 4X2u

`

⌘ 1
2X2

⇢
dxidx

i �
✓
1� C2(C1 � 4X2u

`
)
1�X2

X2

◆
dt

2

�

+

✓
1� C2(C1 � 4X2u

`
)
1�X2

X2

◆�1

du
2
. (2.10)

The temperature of the black-hole is determined by requiring regularity of the Eu-

clidean continuation at uh:

� =
1

T
=

4⇡

|f 0(uh)|eA(uh)
. (2.11)

One finds,

� = ⇡`
e
�A0C

�
1
4�X2

1�X2

2

1�X2
. (2.12)

The physically most interesting case corresponds to the valueX = �1/2, see [?]. Very

interestingly, in this case the temperature is only given by the integration constant

A0:

� =
1

T
=

4⇡`

3eA0
. (2.13)
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The trace of the energy-momentum tensor is given by

�T
µ

µ
= E + 3F = 3cs

X
2

1�X2
(T `)

4(1�X2)

1�4X2 . (2.22)

Alternatively we can obtain the free energy from the action (2.1) evaluated on-shell.

Below we evaluate the di↵erence of the on-shell actions between the black-brane

and the thermal gas and we prove that the analytic solutions describe above do not

demonstrate a Hawking-Page transition. The action is given by (2.1). One finds that

the trace of the intrinsic curvature is given by,

K =

p
f

2
(8A0 + f

0
/f) (2.23)

in the domain-wall coordinate system. Thus, the boundary contribution to the action

becomes,

Sbnd = �M
3
V3�

�
e
g+4A(8A0 + f

0
/f)

 
ub
, (2.24)

where ub denotes the regulated boundary of the geometry infinitesimally close to

�1.

The bulk contribution to the action, evaluated on the solution can be simplified

as,

Sbulk = 2M3
V3�

Z
us

ub

du
d

du

�
fe

4A
A

0�

= 2M3
V3�

�
f(us)e

4A(us)A
0(us)� f(ub)e

4A(ub)A
0(ub)

 
. (2.25)

Here us denotes u0 or uh depending on which appears first. Thus, for the black-hole

solution us = uh, whereas for the thermal gas us = u0.

The first term in (2.25) deserves attention. Clearly it vanishes for the black-hole,

as f(uh) = 0 by definition. However, it is not a priori clear that it also vanishes for

the thermal gas. A straightforward computation using (2.5),(2.4) and,

A
0 = �1

`
�
� 4X

3 (2.26)

shows that it indeed vanishes for our physically interesting case X
2
< 1. Therefore,

one obtains the following total expression for the action from (2.24) and (2.25) by

dropping the first term in (2.25):

S = �2M3
V3�e

g(ub)+4A(ub)

✓
5A0(ub) +

1

2
g
0(ub)

◆
. (2.27)

In order to compare the energies of the black-hole and the thermal gas geome-

tries, we fix the UV asymptotics of the thermal gas geometry by requiring the same

circumference for the Euclidean time at ub:

�̄ = �

p
f(ub). (2.28)
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(confining for               ) X < �1

2

for          
negative specific heat

X < �1

2

p =
1� 4X2

3
✏
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Boost-invariant CR flow

Trace condition 

temperature T with some function T (⌧). Then if we equate (2.22) to what we have

found in (2.22) for the CR plasma and obtain the equation

�T⌧⌧ +
1

⌧ 2
Tyy + 2Txx = �c T

⇠
, (2.37)

where c is the integration constant that appears in (2.22) and

⇠ =
4(1�X

2)

1� 4X2
. (2.38)

Defining T⌧⌧ = ✏(⌧) we find

Tµ⌫ = diag
⇣
✏(⌧), �⌧

3
@⌧ ✏� ⌧

2
✏, ✏+

⌧

2
@⌧ ✏�

c

2
T

⇠
, ✏+

⌧

2
@⌧ ✏�

c

2
T

⇠

⌘
. (2.39)

Now, if we further impose the perfect fluid form

T
µ⌫ = (✏+ p)uµ

u
⌫ + p⌘

µ⌫
, (2.40)

then we find that

Txx = ⌧
�2
Tyy . (2.41)

Using (2.39) in this equation we can solve for the energy ✏(⌧) as

✏(⌧) = ✏0⌧
� 4

3 +
c

2
⌧
� 4

3

Z 1

⌧

d⌧̃ ⌧̃
1
3T (⌧̃)⇠ . (2.42)

Assuming some power-law behavior for T of the form

T = T0⌧
�↵

, (2.43)

Then we obtain from (2.42)

✏(⌧) = ✏0⌧
� 4

3 +
c T

⇠

0

4� 3↵⇠
⌧
�↵⇠

. (2.44)

If we want the second term to dominate the late time behavior then we should require

↵⇠ <
4

3
. (2.45)

This is consistent with what Matti finds numerically i.e.

↵⇠ =
4

3
(1�X

2) . (2.46)

Using (2.38) then we determine the late time behavior of the temperature as

T / ⌧
�↵

, ↵ =
1

3
(1� 4X2) , (2.47)

which indeed becomes T ⇠ ⌧
�1/3 in the conformal case X = 0.
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late time behaviour 
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3. Bjorken flow in the CR background

Let us then discuss the late time behavior of the Bjorken flow for the CR solu-

tion discussed above, following very closely the analysis of [2]. We start from the

metric (2.15) in the conformal coordinate system, by using the coordinate

z =
r � r0

`0
(3.1)

which runs from zero in the UV to infinity at the IR singularity, thus e↵ectively

choosing r0 = 0. We further set the temperature to zero so that C2 = 0 in (2.6) and

the blackening factor f is identically equal to one. For simplicity we also set A0 = 0

and `
0 = 1. Then the metric of (2.15) can be written as

ds
2 = z

� 2
1�4X2

�
dz

2 � dt
2 + �ijdx

i
dx

j
�
, (3.2)

whereas the dilaton solution becomes

� = z
� 3X

1�4X2 . (3.3)

In order to study the Bjorken flow, we switch to the proper time ⌧ and pseudo

rapidity y as in (2.33). Following [2], we define

v =
z

⌧ s/4
, (3.4)

where 0 < s < 4, and write an Ansatz for the metric in the Fe↵erman-Graham form

(adapted to the case of nonzero X within the interval �1/2 < X < 0)

ds
2 = z

� 2
1�4X2

�
dz

2 � e
a(v)

d⌧
2 + e

b(v)
⌧
2
dy

2 + e
c(v)

dx
2
?
�
. (3.5)

As the CR solution contains a nontrivial dilaton profile, we must allow for it to vary

as well. Therefore we write

� = z
� 3X

1�4X2 e
�1(v) . (3.6)

It is then straightforward to derive the equations of motion for the “variation”

(a, b, c,�1) at late times, ⌧ ! 1, keeping v fixed. At leading order in 1/⌧ the
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v =
z

⌧ s/4

Complicated system of equations for late time…

Basis of solutions

Einstein equations1 yield the system

0 =
v (1� 4X2) (a0(v)b0(v) + 2a0(v)c0(v) + 2b0(v)c0(v) + c

0(v)2)

16
(3.7)

� 3 (a0(v) + b
0(v) + 2c0(v))

8
+X�

0
1(v)�

v (1� 4X2)�0
1(v)

2

6

+
3 (1�X

2)
�
1� e

�8X�1(v)/3
�

2v (1� 4X2)

0 =� 1

2
a
0(v) (b0(v) + 2c0(v)) +

3a0(v)

v (1� 4X2)
(3.8)

+ b
00(v) +

1

2
b
0(v)2 + 2c00(v) + c

0(v)2 +
8

3
�
0
1(v)

2 � 16X�
0
1(v)

v � 4vX2

0 = a
00(v)� 1

2
b
0(v) (a0(v) + 2c0(v)) +

1

2
a
0(v)2 +

3b0(v)

v � 4vX2
(3.9)

+ 2c00(v) + c
0(v)2 +

8

3
�
0
1(v)

2 � 16X�
0
1(v)

v � 4vX2

0 =
1

2
a
0(v) (b0(v)� c

0(v)) + b
00(v)� 3 (b0(v)� c

0(v))

v � 4vX2
(3.10)

+
1

2
b
0(v)c0(v) +

1

2
b
0(v)2 � c

00(v)� c
0(v)2

0 =
�
3s� 4 + 16X2

�
a
0(v)� (s� 4)

�
1� 4X2

�
b
0(v) (3.11)

� 2s
�
1� 4X2

�
c
0(v)� 8sX�

0
1(v) .

The number of equations exceeds the number of variables by one, but the system

is not overconstrained: any of the second order equations can be derived from the

other equations. Notice that this system approaches smoothly that found in [2] as

X ! 0 (so that the CR solution becomes the AdS5 solution).

3.1 Analytic solution

Remarkably, the general solution to the system (3.7)–(3.11) can be found analytically.

First it is useful to change the basis of functions as

a(v) = A(v)� 2
�
1� 4X2

�
m(v) + 2Xn(v) (3.12)

b(v) = A(v) + 2
�
s� 1 + 4X2

�
m(v) + 2Xn(v) (3.13)

c(v) = A(v)�
�
s� 2 + 8X2

�
m(v)� 2Xn(v) (3.14)

�1(v) =
3

2
XA(v) +X

�
1� 4X2

�
m(v) +

�
1�X

2
�
n(v) , (3.15)

1
It turns out to be useful to change variables from z to v before deriving the equations.
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The equations decouple

where the coe�cients were chosen such that (3.11) is automatically satisfied. The

other equations can then be combined to give

m
00(w) =

4

�
m

0(w)� 2A0(w)m0(w) ,
m

00(w)

m0(w)
=

n
00(w)

n0(w)
, (3.16)

where

w = log v , � =
1� 4X2

1�X2
. (3.17)

From here one readily obtains

A(w) =
2

�
w � 1

2
logm0(w) + const. , n(w) = m(w) + const. , (3.18)

where the integration constant  can take any real value. Therefore A and n can

be eliminated from the system of equations. The remaining single equation can be

written in a polynomial form by using the derivative p(w) = m
0(w):

8 (1�X
2)X4

(1� 4X2)2
+ 4

KX
2

1� 4X2
p(w)� S

2 �K
2

2 (1�X2)
p(w)2 (3.19)

+Kp
0(w) +

2X2 � 4X4

1� 4X2

p
0(w)

p(w)
� 1 +X

2

2

p
0(w)2

p(w)2
= �p

00(w)

2p(w)
,

where

S =
4

3

r
(1� 4X2)2 +

1

8
(1�X2) (3s� 4 + 16X2 + 4X)2 + (1�X2)2 , (3.20)

K =
4

3
X

�
X � 4X3 + � X

2
�
. (3.21)

The general solution to (3.19) is discussed in Appendix Maybe we should

add an Appendix?. The solution which is regular in the UV, i.e., has an analytic

expansion in the variable

v
4/� = e

4w/� (3.22)

can be written as

w = log v = w0 �
� (S +K)

4X2
m+

�

4
log

�
e
2Sm � 1

�

�1� 4X2

4X2
log 2F1

✓
1,

S(1� 2X2) +K

2S(1�X2)
;
1� 2X2

1�X2
; 1� e

2Sm

◆
. (3.23)

That is, the inverse function w(m) could be found in closed form. This solution has

a “horizon” at a finite value of w where m tends to infinity, which screens the IR

singularity at w = +1. Therefore w runs from �1 in the UV to a finite value in

the IR, whereas m runs from zero to +1.

Let us comment on the constants of integration at this point. The general

solution to the original system in (3.7)–(3.11) has six integration constants, but
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where the coe�cients were chosen such that (3.11) is automatically satisfied. The
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The dual stress-energy tensor can be obtained by holographic 
renormalization in 5d, or more easily lifting the solution by a 
generalized dimensional reduction 

as ⇣ ! 0, where gxx = gx2x2 = gx3x3 . For the static black hole metric, after a

similar change of variables the component g⌧⌧ is / ⇣
2 while the other components

take constant values as ⇣ ! 0 [2]. Therefore we need to require that the exponents

in the asymptotic expressions for gyy and gxx in (3.27) vanish. This can only happen

if S takes the value 4(1�4X2)/3. From (3.20) we see that this value is the minimum

which is reached when

s =
4

3

�
1� 4X2

�
,  = 0 . (3.28)

For these values we find that K = 4X2(1 � 4X2)/3, and substituting in (3.27) we

confirm that g⌧⌧ ⇠ ⇣
2 while the other components approach constant values as ⇣ ! 0.

Therefore regularity of the metric in the IR requires that the conditions (3.28)

be satisfied. Substituting the conditions in the general expression (3.24), we obtain

an explicit formula for the regular metric:

ds
2 ' ⌧

� 8
3X

2


2�(1� 4X2)

3

�2 ⇣
e

8
3 (1�4X2)m � 1

⌘� 2
1�X2

e
8
3 (1+X

2)�m
dm

2

+⌧
� 2

3

⇣
e

8
3 (1�4X2)m � 1

⌘� 1
2(1�X2)

(3.29)

⇥

� e

� 4
3 (1�2X2)�m

d⌧
2 + ⌧

2
e

4
3�mdy

2 + e
4
3�mdx

2
?

�
.

We can then also confirm that the Ricci scalar and the squared Riemann tensor are

indeed regular for this metric in the IR similarly as in the conformal case of [2]:

R ' �20
1�X

2

(1� 4X2)2
⌧
8X2

/3 (3.30)

R2 = R
µ⌫↵�

Rµ⌫↵� ' 112
(1�X

2)2

(1� 4X2)4
⌧
16X2

/3 (3.31)

up to corrections suppressed by 1/⌧ or by exp(�m). Since the values of these scalars

increase with ⌧ , it is essential to first consider the leading solution in 1/⌧ and impose

its regularity on the horizon. For the general solution of (3.23) the expressions for R

and R2 become rather complicated, but we have verified numerically that all other

choices except for those given in (3.28) lead to a singularity on the horizon.

4. Generalized dimensional reduction

The most e�cient way to extract the stress-energy tensor of the dual theory is to lift

the solution to a higher dimension where it becomes asymptotically AdS. We consider

the diagonal reduction as in section (2.1) of [3] in the case where the internal manifold

is flat. Let us review the procedure. Starting from the higher dimensional action

S =
1

16⇡G̃N

Z
d
d+1

x d
2��d

y

p
�g̃

⇣
R̃� 2⇤

⌘
(4.1)
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and using the following Ansatz for the metric on Md+1 ⇥ R2��d

eds
2
= e

��1�(x)dx
2 + e

�2�(x)dy
2 (4.2)

we find

e
��1�R̃ = R + (�1d+ �2(d� 2�)) r · @�+

+


�d(d� 1)

4
(�1 + �2)

2 + �(d� 1)(�1 + �2)�2 �
�(2� � 1)

2
�
2
2

�
(@�)2 .

Requiring that the final action is in the Einstein frame and the dilaton is normalized

as in (2.1) gives

�1 =
4
p
2� � dp

3(d� 1)(2� � 1)
, �2 =

4
p
d� 1p

3(2� � 1)(2� � d)
. (4.3)

Fixing the potential to be V0e
�8x/3� gives

2� � d =
4(d� 1)2x2

3� 4(d� 1)x2
.

The number of extra dimensions goes from 0 to 1 for x 2 [�1/2, 0] (in d = 4), so

the number of counterterms required to regularise the action depends on the value

of x. However, since the uplifted metric (4.2) is asymptotically AdS we can read o↵

the energy momentum tensor simply from the appropriate coe�cient of the metric

in the Fe↵erman-Graham expansion:

hT µ⌫i2� =
2�l2��1

16⇡G̃N

g̃
µ⌫

(2�) , (4.4)

where l is the AdS radius: ⇤ = ��(2� � 1)/l2. To obtain the d-dimensional tensor

we need to take into account the (infinite) volume of the compactification manifold,

that we reabsorb in a redefinition of the Newton’s constant, and the rescaling of the

induced metric on the boundary. For d = 4,

� = 2
1� x

2

1� 4x2
, �1 =

8x

3
.

The expansion of the metric in FG coordinates reads

g̃ =
d⇣

2

⇣2
+

1

⇣2
(�̃(0) + . . .) = e

�2�dy
2 + e

��1�⇣
↵(dz2 + �

(0) + . . .)

� = � log ⇣ + �
(0) + . . . (4.5)

with

↵ = � 2

1� 4x2
, � = � 3x

1� 4x2
.
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Reducing on Rd+1 ⇥ T 2��d

The uplifted metric is AAdS 
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induced metric on the boundary. For d = 4,

� = 2
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Tµ⌫ consistent with perfect fluid  

leading w.r.t. the conformal form

✏(⌧) ⇠ ⌧�
4
3 (1�4X2)

2� � d =
4(d� 1)2X2

3� 4(d� 1)X2
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Tµ⌫ =

0

BB@

✏(⌧)
p(⌧)� 4

3
⌘
⌧

p(⌧) + 2
3
⌘
⌧

p(⌧) + 2
3
⌘
⌧

1

CCA

TCGC
µ⌫ =

0

BB@

✏(⌧)
0

p(⌧)
p(⌧)

1

CCA ✏CGC(⌧) ⇠ A

⌧

p(⌧0) =
4

3

⌘

⌧0
/ T (⌧0)

⇠ ⌘ ⇠ T ⇠�1 T ⇠ ⌧�
1
3 (1�4X2)

⌧0 ⇠
⇣ ⌘

T ⇠�1

⌘ 2
3(1�2X2)

Estimate of thermalization time

Viscous e.m. tensor

CGC e.m. tensor

matching at time ⌧0

using
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General form of finite-T correlators 

GR(k,!) =
An(k)

! � !n(k) + i�n(k)

The lowest-lying modes encode the thermalization rate

In gravity they correspond to Quasi-Normal Modes (black hole ringdown)

4d BH modes 5d BH modes 7d BH modes

r+ ωI ωR ωI ωR ωI ωR

100 266.3856 184.9534 274.6655 311.9627 261.2 500.8

50 133.1933 92.4937 137.3296 156.0077 130.7 250.4

10 26.6418 18.6070 27.4457 31.3699 26.07 50.35

5 13.3255 9.4711 13.6914 15.9454 12.96 25.57

1 2.6712 2.7982 2.5547 4.5788 2.16 7.27

0.8 2.1304 2.5878 1.9676 4.1951

0.6 1.5797 2.4316 1.3656 3.8914

0.4 1.0064 2.3629 0.7462 3.7174

Table 1: The lowest quasinormal mode frequency for the 4, 5, and 7 dimensional

Schwarzschild-AdS black hole for some selected black hole sizes.

10 20 30 40 50
T

100

200

300

400

500

wI

Fig. 1: For large black holes, ωI is proportional to the temperature. The
top line is d = 4, the middle line is d = 5 and the bottom line is d = 7.

five, and seven dimensional cases. The dots, representing the quasinormal modes, lie on

straight lines through the origin. In fig. 1, the top line corresponds to the d = 4 case, the

middle line is the d = 5 case, and the bottom line is the d = 7 case. Explicitly, the lines

are given by

ωI = 11.16 T for d = 4

ωI = 8.63 T for d = 5

ωI = 5.47 T for d = 7 (4.2)

Notice from Table 1 that as a function of r+, ωI is almost independent of dimension. The
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Fluctuations around the CR solution

where ˆ̀ = `/e
A0 . The vacuum solution is now obtained by sending rh ! 1 which

replaces the blackening factors above with unity. The string frame metric is related

to the above by ds
2
st = exp(4�/3)ds2 so that the conformal prefactor becomes unity

in the string frame. This solution then precisely corresponds to the product of the

linear dilaton BH in 2-d [10, 12, 13] in the leading in ↵
0 approximation, times R

3.

The temperature (2.11) is fixed by the integration constant A0:

T =
3eA0

4⇡`
. (2.17)

We observe that the ratio `/`se�A0 controls the size of the spacetime in string units,

the temperature and the central charge of the worldsheet CFT, if one identifies the

Einstein-Dilaton action as the low energy e↵ective action of non-critical string theory

(Liouville theory). Therefore this combination drops out of all dimensionless quan-

tities thus we can set A0 = 0 with no loss of generality.

In the paper [26] it is shown how to embed the 2d cigar part of the geometry (2.16)

in 10d superstring theory using a WZW model product coset construction. The

associated metric in string frame is in that case

ds
2
st = k

✓
dr

2
⇣
1� e

3(r�rh)
`

⌘�1

� dt
2
⇣
1� e

3(r�rh)
`

⌘◆
+ kd⌦2

3 + dx
i
dxi , (2.18)

together with the linear dilaton and an H3 flux piercing the S
3. Comparing such a

solution to our background we have truncated some extra coordinates such as the S3

that corresponds to the extra SU(2)k of the SL(2, R)k/U(1)⇥SU(2)k WZW model.

Some further discussion of similar solutions from the point of view of Little String

Theory can be found in [27]. To fully read the spectrum of the worldsheet sigma

model, one would need to resort to CFT techniques, here we will be content with

studying field fluctuations on this background (so-called minisuperspace approxima-

tion). The fluctuation equations of the mini-superspace modes can be found in [28]

and have as a solution the hypergeometric functions 2F1. In the next section we will

study the fluctuations on our background and match them in a specific limit with

these mini-superspace eigenfunctions.

3. Fluctuations around the CR solution

The fluctuation equations around the CR geometry with a genericX within the range

�1/2 < X < 0 can be obtained by making the following Ansatz for fluctuations of

the metric and the dilaton as

�g = e
2A0 r̂

� 2
1�4X2

⇥
�Hvvdv

2 + 2Hvidvdx
i +Hijdx

i
dx

j
⇤

(3.1)

�� = r̂
� 3X

1�4X2 . (3.2)
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Spin-2 modes H23 ,

H22 �H33

2
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are decoupled and degenerate

rf(r)⇣ 00(r) + (2ir! + f(r)� ⇠)⇣ 0(r)� (k2r + (⇠ � 1)i!)⇣(r) = 0
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It can be solved analytically at large       or in the UV expansion ⇠
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Matching the solutions gives an analytic form of the correlator



Figure 7: The analytic correlator and comparison to direct numerical result, X = �0.45

and q = 0. Left column: numerically extracted correlator on the complex $ plane. Right

column: the same plots for the analytic approximation at large ⇠. Top row: logarithm of

the absolute value of the correlator. Bottom row: phase of the correlator.
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G(k,!)
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The coupling between ⇣2 and ⇣1 is trivial (in the sense that ⇣1 appears in the dynamic

equation for ⇣2, but not vice versa) only for the exponential dilaton potential. For

more generic potentials, ⇣1,2 satisfy a nontrivially coupled system of two di↵erential

equations (see e.g. [30]). Notice that this coupling vanishes as k ! 0 and actually

all fluctuation equations become identical in this limit.

All coe�cients of the three fluctuation equations (3.6)–(3.9) become real for

purely imaginary ! (and real k). Consequently, correlators extracted from these

will be real on the vertical axis of the complex !-plane, and transform by complex

conjugation under ! 7! �Re! + i Im!, which is the expected behavior on general

grounds.

Another general feature is that the location of the horizon only a↵ects the modes

trivially: r̂h can be factored out of the fluctuation equations by rescaling r̂ 7! r̂hr̂,

! 7! !/r̂h, and q 7! q/r̂h. Equivalently, the location of the quasi normal modes

depends only on the rescaled frequency and momentum

q =
k

2⇡T
=

2k`0r̂h
⇠

, $ =
!

2⇡T
=

2!`0r̂h
⇠

. (3.10)

We will find useful to have the fluctuation equation also in Schrödinger form; we

restrict our study to the equation (3.6) for the transverse spin-two (and one scalar

field) fluctuations, which does not involve any of the hydrodynamic modes. Defining

a new radial coordinate

w =

✓
r̂

r̂h

◆⇠

, (3.11)

which runs from 0 at the boundary to 1 at the horizon, and redefining the fluctuation

as ⌅(w) = e
g(w)

h(w), where g(w) satisfies

g
0(w) =

w � i$w
1/⇠

2w(1� w)
, (3.12)

the equation (3.6) becomes

� h
00(w) + V (w)h(w) = 0 (3.13)

V (w) = �
($2

� q
2)w

2
⇠ + q

2
w

⇠+2
⇠ + w

2

4(1� w)2w2
.

Notice that the potential is real for real (or purely imaginary) $. Near the horizon

we find that

V (w) = �
1 +$

2

4(1� w)2
+O

✓
1

1� w

◆
(3.14)

which (combined with the factor eg) gives the expected behavior ⌅ ⇠ const. for the

ingoing mode and ⌅ ⇠ (1� w)i$ for the outgoing mode.
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the background becomes linear dilaton in this limit as explained in section 2.1. We

choose the branches of the square root factors such that the solution for negative

q
2
�$

2 + 1 is given by replacing S 7! �ieS where

eS =
p
$2 � q2 � 1 , (4.6)

which corresponds to analytic continuation through the upper half of the complex

$-plane. Moreover for simplicity we restrict to frequencies with Re$ � 0 below.

The expressions for Re$ < 0 can be obtained by applying reflection symmetry with

respect to the imaginary $-axis.

The expansion of (4.4) at small w gives

⌅(w) = C�w
1
2 (�S�i$+1) [1 +O (w)] + C+w

1
2 (S�i$+1) [1 +O (w)] (4.7)

This UV expansion obviously di↵ers from the standard expansion⇠ C1+C2w. This is

not surprising because taking ⇠ ! 1 takes us to the case of (3.16) of the Schrödinger

potential near the boundary, indicating a nonstandard boundary behavior. Notice

also that the blackening factor f(r̂) = 1 � (r̂/r̂h)⇠ equals one up to tiny corrections

except for very close to the horizon r̂h� r̂ ⇠ 1/⇠ when ⇠ is large and we took the limit

of ⇠ ! 1 such that w = (r̂/r̂h)⇠ is fixed. Therefore we were keeping the blackening

factor nontrivial but losing the connection to the UV boundary. In other words, (4.4)

is correct up to terms / | log(w)/⇠|, the solution is valid for e�⇠
⌧ w for large but

finite ⇠, and the solution for w ⌧ e
�⇠ would have a di↵erent UV behavior.

We then use the regularity condition at the horizon. Expanding (4.4) at w = 1

we see the the outgoing wave is absent if

C� � (1� S)

�
�
1
2 (1� i$ � S)

�2 +
C+ � (1 + S)

�
�
1
2 (1� i$ + S)

�2 = 0 . (4.8)

Notice that for large $ the UV expansion of the solution becomes

1
p
w
⌅(w) = C� [1 +O (w)] + C+w

�i$ [1 +O (w)] . (4.9)

Therefore the first (second) term can be interpreted as an incoming (outgoing) wave

at the boundary. The ratio of the coe�cients defines the reflection amplitude

R($, q) =
C+($, q)

C�($, q)
= �

�
⇣
1 + ieS

⌘
�
⇣

1
2

⇣
1� i$ � ieS

⌘⌘2

�
⇣
1� ieS

⌘
�
⇣

1
2

⇣
1� i$ + ieS

⌘⌘2 . (4.10)

We expressed the amplitude in terms of eS rather than S because this is more natural

for large $ where the interpretation as a scattering matrix element is clear. From
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Figure 1: Dependence of the four lowest nonhydrodynamic quasi normal modes on X

at q = 0. Thick lines were obtained by directly solving the fluctuation equations (for the

transverse spin two modes) numerically for �0.46 < X < 0, and the thin lines are based on

the analytic approximation of Sec. 4. Left: the trajectories of the modes on the complex

$-plane. Right: The imaginary parts of the modes as a function of c2s = (1� 4X2)/3.

For later use we also consider the limit of large ⇠. In particular, we notice that

the limits w ! 0 and ⇠ ! 1 do not commute. When w
1/⇠

⌧ 1, i.e., r̂ ⌧ r̂h, the

potential

V (w) = �
($2

� q
2)w2/⇠

4w2
[1 +O (w)] (3.15)

can be treated as a subleading correction to the fluctuation equation, leading to the

usual normalizable and nonnormalizable solutions ⌅ ⇠ C1+C2w. When e
�⇠

⌧ w ⌧

1 (so that r̂h � r̂ ⌧ 1), same terms in the potential behave as

V (w) ' �
$

2
� q

2

4w2
(3.16)

with corrections suppressed by w and | log(w)/⇠|. This latter form leads to oscillating

solutions for $2
� q

2
> 1, so that if one takes the limit ⇠ ! 1 first, it is not possible

to find normalizable modes.

3.1 Numerical analysis at generic X

We have solved the fluctuation equations numerically for various values of X within

the range �1/2 < X < 0. We substituted ⌅(r̂) = e
�2i!r̂

K(r̂) in order to reduce the

exponential dependence on r̂ for Im! < 0, and solved the resulting equations by

estimating the r̂-derivatives by a pseudospectral approximation with 50 grid points

chosen from a Gauss-Labotto grid. The correlators of the energy-momentum tensor

in the various channels were then extracted from the coe�cient of the terms / r̂
⇠

at the boundary. More precisely, we used the definitions of Eqs. (B.2) and (B.4) in

Appendix B for the source and the vev terms. Notice that these expressions hold

near the boundary up to highly suppressed corrections for fluctuations in each sector

which makes it much easier to extract the correlators for an arbitrary potential.

– 11 –

Dependence of QNM on X at q=0

Figure 1: Dependence of the four lowest nonhydrodynamic quasi normal modes on X

at q = 0. Thick lines were obtained by directly solving the fluctuation equations (for the

transverse spin two modes) numerically for �0.46 < X < 0, and the thin lines are based on

the analytic approximation of Sec. 4. Left: the trajectories of the modes on the complex

$-plane. Right: The imaginary parts of the modes as a function of c2s = (1� 4X2)/3.

For later use we also consider the limit of large ⇠. In particular, we notice that

the limits w ! 0 and ⇠ ! 1 do not commute. When w
1/⇠

⌧ 1, i.e., r̂ ⌧ r̂h, the

potential

V (w) = �
($2

� q
2)w2/⇠

4w2
[1 +O (w)] (3.15)

can be treated as a subleading correction to the fluctuation equation, leading to the

usual normalizable and nonnormalizable solutions ⌅ ⇠ C1+C2w. When e
�⇠

⌧ w ⌧

1 (so that r̂h � r̂ ⌧ 1), same terms in the potential behave as

V (w) ' �
$

2
� q

2

4w2
(3.16)

with corrections suppressed by w and | log(w)/⇠|. This latter form leads to oscillating

solutions for $2
� q

2
> 1, so that if one takes the limit ⇠ ! 1 first, it is not possible

to find normalizable modes.

3.1 Numerical analysis at generic X

We have solved the fluctuation equations numerically for various values of X within

the range �1/2 < X < 0. We substituted ⌅(r̂) = e
�2i!r̂

K(r̂) in order to reduce the

exponential dependence on r̂ for Im! < 0, and solved the resulting equations by

estimating the r̂-derivatives by a pseudospectral approximation with 50 grid points

chosen from a Gauss-Labotto grid. The correlators of the energy-momentum tensor

in the various channels were then extracted from the coe�cient of the terms / r̂
⇠

at the boundary. More precisely, we used the definitions of Eqs. (B.2) and (B.4) in

Appendix B for the source and the vev terms. Notice that these expressions hold

near the boundary up to highly suppressed corrections for fluctuations in each sector

which makes it much easier to extract the correlators for an arbitrary potential.

– 11 –

Dependence of QNM on q at X=-0.45

� �
�

�

� �
�

�

� �
�

� �
�

� �

� �

� �
�

�

� �
�

�

� �
�

� �
�

� �
�

� �

� �
�

�

� �
�

�

� �
�

� �
�

� �
�

� �

�

�

�

�

0.5 1.0 1.5 2.0 2.5 3.0 3.5
Re �

-1.5

-1.0

-0.5

0.0

Im �

�
�

�
�

�
�

�

�

�
�

�

�

�
�

�

�

�
�

�

�

�
�

�

�

�
�

�

�

�
�

�

�

�
�

�

�

�
�

�

�

�
�

�

�

�
�

�

�

�
�

�

�

�
�

�

�

�
�

�

�

�
�

�

�

�
�

�

�

� �

�

�

q=3

q=0

2.0 2.5 3.0 3.5 4.0 4.5
Re �

-0.7

-0.6

-0.5

-0.4

-0.3

-0.2

-0.1

Im �

Figure 2: Dependence of the quasi normal modes on q on the complex $ plane for

X = �0.45. The quasi normal modes from Eqs. (3.6), (3.7), and (3.9) are shown as solid

blue, dashed red, and dotted magenta curves, respectively. The momentum q varies from

q = 0 to q = 3 along the curves. The hydro modes lie at the origin for q = 0. The

dots are at q = 0, 1, 2, and 3. Left: overall plot showing both the hydrodynamic and

nonhydrodynamic modes. Right: a zoom in the region with the lowest nonhydrodynamic

modes.

Figure 3: Dependence of the quasi normal modes on q for X = �0.45. Left: dependence

of Re$ on q. Right: dependence of Im$ on q. Notation as in Fig. 2.

In Fig. 1 (the left-hand side appeared also in [9]) we show the modes at zero

momentum as functions of X; we see that as X approaches the critical value, each

pole appear to move to the point $ = 1; taken together, the poles form a line

that approach the real axis and in the critical limit should form a branch cut (see

also [31]). This is di�cult to check as the numerics become more di�cult, hence

the need for a more analytic treatment to which we will turn in the next sections.

On the right hand side of the plot, we show that the poles have an approximately

linear dependence on the deviation of the speed of sound from its conformal value,

as observed also by [16].

In Figs. 2 and 3 we show the dependence of the quasi-normal modes on the

momentum. We used as a reference value X = �0.45, a value relatively close to the
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Crossover of hydro and non-hydro modes at q⇤ ⇠ ⇠�1/2
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Figure 4: Dependence of the sound channel quasi normal modes on q for X = �0.25 (top

left), X = �0.29 (top right), X = �0.295 (bottom left) and X = �0.35 (bottom right).

critical value X = �1/2. The imaginary parts of the hydrodynamic modes obey3

Im$ ' �0.5q2 at small q, whereas the imaginary parts of the nonhydro modes

behave as Im$ ⇠ 1/⇠, as we will prove below. Therefore the imaginary parts

cross for q ⇠ 1/
p
⇠, and consequently hydrodynamics breaks down for smaller and

smaller q as ⇠ increases. The real part of the sound mode satisfies Re$ ' csq where

cs =
p
(1� 4X2)/3.

There is an interesting level crossing structure in the sound channel around

X = �0.3 (see Fig. 4). For �0.29 . X < 0, the imaginary part of $ for the sound

mode (that is the mode for which $ ! 0 a q ! 0) is smaller than Im$ for the

other modes, whereas for �1/2 < X . �0.3, Im$ of the sound mode crosses all

other modes and becomes subdominant. Consequently, near X = �0.3, there is a

sequence of level crossings between the sound mode and all the nonhydro modes.

The first crossing takes place between X = �0.29 and X = �0.295, see the top

right and bottom left plots in Fig. 4. This level crossing is somewhat similar to the

behavior observed for the quasi-normal modes of the scalar field, as a function of

the temperature, in a flow between two di↵erent conformal points [29], although the

details are di↵erent.

We have also determined residues of the hydrodynamic modes numerically. Re-

sults are shown in Fig. 5 for various values of X and as a function of q. The value

of r̂h only a↵ects the overall normalization of the residues, and here we set r̂h = 1.

We see that the residues vanish as q ! 0, indicating the expected decoupling of the

3For the sound mode, the precise coe�cient predicted by hydrodynamics is 1/3 + 2X2/3 which
tends to 1/2 as X ! �1/2.
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X = �.25
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Dependence of QNM on q in the sound channel



The Chamblin-Reall solution has bad UV behavior, not AAdS
(it is hyperscaling-violating)

A simple regularization: attach a slice of AdS in the UV

0 ⇠ ` ⇠ `
0

AdS5

Linear
dilaton

(Full)
CR

r
rh

Figure 8: The structure of the (zero temperature) geometry for potentials asymptoting to

CR behavior in the IR with large ⇠. For 0 < r ⌧ `, the geometry is asymptotically AdS5,

and for r � ` it is asymptotically CR (regimes marked with red color). Further, when

` ⌧ r ⌧ `0 (where `0 ⇠ `⇠) the geometry is to a good approximation the linear dilaton

geometry (the interval marked with blue color), whereas for r � `0 this approximation fails

and only the (full) CR geometry can be used to describe the solution.

where we fixed one of the constants of integration (C1 in (2.4)) such that u ! 0 in

the IR. The full solution would give two relations between Ã0, A0, and �0. Actually

we can use the freedom of shifting A to set Ã0 = 0. Then A0 and �0 are O (1) for

dilaton potentials V which meet the requirements specified above.

We then consider the transformation to conformal coordinates, which lead to

singular behavior for X = �1/2. Therefore we will assume that 0 > X > �1/2 and

that X + 1/2 ⌧ 1 or equivalently that ⇠ � 1. We choose that the UV boundary is

at r = 0 so that

r =

Z u

�1
dũ e

�A(ũ)
. (5.8)

Near the boundary we therefore have

r = `AdSe
�Ã0+u/`AdS

⇥
1 +O

�
e
2u�/`AdS

�⇤
, (5.9)

but in the IR the expansion is more interesting, namely

r = `
0

"⇣
�
u

`

⌘� 1�4X2

4X2

 
1 +O

 
1

log
�
�

u
`

�
!!

� 1

#
+O

�
⇠
0
�
, (5.10)

where `
0 = 4X2

e
�A0`/(1 � 4X2). Comparing to the CR solution in Sec. 2 we see

that there is a shift of the r coordinate by `
0, given by the last term in the square

brackets, which is O (⇠). Such a shift is a global property of the definition of the

conformal coordinate in (5.8), and would not appear in a naive direct IR expansion

of the relation.

The shift ensures that r becomes O (`⇠0) for �u ⇠ `, i.e., when the asymptotic

IR expansion starts to fail, and matches smoothly with the UV expansion. We see

that the UV region (�u � `) maps to r ⌧ `, and the IR region (�u ⌧ `) maps

to r � `. The shift also ensures that the limit X ! �1/2 is smooth, as can be

seen from the analysis in Sec. 2: for the critical limit of (2.6) to match with (2.7) an

analogous shift of r is needed in either of the definitions.
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`0 = ⇠`
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The QNM depend non-trivially on T
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Figure 9: The dependence of the location of quasi normal modes on temperature at

X = �0.47 (⇠ ' 26.77) and at q = 0 in the setup where AdS and CR geometries were

glued together. Left: The trajectories of the ten lowest QNMs on the complex $-plane

as T grows from T = 0.2Tc to T = 0.91Tc. The dashed curves are at constant T/Tc with

values of the ratio indicated by the labels. The markers are at T/Tc = 0.2, 0.3, . . . 0.9

for all curves. Right: Comparison of the result to simple boundary conditions at r = rc.

Blue, dashed red, and dotted magenta curves give the imaginary part of $ as a function of

the temperature for the QNMs with glued, Dirichlet, and Neumann boundary conditions,

respectively.

�r
⇠ in the definition the normalizable IR wave function in (5.21), which is most

convenient for the gluing procedure. A normalization factor `
0⇠ was used in (E.7)

instead, and as a result the m ! 0 limit of M22 di↵ers from (E.13) by a factor of

(`0/�r)⇠, which is finite and in general di↵erent from one in the limit ⇠ ! 1. With

the current definitions, i.e., for the normalization of (5.21) and when using the matrix

in (5.23), the proper normalization of Greg is given by replacing r̂
�⇠
h in the results of

Sec. 4.1 by (1 + rh/�r)�⇠.

The analytic result for the transverse spin-two correlator is given in terms of the

transition matrix by

eGreg =
M21 +M22Greg

M11 +M12Greg
, (5.24)

which is regulated in the same way as Greg in Sec. 4, see Appendix E for details.

5.3 Temperature dependence of the QNMs

Let us then study the dependence of the location of the quasi normal modes on

temperature by using the exact solutions for the fluctuations. Their location is given

by the equation M11 + M12Greg = 0 with Mij given in (5.23) and the correlator

in (4.13). We take q = 0 so the results apply for all fluctuations of the metric (not

just the transverse spin-two modes), and choose X = �0.47 close to the critical

value so that ⇠ ' 26.77 is relatively high and corrections in 1/⇠ are suppressed. We

show how the trajectories of the QNMs on the complex $-plane in Fig. 9 (left). At

the lowest temperature T = 0.2Tc, the locations of the QNMs are indistinguishable
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Figure 10: The (logarithm of the) absolute value of the correlators of the energy-

momentum tensor on the complex $-plane in various analytic approximations. The plots

are for X = �1/2 (⇠ = 1) and q = 0. The contours are at constant values of | eGreg|, with

orange/yellow colors (mostly top parts of the plots) indicating small values and blue/white

colors (mostly bottom parts of the plots) indicating large values. Top left: the “glued”

correlator of (5.32) at rh/rc = 2. Top right: the correlator of (5.32) at rh/rc = 20. Bottom

left: the large $ approximation of the correlator (5.37) with rh/rc = 2. Bottom right: the

limit of large black hole (5.33) of the glued correlator.

We plot the discontinuity (divided by the dominant factor µ̂4) as a function of µ̂ in

Fig. 11. Interestingly, it is well approximated by Disc eGreg = iµ̂
4 for all µ̂ > 1.

The behavior of the correlator (5.32) changes depending on whether the combi-

13There is also another branch cut ⇠ µ̂4 log µ̂ due to the nonanalyticity of the Hankel functions,
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QNM of the X=-1/2 UV-completed CR geometry

rh
rc

= 2
<latexit sha1_base64="bXnSjLDqR7XcKQ4/uUYm628t5uM=">AAAB/HicbVDLSgMxFL1TX7W+Rrt0EyyCqzJTBN0IBTcuK9gHtMOQSdM2NJMMSUYYhvorblwo4tYPceffmLaz0NYDgcM553JvTpRwpo3nfTuljc2t7Z3ybmVv/+DwyD0+6WiZKkLbRHKpehHWlDNB24YZTnuJojiOOO1G09u5332kSjMpHkyW0CDGY8FGjGBjpdCt5kiFEzSQNmQZQbObRujWvLq3AFonfkFqUKAVul+DoSRpTIUhHGvd973EBDlWhhFOZ5VBqmmCyRSPad9SgWOqg3xx/AydW2WIRlLZJwxaqL8nchxrncWRTcbYTPSqNxf/8/qpGV0HORNJaqggy0WjlCMj0bwJNGSKEsMzSzBRzN6KyAQrTIztq2JL8Fe/vE46jbrv1f37y1qzWdRRhlM4gwvw4QqacActaAOBDJ7hFd6cJ+fFeXc+ltGSU8xU4Q+czx85vJPT</latexit><latexit sha1_base64="bXnSjLDqR7XcKQ4/uUYm628t5uM=">AAAB/HicbVDLSgMxFL1TX7W+Rrt0EyyCqzJTBN0IBTcuK9gHtMOQSdM2NJMMSUYYhvorblwo4tYPceffmLaz0NYDgcM553JvTpRwpo3nfTuljc2t7Z3ybmVv/+DwyD0+6WiZKkLbRHKpehHWlDNB24YZTnuJojiOOO1G09u5332kSjMpHkyW0CDGY8FGjGBjpdCt5kiFEzSQNmQZQbObRujWvLq3AFonfkFqUKAVul+DoSRpTIUhHGvd973EBDlWhhFOZ5VBqmmCyRSPad9SgWOqg3xx/AydW2WIRlLZJwxaqL8nchxrncWRTcbYTPSqNxf/8/qpGV0HORNJaqggy0WjlCMj0bwJNGSKEsMzSzBRzN6KyAQrTIztq2JL8Fe/vE46jbrv1f37y1qzWdRRhlM4gwvw4QqacActaAOBDJ7hFd6cJ+fFeXc+ltGSU8xU4Q+czx85vJPT</latexit><latexit sha1_base64="bXnSjLDqR7XcKQ4/uUYm628t5uM=">AAAB/HicbVDLSgMxFL1TX7W+Rrt0EyyCqzJTBN0IBTcuK9gHtMOQSdM2NJMMSUYYhvorblwo4tYPceffmLaz0NYDgcM553JvTpRwpo3nfTuljc2t7Z3ybmVv/+DwyD0+6WiZKkLbRHKpehHWlDNB24YZTnuJojiOOO1G09u5332kSjMpHkyW0CDGY8FGjGBjpdCt5kiFEzSQNmQZQbObRujWvLq3AFonfkFqUKAVul+DoSRpTIUhHGvd973EBDlWhhFOZ5VBqmmCyRSPad9SgWOqg3xx/AydW2WIRlLZJwxaqL8nchxrncWRTcbYTPSqNxf/8/qpGV0HORNJaqggy0WjlCMj0bwJNGSKEsMzSzBRzN6KyAQrTIztq2JL8Fe/vE46jbrv1f37y1qzWdRRhlM4gwvw4QqacActaAOBDJ7hFd6cJ+fFeXc+ltGSU8xU4Q+czx85vJPT</latexit><latexit sha1_base64="bXnSjLDqR7XcKQ4/uUYm628t5uM=">AAAB/HicbVDLSgMxFL1TX7W+Rrt0EyyCqzJTBN0IBTcuK9gHtMOQSdM2NJMMSUYYhvorblwo4tYPceffmLaz0NYDgcM553JvTpRwpo3nfTuljc2t7Z3ybmVv/+DwyD0+6WiZKkLbRHKpehHWlDNB24YZTnuJojiOOO1G09u5332kSjMpHkyW0CDGY8FGjGBjpdCt5kiFEzSQNmQZQbObRujWvLq3AFonfkFqUKAVul+DoSRpTIUhHGvd973EBDlWhhFOZ5VBqmmCyRSPad9SgWOqg3xx/AydW2WIRlLZJwxaqL8nchxrncWRTcbYTPSqNxf/8/qpGV0HORNJaqggy0WjlCMj0bwJNGSKEsMzSzBRzN6KyAQrTIztq2JL8Fe/vE46jbrv1f37y1qzWdRRhlM4gwvw4QqacActaAOBDJ7hFd6cJ+fFeXc+ltGSU8xU4Q+czx85vJPT</latexit>

rh
rc

= 20
<latexit sha1_base64="q2zTS4nDR/j3/h7CN9uSFH+lCpc=">AAAB/XicbVDLSgMxFL3js9bX+Ni5CRbBVZkpgm6EghuXFewD2mHIpJk2NJMMSUaoQ/FX3LhQxK3/4c6/MW1noa0HAodzzuXenCjlTBvP+3ZWVtfWNzZLW+Xtnd29fffgsKVlpghtEsml6kRYU84EbRpmOO2kiuIk4rQdjW6mfvuBKs2kuDfjlAYJHggWM4KNlUL3OEcqHKKetCHLCJpc17zQrXhVbwa0TPyCVKBAI3S/en1JsoQKQzjWuut7qQlyrAwjnE7KvUzTFJMRHtCupQInVAf57PoJOrNKH8VS2ScMmqm/J3KcaD1OIptMsBnqRW8q/ud1MxNfBTkTaWaoIPNFccaRkWhaBeozRYnhY0swUczeisgQK0yMLaxsS/AXv7xMWrWq71X9u4tKvV7UUYITOIVz8OES6nALDWgCgUd4hld4c56cF+fd+ZhHV5xi5gj+wPn8Aa4PlA0=</latexit><latexit sha1_base64="q2zTS4nDR/j3/h7CN9uSFH+lCpc=">AAAB/XicbVDLSgMxFL3js9bX+Ni5CRbBVZkpgm6EghuXFewD2mHIpJk2NJMMSUaoQ/FX3LhQxK3/4c6/MW1noa0HAodzzuXenCjlTBvP+3ZWVtfWNzZLW+Xtnd29fffgsKVlpghtEsml6kRYU84EbRpmOO2kiuIk4rQdjW6mfvuBKs2kuDfjlAYJHggWM4KNlUL3OEcqHKKetCHLCJpc17zQrXhVbwa0TPyCVKBAI3S/en1JsoQKQzjWuut7qQlyrAwjnE7KvUzTFJMRHtCupQInVAf57PoJOrNKH8VS2ScMmqm/J3KcaD1OIptMsBnqRW8q/ud1MxNfBTkTaWaoIPNFccaRkWhaBeozRYnhY0swUczeisgQK0yMLaxsS/AXv7xMWrWq71X9u4tKvV7UUYITOIVz8OES6nALDWgCgUd4hld4c56cF+fd+ZhHV5xi5gj+wPn8Aa4PlA0=</latexit><latexit sha1_base64="q2zTS4nDR/j3/h7CN9uSFH+lCpc=">AAAB/XicbVDLSgMxFL3js9bX+Ni5CRbBVZkpgm6EghuXFewD2mHIpJk2NJMMSUaoQ/FX3LhQxK3/4c6/MW1noa0HAodzzuXenCjlTBvP+3ZWVtfWNzZLW+Xtnd29fffgsKVlpghtEsml6kRYU84EbRpmOO2kiuIk4rQdjW6mfvuBKs2kuDfjlAYJHggWM4KNlUL3OEcqHKKetCHLCJpc17zQrXhVbwa0TPyCVKBAI3S/en1JsoQKQzjWuut7qQlyrAwjnE7KvUzTFJMRHtCupQInVAf57PoJOrNKH8VS2ScMmqm/J3KcaD1OIptMsBnqRW8q/ud1MxNfBTkTaWaoIPNFccaRkWhaBeozRYnhY0swUczeisgQK0yMLaxsS/AXv7xMWrWq71X9u4tKvV7UUYITOIVz8OES6nALDWgCgUd4hld4c56cF+fd+ZhHV5xi5gj+wPn8Aa4PlA0=</latexit><latexit sha1_base64="q2zTS4nDR/j3/h7CN9uSFH+lCpc=">AAAB/XicbVDLSgMxFL3js9bX+Ni5CRbBVZkpgm6EghuXFewD2mHIpJk2NJMMSUaoQ/FX3LhQxK3/4c6/MW1noa0HAodzzuXenCjlTBvP+3ZWVtfWNzZLW+Xtnd29fffgsKVlpghtEsml6kRYU84EbRpmOO2kiuIk4rQdjW6mfvuBKs2kuDfjlAYJHggWM4KNlUL3OEcqHKKetCHLCJpc17zQrXhVbwa0TPyCVKBAI3S/en1JsoQKQzjWuut7qQlyrAwjnE7KvUzTFJMRHtCupQInVAf57PoJOrNKH8VS2ScMmqm/J3KcaD1OIptMsBnqRW8q/ud1MxNfBTkTaWaoIPNFccaRkWhaBeozRYnhY0swUczeisgQK0yMLaxsS/AXv7xMWrWq71X9u4tKvV7UUYITOIVz8OES6nALDWgCgUd4hld4c56cF+fd+ZhHV5xi5gj+wPn8Aa4PlA0=</latexit>

high-T low-T

!
<latexit sha1_base64="zh5mPo/A24g+9L0NaTgvi9wIU/o=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bjw4jGCeUCyhNlJbzJmZmeZmRXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7RT3t3bPzisHB23jMo0wyZTQulORA0KnmDTciuwk2qkMhLYjsa3M7/9hNpwlTzYSYqhpMOEx5xR66RWT0kc0n6l6tf8OcgqCQpShQKNfuWrN1Ask5hYJqgx3cBPbZhTbTkTOC33MoMpZWM6xK6jCZVownx+7ZScO2VAYqVdJZbM1d8TOZXGTGTkOiW1I7PszcT/vG5m45sw50maWUzYYlGcCWIVmb1OBlwjs2LiCGWau1sJG1FNmXUBlV0IwfLLq6R1WQv8WnB/Va3XizhKcApncAEBXEMd7qABTWDwCM/wCm+e8l68d+9j0brmFTMn8Afe5w+Pl48Z</latexit><latexit sha1_base64="zh5mPo/A24g+9L0NaTgvi9wIU/o=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bjw4jGCeUCyhNlJbzJmZmeZmRXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7RT3t3bPzisHB23jMo0wyZTQulORA0KnmDTciuwk2qkMhLYjsa3M7/9hNpwlTzYSYqhpMOEx5xR66RWT0kc0n6l6tf8OcgqCQpShQKNfuWrN1Ask5hYJqgx3cBPbZhTbTkTOC33MoMpZWM6xK6jCZVownx+7ZScO2VAYqVdJZbM1d8TOZXGTGTkOiW1I7PszcT/vG5m45sw50maWUzYYlGcCWIVmb1OBlwjs2LiCGWau1sJG1FNmXUBlV0IwfLLq6R1WQv8WnB/Va3XizhKcApncAEBXEMd7qABTWDwCM/wCm+e8l68d+9j0brmFTMn8Afe5w+Pl48Z</latexit><latexit sha1_base64="zh5mPo/A24g+9L0NaTgvi9wIU/o=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bjw4jGCeUCyhNlJbzJmZmeZmRXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7RT3t3bPzisHB23jMo0wyZTQulORA0KnmDTciuwk2qkMhLYjsa3M7/9hNpwlTzYSYqhpMOEx5xR66RWT0kc0n6l6tf8OcgqCQpShQKNfuWrN1Ask5hYJqgx3cBPbZhTbTkTOC33MoMpZWM6xK6jCZVownx+7ZScO2VAYqVdJZbM1d8TOZXGTGTkOiW1I7PszcT/vG5m45sw50maWUzYYlGcCWIVmb1OBlwjs2LiCGWau1sJG1FNmXUBlV0IwfLLq6R1WQv8WnB/Va3XizhKcApncAEBXEMd7qABTWDwCM/wCm+e8l68d+9j0brmFTMn8Afe5w+Pl48Z</latexit><latexit sha1_base64="zh5mPo/A24g+9L0NaTgvi9wIU/o=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bjw4jGCeUCyhNlJbzJmZmeZmRXCkn/w4kERr/6PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7RT3t3bPzisHB23jMo0wyZTQulORA0KnmDTciuwk2qkMhLYjsa3M7/9hNpwlTzYSYqhpMOEx5xR66RWT0kc0n6l6tf8OcgqCQpShQKNfuWrN1Ask5hYJqgx3cBPbZhTbTkTOC33MoMpZWM6xK6jCZVownx+7ZScO2VAYqVdJZbM1d8TOZXGTGTkOiW1I7PszcT/vG5m45sw50maWUzYYlGcCWIVmb1OBlwjs2LiCGWau1sJG1FNmXUBlV0IwfLLq6R1WQv8WnB/Va3XizhKcApncAEBXEMd7qABTWDwCM/wCm+e8l68d+9j0brmFTMn8Afe5w+Pl48Z</latexit>large       approx



A better model: interpolate between CR and AdS with a smooth potential

V = C1 e
2k1� + C2 e

2k2�
<latexit sha1_base64="cFoalekvNnOV+EwVDbBXoU9an/c=">AAACGHicbZDLSsNAFIYn9VbrLerSzWARBKUmQdCNUOjGZQV7gTaGyfS0HTq5MDMRSuhjuPFV3LhQxG13vo2TNova+sPAz3fO4cz5/ZgzqSzrxyisrW9sbhW3Szu7e/sH5uFRU0aJoNCgEY9E2ycSOAuhoZji0I4FkMDn0PJHtazeegYhWRQ+qnEMbkAGIeszSpRGnnnVxHe45tm4e4nhKXXwKPPxkE0uap6zQJ059cyyVbFmwqvGzk0Z5ap75rTbi2gSQKgoJ1J2bCtWbkqEYpTDpNRNJMSEjsgAOtqGJADpprPDJvhMkx7uR0K/UOEZXZxISSDlOPB1Z0DUUC7XMvhfrZOo/q2bsjBOFIR0vqifcKwinKWEe0wAVXysDaGC6b9iOiSCUKWzLOkQ7OWTV03TqdhWxX64LlereRxFdIJO0Tmy0Q2qontURw1E0Qt6Qx/o03g13o0v43veWjDymWP0R8b0F1TunD8=</latexit><latexit sha1_base64="cFoalekvNnOV+EwVDbBXoU9an/c=">AAACGHicbZDLSsNAFIYn9VbrLerSzWARBKUmQdCNUOjGZQV7gTaGyfS0HTq5MDMRSuhjuPFV3LhQxG13vo2TNova+sPAz3fO4cz5/ZgzqSzrxyisrW9sbhW3Szu7e/sH5uFRU0aJoNCgEY9E2ycSOAuhoZji0I4FkMDn0PJHtazeegYhWRQ+qnEMbkAGIeszSpRGnnnVxHe45tm4e4nhKXXwKPPxkE0uap6zQJ059cyyVbFmwqvGzk0Z5ap75rTbi2gSQKgoJ1J2bCtWbkqEYpTDpNRNJMSEjsgAOtqGJADpprPDJvhMkx7uR0K/UOEZXZxISSDlOPB1Z0DUUC7XMvhfrZOo/q2bsjBOFIR0vqifcKwinKWEe0wAVXysDaGC6b9iOiSCUKWzLOkQ7OWTV03TqdhWxX64LlereRxFdIJO0Tmy0Q2qontURw1E0Qt6Qx/o03g13o0v43veWjDymWP0R8b0F1TunD8=</latexit><latexit sha1_base64="cFoalekvNnOV+EwVDbBXoU9an/c=">AAACGHicbZDLSsNAFIYn9VbrLerSzWARBKUmQdCNUOjGZQV7gTaGyfS0HTq5MDMRSuhjuPFV3LhQxG13vo2TNova+sPAz3fO4cz5/ZgzqSzrxyisrW9sbhW3Szu7e/sH5uFRU0aJoNCgEY9E2ycSOAuhoZji0I4FkMDn0PJHtazeegYhWRQ+qnEMbkAGIeszSpRGnnnVxHe45tm4e4nhKXXwKPPxkE0uap6zQJ059cyyVbFmwqvGzk0Z5ap75rTbi2gSQKgoJ1J2bCtWbkqEYpTDpNRNJMSEjsgAOtqGJADpprPDJvhMkx7uR0K/UOEZXZxISSDlOPB1Z0DUUC7XMvhfrZOo/q2bsjBOFIR0vqifcKwinKWEe0wAVXysDaGC6b9iOiSCUKWzLOkQ7OWTV03TqdhWxX64LlereRxFdIJO0Tmy0Q2qontURw1E0Qt6Qx/o03g13o0v43veWjDymWP0R8b0F1TunD8=</latexit><latexit sha1_base64="cFoalekvNnOV+EwVDbBXoU9an/c=">AAACGHicbZDLSsNAFIYn9VbrLerSzWARBKUmQdCNUOjGZQV7gTaGyfS0HTq5MDMRSuhjuPFV3LhQxG13vo2TNova+sPAz3fO4cz5/ZgzqSzrxyisrW9sbhW3Szu7e/sH5uFRU0aJoNCgEY9E2ycSOAuhoZji0I4FkMDn0PJHtazeegYhWRQ+qnEMbkAGIeszSpRGnnnVxHe45tm4e4nhKXXwKPPxkE0uap6zQJ059cyyVbFmwqvGzk0Z5ap75rTbi2gSQKgoJ1J2bCtWbkqEYpTDpNRNJMSEjsgAOtqGJADpprPDJvhMkx7uR0K/UOEZXZxISSDlOPB1Z0DUUC7XMvhfrZOo/q2bsjBOFIR0vqifcKwinKWEe0wAVXysDaGC6b9iOiSCUKWzLOkQ7OWTV03TqdhWxX64LlereRxFdIJO0Tmy0Q2qontURw1E0Qt6Qx/o03g13o0v43veWjDymWP0R8b0F1TunD8=</latexit>

A simple Ansatz

gives a model that   1) allows for non-trivial flows between fixed points
   2) is solvable

Introduction Exact holographic RG flows RG equations at T = 0 RG-flow at finite T Outlook

Set up

The action reads

S =
1
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Z
d4x

Z
du
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✓
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V (�) = C1e2k1� + C2e2k2�, Ci, ki, i = 1, 2 are some constants.
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Figure: The behaviour of the potential V (�) for C1 < 0, C2 > 0.
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A change of variables turns the Einstein equations into an integrable 
(Toda lattice) system  if 

k2 =
16

9k1
<latexit sha1_base64="UM5D9+iuQK93ap537Who2uJIfQM=">AAAB/3icbVDLSgMxFM34rPU1KrhxEyyCqzIp4mMhFNy4rGAf0A5DJs20YTLJkGSEMnbhr7hxoYhbf8Odf2PazkJbDwQO55zLvTlhypk2nvftLC2vrK6tlzbKm1vbO7vu3n5Ly0wR2iSSS9UJsaacCdo0zHDaSRXFSchpO4xvJn77gSrNpLg3o5T6CR4IFjGCjZUC9zAOavAa5ugc9qQNwisYB2gcuBWv6k0BFwkqSAUUaATuV68vSZZQYQjHWneRlxo/x8owwum43Ms0TTGJ8YB2LRU4odrPp/eP4YlV+jCSyj5h4FT9PZHjROtREtpkgs1Qz3sT8T+vm5no0s+ZSDNDBZktijIOjYSTMmCfKUoMH1mCiWL2VkiGWGFibGVlWwKa//IiadWqyKuiu7NKvV7UUQJH4BicAgQuQB3cggZoAgIewTN4BW/Ok/PivDsfs+iSU8wcgD9wPn8A0xKUCQ==</latexit><latexit sha1_base64="UM5D9+iuQK93ap537Who2uJIfQM=">AAAB/3icbVDLSgMxFM34rPU1KrhxEyyCqzIp4mMhFNy4rGAf0A5DJs20YTLJkGSEMnbhr7hxoYhbf8Odf2PazkJbDwQO55zLvTlhypk2nvftLC2vrK6tlzbKm1vbO7vu3n5Ly0wR2iSSS9UJsaacCdo0zHDaSRXFSchpO4xvJn77gSrNpLg3o5T6CR4IFjGCjZUC9zAOavAa5ugc9qQNwisYB2gcuBWv6k0BFwkqSAUUaATuV68vSZZQYQjHWneRlxo/x8owwum43Ms0TTGJ8YB2LRU4odrPp/eP4YlV+jCSyj5h4FT9PZHjROtREtpkgs1Qz3sT8T+vm5no0s+ZSDNDBZktijIOjYSTMmCfKUoMH1mCiWL2VkiGWGFibGVlWwKa//IiadWqyKuiu7NKvV7UUQJH4BicAgQuQB3cggZoAgIewTN4BW/Ok/PivDsfs+iSU8wcgD9wPn8A0xKUCQ==</latexit><latexit sha1_base64="UM5D9+iuQK93ap537Who2uJIfQM=">AAAB/3icbVDLSgMxFM34rPU1KrhxEyyCqzIp4mMhFNy4rGAf0A5DJs20YTLJkGSEMnbhr7hxoYhbf8Odf2PazkJbDwQO55zLvTlhypk2nvftLC2vrK6tlzbKm1vbO7vu3n5Ly0wR2iSSS9UJsaacCdo0zHDaSRXFSchpO4xvJn77gSrNpLg3o5T6CR4IFjGCjZUC9zAOavAa5ugc9qQNwisYB2gcuBWv6k0BFwkqSAUUaATuV68vSZZQYQjHWneRlxo/x8owwum43Ms0TTGJ8YB2LRU4odrPp/eP4YlV+jCSyj5h4FT9PZHjROtREtpkgs1Qz3sT8T+vm5no0s+ZSDNDBZktijIOjYSTMmCfKUoMH1mCiWL2VkiGWGFibGVlWwKa//IiadWqyKuiu7NKvV7UUQJH4BicAgQuQB3cggZoAgIewTN4BW/Ok/PivDsfs+iSU8wcgD9wPn8A0xKUCQ==</latexit><latexit sha1_base64="UM5D9+iuQK93ap537Who2uJIfQM=">AAAB/3icbVDLSgMxFM34rPU1KrhxEyyCqzIp4mMhFNy4rGAf0A5DJs20YTLJkGSEMnbhr7hxoYhbf8Odf2PazkJbDwQO55zLvTlhypk2nvftLC2vrK6tlzbKm1vbO7vu3n5Ly0wR2iSSS9UJsaacCdo0zHDaSRXFSchpO4xvJn77gSrNpLg3o5T6CR4IFjGCjZUC9zAOavAa5ugc9qQNwisYB2gcuBWv6k0BFwkqSAUUaATuV68vSZZQYQjHWneRlxo/x8owwum43Ms0TTGJ8YB2LRU4odrPp/eP4YlV+jCSyj5h4FT9PZHjROtREtpkgs1Qz3sT8T+vm5no0s+ZSDNDBZktijIOjYSTMmCfKUoMH1mCiWL2VkiGWGFibGVlWwKa//IiadWqyKuiu7NKvV7UUQJH4BicAgQuQB3cggZoAgIewTN4BW/Ok/PivDsfs+iSU8wcgD9wPn8A0xKUCQ==</latexit>
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The general solution
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<latexit sha1_base64="9mSNT8F7UP/YAbgiX36A5UiaE1s=">AAACDnicbVBLSwMxGMzWV62vVY9egqUgCGVTBb0IBSl4rGAf0F2XbJptQ7PZJckKZekv8OJf8eJBEa+evflvTNs9aOtAwjAzH8k3QcKZ0o7zbRVWVtfWN4qbpa3tnd09e/+greJUEtoiMY9lN8CKciZoSzPNaTeRFEcBp51gdD31Ow9UKhaLOz1OqBfhgWAhI1gbybcrDR/BU9jwa+bOatCNTRqeTaCLeTLEPrqvwSvHt8tO1ZkBLhOUkzLI0fTtL7cfkzSiQhOOleohJ9FehqVmhNNJyU0VTTAZ4QHtGSpwRJWXzdaZwIpR+jCMpTlCw5n6eyLDkVLjKDDJCOuhWvSm4n9eL9XhpZcxkaSaCjJ/KEw51DGcdgP7TFKi+dgQTCQzf4VkiCUm2jRYMiWgxZWXSbtWRU4V3Z6X6/W8jiI4AsfgBCBwAergBjRBCxDwCJ7BK3iznqwX6936mEcLVj5zCP7A+vwBU12YgA==</latexit><latexit sha1_base64="9mSNT8F7UP/YAbgiX36A5UiaE1s=">AAACDnicbVBLSwMxGMzWV62vVY9egqUgCGVTBb0IBSl4rGAf0F2XbJptQ7PZJckKZekv8OJf8eJBEa+evflvTNs9aOtAwjAzH8k3QcKZ0o7zbRVWVtfWN4qbpa3tnd09e/+greJUEtoiMY9lN8CKciZoSzPNaTeRFEcBp51gdD31Ow9UKhaLOz1OqBfhgWAhI1gbybcrDR/BU9jwa+bOatCNTRqeTaCLeTLEPrqvwSvHt8tO1ZkBLhOUkzLI0fTtL7cfkzSiQhOOleohJ9FehqVmhNNJyU0VTTAZ4QHtGSpwRJWXzdaZwIpR+jCMpTlCw5n6eyLDkVLjKDDJCOuhWvSm4n9eL9XhpZcxkaSaCjJ/KEw51DGcdgP7TFKi+dgQTCQzf4VkiCUm2jRYMiWgxZWXSbtWRU4V3Z6X6/W8jiI4AsfgBCBwAergBjRBCxDwCJ7BK3iznqwX6936mEcLVj5zCP7A+vwBU12YgA==</latexit><latexit sha1_base64="9mSNT8F7UP/YAbgiX36A5UiaE1s=">AAACDnicbVBLSwMxGMzWV62vVY9egqUgCGVTBb0IBSl4rGAf0F2XbJptQ7PZJckKZekv8OJf8eJBEa+evflvTNs9aOtAwjAzH8k3QcKZ0o7zbRVWVtfWN4qbpa3tnd09e/+greJUEtoiMY9lN8CKciZoSzPNaTeRFEcBp51gdD31Ow9UKhaLOz1OqBfhgWAhI1gbybcrDR/BU9jwa+bOatCNTRqeTaCLeTLEPrqvwSvHt8tO1ZkBLhOUkzLI0fTtL7cfkzSiQhOOleohJ9FehqVmhNNJyU0VTTAZ4QHtGSpwRJWXzdaZwIpR+jCMpTlCw5n6eyLDkVLjKDDJCOuhWvSm4n9eL9XhpZcxkaSaCjJ/KEw51DGcdgP7TFKi+dgQTCQzf4VkiCUm2jRYMiWgxZWXSbtWRU4V3Z6X6/W8jiI4AsfgBCBwAergBjRBCxDwCJ7BK3iznqwX6936mEcLVj5zCP7A+vwBU12YgA==</latexit><latexit sha1_base64="9mSNT8F7UP/YAbgiX36A5UiaE1s=">AAACDnicbVBLSwMxGMzWV62vVY9egqUgCGVTBb0IBSl4rGAf0F2XbJptQ7PZJckKZekv8OJf8eJBEa+evflvTNs9aOtAwjAzH8k3QcKZ0o7zbRVWVtfWN4qbpa3tnd09e/+greJUEtoiMY9lN8CKciZoSzPNaTeRFEcBp51gdD31Ow9UKhaLOz1OqBfhgWAhI1gbybcrDR/BU9jwa+bOatCNTRqeTaCLeTLEPrqvwSvHt8tO1ZkBLhOUkzLI0fTtL7cfkzSiQhOOleohJ9FehqVmhNNJyU0VTTAZ4QHtGSpwRJWXzdaZwIpR+jCMpTlCw5n6eyLDkVLjKDDJCOuhWvSm4n9eL9XhpZcxkaSaCjJ/KEw51DGcdgP7TFKi+dgQTCQzf4VkiCUm2jRYMiWgxZWXSbtWRU4V3Z6X6/W8jiI4AsfgBCBwAergBjRBCxDwCJ7BK3iznqwX6936mEcLVj5zCP7A+vwBU12YgA==</latexit>

u01, u02
<latexit sha1_base64="SDQik1Hojrl+hBSSIWHXmbGa2VA=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgQspMEXRZcOOygn1AO5RMmmlDk8yYZAplmO9w40IRt36MO//GTDsLbT1wuYdz7iU3J4g508Z1v53SxubW9k55t7K3f3B4VD0+6egoUYS2ScQj1QuwppxJ2jbMcNqLFcUi4LQbTO9yvzujSrNIPpp5TH2Bx5KFjGBjJT8Zpq6XXeWtkQ2rNbfuLoDWiVeQGhRoDatfg1FEEkGlIRxr3ffc2PgpVoYRTrPKINE0xmSKx7RvqcSCaj9dHJ2hC6uMUBgpW9Kghfp7I8VC67kI7KTAZqJXvVz8z+snJrz1UybjxFBJlg+FCUcmQnkCaMQUJYbPLcFEMXsrIhOsMDE2p4oNwVv98jrpNOqeW/cermvNZhFHGc7gHC7Bgxtowj20oA0EnuAZXuHNmTkvzrvzsRwtOcXOKfyB8/kD49mRgQ==</latexit><latexit sha1_base64="SDQik1Hojrl+hBSSIWHXmbGa2VA=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgQspMEXRZcOOygn1AO5RMmmlDk8yYZAplmO9w40IRt36MO//GTDsLbT1wuYdz7iU3J4g508Z1v53SxubW9k55t7K3f3B4VD0+6egoUYS2ScQj1QuwppxJ2jbMcNqLFcUi4LQbTO9yvzujSrNIPpp5TH2Bx5KFjGBjJT8Zpq6XXeWtkQ2rNbfuLoDWiVeQGhRoDatfg1FEEkGlIRxr3ffc2PgpVoYRTrPKINE0xmSKx7RvqcSCaj9dHJ2hC6uMUBgpW9Kghfp7I8VC67kI7KTAZqJXvVz8z+snJrz1UybjxFBJlg+FCUcmQnkCaMQUJYbPLcFEMXsrIhOsMDE2p4oNwVv98jrpNOqeW/cermvNZhFHGc7gHC7Bgxtowj20oA0EnuAZXuHNmTkvzrvzsRwtOcXOKfyB8/kD49mRgQ==</latexit><latexit sha1_base64="SDQik1Hojrl+hBSSIWHXmbGa2VA=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgQspMEXRZcOOygn1AO5RMmmlDk8yYZAplmO9w40IRt36MO//GTDsLbT1wuYdz7iU3J4g508Z1v53SxubW9k55t7K3f3B4VD0+6egoUYS2ScQj1QuwppxJ2jbMcNqLFcUi4LQbTO9yvzujSrNIPpp5TH2Bx5KFjGBjJT8Zpq6XXeWtkQ2rNbfuLoDWiVeQGhRoDatfg1FEEkGlIRxr3ffc2PgpVoYRTrPKINE0xmSKx7RvqcSCaj9dHJ2hC6uMUBgpW9Kghfp7I8VC67kI7KTAZqJXvVz8z+snJrz1UybjxFBJlg+FCUcmQnkCaMQUJYbPLcFEMXsrIhOsMDE2p4oNwVv98jrpNOqeW/cermvNZhFHGc7gHC7Bgxtowj20oA0EnuAZXuHNmTkvzrvzsRwtOcXOKfyB8/kD49mRgQ==</latexit><latexit sha1_base64="SDQik1Hojrl+hBSSIWHXmbGa2VA=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgQspMEXRZcOOygn1AO5RMmmlDk8yYZAplmO9w40IRt36MO//GTDsLbT1wuYdz7iU3J4g508Z1v53SxubW9k55t7K3f3B4VD0+6egoUYS2ScQj1QuwppxJ2jbMcNqLFcUi4LQbTO9yvzujSrNIPpp5TH2Bx5KFjGBjJT8Zpq6XXeWtkQ2rNbfuLoDWiVeQGhRoDatfg1FEEkGlIRxr3ffc2PgpVoYRTrPKINE0xmSKx7RvqcSCaj9dHJ2hC6uMUBgpW9Kghfp7I8VC67kI7KTAZqJXvVz8z+snJrz1UybjxFBJlg+FCUcmQnkCaMQUJYbPLcFEMXsrIhOsMDE2p4oNwVv98jrpNOqeW/cermvNZhFHGc7gHC7Bgxtowj20oA0EnuAZXuHNmTkvzrvzsRwtOcXOKfyB8/kD49mRgQ==</latexit>

↵1 = 0
<latexit sha1_base64="fj8D3/mryVUGzjVZ51aoTUUJ7iI=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ8OKxgv2ANpTJdtMu3WzS3U2hhP4OLx4U8eqP8ea/cdvmoK0PBh7vzTAzL0gE18Z1v53CxubW9k5xt7S3f3B4VD4+aeo4VZQ1aCxi1Q5QM8ElaxhuBGsnimEUCNYKRvdzvzVhSvNYPplpwvwIB5KHnKKxkt9FkQyx55E74pJeueJW3QXIOvFyUoEc9V75q9uPaRoxaahArTuemxg/Q2U4FWxW6qaaJUhHOGAdSyVGTPvZ4ugZubBKn4SxsiUNWai/JzKMtJ5Gge2M0Az1qjcX//M6qQlv/YzLJDVM0uWiMBXExGSeAOlzxagRU0uQKm5vJXSICqmxOZVsCN7qy+ukeVX13Kr3eF2p1fI4inAG53AJHtxADR6gDg2gMIZneIU3Z+K8OO/Ox7K14OQzp/AHzucPtDiQuQ==</latexit><latexit sha1_base64="fj8D3/mryVUGzjVZ51aoTUUJ7iI=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ8OKxgv2ANpTJdtMu3WzS3U2hhP4OLx4U8eqP8ea/cdvmoK0PBh7vzTAzL0gE18Z1v53CxubW9k5xt7S3f3B4VD4+aeo4VZQ1aCxi1Q5QM8ElaxhuBGsnimEUCNYKRvdzvzVhSvNYPplpwvwIB5KHnKKxkt9FkQyx55E74pJeueJW3QXIOvFyUoEc9V75q9uPaRoxaahArTuemxg/Q2U4FWxW6qaaJUhHOGAdSyVGTPvZ4ugZubBKn4SxsiUNWai/JzKMtJ5Gge2M0Az1qjcX//M6qQlv/YzLJDVM0uWiMBXExGSeAOlzxagRU0uQKm5vJXSICqmxOZVsCN7qy+ukeVX13Kr3eF2p1fI4inAG53AJHtxADR6gDg2gMIZneIU3Z+K8OO/Ox7K14OQzp/AHzucPtDiQuQ==</latexit><latexit sha1_base64="fj8D3/mryVUGzjVZ51aoTUUJ7iI=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ8OKxgv2ANpTJdtMu3WzS3U2hhP4OLx4U8eqP8ea/cdvmoK0PBh7vzTAzL0gE18Z1v53CxubW9k5xt7S3f3B4VD4+aeo4VZQ1aCxi1Q5QM8ElaxhuBGsnimEUCNYKRvdzvzVhSvNYPplpwvwIB5KHnKKxkt9FkQyx55E74pJeueJW3QXIOvFyUoEc9V75q9uPaRoxaahArTuemxg/Q2U4FWxW6qaaJUhHOGAdSyVGTPvZ4ugZubBKn4SxsiUNWai/JzKMtJ5Gge2M0Az1qjcX//M6qQlv/YzLJDVM0uWiMBXExGSeAOlzxagRU0uQKm5vJXSICqmxOZVsCN7qy+ukeVX13Kr3eF2p1fI4inAG53AJHtxADR6gDg2gMIZneIU3Z+K8OO/Ox7K14OQzp/AHzucPtDiQuQ==</latexit><latexit sha1_base64="fj8D3/mryVUGzjVZ51aoTUUJ7iI=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ8OKxgv2ANpTJdtMu3WzS3U2hhP4OLx4U8eqP8ea/cdvmoK0PBh7vzTAzL0gE18Z1v53CxubW9k5xt7S3f3B4VD4+aeo4VZQ1aCxi1Q5QM8ElaxhuBGsnimEUCNYKRvdzvzVhSvNYPplpwvwIB5KHnKKxkt9FkQyx55E74pJeueJW3QXIOvFyUoEc9V75q9uPaRoxaahArTuemxg/Q2U4FWxW6qaaJUhHOGAdSyVGTPvZ4ugZubBKn4SxsiUNWai/JzKMtJ5Gge2M0Az1qjcX//M6qQlv/YzLJDVM0uWiMBXExGSeAOlzxagRU0uQKm5vJXSICqmxOZVsCN7qy+ukeVX13Kr3eF2p1fI4inAG53AJHtxADR6gDg2gMIZneIU3Z+K8OO/Ox7K14OQzp/AHzucPtDiQuQ==</latexit>

Poincaré invariant vacuum solutions

↵1 6= 0
<latexit sha1_base64="vWjoGYGrAwRVNwFiOjSb4NB0dQ0=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPBi8cK9gPaECbbbbt0s4m7m0IJ/SdePCji1X/izX/jts1BWx8MPN6bYWZelAqujed9O6WNza3tnfJuZW//4PDIPT5p6SRTlDVpIhLViVAzwSVrGm4E66SKYRwJ1o7Gd3O/PWFK80Q+mmnKghiHkg84RWOl0HV7KNIRhj7pSfZEPBK6Va/mLUDWiV+QKhRohO5Xr5/QLGbSUIFad30vNUGOynAq2KzSyzRLkY5xyLqWSoyZDvLF5TNyYZU+GSTKljRkof6eyDHWehpHtjNGM9Kr3lz8z+tmZnAb5FymmWGSLhcNMkFMQuYxkD5XjBoxtQSp4vZWQkeokBobVsWG4K++vE5aVzXfq/kP19V6vYijDGdwDpfgww3U4R4a0AQKE3iGV3hzcufFeXc+lq0lp5g5hT9wPn8AxPOSaw==</latexit><latexit sha1_base64="vWjoGYGrAwRVNwFiOjSb4NB0dQ0=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPBi8cK9gPaECbbbbt0s4m7m0IJ/SdePCji1X/izX/jts1BWx8MPN6bYWZelAqujed9O6WNza3tnfJuZW//4PDIPT5p6SRTlDVpIhLViVAzwSVrGm4E66SKYRwJ1o7Gd3O/PWFK80Q+mmnKghiHkg84RWOl0HV7KNIRhj7pSfZEPBK6Va/mLUDWiV+QKhRohO5Xr5/QLGbSUIFad30vNUGOynAq2KzSyzRLkY5xyLqWSoyZDvLF5TNyYZU+GSTKljRkof6eyDHWehpHtjNGM9Kr3lz8z+tmZnAb5FymmWGSLhcNMkFMQuYxkD5XjBoxtQSp4vZWQkeokBobVsWG4K++vE5aVzXfq/kP19V6vYijDGdwDpfgww3U4R4a0AQKE3iGV3hzcufFeXc+lq0lp5g5hT9wPn8AxPOSaw==</latexit><latexit sha1_base64="vWjoGYGrAwRVNwFiOjSb4NB0dQ0=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPBi8cK9gPaECbbbbt0s4m7m0IJ/SdePCji1X/izX/jts1BWx8MPN6bYWZelAqujed9O6WNza3tnfJuZW//4PDIPT5p6SRTlDVpIhLViVAzwSVrGm4E66SKYRwJ1o7Gd3O/PWFK80Q+mmnKghiHkg84RWOl0HV7KNIRhj7pSfZEPBK6Va/mLUDWiV+QKhRohO5Xr5/QLGbSUIFad30vNUGOynAq2KzSyzRLkY5xyLqWSoyZDvLF5TNyYZU+GSTKljRkof6eyDHWehpHtjNGM9Kr3lz8z+tmZnAb5FymmWGSLhcNMkFMQuYxkD5XjBoxtQSp4vZWQkeokBobVsWG4K++vE5aVzXfq/kP19V6vYijDGdwDpfgww3U4R4a0AQKE3iGV3hzcufFeXc+lq0lp5g5hT9wPn8AxPOSaw==</latexit><latexit sha1_base64="vWjoGYGrAwRVNwFiOjSb4NB0dQ0=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE0GPBi8cK9gPaECbbbbt0s4m7m0IJ/SdePCji1X/izX/jts1BWx8MPN6bYWZelAqujed9O6WNza3tnfJuZW//4PDIPT5p6SRTlDVpIhLViVAzwSVrGm4E66SKYRwJ1o7Gd3O/PWFK80Q+mmnKghiHkg84RWOl0HV7KNIRhj7pSfZEPBK6Va/mLUDWiV+QKhRohO5Xr5/QLGbSUIFad30vNUGOynAq2KzSyzRLkY5xyLqWSoyZDvLF5TNyYZU+GSTKljRkof6eyDHWehpHtjNGM9Kr3lz8z+tmZnAb5FymmWGSLhcNMkFMQuYxkD5XjBoxtQSp4vZWQkeokBobVsWG4K++vE5aVzXfq/kP19V6vYijDGdwDpfgww3U4R4a0AQKE3iGV3hzcufFeXc+lq0lp5g5hT9wPn8AxPOSaw==</latexit>

finite-temperature solutions

Regularity of the horizon fixes E1, E2(↵1)
<latexit sha1_base64="Z4HKWVFyiINZsCiJ7/q7xNf9b7o=">AAAB/HicbVBNS8NAEN3Ur1q/oj16WSxCBSlJEfRYkILHCvYD2hAm2027dLMJuxshlPpXvHhQxKs/xJv/xm2bg7Y+GHi8N8PMvCDhTGnH+bYKG5tb2zvF3dLe/sHhkX180lFxKgltk5jHsheAopwJ2tZMc9pLJIUo4LQbTG7nfveRSsVi8aCzhHoRjAQLGQFtJN8uN333Ejf9Oq4OgCdj8N0L3644NWcBvE7cnFRQjpZvfw2GMUkjKjThoFTfdRLtTUFqRjidlQapogmQCYxo31ABEVXedHH8DJ8bZYjDWJoSGi/U3xNTiJTKosB0RqDHatWbi/95/VSHN96UiSTVVJDlojDlWMd4ngQeMkmJ5pkhQCQzt2IyBglEm7xKJgR39eV10qnXXKfm3l9VGo08jiI6RWeoilx0jRroDrVQGxGUoWf0it6sJ+vFerc+lq0FK58poz+wPn8Ai3iSwQ==</latexit><latexit sha1_base64="Z4HKWVFyiINZsCiJ7/q7xNf9b7o=">AAAB/HicbVBNS8NAEN3Ur1q/oj16WSxCBSlJEfRYkILHCvYD2hAm2027dLMJuxshlPpXvHhQxKs/xJv/xm2bg7Y+GHi8N8PMvCDhTGnH+bYKG5tb2zvF3dLe/sHhkX180lFxKgltk5jHsheAopwJ2tZMc9pLJIUo4LQbTG7nfveRSsVi8aCzhHoRjAQLGQFtJN8uN333Ejf9Oq4OgCdj8N0L3644NWcBvE7cnFRQjpZvfw2GMUkjKjThoFTfdRLtTUFqRjidlQapogmQCYxo31ABEVXedHH8DJ8bZYjDWJoSGi/U3xNTiJTKosB0RqDHatWbi/95/VSHN96UiSTVVJDlojDlWMd4ngQeMkmJ5pkhQCQzt2IyBglEm7xKJgR39eV10qnXXKfm3l9VGo08jiI6RWeoilx0jRroDrVQGxGUoWf0it6sJ+vFerc+lq0FK58poz+wPn8Ai3iSwQ==</latexit><latexit sha1_base64="Z4HKWVFyiINZsCiJ7/q7xNf9b7o=">AAAB/HicbVBNS8NAEN3Ur1q/oj16WSxCBSlJEfRYkILHCvYD2hAm2027dLMJuxshlPpXvHhQxKs/xJv/xm2bg7Y+GHi8N8PMvCDhTGnH+bYKG5tb2zvF3dLe/sHhkX180lFxKgltk5jHsheAopwJ2tZMc9pLJIUo4LQbTG7nfveRSsVi8aCzhHoRjAQLGQFtJN8uN333Ejf9Oq4OgCdj8N0L3644NWcBvE7cnFRQjpZvfw2GMUkjKjThoFTfdRLtTUFqRjidlQapogmQCYxo31ABEVXedHH8DJ8bZYjDWJoSGi/U3xNTiJTKosB0RqDHatWbi/95/VSHN96UiSTVVJDlojDlWMd4ngQeMkmJ5pkhQCQzt2IyBglEm7xKJgR39eV10qnXXKfm3l9VGo08jiI6RWeoilx0jRroDrVQGxGUoWf0it6sJ+vFerc+lq0FK58poz+wPn8Ai3iSwQ==</latexit><latexit sha1_base64="Z4HKWVFyiINZsCiJ7/q7xNf9b7o=">AAAB/HicbVBNS8NAEN3Ur1q/oj16WSxCBSlJEfRYkILHCvYD2hAm2027dLMJuxshlPpXvHhQxKs/xJv/xm2bg7Y+GHi8N8PMvCDhTGnH+bYKG5tb2zvF3dLe/sHhkX180lFxKgltk5jHsheAopwJ2tZMc9pLJIUo4LQbTG7nfveRSsVi8aCzhHoRjAQLGQFtJN8uN333Ejf9Oq4OgCdj8N0L3644NWcBvE7cnFRQjpZvfw2GMUkjKjThoFTfdRLtTUFqRjidlQapogmQCYxo31ABEVXedHH8DJ8bZYjDWJoSGi/U3xNTiJTKosB0RqDHatWbi/95/VSHN96UiSTVVJDlojDlWMd4ngQeMkmJ5pkhQCQzt2IyBglEm7xKJgR39eV10qnXXKfm3l9VGo08jiI6RWeoilx0jRroDrVQGxGUoWf0it6sJ+vFerc+lq0FK58poz+wPn8Ai3iSwQ==</latexit>
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Vacuum flows

flow to AdS
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The behaviour of the running coupling � on the energy scale
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Figure: � on the energy A on the dilaton plotted using the solutions for A and
�.A) the left branch with u02 > u, B) the middle branch u02 < u < u01; C) the
right branch u > u01. For all plots k = 0.4, C1 = �2, C2 = 2, different curves
on the same plot corresponds to the different values of |E1| = |E2|, labeled as
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Running of the coupling

Only the type C solutions are non-singular (in the Gubser’s sense)
and can be promoted to regular BH solutions at finite T

There are BH solutions that interpolate from CR(UV) to 
AdS(IR)



Summary

Bottom-up holographic models can be used to approach a more 
realistic description of the QGP phase  

Simple models can be useful to gain insight into general aspects

More refined potentials can be used to embed CR into a realistic model
(work in progress) 

CR solutions: deviation from conformality results in longer 
thermalization and even breakdown of hydro at the critical point 



Outlook

Match the collective modes of CR to some hydro model, understand 
the appearance of branch cut

Relevant for RHIC / LHC ?? 

Explore the thermodynamics and fluctuations of the flows 

Charged BH solutions

Other solvable potentials (three exponentials…)


