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当研究室では，クォーク・グルーオンの力学を記述する
基礎理論，量子色力学（QCD）の解明を目標として

研究を行なっています．ハドロン物理学の課題の一つに，
クォークやグルーオンが自由粒子のように振る舞う新しい
物質相「クォーク・グルーオン　プラズマ（QGP）」の物
性研究があります．この新しい物質相はQCDの漸近的自
由性（2004年ノーベル物理学賞）により予想されていたも
のです．QGP状態はビッグバン後，10－6秒後に存在したと
考えられ，QGP物理の理解は素粒子・原子核物理の重要な
課題であるだけでなく詳細な宇宙史の解明にもつながりま
す．もう一つの課題として，質量生成機構を明らかにする
ことがあります．我々の質量の大部分は原子核を構成して
いる核子（陽子・中性子）で与えられます．核子を構成す
るクォークの質量はせいぜい20×10－30 kgと見積もられて
いて，クォーク3個を集めても陽子の質量1700×10－30 kgに
遠く及びません．我々の質量の大部分は，QCDの強い相互
作用により引き起こされる「カイラル対称性の自発的破れ」
（2008年ノーベル物理学賞）によって生成されていると考
えられており，その機構の解明が重要な課題となっていま
す．さらに，Spring-8/LEPS実験でのペンタクォークΘ+や，
KEK/Belle実験でのZ+（4430）など，これまでの「メソン=
クォーク+反クォーク」，「バリオン=クォーク3体」という
構造では説明できないハドロンが発見されました．これら
の「エキゾチックハドロン」の解明も重要な課題です．
以上の重要課題を念頭におき当研究室での主たる研究課

題は以下の2つです．高温度・高密度状態におけるクォー

ク・ハドロン多体系の解明を目指す「有限温度・有限密度
QCD」，および，「エキゾチックハドロン」です．これらの
研究対象に対して，現在世界各地で様々な実験が行われ，
世界各国の研究者が多数携わっています．そして，理論の
検証だけでなく，従来の理論からは予想もされなかった新
たな謎・知見を導く実験結果を提出している状況であり，
理論側からの実験への物理提言が求められています．今後
も世界各地で数々の実験が計画されており，実験結果に裏
打ちされた理論の発展，そして理論側からの実験への提言
といったように，理論と実験の双方からQCDの解明がより
いっそう進むことが期待されています．
当研究室では，現在の実験から提出されている多くの謎

を解決すると共に，将来の実験に対して提言を行うべく，
有効理論の枠組みでの新たな理論の開発とそれを用いた解
析，現象論的模型の枠組みでの新しい理論や模型の開発と
それを用いた解析，格子QCDを用いたQCD基礎論に基づく
解析，そして最近では超弦理論での双対性に基づく模型を
用いた解析などを行っています．これらの理論からハドロ
ン物理の多角的な理解を目指します．国内だけでなく，ア
メリカ，フランス，韓国などの研究者との国際的共同研究
も積極的に行っています．
以下に，当研究室での主な研究対象を紹介します．

有限温度・有限密度QCD
有限温度・有限密度QCDは，高温度・高密度状態での

クォーク・ハドロン多体系の相構造（図参照），QCD相転
移機構やハドロンの性質の変化などを研究対象とするもの
です．
この有限温度・有限密度QCDの解明のために，宇宙初期

の高温状態を実験室で再現すべく，一連の実験が行われて
います．2000年より稼働しているアメリカ・ブルックヘヴ
ン国立研究所の重イオン衝突実験（RHIC実験）からこれ
までの理論では説明できない結果が次々と得られ，新しい
理論の整備が必要となっています．さらに2009年に稼働を
開始したCERN/LHC実験からは昨年新しいデータが報告さ
れてきました．数年後にはドイツ重イオン研究所（GSI）/
FAIR実験，ドゥブナ合同原子核研究所（JINR）/NICA実験
が稼動する予定です．このように低エネルギーから高エネ
ルギー領域までの豊富な実験結果が今まさに期待されると
きです．これらの重イオン衝突実験の理解にはQCD基礎論
だけでなく，実験状況の理解といった総合的な深い物理の
洞察力が必要です．つまり，物理現象をうまく捉えた現象
論的模型の構築も必要になってきます．当研究室では，実

http://hken.phys.nagoya-u.ac.jp
*連絡先　harada@hken.phys.nagoya-u.ac.jp  FAX（052）789-2865
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験と密接な関連のもとに，有効模型，現象論的模型，格子
QCDなどの様々な手法を用い，これまでの理論では説明で
きないデータに対して新たな理論を構築すると共に，将来
の実験に対しての提言を行うべく理論的解析を行っていま
す．

（1）相転移とそれに伴う現象の解明
ハドロン相からQGP相への相転移の兆候として，カイラ

ル対称性の回復に伴ってハドロンの性質が変化することが
期待されており，実験的シグナルを明らかにすることが重
要となっています．当研究室では，これらの相転移点近傍
の構造を，実験との関連のもとに解明すべく，理論的手法
を開発しながら研究を進めています．

（2）重イオン衝突実験の現象論的解析
ハドロンの性質の変化，相転移現象の解明をめざし，一

連の重イオン衝突実験が行われてきました．特に近年では
RHIC，そしてLHCといった高エネルギー重イオン衝突実
験が稼働し予想外の興味深い結果が次々と得られてきまし
た．その結果の一つが強結合クォーク・グルーオン プラズ
マ（QGP）です．これはQCD基礎論，QCD有効理論，実験
とQCDを結びつける現象論的模型といった理論研究からの
実験結果理解の成功から導きだされたものです．当研究室
では，理論研究から実験結果に潜むQGPの普遍的な事実を
探ることを目標にしています．

（3）低温度・高密度領域
RHICそしてLHCでは高温度・低密度領域の物理が解明

されていくと期待されています．それに対し，相図上のも
う一つのフロンティアが低温度・高密度領域です．この領
域の物理の理解は，GSI/FAIR，JINR/NICA計画と関連し
ますし，中性子星などへの基本的な情報を与えることが期

待されています．しかし，低温度・高密度状態において理
論上の困難も多く，理解されていないことが数多く残され
ています．当研究室では格子QCDそしてQCD有効模型を用
いて，この問題にアプローチしています．

エキゾチックハドロン
シグマ中間子は，質量生成機構と深く関係するクォーク

2体（クォークと反クォーク）で構成される「シグナル粒子」
である可能性が高いものです．しかし，クォーク4体（クォー
ク2個と反クォーク2個）で構成されている可能性も指摘さ
れています．また，近年発見されたX（3872）等のチャー
ムクォークを含む新しい粒子もクォーク4体から構成され
ている可能性が高いと考えられています．
当研究室では，これらのシグマ中間子やX（3872）等が，

クォーク4体から構成されるエギゾチックハドロンである
か，それとも従来のメソンと同じクォーク2体から構成さ
れているかを明らかにすべく，有効模型・格子QCDなどを
用いて様々な角度から解析を行っています．

*

クォーク・ハドロン理論研究室H 研究室

野中千穂助教

 原田正康教授

原田正康教授（前列中央）　野中千穂助教（前列左1番目）　Ma, Yong-Liang
特任助教（前列右1番目），大学院生と学部4年生

院生への期待
　院生には，研究室の歴史を作り上げる意気込みで，新しい理論を開発しながら研究を進めていってもらいた
いと考えています．スタッフの行っている研究分野に限らず，自分で研究分野を開拓して行くことも奨励します．
その際，スタッフも喜んで相談にのります．積極的な研究姿勢を期待しています．また，院生が，海外で開催
される国際会議での発表や海外研究機関での滞在を通した国際的共同研究を行うことを奨励しています．

・  昨年度まで，博士課程（前期課程）入学生の募集は，E研，H研，QG研共通で行われてきましたが，平成25
年度入学生の募集は，各研究室別々に行います．
・ EHQG共通のM1，M2の写真は，QG研のページを参照してください．

クォーク・グルーオン多体系の相図（理論的予想）

パイ中間子（メソン）と陽子（バリオン）の楕円フローの横運動量による変化．
実線と点線が理論的計算の結果．楕円フローが最大となる横運動量の値が
ほぼ2：3（＝メソン：バリオン）と，構成クォークの数の比になってい
ることを示し，RHICにおけるQGP生成を強く示唆するものである．

Collaborators:
 
Mannque Rho                       Hyun Kyu Lee
Masayasu Harada                Byung-Yoon Park
Yong-Liang Ma                    Ghil-Seok Yang

References: 
Y.-L. Ma, Y. Oh, G.-S. Yang, M. Harada, H.K. Lee, B.-Y. Park, and M. Rho, Hidden local symmetry and infinite tower of 
vector mesons for baryons, Phys. Rev. D86, 074025 (2012)
Y.-L. Ma, G.-S. Yang, Y. Oh, and M. Harada, Skyrmions with vector mesons in the hidden local symmetry approach, Phys. 
Rev. D87, 034023 (2013)
Y.-L. Ma, M. Harada, H.K. Lee, Y. Oh, B.-Y. Park, and M. Rho, Dense baryonic matter in hidden local symmetry 
approach: Half-Skyrmions and nucleon mass, arXiv:1304.5638 (submitted to Phys. Rev. D)
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MOTIVATION
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General Info

Organizing Committee

Program Committee

Scientific program

Sponsors

The 7th BLTP JINR-APCTP Joint Workshop 
"Modern problems in nuclear and elementary particle physics", 

July 14-19, 2013 

Russia, Irkutsk Region, Bolshiye Koty 

 

General information

The APCTP-BLTP JINR Joint Workshops were initiated to promote cooperation between the

Asia Pacific Center for Theoretical Physics (APCTP) and the Bogoliubov Laboratory of

Theoretical Physics (BLTP) of the Joint Institute for Nuclear Research (JINR). The first Joint

Workshop was organized by BLTP JINR and was held at Dubna on June 18-23, 2007.

The second Joint Workshop was organized by the APCTP and was held at Pohang on April

20-24, 2008. Since then, it became tradition that each side hosts the workshop every two years.

It is, therefore, natural to have the third Joint Workshop at Dubna on May 28-30, 2009 that was

organized by the BLTP. During the third workshop, there was extensive discussion on possible

collaborations between the two countries in regard to the NICA (Nuclotron-based Ion Collider

Accelerator) project in Russia, and to the Korean radioactive ion beam accelerator. We believe

that positive atmosphere for collaborations between the two countries was achieved in regard to

the future accelerator projects.

In 2010 the APCTP organized the meeting and the fourth Joint Workshop was held at

APCTP, Pohang on July 24-26, 2010. In this workshop, about 25 talks were presented in

various fields of nuclear physics which include hadron physics, heavy ion and rare isotope
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SKYRME MODEL
1960s: T.H.R. Skyrme

Baryons are topological solitons within a nonlinear theory of pions.

L =
f2
⇡

4
Tr

�
@µU

†@µU
�
+

1

32e2
Tr

⇥
U†@µU,U

†@⌫U
⇤2

Topological soliton
winding number = baryon number

Bµ =
1

24⇡2
✏µ⌫↵�Tr

�
U†@⌫UU†@↵UU†@�U

�

f⇡ : pion decay constant

e : Skyrme parameter

T.H.R. Skyrme: Proc. Roy. Soc. (London) 260, 127 (1961), Nucl. Phys. 31, 556 (1962)
8
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HEDGEHOG SOLUTION

R ⇠ 1 fm

M
sol

⇠ 146|B|
✓
f⇡
2e

◆
⇠ 1.2 GeV

for B = 1

U = exp (iF (r)⌧ · ˆr)

Bogomolny bound

M
sol

⇠ 1.23⇥ 12⇡2|B| > 12⇡2|B|
in the Skyrme unit:f⇡/(2e)

REVIVAL
In large Nc, QCD ~ effective field theory of mesons and baryons
may emerge as solitons in this theory.
E. Witten, 1980s

9

13년	 6월	 26일	 수요일



BARYON MASSES
To give correct quantum numbers

SU(2) collective coordinate quantization

Mass formula: infinite tower of I = J

Adjust  f! and e to reproduce the nucleon and Delta masses

U(t) = A(t)U0A
†(t)

M = M
sol

+
1

2I I(I + 1)

f⇡ = 64.5 MeV, e = 5.45

Empirically, f⇡ = 93 MeV, e = 5.85(?)

10

I : moment of inertia

MN = M
sol

+
3

8I , M
�

= M
sol

+
15

8I
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Skyrme model: results

Best-fitted results 5 5 4  G.S. Adkins  et al. / Static properties of  nucleons 

Radial Distance 7 
0 2 4 6 8 40 

I i i I I 

3 

l I I I I I I i [ I I I I [ I I I I I I I i i I i i 
.5 ~ ~.5 2 2 .5  

Radial Distance r ( f e r m i )  

Fig. 1. Plot of F, the numerical solution of eq. (3). F appears in the Skyrme ansatz Uo(x) = exp [iF(r)x. ~]. 
The radial distance is measured in fm, and also in the dimensionless variable F= eF=r. 

of any given A is not  an eigenstate of spin and isospin. We need to treat  A as a 
quan tum mechanical  variable, as a collective coordinate.  The simplest way to do 
this is to write the lagrangian and all physical observables in terms of a t ime 
dependent  A. We  substitute U = A(t)UoA-l(t) in the lagrangian, where  U0 is the 
soliton solution and A(t) is an arbi t rary t ime-dependent  SU(2)  matrix. This pro-  
cedure  will allow us to write a hamil tonian which we will diagonalize. The  eigenstates 
with the proper  spin and isospin will cor respond to the nucleon and delta. 

So, substituting U = A(t)UoA-l(t) in (1), after a lengthy calculation, we get 

L = - M  + ;t Tr  [OoAOoA-1], (4) 

where  M is defined in (2) and )t =4zc(1/e3F=)A with 

A f ~sin2 F[1 { ' 2 +  sin2F\] = + 4 ~ F  - - ~ )  J d~. (5) 

Numerical ly  we find A = 50.9. The  SU(2) matrix A can be written A = ao+ ia .,t, 
with ao2+a 2=  1. In terms of the a ' s  (4) becomes  

3 
L = - M + 2 A  ~ (di) 2. 

i=O 

Quantity Prediction Expt

MN input 939 MeV

M� input 1232 MeV

hr2i1/2I=0 0.59 fm 0.72 fm

hr2i1/2M,I=0 0.92 fm 0.81 fm

µp 1.87 2.79

µn �1.31 �1.91
|µp/µn| 1.43 1.46

G.S. Adkins, C.R. Nappi, and E. Witten, Nucl. Phys. B228, 552 (1983)
A.D. Jackson and M. Rho, Phys. Rev. Lett. 51, 751 (1983)
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Skyrme model for Nuclear Physics

Improvement of the model
• more degrees of freedom 
(mesons)
• 1/Nc corrections
• ChPT

Extension to other hadrons
• SU(3) extension to hyperons
• Heavy-quark baryons
• Hypernuclei & Exotic 
baryons

Single Baryon Nuclear Matter

Topics
• Properties of single baryon
• Equation of State
• Phase transition
• Application to nuclei

Approaches
• Modified Effective 
Lagrangian  
• Skyrmion Crystal
• Winding number n 
solutions

Still there are many works to do
12
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Nuclei

LIGHT NUCLEI OF EVEN MASS NUMBER IN THE . . . PHYSICAL REVIEW C 80, 034323 (2009)

TABLE IV. Energy levels of the quantized B = 6 Skyrmion.

I J π Quantum state E (×10−4) E (MeV)

0 1+ |1, 0〉 ⊗ |0, 0〉 6.5 1.6
3+ |3, 0〉 ⊗ |0, 0〉 38.9 9.7
4− (|4, 4〉 − |4, −4〉) ⊗ |0, 0〉 73.5 18.3
5+ |5, 0〉 ⊗ |0, 0〉 97.3 24.2
5− (|5, 4〉 + |5, −4〉) ⊗ |0, 0〉 105.9 26.4

1 0+ |0, 0〉 ⊗ |1, 0〉 47.4 11.8
2+ |2, 2〉 ⊗ |1, 1〉 + |2, −2〉 ⊗ |1, −1〉 62.6 15.6

|2, 0〉 ⊗ |1, 0〉 66.8 16.7
2− |2, 2〉 ⊗ |1, −1〉 + |2, −2〉 ⊗ |1, 1〉 73.1 18.2
3+ |3, 2〉 ⊗ |1, 1〉 − |3, −2〉 ⊗ |1, −1〉 82.0 20.4
3− |3, 2〉 ⊗ |1, −1〉 − |3, −2〉 ⊗ |1, 1〉 92.5 23.1
4+ |4, 2〉 ⊗ |1, 1〉 + |4, −2〉 ⊗ |1, −1〉 108.0 26.9

|4, 0〉 ⊗ |1, 0〉 112.2 28.0
4− |4, 2〉 ⊗ |1, −1〉 + |4, −2〉 ⊗ |1, 1〉 118.5 29.5

(|4, 4〉 + |4, −4〉) ⊗ |1, 0〉 120.9 30.1

2 0− |0, 0〉 ⊗ (|2, 2〉 − |2, −2〉) 137.4 34.2
1+ |1, 0〉 ⊗ |2, 0〉 148.6 37.0
1− |1, 0〉 ⊗ (|2, 2〉 + |2, −2〉) 143.9 35.9
2+ |2, 2〉 ⊗ |2, 1〉 − |2, −2〉 ⊗ |2, −1〉 157.3 39.2
2− |2, 0〉 ⊗ (|2, 2〉 − |2, −2〉) 156.9 39.1

|2, 2〉 ⊗ |2, −1〉 − |2, −2〉 ⊗ |2, 1〉 167.8 41.8

where "33 = U33V33 − W 2
33. Its allowed quantum states are

listed in Table IV, together with their energy levels computed
using the inertia tensors in Appendix A2.

The Skyrme model qualitatively reproduces the experimen-
tal spectrum of lithium-6 and its isobars and predicts some
further states, including J π = 4−, 5+, and 5− excited states
of lithium-6 with isospin 0. The ground state of lithium-6 is

correctly predicted to be a 1+ state (Fig. 3). We also find
a 3+ excited state, which is seen experimentally. However,
we overpredict its excitation energy by roughly a factor of 5.
The model does not account for centrifugal stretching nor
the allowed decay of the 3+ state to an α-particle plus a
deuteron, which may be the reason for our overprediction. The
lowest allowed state with isospin 1 is a 0+ state, which is seen

Lithium−6

Hydrogen−6

5.9MeV
4.1MeV 3.6MeV 3.1MeV

5.4MeV 4.8MeV

2.2MeV

18.0MeV

24.8MeV
24.9MeV

30.1MeV

26.1MeV

Helium−6
Beryllium−6

9.7MeV

29.1MeV28.2MeV

18.7MeV

I=2
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FIG. 3. (Color online) Energy
level diagram for nuclei of mass
number 6. Mass splittings between
nuclei are adjusted to eliminate the
proton/neutron mass difference and
remove Coulomb effects, as described
in Ref. [19].

034323-5

Battye, Manton, Sutcliffe, Wood, PRC 80 (2009) 

Light nuclei in the Skyrme model (e.g., mass number 6)

encouraging results

collective coordinates, is just a constant, the static mass of
the Skyrmion.

The quantized momenta corresponding to bi and ai
become the body-fixed spin and isospin angular momenta
Li and Ki satisfying the su!2" commutation relations [2].
The usual space-fixed spin and isospin angular momenta Ji
and Ii are related to the body-fixed operators by

 Ji # $D!A2"TijLj; Ii # $D!A1"ijKj: (37)

We also have J2 # L2, I2 # K2. Thus the operators J, L,
I and K form the Lie algebra of SO!4"J;L % SO!4"I;K.
Their action on A1 and A2 is given by

 &Ji; A2' #
1
2
A2!i; &Ii; A1' # $

1
2
!iA1; (38)

 &Li; A2' # $
1
2
!iA2; &Ki; A1' #

1
2
A1!i; (39)

with all other commutators between momenta and coordi-
nates zero.

A basis for the Hilbert space of states is given by
jJ; J3; L3i % jI; I3; K3i, with $J ( J3, L3 ( J and $I (
I3, K3 ( I. Concretely, jJ; J3; L3i and jI; I3; K3i are
Wigner functions of the Euler angles parametrizing A2
and A1 respectively. The ground states are the states with
the lowest values of J and I that are compatible with the FR
constraints arising from the symmetries of the given
Skyrmion. The allowed values of L3 and K3 are also con-
strained by the symmetries of the Skyrmion. In what
follows, the arbitrary third components of the space and
isospace angular momenta J3 and I3 are omitted.

Recall that physical states satisfy [7]

 e2"in)Lj!i # e2"in)Kj!i # !$1"Bj!i; (40)

so even B implies that the spin and isospin, J and I, are
integral, and odd B implies that they are half-integral.

For general B> 1, the moments of inertia are larger for
rotations than for isorotations. Since these appear in the
denominator of the quantum Hamiltonian, the quantum
states of lowest energy are those with minimal isospin,
and spin excitations of Skyrmions require less energy than
isospin excitations. In particular, for even B the ground
state has zero isospin, but (because of the FR constraints)
not necessarily zero spin. These observations match what
is seen experimentally for a large range of nuclei up to
baryon number about 40.

VI. QUANTIZATION OF THE B # 6 SKYRMION

The minimal-energy B # 6 Skyrmion, shown in Fig. 1,1

has D4d symmetry, and is well approximated by the ra-
tional map ansatz. We recall that the dihedral group D4 is
obtained from C4, the cyclic group of order 4, by the

addition of a C2 axis which is orthogonal to the main C4
symmetry axis. The group D4 is extended to D4d by
including a reflection in a plane which contains the main
symmetry axis and bisects a pair of the C2 axes obtained by
applying the C4 symmetry to the generating C2 axis. The
optimized rational map, in a convenient orientation, is [6]

 R!z" # z4 * a
z2!az4 * 1" ; a # 0:16i: (41)

The D4d symmetry can be seen by considering the expres-
sion for the baryon density in (14). The baryon density
vanishes where the Wronskian W of the map R # p=q,
given by

 W # qp0 $ pq0 # $2z!az8 * !3a2 $ 1"z4 * a"; (42)

vanishes. In addition to the nine zeros of W, the baryon
density also vanishes at z # 1 due to the factor of z2 in the
denominator of the rational map.

The D4 subgroup is generated by two elements, a "
rotation about the x1-axis, and a " rotation about the x1 #
x2 axis. The product of these is a "=2 rotation about the
x3-axis. The corresponding symmetries of the rational map
are R!z" # 1=R!1=z" and R!z" # $1=R!i=z". Therefore,
the solution is invariant under the following two symme-
tries:

(i) a " rotation about the x1-axis combined with a "
isorotation about the 1-axis, and

(ii) a " rotation about the x1 # x2 axis combined with a
" isorotation about the 2-axis.

For the first symmetry, we have n1 # n2 # !1; 0; 0"T ,
and #1 # #2 # ". As required, R!z$n2

" # Rn1
# 1. We

compute N # 15 using the formula from the previous
section, and deduce that $FR # $1. For the second sym-
metry, we have n1 # !0; 1; 0"T , n2 # 1!!

2
p !1; 1; 0"T , and

#1 # #2 # ". As required we have R!z$n2
" # Rn1

# i.
Again N # 15, so $FR # $1. Therefore the FR con-
straints reduce to

 

FIG. 1. Baryon density isosurface (to scale) of the B # 6
Skyrmion.

1Thanks to P. M. Sutcliffe, University of Durham, UK, for
providing the picture

REPARAMETRIZING THE SKYRME MODEL USING THE . . . PHYSICAL REVIEW D 74, 125017 (2006)

125017-5

 Manton, Wood, PRD 74 (2006) 
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FIG. 1. The baryon density isosurfaces for the solutions which
we have identified as the minima for 7 # B # 22, and the
associated polyhedral models. The isosurfaces correspond to
B ! 0.035 and are presented to scale, whereas the polyhedra
are not to scale.

of B ! 9 and 13, the associated polyhedra are trivalent
with 4!B 2 2" vertices [the geometric energy minimiza-
tion (GEM) rules] as predicted in Ref. [10], and for
B $ 7 they are comprised of 12 pentagons and 2!B 2 7"
hexagons. Such structures are common in a wide range
of physical applications and have become a hot topic in
carbon chemistry where they correspond to shells with
carbon atoms placed at the vertices, the most famous
being the icosahedrally symmetric Buckminsterfullerene
C60 structure, which is also the traditional soccer ball
design. For this reason we refer to such solutions as being
of the fullerene type, with the prediction, spectacularly

confirmed by our results in all cases except B ! 9 and
B ! 13, that the polyhedron associated with the Skyrmion
of charge B has a structure from the family of carbon
cages for C4!B22".

We had predicted in Ref. [10] that the Buckyball C60
configuration would be found for B ! 17 and indeed
an approximate rational map description was found in
Ref. [11]. Here, we see that such a solution is the mini-
mum energy solution of the full nonlinear field equations
and in the rational map space. We see also that a large
number of the other solutions have platonic symmetries
which, from the mechanical point of view, implies the
structure packs well. It would appear, therefore, that such
structures may be preferred over less symmetric ones in
the minimization procedure. We should note, however,
that this is not always the case and rational maps with
platonic symmetries can easily be found, for example, at
B ! 9, which do not give minima [6].

The polyhedra found for B ! 9 and 13 do not obey the
GEM rules nor are they of the fullerene type, since they
contain four-valent links. They can, however, be related
to a fullerene via the concept of symmetry enhancement,
as follows. A very common structure within the fullerene
polyhedra is two pentagons separated by two hexagons. If
the edge which is common to the two hexagons is shrunk to
have zero length, the four polygons then form a C4 sym-
metric configuration containing a four-valent bond. For
the case of B ! 9, the polyhedron can be thought of as
being created from a D2 symmetric fullerene by the action
of two such operations, and in the B ! 13 case six opera-
tions can be used to convert another D2 configuration into
one with O symmetry. Empirically, we see that each sym-
metry enhancement operation appears to be accompanied
by an equivalent one antipodally placed on the polyhedron,
and single operations appear not to occur.

We have computed the energies of the solutions which
are presented in Table I using the rational map ansatz to
create initial conditions which are then relaxed under the
action of the full nonlinear field equations. It should be
noted that these values are (for B . 1) always a little less
than the corresponding values computed solely within the
rational map ansatz. On the discrete grid the computed
value of the baryon number, Bdis, is less than the cor-
responding integer B suggesting that the finite difference
approximations used to compute the energy Edis will un-
derestimate the true energy. Moreover, in the initial con-
ditions one must impose the boundary condition U ! 1 at
the edge of the box. By using a wide range of different
grid sizes and spacing we have shown [6] that the value
of Edis#Bdis can be computed accurately, and hence so can
the true energy using the formula EB ! B 3 !Edis#Bdis".
We claim that our determinations of Edis#Bdis are accurate
in the absolute sense to within 60.001 and that the relative
values are probably even more accurate.

We have also computed the ionization energy
IB ! EB21 1 E1 2 EB, which is the energy required
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FIG. 2. On top the ionization energy IB plotted against B. No-
tice that the most stable solutions are those with the most sym-
metry, B ! 4, 7, 17, while the least stable are those with little
symmetry B ! 5, 8, 14, 18. On the bottom the binding energy
per baryon DE!B plotted against B. We see that for large B the
binding energy appears to level out at around 0.15–0.16 as one
might expect in a simple model of nuclei.

to remove a single Skyrmion, and the binding energy
per nucleon DE!B ! E1 2 "E!B#, which is the energy
required to separate the solution into B well-separated
Skyrmions divided by the total baryon number. These
values are tabulated in Table I and are plotted against B
in Fig. 2. The ionization energy is largest for the most
symmetrical solutions B ! 4, 7, and 17 and is least for

those with little symmetry, B ! 5, 8, 14, and 18, which
is very much as one would expect. The binding energy
appears to increase to an asymptotic value of around
0.15–0.16. This is a clear consequence of the FB bound
since it is linearly related to E!B.

In fact, the value of E!B appears to have an asymptotic
value which is around 6%–7% above the FB bound, com-
patible with the value obtained for a hexagonal lattice [13]
which is the limit of an infinitely large fullerene (the ana-
log of graphite in carbon chemistry). It is clear that an
infinitely large shell is physically unlikely and that there
probably exists a value B! such that for B . B! the solu-
tions no longer look like fullerene shells. In such a case the
solutions are likely to begin to look more like portions cut
from the infinite Skyrme crystal [14] whose E!B is only
4% above the FB bound. Another possibility is an inter-
mediate state comprised of multiple shells [15], although
all the known configurations of this kind have much larger
values of E!B. We have definitely shown that B! . 22
and we believe that the connection between Skyrmions,
fullerenes, and rational maps will continue for much larger
values of B.

We acknowledge useful discussions with Conor
Houghton and Nick Manton. Our research is funded by
EPSRC (P. M. S.) and PPARC (R. A. B.). The parallel
computations were performed at the National Cosmology
Supercomputing Centre in Cambridge.
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Adding the pion-mass term

L
pion

=
1

2
m2

⇡f
2

⇡ (Tr(U)� 2)

Adkins, Nappi,  NPB 233 (1984)

Quantity Prediction Prediction Expt

(massless pion) (massive pion)

MN input input 939 MeV

M� input input 1232 MeV

f⇡ 64.5 MeV 54 MeV 93 MeV

hr2i1/2I=0 0.59 fm 0.68 fm 0.72 fm

hr2i1/2I=1 1 1.04 fm 0.88 fm

hr2i1/2M,I=0 0.92 fm 0.95 fm 0.81 fm

hr2i1/2M,I=1 1 1.04 fm 0.80 fm

µp 1.87 1.97 2.79

µn �1.31 �1.24 �1.91
|µp/µn| 1.43 1.59 1.46

Single Baryon (with Pion Mass)
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Why vector mesons?

 Witten: QCD ~ weakly interacting mesons in large Nc

• The lightest meson is the pion
• The next low-lying mesons are vector mesons (ω and ρ)!
"

 Stability of the soliton

• Without the Skyrme term, the soliton collapses.
• Vector mesons can stabilize the soliton without the Skyrme term.

L =
f2
⇡

4
Tr

�
@µU

†@µU
�
+

1

32e2
Tr

⇥
U†@µU,U

†@⌫U
⇤2

Skyrme terms

Derrick’s Theorem

16
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Early Attempts to include VM

Including ! meson

Including ⇢ meson

L = L
pion

+ L! + L
int

L
pion

=
f2

⇡

4
Tr(@µU@µU †) +

f2

⇡

2
m2

⇡ (Tr(U)� 2) ,

L! =
m2

!

2
!µ!

µ � 1

4
!µ⌫!

µ⌫ , L
int

= �!µB
µ

L = L
pion

+ L⇢ + L
int

L
int

= ↵Tr(⇢µ⌫@
µU†U@⌫U†) ⇢⇡⇡ interaction

G.S. Adkins and C.R. Nappi, Phys. Lett. B137, 251 (1984)

G.S. Adkins, Phys. Rev. D33, 193 (1986)

17
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Early Attempts: results

Quantity Skyrme ! ⇢ Expt

(massive pion)

MN input input input 939 MeV

M� input input input 1232 MeV

f⇡ 54 MeV 62 MeV 52.4 MeV 93 MeV

hr2i1/2I=0 0.68 fm 0.74 fm 0.70 fm 0.72 fm

hr2i1/2I=1 1.04 fm 1.06 fm 1.08 fm 0.88 fm

hr2i1/2M,I=0 0.95 fm 0.92 fm 0.98 fm 0.81 fm

hr2i1/2M,I=1 1.04 fm 1.02 fm 1.06 fm 0.80 fm

µp 1.97 2.34 2.16 2.79

µn �1.24 �1.46 �1.38 �1.91
|µp/µn| 1.59 1.60 1.56 1.46

µI=0 0.365 0.44 0.39 0.44

µI=1 1.605 1.9 1.77 2.35

18
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SU(3) EXTENSION

Can we describe hyperons in the Skyrme model?

Direct extension: SU(3) collective coordinate 
quantization

New approaches

exact diagonalization methods

bound state model

Yabu, Ando,  NPB 301 (1988)

Callan, Klebanov,  NPB 262 (1985)

Weigel et al.,   PRD 42 (1990)
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BOUND STATE MODEL

Starting point: flavor SU(3) symmetry is badly broken

treat light flavors and strangeness on a different 
footing

Lagrangian

The soliton provides a background potential that 
traps K/K* (or heavy) mesons 

bound kaon 

SU(3) ! SU(2)⇥U(1)

L = LSU(2) + LK/K⇤

Callan, Klebanov,  NPB 262 (1985)
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BOUND STATE MODEL

Anomalous Lagrangian

Pushes up the state of                states to the 
continuum → no bound state

Pulls down the state of                states below the 
threshold → makes bound states g description of 
hyperons

Renders two bound states with

the lowest state: p-wave → gives (+) parity

excited state: s-wave → gives (-) parity

S = +1

S = �1

S = �1

270 MeV energy difference

after quantization

⇤(1116)

⇤(1405)
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BOUND STATE MODEL

289 MeV 

290 MeV 

285 MeV positive parity 

negative parity 

parity undetermined 

Experimental Data
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BOUND STATE MODEL

Mass sum rules

modification to GMO and equal spacing rule

hyperfine relation

The same relations hold for

3⇤+ ⌃� 2(N + ⌅) = ⌃⇤ ��� (⌦� ⌅⇤)

(⌦� ⌅⇤)� (⌅⇤ � ⌃⇤) = (⌅⇤ � ⌃⇤)� (⌃⇤ ��

⌃⇤ � ⌃+
3

2
(⌃� ⇤) = ��N

⇤(1/2�),⌃(1/2�),⌃(3/2�),⌅(1/2+),⌅(3/2+),⌦(3/2�)
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BOUND STATE MODEL

Best-fitted results based on the derived mass formula

YO,  PRD 75 (2007)

Particle Prediction (MeV) Expt

N 939* N(939)

� 1232* �(1232)

⇤(1/2+) 1116* ⇤(1116)

⇤(1/2�) 1405* ⇤(1405)

⌃(1/2+) 1164 ⌃(1193)

⌃(3/2+) 1385 ⌃(1385)

⌃(1/2�) 1475 ⌃(1480)?

⌃(3/2�) 1663 ⌃(1670)

⌅(1/2+) 1318* ⌅(1318)

⌅(3/2+) 1539 ⌅(1530)

⌅(1/2�) 1658 (1660) ⌅(1690)?

⌅(1/2�) 1616 (1614) ⌅(1620)?

⌅(3/2�) 1820 ⌅(1820)

⌅(1/2+) 1932 ⌅(1950)?

⌅(3/2+) 2120* ⌅(2120)

⌦(3/2+) 1694 ⌦(1672)

⌦(1/2�) 1837

⌦(3/2�) 1978

⌦(1/2+) 2140

⌦(3/2+) 2282 ⌦(2250)?

⌦(3/2�) 2604

Ω’s would be discovered  
in future. 

Unique prediction of this model. 
The Ξ(1620) should be there. 

still one-star resonance 

Recently confirmed by COSY 
PRL 96 (2006) 

BaBar : the spin-parity of  
Ξ(1690) is 1/2�"
PRD 78 (2008) 

NRQM predicts 1/2+ 

puzzle in QM
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HEAVY QUARK BARYONS

Replace the strangeness by the heavy-flavor

 

A dog wagging a tail?

mD/m⇡ � mK/m⇡

The two approaches converge only when both Nc ! 1 and mQ ! 1

large Nc vs. large mQ

(mQ > M
sol

)(mQ < M
sol

)

Heavy quark symmetry
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HEAVY QUARK BARYONS

Soliton-fixed frame Heavy-meson-fixed frame

300 MeV

YO, B.Y. Park PRD 51 (1995)

YO, B.Y. Park ZPA 359 (1997)
fewer bound states
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Vector Mesons

 Systematic way to include vector mesons
• Massive Yang-Mills approach            Syracuse group

• Hidden Local Symmetry                     Nagoya group

• Equivalence of the two approaches

 Skyrmions in the HLS

• ρ meson stabilized model
    Y. Igarashi et al., Nucl. Phys. B259, 721 (1985)

• ρ and ω meson stabilized model
    U.-G. Meissner, N. Kaiser, and W. Weise, Nucl. Phys. A466, 685 (1987)

• ρ, ω and a1 meson stabilized model
    N. Kaiser and U.-G. Meissner, Nucl. Phys. A519, 671 (1990)
     L. Zhang and N.C. Mukhopadhyay, Phys. Rev. D50, 4668 (1994)

27
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Recent Works for Skyrmions 
with Vector Mesons

Holographic QCD: infinite tower of vector mesons  
Solitons in hQCD

D.K. Hong, M. Rho, H.-U. Yee, and P. Yi, Phys. Rev. D76, 061901 (2007); JHEP 0709, 063 (2007)
H. Hata, T. Sakai, S. Sugimoto, and S. Tamato, Prog. Theor. Phys. 117, 1157 (2007)

HLS Lagrangian
O(p4) terms:   M. Tanabashi, Phys. Lett. B316, 534 (1993)
O(p4) terms & hQCD:   M. Harada and K. Yamawaki, Phys. Rep. 381, 1 (2003)

Skyrmions in HLS with ρ meson up to O(p4) terms with hQCD
K. Nawa, H. Suganuma, and T. Kojo, Phys. Rev. D75, 086003 (2007)
K. Nawa, A. Hosaka, and H. Suganuma, Phys. Rev. D79, 126005 (2009)
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Earlier works

O(p2) Lagrangian with HLS

M. Bando, T. Kugo, and K. Yamawaki, Phys. Rep. 164, 217 (1988)

L = LA + aLV + Lkin

LA = f2
⇡ Tr(↵̂2

µ?) = L�, LV = f2
⇡ Tr(↵̂2

µk)

Lkin = � 1

2g2
Tr(F 2

µ⌫)

m2
V = ag2f2

⇡

g⇢⇡⇡ =
1

2
ag

a = 2 gives KSRF relation and the universality of ⇢ coupling

L� =
f2
⇡

4
Tr(@µU@µU †) with U = ⇠†L⇠R

Hidden Symmetry

⇠L,R(x) ! h(x)⇠L,R(x), h 2 SU(2)

Vµ(x) ! ih(x)@µh
†(x) + h(x)Vµ(x)h

†(x)

Covariant derivative: Dµ⇠L,R = @µ⇠L,R � iVµ⇠L,R

↵̂µk =

1

2i
(Dµ⇠L⇠

†
L +Dµ⇠R⇠

†
R)

↵̂µ? =

1

2i
(Dµ⇠L⇠

†
L �Dµ⇠R⇠

†
R)

Unitary gauge: ⇠†L = ⇠R = ⇠

HLS Lagrangian
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ρ meson and the Skyrme term
As a ! 1, i.e., as mV ! 1
LV / (↵µk � Vµ)

2 = 0

where ↵µk =
1

2i
(@µ⇠L⇠

†
L + @µ⇠R⇠

†
R)

)

Lkin ! 1

32g2
Tr

⇥
@µUU†, @⌫UU†⇤2 = LSkyrme

Y. Igarashi, M. Johmura, A. Kobayashi, H. Otsu, T. Sato, and S. Sawada, Nucl. Phys. B259, 721 (1985)

726 Y. lgarashi et at / Stabilization of  skyrmions 

, , , ' 1 ' , ' -  , 1 , ' ' ' r ' ' . , i 

! 

0 .5 1 1.5 2 
rad ia t  d i s t a n c e  r (fro) 

Fig. 1. n = 1 so lu t ions  of  F(r)  and  G(r)  (dashed  curves)  for m ~ = 0  (chiral  l imit)  and  a = 1, 2 and  4 
fixing ag 2 f 2 = m 2. 

' ' ' ' l ' ' - '  • I i i , , I ' i , , ] I 

3 m n =1 3 8 M eV 

a = 4  

0 .5 1 1.5 2 
rad ia l  d is tance r ( f m l  

Fig. 2. n = 1 solutions o f  F ( r )  and G(F) (dashed curves) For m~ = 138 MeV  and a = 1, 2 and 4 f ix ing 
ag2f ~ ~ m 2. 

Skyrmion in the HLS with the ρ meson

M
sol

= (667 ⇠ 1575) MeV

for 1  a  4

M
sol

= 1045 MeV for a = 2
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ρ and 𝝎 mesons

U.-G. Meissner, N. Kaiser and W. Weise, Nucl. Phys. A466, 685 (1987)

𝝎 meson: introduced through HGS like the 𝝆  meson

Anomalous Lagrangian: source of the 𝜔 meson

The Lagrangian of O(p2) reads

L(2) = f 2
π Tr [α̂⊥µα̂

µ
⊥] + af 2

π Tr [α̂‖µα̂
µ
‖ ]−

1

2g2
Tr [VµνV

µν ] +
1

4
f 2
πm

2
π Tr

(
U + U † − 2

)
.(1.7)

The Lagrangian of O(p4) reads

Ly
(4) = y1 Tr [α̂⊥µα̂

µ
⊥α̂⊥να̂

ν
⊥] + y2 Tr [α̂⊥µα̂⊥να̂

µ
⊥α̂

ν
⊥]

+ y3 Tr [α̂‖µα̂
µ
‖ α̂‖να̂

ν
‖ ] + y4 Tr [α̂‖µα̂‖να̂

µ
‖ α̂

ν
‖ ]

+ y5 Tr [α̂⊥µα̂
µ
⊥α̂‖να̂

ν
‖ ] + y6 Tr [α̂⊥µα̂⊥να̂

µ
‖ α̂

ν
‖ ]

+ y7 Tr [α̂‖µα̂
µ
⊥α̂⊥να̂

ν
‖ ] + y8

{
Tr [α̂⊥µα̂

µ
‖ α̂⊥να̂

ν
‖ ] + Tr [α̂⊥µα̂‖να̂

ν
⊥α̂

µ
‖ ]
}

+ y9 Tr [α̂⊥µα̂‖να̂
µ
⊥α̂

ν
‖ ], (1.8)

and

Lz
(4) = iz4 Tr [Vµνα̂

µ
⊥α̂

ν
⊥] + iz5 Tr [Vµνα̂

µ
‖ α̂

ν
‖ ]. (1.9)

The anomalous terms are written as

Lan =
3

8
gNc(c1 − c2 − c3)ωµB

µ

− g3Nc

32π2
(c1 + c2)ε

µναβωµ tr (aν ρ̄αρ̄β)

− gNc

8π2
c3ε

µναβ

{
−ωµ tr (aνvαvβ) +

ig

4
∂µων tr (aαρβ − ραaβ)−

ig

4
ωµ tr (ρναaβ)

}
,

(1.10)

The more complete form can be found in my previous note.
The radial wave functions for the fields at O(Nc) are defined as

ξ = exp[iτ · r̂F (r)/2],

ω0 = W (r), ω = 0,

ρ0 = 0, ρ =
G(r)

gr
(r̂ × τ ) . (1.11)

Then we have

α̂0
⊥ = 0, α̂⊥ = −1

2
[f1(r)τ + f2(r)r̂τ · r̂]

α̂0
‖ = −gW (r)

2
, α̂‖ = − 1

2r

[
G(r) + 2 sin2 F

2

]
(r̂ × τ ) , (1.12)

where
f1(r) =

1

r
sinF, f2 = F ′ − 1

r
sinF. (1.13)

2

Determination of parameters

Minimal model: c1 =

2

3

, c2 = �2

3

, c3 = 0

Vector Dominance: c1 = 1, c2 = 0, c3 = 1

T. Fujiwara, T. Kugo, H. Terao, S. Uehara, K. Yamawaki, 
Prog. Theor. Phys., 73, 926 (1985)

Or fit them to known phenomenology

See, for example, P. Jain, U.-G. Meissner, N. Kaiser, H. Weigel,  N.C. Mukhopadhyay, etc

No 𝜔𝜋3 term

𝜔𝜇B𝜇 term only
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ρ and 𝝎 mesons

U.-G. Meissner, N. Kaiser and W. Weise, Nucl. Phys. A466, 685 (1987)

minimal model results with a = 2, f𝜋 = 93 MeV, g = 5.85

Msol = 1475 MeV

694 U.-G. Meissner et al. / Nucleons as Skyrme solitons 

G(0) = -2, G(co)=O, (3.8a) 

o’(0) = 0 ) o(oo)=O. (3.8b) 

The boundary conditions on G(r) agree with the ones of Iqarashi et al. 15) whereas 
the boundary conditions on w(r) have already been discussed by Adkins and 
Nappi *“) in their work on the w-stabilized skyrmion. Note furthermore that eq. 
(3.7b) agrees exactly with the one given in ref. 15). It is evident that for large distances 
r, the pion field falls off exponentially, i.e. 

. fXr)--e -mwr/r(l+ l/W&r) ) (l-,~) (3.9) 

with m, = 139 MeV. 

3.3. NUMERICAL SOLUTIONS 

The set of coupled equations (3.7) together with (3.2) and (3.8) constitutes a 
boundary value problem of ordinary differential equations that can be solved using 

3 

3 2 

: 
I  

k?  
1  

0  

-2 

u 
! 
j 

-4 

-t 

MINIMAL MODEL MESON PROFILES 
I I 

15 r [fml 

Fig. 1. Meson profiles for the minimal model: the chiral angle F(r), and the vector meson profiles -G(r) 
and o(r) for g = 5.85, f, = 93 MeV, and m, = 138 MeV. Notice the different scale for the o-meson. 

U.-G. Meissner et al. / Nucleons as Skyrme solitons 

TABLE 1 
Properties of the Skyrme soliton resulting from the lagrangians 

(2.11) or (2.19) with rr, p and w mesons 

Minimal 
model 

Complete 
model 

Following 
ref. “) 

MH [MeVl 1474 1465 1057 
r H  [f m l 0 .5 0 0.48 0.27 

For comparison, the results of the model of ref. 17) including 
pions and p mesons are also given. The parameters used are 
m, = 139 MeV, f, = 93 MeV, and g = 5.85. Here MH is the static 
soliton mass, and rt, the baryonic r.m.s. radius. 

We refer to rH as the baryonic root mean square (r.m.s.) radius, since it measures 
the extension of the baryonic charge (baryon number dist~bution) of the soliton. 

The inclusion of the o-meson has two main effects: First, the skyrmion mass 
increases by -40% as compared to the model without w. Secondly, the soliton 
radius increases by roughly a factor of 2. We will later demonstrate that a baryonic 
charge radius of rn - 0.5 fm leads to reasonable e~ectro~ug~ei~c charge radii of 
protons and neutrons due to the inherent vector meson dominance. The role of the 
vector mesons is to increase the electromagnetic soliton radii to values typically 
between 0.8 and 1.0 fm. 

4. Electromagnetic properties 

4.1. PHOTON COUPLINGS TO MESONS 

The electromagnetic interaction is added to the effective lagrangian (2.11) or 
(2.19) in the standard way, by gauging the subgroup generated by the electric charge 
operator Q = j($+ TJ .  For example, in the isovector sector, where the charge operator 
is QV = fan, the photon field A, is introduced in such a way that the covariant 
derivative (2.5) is replaced by 

9&L,R = (8, -b& - P~CL)SL,R+tieSL,RT3AIL(X). (4.1) 

Evidently, the isovector photon is closely connected with the p-meson. Similarly, 
gauging the U(1) subgroup generated by the isoscalar charge Qs brings the isoscalar 
photon coupling into close relationship with the w meson. 

Let us discuss the characteristic couplings of isovector photons as implied by eq. 
(4.1) when inserted into the effective lagrangian, e.g. eq. (2.4). 

Again, the leading terms become particularly transparent in the weak field approxi- 
mation. We therefore return to eq. (2.7), recalling that there is a gauge parameter 
a which, if set a = 2, gives the proper relation (2.14) between the p-meson mass 
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ρ and 𝝎 mesons

U.-G. Meissner, N. Kaiser and W. Weise, Nucl. Phys. A466, 685 (1987)

710 U.-G. Meissner et ai. / N&eons as Skyme so&tons 

TABLET 

Baryon properties; parameters as in table 1 

Minimal Complete 
model model Experiment 

0 [fm] 0.82 0.68 
MA -MN DfeVl 359 437 293 

MN [Mevl 1564 1575 939 
r, - (r$)“2 [fm] 0.50 0.48 

~~~~~~~ rE ” -0.22 0.92 -0.25 0.98 -0.119*0.004 0.86*0.01 

(rZ&‘” [fml 0.84 0.94 0.86 * 0.06 
C&Y” [fml 0.85 0.93 0.88 * 0.07 

fiP Ln.m.1 3.36 2.77 2.79 
CL, [n.m.l -2.57 -1.84 -1.91 
IP*/ELnI 1.31 1.51 1.46 

(We show a comparison with data up to q2 = 0.6 GeV’, which is roughly the square 
of the vector meson mass; any further extrapolation would lead beyond the range 
of applicability of the model.) The complete model tends to produce charge and 
magnetic moment distributions which are slightly too large in size. The explicit 
treatment of p- and u-meson degrees of freedom is extremely important in achieving 
charge and magnetic radii close to the empirical ones, i.e. signifi~ntly larger than 
the radius (r$ri2== 0.5 fm of the baryon number density. 

PROTON CHARGE FORM FACTOR GE (q21 
I 

I 1 

0 01 02 03 01, 05 t jZ[GeV21 

Fig. 7. The proton electric form factor. The solid line is the result of the minimal model. The result of 
the complete model is given by the long-dashed line. For comparison, the empirical dipole fit GE($) = 

[ I- q2/0.71 GeV’]-’ is aiso shown. The data are taken from ref. 37). 
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U.-G. Meissner et al. / Nucleons as Skyrme solirons 711 

NEUTRON CHARGE FORM FACTOR G; (q’, 
I I 1 I 

0 08 

006 

0.04 

0.02 

0 

-002 
lq*l [GeV’l I I I 1 

Fig. 8. The neutron electric form factor. The solid line is the result of the minimal model, the long-dashed 
line refers to the complete model. Data from 37). 

10 

05 

0 

EON M~ET~ FORM FACTOR G~(~)/G~( 
7 

ol 
-4 

a b I I 
01 02 03 04 05 

lq21[GeV21 
0 01 02 0.3 04 0.5 

lq*l[GeV*l 

Fig. 9. (a) The proton magnetic form factor. The solid line is the result of the minimal model, the 
long-dashed line the one of the complete model. Data from 37), (b) The neutron magnetic form factor; 

notations otherwise as in fig. (a). Data from “1. 

5. Axial properties 

5.1. BASIC DEFINITIDNS 

In this section, we discuss the axial properties of nucleons as they emerge in our 
model. We start with a brief summary of basic definitions. The most general form 
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ρ, 𝝎, and a1 mesons

N. Kaiser and U.-G. Meissner, 
Nucl. Phys. A519, 671 (1990)
L. Zhang and N.C. Mukhopadhyay, 
Phys. Rev. D50, 4668 (1994)

Axial vector meson

14 anomalous terms  

U(x) = ⇠

†
L(x)⇠M (x)⇠R(x)

cf. 6 independent terms in the ⇡⇢! system

Hard to control the parameters 

H. Forkel, A.D. Jackson, and C. Weiss,  Nucl. Phys. A526, 453 (1991)

Results with a = 2, f𝜋 = 93 MeV, g = g𝜔/1.5 = 5.85, mV = 770 MeV

Msol = 1002 MeV H. Forkel et al. / Skyrmions with vector mesons 465 

1500 - 

Esk WV) 

1000 - 

0 2 4 6 
g, &a/l.5 

Fig. 1. The behaviour of the skyrmion energy as the vector meson couplings and the masses go to zero. 
(a) g=g,JlS+O, (b) g+O, g,/1.5=5.85 (fixed), (c) g, + 0, g = 5.85 (fixed). In all cases the ratios g/m 

and gw/1.5m are kept constant at 5.85/770 MeV. 

g, the soliton energy becomes negative so that those vector mesons could eventually 
destabilize the soliton. This is an artifact of the abelian approximation to the 
gauge-field dynamics employed in that paper. In the full non-linear problem 
appropriate for the large-g domain, we find a positive and finite limit of the energy 
as g increases. When the ratio of g/m is fixed (5.85/770 MeV), this limiting energy 
is 941 MeV. (The corresponding limiting r.m.s. radius is 0.34 fm.) A finite positive 
energy and r.m.s. radius are also obtained in the limit of large g for fixed m. 

.4 

rB cfrn) 

b 

0 2 4 6 
g* d1.5 

Fig. 2. The behaviour of the r.m.s. baryon radius as the vector meson couplings and the masses go to 
zero. Cases (a), (b) and (c) are the same as in fig. 1. 
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Fig. 1. The behaviour of the skyrmion energy as the vector meson couplings and the masses go to zero. 
(a) g=g,JlS+O, (b) g+O, g,/1.5=5.85 (fixed), (c) g, + 0, g = 5.85 (fixed). In all cases the ratios g/m 

and gw/1.5m are kept constant at 5.85/770 MeV. 

g, the soliton energy becomes negative so that those vector mesons could eventually 
destabilize the soliton. This is an artifact of the abelian approximation to the 
gauge-field dynamics employed in that paper. In the full non-linear problem 
appropriate for the large-g domain, we find a positive and finite limit of the energy 
as g increases. When the ratio of g/m is fixed (5.85/770 MeV), this limiting energy 
is 941 MeV. (The corresponding limiting r.m.s. radius is 0.34 fm.) A finite positive 
energy and r.m.s. radius are also obtained in the limit of large g for fixed m. 
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Fig. 2. The behaviour of the r.m.s. baryon radius as the vector meson couplings and the masses go to 
zero. Cases (a), (b) and (c) are the same as in fig. 1. 
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ρ, 𝝎, and a1 mesons

L. Zhang and N.C. Mukhopadhyay, Phys. Rev. D50, 4668 (1994)

The results are sensitive to the 
parameters.
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Summary of the earlier works

1. a dependence 
• ambiguity in the value of a results in a large uncertainty in the 
soliton mass
(in free space, a ~ 2 and at high temperature/density a ~ 1)

2. Higher order terms
• O(p4) etc are at O(Nc) like the O(p2) terms
• More complicated form of the Lagrangian
• Uncontrollably large number of low energy constants
E.g.  6 anomalous terms for the ω meson at O(p2)
       14 anomalous terms for the axial vector mesons at O(p2)

3. In this work,
• O(p4) with ρ and ω mesons
• Fix the couplings by using hQCD

36
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HLS Lagrangian up to O(p4)

LHGS = L(2) + L(4) + Lanom

3

vector meson field Vµ is [8–10]

Vµ =
g

2
(ωµ + ρµ) (5)

with

ρµ = ρµ · τ =

(
ρ0µ

√
2ρ+µ√

2ρ−µ −ρ0µ

)
. (6)

Then one can construct the chiral Lagrangian up to
O(p4) as

LHLS = L(2) + L(4) + Lanom, (7)

which is our working Lagrangian. Here,

L(2) = f2
π Tr (â⊥µâ

µ
⊥) + af2

π Tr
(
â‖µâ

µ
‖

)
− 1

2g2
Tr (VµνV

µν) , (8)

where fπ is the pion decay constant, a is the parameter of the HLS, g is the vector meson coupling constant, and the
field-strength tensor of the vector meson is

Vµν = ∂µVν − ∂νVµ − i[Vµ, Vν ]. (9)

In the most general form of the O(p4) Lagrangian there are several terms that include two traces in the flavor space
such as the y10–y18 terms listed in Ref. [10].2 These terms are suppressed by Nc compared to the other terms in the
Lagrangian and are not considered in the present work. Then the O(p4) Lagrangian which we study in this paper is
given by

L(4) = L(4)y + L(4)z, (10)

where

L(4)y = y1Tr
[
α̂⊥µα̂

µ
⊥α̂⊥ν α̂

ν
⊥

]
+ y2Tr

[
α̂⊥µα̂⊥ν α̂

µ
⊥α̂

ν
⊥

]
+ y3Tr

[
α̂‖µα̂

µ
‖ α̂‖ν α̂

ν
‖

]
+ y4Tr

[
α̂‖µα̂‖ν α̂

µ
‖ α̂

ν
‖

]

+ y5Tr
[
α̂⊥µα̂

µ
⊥α̂‖ν α̂

ν
‖

]
+ y6Tr

[
α̂⊥µα̂⊥ν α̂

µ
‖ α̂

ν
‖

]
+ y7Tr

[
α̂⊥µα̂⊥ν α̂

ν
‖α̂

µ
‖

]

+ y8

{
Tr

[
α̂⊥µα̂

µ
‖ α̂⊥ν α̂

ν
‖

]
+Tr

[
α̂⊥µα̂‖ν α̂

ν
⊥α̂

µ
‖

]}
+ y9Tr

[
α̂⊥µα̂‖ν α̂

µ
⊥α̂

ν
‖

]
, (11)

L(4)z = iz4Tr
[
Vµν α̂

µ
⊥α̂

ν
⊥

]
+ iz5Tr

[
Vµν α̂

µ
‖ α̂

ν
‖

]
. (12)

In the present work, we also consider the anomalous par-
ity hWZ terms that are written as

Lanom =
Nc

16π2

3∑

i=1

ciLi, (13)

where

L1 = iTr
[
α̂3
Lα̂R − α̂3

Rα̂L

]
, (14a)

L2 = iTr
[
α̂Lα̂Rα̂Lα̂R

]
, (14b)

L3 = Tr
[
FV (α̂Lα̂R − α̂Rα̂L)

]
, (14c)

in the 1-form notation with

α̂L = α̂‖ − α̂⊥,

α̂R = α̂‖ + α̂⊥,

FV = dV − iV 2. (15)

2 Another example of this kind is Tr
[
α̂µ
‖
]
Tr

[
α̂‖µ

]
that generates

the mass difference between the ρ and ω mesons.

In order to study the properties of the soliton obtained
from the Lagrangian (7), we take the standard parame-
terization for the soliton configuration. For the pion field,
we use the standard hedgehog configuration,

ξ(r) = exp

[
iτ · r̂F (r)

2

]
. (16)

The configuration of the vector mesons are written as [20]

ωµ = W (r) δ0µ, ρ0 = 0, ρ =
G(r)

gr
(r̂ × τ ) . (17)

For the baryon number B = 1 solution, these wave func-
tions satisfy the following boundary conditions:

F (0) = π, F (∞) = 0,
G(0) = −2, G(∞) = 0,
W ′(0) = 0, W (∞) = 0.

(18)

Given the Lagrangian and the wave functions, it is now
straightforward to derive the soliton mass Msol. The
explicit expression for the soliton mass is given in Ap-
pendix A. Minimizing the soliton mass then gives the

3
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µ
‖

)
− 1

2g2
Tr (VµνV

µν) , (8)
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2 Another example of this kind is Tr
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that generates

the mass difference between the ρ and ω mesons.

In order to study the properties of the soliton obtained
from the Lagrangian (7), we take the standard parame-
terization for the soliton configuration. For the pion field,
we use the standard hedgehog configuration,

ξ(r) = exp
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]
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The configuration of the vector mesons are written as [20]

ωµ = W (r) δ0µ, ρ0 = 0, ρ =
G(r)

gr
(r̂ × τ ) . (17)

For the baryon number B = 1 solution, these wave func-
tions satisfy the following boundary conditions:

F (0) = π, F (∞) = 0,
G(0) = −2, G(∞) = 0,
W ′(0) = 0, W (∞) = 0.

(18)

Given the Lagrangian and the wave functions, it is now
straightforward to derive the soliton mass Msol. The
explicit expression for the soliton mass is given in Ap-
pendix A. Minimizing the soliton mass then gives the
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µ
⊥) + af2

π Tr
(
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S5 = SDBI
5 + SCS

5

!0ðr; tÞ ¼ AðtÞ 2
g
½! %!"1ðrÞ þ !̂ r̂ %! % r̂"2ðrÞ'AyðtÞ;

!iðr; tÞ ¼ ’ðrÞ
r

ð!( r̂Þi: (21)

With these wave functions the moment of inertia can be
calculated, and its explicit expression is given in
Appendix B. It is then straightforward to obtain the
Euler-Lagrange equations for the wave functions "1ðrÞ,
"2ðrÞ, and ’ðrÞ by minimizing the moment of inertia, and
the results are also given in Appendix B. The boundary
conditions imposed on the excited fields are

"0
1ð0Þ ¼ "1ð1Þ ¼ 0;

"0
2ð0Þ ¼ "2ð1Þ ¼ 0;

’ð0Þ ¼ ’ð1Þ ¼ 0;

(22)

and "1ðrÞ and "2ðrÞ at r ¼ 0 satisfy the constraint

2"1ð0Þ þ "2ð0Þ ¼ 2: (23)

In the adiabatic collective quantization scheme, the
baryon mass is given by

M ¼ Msol þ
iðiþ 1Þ
2I

¼ Msol þ
jðjþ 1Þ

2I
; (24)

where i and j are the isospin and the spin of the baryon,
respectively. Then the !-N mass difference reads

!M ) M! *MN ¼ 3

2I
: (25)

The baryonic size of a baryon should be computed by
the baryon-number current of the Skyrmion. However, in
order to intuitively see the effects of the vector mesons on
the Skyrmion size in a simple way, here we consider the
winding number and energy root-mean-square radii. The
root-mean-square (rms) radius of the winding-number cur-
rent is defined by

hr2i1=2W ¼
!Z 1

0
d3rr2B0ðrÞ

"
1=2

; (26)

where B0ðrÞ is the time component of the winding-number
current that is explicitly written as

B0 ¼ * 1

2#2r2
F0sin 2F: (27)

We define the energy root-mean-square radius hr2i1=2E as

hr2i1=2E ¼
!

1

Msol

Z 1

0
d3rr2MsolðrÞ

"
1=2

; (28)

where MsolðrÞ is the soliton mass (energy) density given in
Appendix A.

III. HIDDEN LOCAL SYMMETRY INDUCED
FROM HOLOGRAPHIC QCD

A. Master formula

In this section, following Refs. [3,4], we provide a
general master formula to determine the parameters of
the HLS Lagrangian by integrating out the infinite towers
of vector and axial-vector mesons in a class of hQCD
models expressed by the following general 5D action:

S5 ¼ SDBI5 þ SCS5 ; (29)

where the 5D Dirac-Born-Infeld (DBI) part SDBI5 and the
Chern-Simons part SCS5 are expressed as

SDBI5 ¼ NcGYM

Z
d4xdz

#
* 1

2
K1ðzÞTr½F$%F$%'

þ K2ðzÞM2
KK Tr½F$zF $z'

$
; (30)

SCS5 ¼ Nc

24#2

Z
M4(R

w5ðAÞ: (31)

where the rescaled ’t Hooft coupling constant is defined as
GYM ) &=ð108#3Þ and the field strength of the 5D gauge
field3 AM is FMN ¼ @MAN * @NAM * i½AM;AN'.
Here, K1;2ðzÞ are the metric functions of z constrained by
the gauge/gravity duality. The gravity enters in the z de-
pendence of the YM coupling, giving rise to the warping of
the space. In Eq. (31), M4 and R stand for the 4D
Minkowski space-time and z-coordinate space, respec-
tively, and w5ðAÞ is the CS 5-form, written as

w5ðAÞ ¼ Tr
!
AF 2 þ i

2
A3F * 1

10
A5

"
: (32)

Here, F ¼ dAþ iAA is the field strength of the 5D
gauge field A ¼ A$dx

$ þAzdz. It should be noted
that the DBI part is of Oð&1Þ while the CS term is of
Oð&0Þ with the ’t Hooft coupling constant &.
We should stress here that, as noted in Ref. [4], the

structure of the action (29) is shared both by the top-
down Sakai-Sugimoto model and the bottom-up models,
such as in Refs. [25,26] as well as the moose models in
Ref. [11], with the difference appearing only in the warping
factors. This allows us to write down a ‘‘master formula’’
which applies to all holographic models and moose con-
structions given appropriate warping factors.
Now, to induce the HLS Lagrangian from the action

(30), we use the mode expansion of the 5D gauge field
AMðx; zÞ and integrate out all the modes except the
pseudoscalar and the lowest-lying vector mesons, which

reduces AMðx; zÞ to Ainteg
M ðx; zÞ. In the Azðx; zÞ ¼ 0 gauge,

this implies the substitution [3,4]4

3We use the index M ¼ ð$; zÞ, with $ ¼ 0, 1, 2, 3.
4As emphasized in Ref. [4], the procedure of ‘‘integrating out’’

adopted here is different from the ‘‘naive truncation’’ that
violates the chiral invariance.
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2. induce the HLS Lagrangian from S5: integrate out the higher modes

A!ðx; zÞ ! Ainteg
! ðx; zÞ

¼ "̂!?ðxÞc 0ðzÞ þ ½"̂!kðxÞ þ V!ðxÞ&
þ "̂!kðxÞc 1ðzÞ; (33)

where fc ng are eigenfunctions satisfying the following
eigenvalue equation obtained from the action (30):

'K'1
1 ðzÞ@z½K2ðzÞ@zc nðzÞ& ¼ #nc nðzÞ; (34)

with #n being the nth eigenvalue (#0 ¼ 0). By substituting
Eq. (33) into the action in Eq. (30), the HLS Lagrangian up
to Oðp4Þ can be obtained. The explicit expressions for the
LECs we need are derived as [3,4]

f2$ ¼ NcGYMM
2
KK

Z
dzK2ðzÞ½ _c 0ðzÞ&2; af2$ ¼ NcGYMM

2
KK#1hc 2

1i;
1

g2
¼ NcGYMhc 2

1i;

y1 ¼ 'y2 ¼ 'NcGYMhð1þ c 1 ' c 2
0Þ2i; y3 ¼ 'y4 ¼ 'NcGYMhc 2

1ð1þ c 1Þ2i;
y5 ¼ 2y8 ¼ 'y9 ¼ '2NcGYMhc 2

1c
2
0i; y6 ¼ 'ðy5 þ y7Þ; y7 ¼ 2NcGYMhc 1ð1þ c 1Þð1þ c 1 ' c 2

0Þi;

z4 ¼ 2NcGYMhc 1ð1þ c 1 ' c 2
0Þi; z5 ¼ '2NcGYMhc 2

1ð1þ c 1Þi; c1 ¼
!!

_c 0c 1

"
1

2
c 2

0 þ
1

6
c 2

1 '
1

2

#$$
;

c2 ¼
!!

_c 0c 1

"
' 1

2
c 2

0 þ
1

6
c 2

1 þ
1

2
c 1 þ

1

2

#$$
; c3 ¼

!!
1

2
_c 0c

2
1

$$
; (35)

where #1 is the smallest (nonzero) eigenvalue of the ei-
genvalue equation given in Eq. (34), and hi and hhii are
defined as

hAi (
Z 1

'1
dzK1ðzÞAðzÞ; hhAii (

Z 1

'1
dzAðzÞ (36)

for a function AðzÞ. Equation (35) provides the master
formula for the LECs in the HLS Lagrangian induced
from general hQCD models. Namely, one just needs to
plug the warping factor and the eigenfunctions of Eq. (34)
into Eq. (35) to obtain the values of the LECs. For example,
K1ðzÞ ¼ K'1=3ðzÞ and K2ðzÞ ¼ KðzÞ with KðzÞ ¼ 1þ z2

correspond to the Sakai-Sugimoto model.
In addition to the general hQCD models, we also con-

sider the BPS model studied in Refs. [27,28] which is
characterized by the flat space-time. In this case, instead
of solving the eigenvalue equation, the 5D gauge field is
expanded in terms of the Hermite function c n [27,28],

c nðzÞ ¼
ð'1Þn'1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðn' 1Þ!2n'1 ffiffiffiffi

$
pq e'z2=2 dn'1

dzn'1 e
'z2 ; (37)

where n ) 1 and c 1 corresponds to the wave function of
the lowest-lying vector meson. The wave function of the
Nambu-Goldstone pseudoscalar boson is expressed in
terms of the error function erfðzÞ,

c 0ðzÞ ¼ erfðzÞ ¼ 2ffiffiffiffi
$

p
Z z

0
e'%2

d%: (38)

In the following calculation, we use the Hermite function
and the error function as wave functions of the vector mode
and pseudoscalar mode, respectively. Then, the LECs of
the HLS Lagrangian are determined by using the above
c 0ðzÞ and c 1ðzÞ in the master formulas in Eq. (35) with
KðzÞ ¼ 1.

B. The a independence

In the phenomenological analysis, it is well known
that the HLS parameter a plays an important role [8–10].
With the leading Lagrangian at Oðp2Þ, the choice of
a ¼ 2 reproduces the Kawarabayashi-Suzuki-Riazzudin-
Fayyazudin relation and the & meson dominance in the
pion electromagnetic form factor. At Oðp4Þ, it was shown
that the quantum correction enhances the infrared value of
a, and, therefore, a good description of low-energy phe-
nomenology can be achieved with the bare value of a being
* 2 [10]. In the holographic approach, on the other hand,
the parameter a is attributed to the normalization of the 5D
wave function c 1ðzÞ, which cannot be determined from the
homogeneous eigenvalue equation (34). As a result, it turns
out [4] that the physical quantities are independent of the
parameter a as far as the leading order in Nc is concerned.

5

In order to explicitly see that any physical quantities
calculated with the HLS Lagrangian induced from hQCD
models are actually independent of the parameter a, we
start with Eq. (33). We first note that the vector-meson
mass and the pion decay constant are related by the relation
m2

& ¼ ag2f2$, and m& and f$ are fixed by their experimen-
tal values. Therefore, the HLS parameter a and the HLS
gauge coupling g are connected through ag2 ¼ m2

&=f
2
$.

Therefore, the g independence of physical quantities is
equivalent to their a independence.
To see the a independence explicitly, we define

~c 1ðzÞ ¼ gc 1ðzÞ; (39)

so that the new function ~c 1 is normalized as

5When we include the loop corrections which can be regarded
as a part of 1=Nc corrections, the a dependence becomes relevant
to the physical quantities through the loop corrections.
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Here, F = dA+iAA is the field strength of the 5D gauge
field A = Aµdxµ+Azdz. It should be noted that the DBI
part is of O(λ1) while the CS term is of O(λ0) with the
’t Hooft coupling constant λ.

We should stress here that as noted in Ref. [4], the
structure of the the action (29) is shared both by the top-
down Sakai-Sugimoto model and the bottom-up models
such as in Refs. [25, 26] as well as the moose models
in Ref. [11], with the difference appearing only in the
warping factors. This allows us to write down a “mas-
ter formula” which applies to all holographic models and
moose construction given appropriate warping factors.
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AM (x, z) and integrate out all the modes except the pseu-
doscalar and the lowest lying vector mesons, which re-
ducesAM (x, z) to Ainteg

M (x, z). In the Az(x, z) = 0 gauge,
this implies the following substitution [3, 4]:4

Aµ(x, z) → Ainteg
µ (x, z)

= α̂µ⊥(x)ψ0(z) +
[
α̂µ‖(x) + Vµ(x)

]

+ α̂µ‖(x)ψ1(z), (33)

where {ψn} are eigenfunctions satisfying the following
eigenvalue equation obtained from the action (30),

−K−1
1 (z)∂z [K2(z)∂zψn(z)] = λnψn(z), (34)
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4 As emphasized in Ref. [4], the procedure of “integrating out”
adopted here is different from the “naive truncation” that vio-
lates the chiral invariance.
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2
ψ̇0ψ

2
1

〉〉
, (35)

where λ1 is the smallest (non-zero) eigenvalue of the
eigenvalue equation given in Eq. (34), and 〈 〉 and 〈〈 〉〉
are defined as

〈A〉 ≡
∫ ∞
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dzK1(z)A(z),

〈〈A〉〉 ≡
∫ ∞

−∞
dzA(z) (36)

for a function A(z). Equation (35) provides the master
formula for the LECs in the HLS Lagrangian induced
from general hQCD models. Namely, one just needs to
plug the warping factor and the eigenfunctions of Eq. (34)
into Eq. (35) to obtain the values of the LECs. For
example, K1(z) = K−1/3(z) and K2(z) = K(z) with
K(z) = 1 + z2 correspond to the Sakai-Sugimoto model.
In addition to the general hQCD models, we also con-
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where n ≥ 1 and ψ1 corresponds to the wave function
of the lowest lying vector meson. The wave function of
the Nambu-Goldstone pseudoscalar boson is expressed in
terms of the error function erf(z),

ψ0(z) = erf(z) =
2√
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0
e−ξ2dξ. (38)

In the following calculation, we use the Hermit function
and the error function as wave functions of the vector
mode and pseudoscalar mode, respectively. Then, the
LECs of the HLS Lagrangian are determined by using
the above ψ0(z) and ψ1(z) into the master formulas in
Eq. (35) with K(z) = 1.

B. The a independence

In the phenomenological analysis, it is well known
that the HLS parameter a plays an important role [8–
10]. With the leading Lagrangian at O(p2), the choice of
a = 2 reproduces the Kawarabayashi-Suzuki-Riazzudin-
Fayyazudin (KSRF) relation and the ρ meson dominance
in the pion electromagnetic form factor. At O(p4), it
was shown that the quantum correction enhances the in-
frared value of a, and, therefore, a good description of
low-energy phenomenology can be achieved with the bare
value of a being ≤ 2 [10]. In the holographic approach, on
the other hand, the parameter a is attributed to the nor-
malization of the 5D wave function ψ1(z), which cannot
be determined from the homogeneous eigenvalue equa-
tion (34). As a result, it turns out [4] that the physical
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a = 2 reproduces the Kawarabayashi-Suzuki-Riazzudin-
Fayyazudin (KSRF) relation and the ρ meson dominance
in the pion electromagnetic form factor. At O(p4), it
was shown that the quantum correction enhances the in-
frared value of a, and, therefore, a good description of
low-energy phenomenology can be achieved with the bare
value of a being ≤ 2 [10]. In the holographic approach, on
the other hand, the parameter a is attributed to the nor-
malization of the 5D wave function ψ1(z), which cannot
be determined from the homogeneous eigenvalue equa-
tion (34). As a result, it turns out [4] that the physical

K1(z) = K�1/3
(z), K2(z) = K(z)

with K(z) = 1 + z2

in the Sakai-Sugimoto model

K1(z), K2(z) : metric functions

Two parameters

KK mass

‘t Hooft coupling

m⇢ = 776 MeV

f⇡ = 92.4 MeV 9

TABLE I. Low energy constants of the HLS Lagrangian at O(p4) with a = 2.

Model y1 y3 y5 y6 z4 z5 c1 c2 c3
SS model −0.001096 −0.002830 −0.015917 +0.013712 0.010795 −0.007325 +0.381653 −0.129602 0.767374
BPS model −0.071910 −0.153511 −0.012286 −0.196545 0.090338 −0.130778 −0.206992 +3.031734 1.470210

TABLE II. Skyrmion mass and size calculated in the HLS with the SS and BPS models with a = 2. The soliton mass Msol and
the ∆-N mass difference ∆M are in unit of MeV while

√
〈r2〉W and

√
〈r2〉E are in unit of fm. The column of O(p2) + ωµB

µ is
“the minimal model” of Ref. [20] and that of O(p2) corresponds to the model of Ref. [19]. See the text for more details.

HLS1(π, ρ,ω) HLS1(π, ρ) HLS1(π) BPS(π, ρ,ω) BPS(π, ρ) BPS(π) O(p2) + ωµB
µ [20] O(p2) [19]

Msol 1184 834 922 1162 577 672 1407 1026
∆M 448 1707 1014 456 4541 2613 259 1131√
〈r2〉W 0.433 0.247 0.309 0.415 0.164 0.225 0.540 0.278√
〈r2〉E 0.608 0.371 0.417 0.598 0.271 0.306 0.725 0.422

0 1 2 3
 r (fm)

−0.5
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1

1.5

ξ
1
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ξ
2
(r)

ϕ (r) × 10

FIG. 2. The excitations of the soliton profile, ξ1(r) (solid line),
ξ2(r) (dashed line), and ϕ(r) (dot-dashed line) calculated in
the HLS1(π, ρ,ω) model with a = 2. Here, ξ1(r) and ξ2(r)
are dimensionless, while ϕ(r) is in unit of fm.

found that the inclusion of the ρ meson reduces
the soliton mass. In the present work, the soli-
ton mass reduces from 922 MeV in the HLS1(π)
to 834 MeV in the HLS1(π, ρ), which confirms the
claim that the inclusion of the ρ meson makes the
Skyrmion closer to the BPS soliton. However, when
we include the ω meson, the soliton mass increases
to 1184 MeV. This is in contrast to the naive ex-
pectation that including more vector mesons would
decrease the soliton mass. Since the ω meson inter-
acts with the other mesons through the hWZ terms,
this observation shows the importance of the hWZ
terms in the Skyrmion phenomenology. The role of
the ω meson in the Skyrmion mass and size can also
be verified by comparing the soliton wave functions
shown in Fig. 3. This figure shows that the ρ me-
son shrinks the soliton wave functions, which can
be seen by comparing the results from the HLS1(π)

0 1 2 3
 r (fm)

−2

−1

0

1

2

3 HLS1(π)
HLS1(π,ρ)
HLS1(π,ρ,ω)F(r)

G(r)

FIG. 3. Comparison of the soliton wave functions F (r)
and G(r) in the three models, HLS1(π), HLS1(π, ρ), and
HLS1(π, ρ,ω), which are represented by the solid line, dashed
lines, and dotted lines, respectively.

and the HLS1(π, ρ) models. However, as can be
seen by the dotted lines, inclusion of the ω meson
expands the wave functions. All these behaviors
can be found in the rms sizes

√
〈r2〉W and

√
〈r2〉E

in Table II. Therefore, we conclude that the ρ me-
son decreases the soliton mass while the ω meson
increases it.

2. In the moment of inertia, or in the ∆-N mass dif-
ference ∆M , through the collective quantization,
the role of the ρ and ω mesons are the opposite to
the case of the soliton mass. The mass difference
∆M increases by the inclusion of the ρ meson, i.e.,
from 1014 MeV in the HLS1(π) to 1707 MeV in
the HLS1(π, ρ), which worsens the situation phe-
nomenologically. Furthermore, in the nucleon and
∆ masses, the rotational energy at O(1/Nc) is even
larger than the soliton mass that is of O(Nc). This

a is still undetermined
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Comparison with the Skyrme Lagrangian

7

+K2(z)
[
Tr (FµzF

µz) + Tr
(
F̃µzF̃

µz
)]}

,

(51)

where FMN is the field strength of the SU(2) gauge field
ASU(2) and F̃MN stands for that of the U(1) gauge field

ÃU(1). This explicitly shows that, without the CS term,
when the 5D model is de-constructed from the 4D model,
only the kinetic and mass terms of the iso-scalar vector
meson ω are allowed. This conclusion can be explicitly
verified by using a specific hQCD model such as the SS
model.

As can be read from Appendex A, the contribution
from the kinetic and the mass terms of the ω meson to
the soliton mass is

Mω
sol = 4π

∫
dr

[
−1

2
r2

(
ag2f2

πW
2 +W ′2)

]
, (52)

which gives the equation of motion of W as

W ′′ = ag2f2
πW − 2

r
W ′ (53)

in the absence of the CS term. By making use of the
partial integration with the boundary conditions given
in Eq. (18), Mω

sol can be calculated as

Mω
sol = 4π

∫
dr

[
−1

2
r2

(
ag2f2

πW − 2

r
W ′ −W ′′

)
W

]

= 0, (54)

because of the equation of motion of Eq. (53). Therefore,
in the absence of the CS term, the ω field decouples from
the other fields andMω

sol vanishes. This is consistent with
the earlier studies on the Skyrmions stabilized by vector
mesons [20]. As can be seen from the equation of motion
of W (r) given in Appendex A, the hWZ terms provide
the source terms of the ω meson field. Therefore, in the
absence of the hWZ terms, the ω field decouples and does
not contribute to the soliton formation.

D. The effective Skyrme parameter e

Finally we estimate the Skyrme parameter e in the
original Skyrme model by integrating out the isovector
ρ meson from the HLS. The original Skymre model La-
grangian reads

LSk =
f2
π

4
Tr

(
∂µU∂

µU †)+ 1

32e2
Tr

[
∂µUU †, ∂νUU †]2 ,

(55)
where the chiral field U is U = ξ2 and the first term is the
nonlinear sigma model Lagrangian that can be written as
f2
πTr(α⊥µα

µ
⊥), where α⊥µ is defined as α̂⊥µ without the

vector field. In the earlier analyses [29] with the HLS
Lagrangian up to O(p2), it is known that the Skyrme
term can be obtained from the ρ meson kinetic energy
term in the limit of infinite ρ meson mass. In this case,

the Skyrme parameter e becomes the ρ meson coupling,
so that we have e = g " 6, which is close to the empirical
value e = 5.45 that is determined from the ∆-N mass
difference. In the HLS Lagrangian up to O(p4), however,
we have additional contributions from the pure O(p4)
terms that lead to the Skyrme term. Explicitly, after
integrating out the ρ meson, the effective Lagrangian is
obtained as

LChPT = f2
π Tr

[
α⊥µα

µ
⊥
]

+

(
1

2g2
− z4

2
− y1 − y2

4

)
Tr

[
α⊥µ,α⊥ν

]2

+
y1 + y2

4
Tr

{
α⊥µ,α⊥ν

}2
, (56)

where [ , ] is the commutator and { , } is the anticom-
mutator. The second terms is the Skyrme term and we
can read the effective Skyrme parameter e as

1

2e2
=

1

2g2
− z4

2
− y1 − y2

4
. (57)

Since the gauge/gravity duality implies that y1 = −y2,
the last term of Eq. (56) vanishes. Using Eq. (57) and
the analytic expressions for the LECs given in Eq. (35),
the Skyrme parameter is written as

1

2e2
=

NcGYM

2

〈
(1− ψ2

0)
2
〉
, (58)

With the experimental values of the two inputs fπ and
mρ, we obtain the Skyrme parameter e as

e " 7.31. (59)

in the SS model, while in the flat space-time case, i.e.,
for the BPS soliton model, we obtain

e " 10.02. (60)

These values are larger than the empirical value of the
Skyrme parameter e = 5.45 because of the contributions
from the y1, y2, and z4 terms that are of O(p4).
Since the moment of inertia I is proportional to 1/e3

in the Skyrme model, with a larger value of e, we have a
smaller moment of inertia, which results in a larger mass
splitting between the ∆ and the nucleon as is verified
numerically in the next Section.

IV. NUMERICAL RESULTS FOR THE
SKYRMION

In this section, we present the results of numerical cal-
culations on the Skyrmion properties in the framework
of the HLS discussed in the previous section. The HLS
Lagrangian up to O(p4) in Eq. (7) which is considered in
the present calculation contains 17 parameters, namely,
fπ, a, g, yi (i = 1, . . . 9), z4, z5, and c1,2,3. We deter-
mine all these LECs through hQCD models, which are
characterized by the warping factor K(z) and the wave

Original Skyrme Lagrangian
7

+K2(z)
[
Tr (FµzF

µz) + Tr
(
F̃µzF̃

µz
)]}

,

(51)

where FMN is the field strength of the SU(2) gauge field
ASU(2) and F̃MN stands for that of the U(1) gauge field

ÃU(1). This explicitly shows that, without the CS term,
when the 5D model is de-constructed from the 4D model,
only the kinetic and mass terms of the iso-scalar vector
meson ω are allowed. This conclusion can be explicitly
verified by using a specific hQCD model such as the SS
model.

As can be read from Appendex A, the contribution
from the kinetic and the mass terms of the ω meson to
the soliton mass is

Mω
sol = 4π

∫
dr

[
−1

2
r2

(
ag2f2

πW
2 +W ′2)

]
, (52)

which gives the equation of motion of W as

W ′′ = ag2f2
πW − 2

r
W ′ (53)

in the absence of the CS term. By making use of the
partial integration with the boundary conditions given
in Eq. (18), Mω

sol can be calculated as

Mω
sol = 4π

∫
dr

[
−1

2
r2

(
ag2f2

πW − 2

r
W ′ −W ′′

)
W

]

= 0, (54)

because of the equation of motion of Eq. (53). Therefore,
in the absence of the CS term, the ω field decouples from
the other fields andMω

sol vanishes. This is consistent with
the earlier studies on the Skyrmions stabilized by vector
mesons [20]. As can be seen from the equation of motion
of W (r) given in Appendex A, the hWZ terms provide
the source terms of the ω meson field. Therefore, in the
absence of the hWZ terms, the ω field decouples and does
not contribute to the soliton formation.

D. The effective Skyrme parameter e

Finally we estimate the Skyrme parameter e in the
original Skyrme model by integrating out the isovector
ρ meson from the HLS. The original Skymre model La-
grangian reads

LSk =
f2
π

4
Tr

(
∂µU∂

µU †)+ 1

32e2
Tr

[
∂µUU †, ∂νUU †]2 ,

(55)
where the chiral field U is U = ξ2 and the first term is the
nonlinear sigma model Lagrangian that can be written as
f2
πTr(α⊥µα

µ
⊥), where α⊥µ is defined as α̂⊥µ without the

vector field. In the earlier analyses [29] with the HLS
Lagrangian up to O(p2), it is known that the Skyrme
term can be obtained from the ρ meson kinetic energy
term in the limit of infinite ρ meson mass. In this case,

the Skyrme parameter e becomes the ρ meson coupling,
so that we have e = g " 6, which is close to the empirical
value e = 5.45 that is determined from the ∆-N mass
difference. In the HLS Lagrangian up to O(p4), however,
we have additional contributions from the pure O(p4)
terms that lead to the Skyrme term. Explicitly, after
integrating out the ρ meson, the effective Lagrangian is
obtained as

LChPT = f2
π Tr

[
α⊥µα

µ
⊥
]

+

(
1

2g2
− z4

2
− y1 − y2

4

)
Tr

[
α⊥µ,α⊥ν

]2

+
y1 + y2

4
Tr
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α⊥µ,α⊥ν
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, (56)

where [ , ] is the commutator and { , } is the anticom-
mutator. The second terms is the Skyrme term and we
can read the effective Skyrme parameter e as

1

2e2
=

1

2g2
− z4

2
− y1 − y2

4
. (57)

Since the gauge/gravity duality implies that y1 = −y2,
the last term of Eq. (56) vanishes. Using Eq. (57) and
the analytic expressions for the LECs given in Eq. (35),
the Skyrme parameter is written as

1

2e2
=

NcGYM

2

〈
(1− ψ2

0)
2
〉
, (58)

With the experimental values of the two inputs fπ and
mρ, we obtain the Skyrme parameter e as

e " 7.31. (59)

in the SS model, while in the flat space-time case, i.e.,
for the BPS soliton model, we obtain

e " 10.02. (60)

These values are larger than the empirical value of the
Skyrme parameter e = 5.45 because of the contributions
from the y1, y2, and z4 terms that are of O(p4).
Since the moment of inertia I is proportional to 1/e3

in the Skyrme model, with a larger value of e, we have a
smaller moment of inertia, which results in a larger mass
splitting between the ∆ and the nucleon as is verified
numerically in the next Section.

IV. NUMERICAL RESULTS FOR THE
SKYRMION

In this section, we present the results of numerical cal-
culations on the Skyrmion properties in the framework
of the HLS discussed in the previous section. The HLS
Lagrangian up to O(p4) in Eq. (7) which is considered in
the present calculation contains 17 parameters, namely,
fπ, a, g, yi (i = 1, . . . 9), z4, z5, and c1,2,3. We deter-
mine all these LECs through hQCD models, which are
characterized by the warping factor K(z) and the wave

After integrating out VM in HLS
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+K2(z)
[
Tr (FµzF

µz) + Tr
(
F̃µzF̃

µz
)]}

,

(51)

where FMN is the field strength of the SU(2) gauge field
ASU(2) and F̃MN stands for that of the U(1) gauge field

ÃU(1). This explicitly shows that, without the CS term,
when the 5D model is de-constructed from the 4D model,
only the kinetic and mass terms of the iso-scalar vector
meson ω are allowed. This conclusion can be explicitly
verified by using a specific hQCD model such as the SS
model.

As can be read from Appendex A, the contribution
from the kinetic and the mass terms of the ω meson to
the soliton mass is

Mω
sol = 4π

∫
dr

[
−1

2
r2

(
ag2f2

πW
2 +W ′2)

]
, (52)

which gives the equation of motion of W as

W ′′ = ag2f2
πW − 2

r
W ′ (53)

in the absence of the CS term. By making use of the
partial integration with the boundary conditions given
in Eq. (18), Mω

sol can be calculated as

Mω
sol = 4π

∫
dr

[
−1

2
r2

(
ag2f2

πW − 2

r
W ′ −W ′′

)
W

]

= 0, (54)

because of the equation of motion of Eq. (53). Therefore,
in the absence of the CS term, the ω field decouples from
the other fields andMω

sol vanishes. This is consistent with
the earlier studies on the Skyrmions stabilized by vector
mesons [20]. As can be seen from the equation of motion
of W (r) given in Appendex A, the hWZ terms provide
the source terms of the ω meson field. Therefore, in the
absence of the hWZ terms, the ω field decouples and does
not contribute to the soliton formation.

D. The effective Skyrme parameter e

Finally we estimate the Skyrme parameter e in the
original Skyrme model by integrating out the isovector
ρ meson from the HLS. The original Skymre model La-
grangian reads

LSk =
f2
π

4
Tr

(
∂µU∂

µU †)+ 1

32e2
Tr

[
∂µUU †, ∂νUU †]2 ,

(55)
where the chiral field U is U = ξ2 and the first term is the
nonlinear sigma model Lagrangian that can be written as
f2
πTr(α⊥µα

µ
⊥), where α⊥µ is defined as α̂⊥µ without the

vector field. In the earlier analyses [29] with the HLS
Lagrangian up to O(p2), it is known that the Skyrme
term can be obtained from the ρ meson kinetic energy
term in the limit of infinite ρ meson mass. In this case,

the Skyrme parameter e becomes the ρ meson coupling,
so that we have e = g " 6, which is close to the empirical
value e = 5.45 that is determined from the ∆-N mass
difference. In the HLS Lagrangian up to O(p4), however,
we have additional contributions from the pure O(p4)
terms that lead to the Skyrme term. Explicitly, after
integrating out the ρ meson, the effective Lagrangian is
obtained as

LChPT = f2
π Tr

[
α⊥µα

µ
⊥
]

+

(
1

2g2
− z4

2
− y1 − y2

4

)
Tr

[
α⊥µ,α⊥ν

]2

+
y1 + y2

4
Tr

{
α⊥µ,α⊥ν

}2
, (56)

where [ , ] is the commutator and { , } is the anticom-
mutator. The second terms is the Skyrme term and we
can read the effective Skyrme parameter e as

1

2e2
=

1

2g2
− z4

2
− y1 − y2

4
. (57)

Since the gauge/gravity duality implies that y1 = −y2,
the last term of Eq. (56) vanishes. Using Eq. (57) and
the analytic expressions for the LECs given in Eq. (35),
the Skyrme parameter is written as

1

2e2
=

NcGYM

2

〈
(1− ψ2

0)
2
〉
, (58)

With the experimental values of the two inputs fπ and
mρ, we obtain the Skyrme parameter e as

e " 7.31. (59)

in the SS model, while in the flat space-time case, i.e.,
for the BPS soliton model, we obtain

e " 10.02. (60)

These values are larger than the empirical value of the
Skyrme parameter e = 5.45 because of the contributions
from the y1, y2, and z4 terms that are of O(p4).
Since the moment of inertia I is proportional to 1/e3

in the Skyrme model, with a larger value of e, we have a
smaller moment of inertia, which results in a larger mass
splitting between the ∆ and the nucleon as is verified
numerically in the next Section.

IV. NUMERICAL RESULTS FOR THE
SKYRMION

In this section, we present the results of numerical cal-
culations on the Skyrmion properties in the framework
of the HLS discussed in the previous section. The HLS
Lagrangian up to O(p4) in Eq. (7) which is considered in
the present calculation contains 17 parameters, namely,
fπ, a, g, yi (i = 1, . . . 9), z4, z5, and c1,2,3. We deter-
mine all these LECs through hQCD models, which are
characterized by the warping factor K(z) and the wave

e ' 7.31
in the SS model
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Three models

• HLS(π, ρ, ⍵) model: 
    full O(p4) Lagrangian with hWZ terms
• HLS(π, ρ) model: 
    without hQZ terms, the ⍵ meson decouples
• HLS(π) model: 
    integrates out VMs
    same as the Skyrme Lagrangian but e is fixed by the HLS
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Soliton Wave Functions

3

vector meson field Vµ is [8–10]

Vµ =
g

2
(ωµ + ρµ) (5)

with

ρµ = ρµ · τ =

(
ρ0µ

√
2ρ+µ√

2ρ−µ −ρ0µ

)
. (6)

Then one can construct the chiral Lagrangian up to
O(p4) as

LHLS = L(2) + L(4) + Lanom, (7)

which is our working Lagrangian. Here,

L(2) = f2
π Tr (â⊥µâ

µ
⊥) + af2

π Tr
(
â‖µâ

µ
‖

)
− 1

2g2
Tr (VµνV

µν) , (8)

where fπ is the pion decay constant, a is the parameter of the HLS, g is the vector meson coupling constant, and the
field-strength tensor of the vector meson is

Vµν = ∂µVν − ∂νVµ − i[Vµ, Vν ]. (9)

In the most general form of the O(p4) Lagrangian there are several terms that include two traces in the flavor space
such as the y10–y18 terms listed in Ref. [10].2 These terms are suppressed by Nc compared to the other terms in the
Lagrangian and are not considered in the present work. Then the O(p4) Lagrangian which we study in this paper is
given by

L(4) = L(4)y + L(4)z, (10)

where

L(4)y = y1Tr
[
α̂⊥µα̂

µ
⊥α̂⊥ν α̂

ν
⊥

]
+ y2Tr

[
α̂⊥µα̂⊥ν α̂

µ
⊥α̂

ν
⊥

]
+ y3Tr

[
α̂‖µα̂

µ
‖ α̂‖ν α̂

ν
‖

]
+ y4Tr

[
α̂‖µα̂‖ν α̂

µ
‖ α̂

ν
‖

]

+ y5Tr
[
α̂⊥µα̂

µ
⊥α̂‖ν α̂

ν
‖

]
+ y6Tr

[
α̂⊥µα̂⊥ν α̂

µ
‖ α̂

ν
‖

]
+ y7Tr

[
α̂⊥µα̂⊥ν α̂

ν
‖α̂

µ
‖

]

+ y8

{
Tr

[
α̂⊥µα̂

µ
‖ α̂⊥ν α̂

ν
‖

]
+Tr

[
α̂⊥µα̂‖ν α̂

ν
⊥α̂

µ
‖

]}
+ y9Tr

[
α̂⊥µα̂‖ν α̂

µ
⊥α̂

ν
‖

]
, (11)

L(4)z = iz4Tr
[
Vµν α̂

µ
⊥α̂

ν
⊥

]
+ iz5Tr

[
Vµν α̂

µ
‖ α̂

ν
‖

]
. (12)

In the present work, we also consider the anomalous par-
ity hWZ terms that are written as

Lanom =
Nc

16π2

3∑

i=1

ciLi, (13)

where

L1 = iTr
[
α̂3
Lα̂R − α̂3

Rα̂L

]
, (14a)

L2 = iTr
[
α̂Lα̂Rα̂Lα̂R

]
, (14b)

L3 = Tr
[
FV (α̂Lα̂R − α̂Rα̂L)

]
, (14c)

in the 1-form notation with

α̂L = α̂‖ − α̂⊥,

α̂R = α̂‖ + α̂⊥,

FV = dV − iV 2. (15)

2 Another example of this kind is Tr
[
α̂µ
‖
]
Tr

[
α̂‖µ

]
that generates

the mass difference between the ρ and ω mesons.

In order to study the properties of the soliton obtained
from the Lagrangian (7), we take the standard parame-
terization for the soliton configuration. For the pion field,
we use the standard hedgehog configuration,

ξ(r) = exp

[
iτ · r̂F (r)

2

]
. (16)

The configuration of the vector mesons are written as [20]

ωµ = W (r) δ0µ, ρ0 = 0, ρ =
G(r)

gr
(r̂ × τ ) . (17)

For the baryon number B = 1 solution, these wave func-
tions satisfy the following boundary conditions:

F (0) = π, F (∞) = 0,
G(0) = −2, G(∞) = 0,
W ′(0) = 0, W (∞) = 0.

(18)

Given the Lagrangian and the wave functions, it is now
straightforward to derive the soliton mass Msol. The
explicit expression for the soliton mass is given in Ap-
pendix A. Minimizing the soliton mass then gives the

Classical Solution

!µ = W (r) �0µ,

⇢0 = 0, ⇢ =
G(r)

gr
(r̂ ⇥ ⌧ )

Boundary Conditions

3

vector meson field Vµ is [8–10]

Vµ =
g

2
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ρµ = ρµ · τ =
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ρ0µ
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2ρ+µ√

2ρ−µ −ρ0µ
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Then one can construct the chiral Lagrangian up to
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which is our working Lagrangian. Here,
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µ
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â‖µâ

µ
‖

)
− 1
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where fπ is the pion decay constant, a is the parameter of the HLS, g is the vector meson coupling constant, and the
field-strength tensor of the vector meson is

Vµν = ∂µVν − ∂νVµ − i[Vµ, Vν ]. (9)

In the most general form of the O(p4) Lagrangian there are several terms that include two traces in the flavor space
such as the y10–y18 terms listed in Ref. [10].2 These terms are suppressed by Nc compared to the other terms in the
Lagrangian and are not considered in the present work. Then the O(p4) Lagrangian which we study in this paper is
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L(4) = L(4)y + L(4)z, (10)

where

L(4)y = y1Tr
[
α̂⊥µα̂

µ
⊥α̂⊥ν α̂

ν
⊥

]
+ y2Tr

[
α̂⊥µα̂⊥ν α̂

µ
⊥α̂

ν
⊥

]
+ y3Tr

[
α̂‖µα̂

µ
‖ α̂‖ν α̂

ν
‖

]
+ y4Tr

[
α̂‖µα̂‖ν α̂

µ
‖ α̂

ν
‖

]

+ y5Tr
[
α̂⊥µα̂

µ
⊥α̂‖ν α̂

ν
‖

]
+ y6Tr

[
α̂⊥µα̂⊥ν α̂

µ
‖ α̂

ν
‖

]
+ y7Tr

[
α̂⊥µα̂⊥ν α̂

ν
‖α̂

µ
‖

]

+ y8

{
Tr

[
α̂⊥µα̂

µ
‖ α̂⊥ν α̂

ν
‖

]
+Tr

[
α̂⊥µα̂‖ν α̂

ν
⊥α̂

µ
‖

]}
+ y9Tr

[
α̂⊥µα̂‖ν α̂

µ
⊥α̂

ν
‖

]
, (11)

L(4)z = iz4Tr
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In the present work, we also consider the anomalous par-
ity hWZ terms that are written as
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16π2
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in the 1-form notation with
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FV = dV − iV 2. (15)

2 Another example of this kind is Tr
[
α̂µ
‖
]
Tr

[
α̂‖µ

]
that generates

the mass difference between the ρ and ω mesons.

In order to study the properties of the soliton obtained
from the Lagrangian (7), we take the standard parame-
terization for the soliton configuration. For the pion field,
we use the standard hedgehog configuration,

ξ(r) = exp

[
iτ · r̂F (r)

2

]
. (16)

The configuration of the vector mesons are written as [20]

ωµ = W (r) δ0µ, ρ0 = 0, ρ =
G(r)

gr
(r̂ × τ ) . (17)

For the baryon number B = 1 solution, these wave func-
tions satisfy the following boundary conditions:

F (0) = π, F (∞) = 0,
G(0) = −2, G(∞) = 0,
W ′(0) = 0, W (∞) = 0.

(18)

Given the Lagrangian and the wave functions, it is now
straightforward to derive the soliton mass Msol. The
explicit expression for the soliton mass is given in Ap-
pendix A. Minimizing the soliton mass then gives the

Collective Quantization

4

coupled equations of motion for the wave functions F (r),
W (r), and G(r). These are also given in Appendix A.

The classical configuration of the soliton obtained
above should be quantized to describe physical baryons
of definite spin and isospin. Here, we follow the standard
collective quantization method [24], which transforms the
chiral field and the vector meson field as

ξ(r) → ξ(r, t) = A(t) ξ(r)A†(t),

Vµ(r) → Vµ(r, t) = A(t)Vµ(r)A
†(t), (19)

where A(t) is a time-dependent SU(2) matrix. We de-
fine the angular velocity Ω of the collective coordinate
rotation as

iτ ·Ω ≡ A†(t)∂0A(t). (20)

Under the rotation (19), the space component of the ω
field and the time component of the ρ field, i.e., ωi and
ρ0, get excited. The most general forms for the vector-
meson excitations are written as [20]

ρ0(r, t) = A(t)
2

g
[τ ·Ω ξ1(r) + τ̂ · r̂Ω · r̂ ξ2(r)]A†(t),

ωi(r, t) =
ϕ(r)

r
(Ω× r̂)i , (21)

With these wave functions the moment of inertia can
be calculated and its explicit expression is given in Ap-
pendix B. It is then straightforward to obtain the Euler-
Lagrange equations for the wave functions, ξ1(r), ξ2(r),
and ϕ(r) by minimizing the moment of inertia, and the
results are also given in Appendix B. The boundary con-
ditions imposed on the excited fields are

ξ′1(0) = ξ1(∞) = 0,

ξ′2(0) = ξ2(∞) = 0,

ϕ(0) = ϕ(∞) = 0, (22)

and ξ1(r) and ξ2(r) at r = 0 satisfy the constraint,

2ξ1(0) + ξ2(0) = 2. (23)

In the adiabatic collective quantization scheme, the
baryon mass is given by

M = Msol +
i(i+ 1)

2I = Msol +
j(j + 1)

2I (24)

where i and j are isospin and spin of the baryon. Then
the ∆-N mass difference reads

∆M ≡ M∆ −MN =
3

2I . (25)

The baryonic size of a baryon should be computed by
the baryon number current of the Skyrmion. However, in
order to intuitively see the effects of the vector mesons on
the Skyrmion size in a simple way, here we consider the
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where Msol(r) is the soliton mass (energy) density given
in Appendix A.
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the baryon number current of the Skyrmion. However, in
order to intuitively see the effects of the vector mesons on
the Skyrmion size in a simple way, here we consider the
winding number and energy root mean square radii. The

root mean square (rms) radius of the winding number
current is defined by

〈r2〉1/2W =

[∫ ∞

0
d3rr2B0(r)

]1/2
, (26)

where B0(r) is the time component of the winding num-
ber current that is explicitly written as

B0 = − 1

2π2r2
F ′ sin2 F. (27)

We define the energy root mean square radius 〈r2〉1/2E as

〈r2〉1/2E =

[
1

Msol

∫ ∞

0
d3rr2Msol(r)

]1/2
, (28)

where Msol(r) is the soliton mass (energy) density given
in Appendix A.

III. HIDDEN LOCAL SYMMETRY INDUCED
FROM HOLOGRAPHIC QCD

A. Master formula

In this section, following Refs. [3, 4], we provide a gen-
eral master formula to determine the parameters of the
HLS Lagrangian by integrating out the infinite towers of
vector and axial-vector mesons in a class of hQCD models
expressed by the following general 5D action:

S5 = SDBI
5 + SCS

5 , (29)

where the 5D Dirac-Born-Infeld (DBI) part SDBI
5 and the

Chern-Simons (CS) part SCS
5 are expressed as

SDBI
5 = NcGYM

∫
d4xdz

{
− 1

2
K1(z)Tr [FµνFµν ]

+K2(z)M
2
KKTr [FµzFµz]

}
, (30)

SCS
5 =

Nc

24π2

∫

M4×R
w5(A). (31)

where the rescaled ’t Hooft coupling constant is defined
as GYM ≡ λ/(108π3) and the field strength of the 5D
gauge field3 AM is FMN = ∂MAN −∂NAM −i[AM ,AN ].
Here, K1,2(z) are the metric functions of z constrained
by the gauge/gravity duality. The gravity enters in the z
dependence of the YM coupling giving rise to the warp-
ing of the space. In Eq. (31), M4 and R stand for the
four-dimensional Minkowski space-time and z-coordinate
space, respectively, and w5(A) is the CS 5-form written
as

w5(A) = Tr

[
AF2 +

i

2
A3F − 1

10
A5

]
. (32)

3 We use the index M = (µ, z) with µ = 0, 1, 2, 3.

Boundary Conditions

4

coupled equations of motion for the wave functions F (r),
W (r), and G(r). These are also given in Appendix A.

The classical configuration of the soliton obtained
above should be quantized to describe physical baryons
of definite spin and isospin. Here, we follow the standard
collective quantization method [24], which transforms the
chiral field and the vector meson field as

ξ(r) → ξ(r, t) = A(t) ξ(r)A†(t),

Vµ(r) → Vµ(r, t) = A(t)Vµ(r)A
†(t), (19)

where A(t) is a time-dependent SU(2) matrix. We de-
fine the angular velocity Ω of the collective coordinate
rotation as

iτ ·Ω ≡ A†(t)∂0A(t). (20)

Under the rotation (19), the space component of the ω
field and the time component of the ρ field, i.e., ωi and
ρ0, get excited. The most general forms for the vector-
meson excitations are written as [20]

ρ0(r, t) = A(t)
2

g
[τ ·Ω ξ1(r) + τ̂ · r̂Ω · r̂ ξ2(r)]A†(t),

ωi(r, t) =
ϕ(r)

r
(Ω× r̂)i , (21)

With these wave functions the moment of inertia can
be calculated and its explicit expression is given in Ap-
pendix B. It is then straightforward to obtain the Euler-
Lagrange equations for the wave functions, ξ1(r), ξ2(r),
and ϕ(r) by minimizing the moment of inertia, and the
results are also given in Appendix B. The boundary con-
ditions imposed on the excited fields are

ξ′1(0) = ξ1(∞) = 0,

ξ′2(0) = ξ2(∞) = 0,

ϕ(0) = ϕ(∞) = 0, (22)

and ξ1(r) and ξ2(r) at r = 0 satisfy the constraint,

2ξ1(0) + ξ2(0) = 2. (23)

In the adiabatic collective quantization scheme, the
baryon mass is given by

M = Msol +
i(i+ 1)

2I = Msol +
j(j + 1)

2I (24)

where i and j are isospin and spin of the baryon. Then
the ∆-N mass difference reads

∆M ≡ M∆ −MN =
3

2I . (25)

The baryonic size of a baryon should be computed by
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3 We use the index M = (µ, z) with µ = 0, 1, 2, 3.
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understanding of the equation of state for compact-star
matter as shown in Ref. [40]. As suggested in Ref. [5],
a reliable treatment will require low-mass scalar degrees
of freedom which will figure at subleading order in Nc.
Such work is in progress and will be reported elsewhere.
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Appendix A: The soliton mass and the equations of motion for F (r), W (r), and G(r)

Using the wave functions defined in Eqs. (16) and (17) and the Lagrangian in Eq. (7), the soliton mass in the HLS
up to O(p4) is obtained as

Msol = 4π

∫
dr

[
M(2)(r) +M(4)(r) +Manom(r)

]
, (A1)

where M(2), M(4), and Manom are from L(2), L(4)y + L(4)z, and Lanom, respectively. Their explicit forms are

M(2)(r) =
f2
π

2

(
F ′2r2 + 2 sin2 F
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− ag2f2

π

2
W 2r2 + af2

π

(
G+ 2 sin2

F

2

)2

− W ′2r2

2
+

G′2

g2
+

G2

2g2r2
(G+ 2)2 , (A2)

M(4)(r) = −y1
r2

8

(
F ′2 +

2

r2
sin2 F

)2

− y2
r2

8
F ′2

(
F ′2 − 4

r2
sin2 F

)
− y3

r2

2

[
g2W 2

2
− 1

r2

(
G+ 2 sin2

F

2

)2
]2

− y4
g2W 2r2

2

{
g2W 2

4
− 1

r2

(
G+ 2 sin2

F

2

)2
}

+
y5
4

(
r2F ′2 + 2 sin2 F

)
[
g2W 2

2
− 1

r2

(
G+ 2 sin2

F

2

)2
]

+
(
y8 −

y7
2

) sin2 F
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(
G+ 2 sin2

F

2

)2

+ y9

{
g2W 2r2

8

(
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2
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4
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)2
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z5
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, (A3)

Manom(r) = α1F
′W sin2 F + α2WF ′

(
G+ 2 sin2

F

2

)2

− α3

{
G(G+ 2)WF ′ + 2 sinF

[
WG′ −W ′

(
G+ 2 sin2

F

2

)]}
, (A4)

where

α1 =
3gNc

16π2
(c1 − c2) , α2 =

gNc

16π2
(c1 + c2) , α3 =

gNc

16π2
c3. (A5)

The Euler-Lagrange equations for F (r) and G(r) are obtained as

A1F
′′ +A2G

′′ = B,
A3G

′′ +A4F
′′ = D, (A6)

where

A1 = f2
πr

2 − 3

2
(y1 + y2) r

2F ′2 − (y1 − y2) sin
2 F
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D ¼ ag2f2!

!
Gþ 2sin 2 F

2

"
þ 1

r2
GðGþ 1ÞðGþ 2Þ þ y3g

2

#
g2W2

2
" 1

r2

!
Gþ 2sin 2 F

2

"
2
$!

Gþ 2sin 2 F

2

"

þ y4
g4W2

2

!
Gþ 2sin 2 F

2

"
" y5

g2

4

!
F02 þ 2

r2
sin 2F

"!
Gþ 2sin 2 F

2

"
þ ð2y8 " y7Þ

g2

2r2
sin 2F

!
Gþ 2sin 2 F

2

"

þ y9
g2

4
F02

!
Gþ 2sin 2 F

2

"
" z4

g2

2
cosFF02 þ z4

g2

2r2
sin 2FðGþ 1Þ þ z5

g2

2r2

#
ðGþ 1Þ

!
Gþ 2sin 2 F

2

"

þGðGþ 2Þ
$!

Gþ 2sin 2 F

2

"
þ "2g

2WF0
!
Gþ 2sin 2 F

2

"
þ "3g

2

#
2W 0 sinF"WF0

!
Gþ 2sin 2 F

2

"$
: (A12)

The equation of motion of W reads
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This evidently shows that the hWZ terms, i.e., the ci terms, are the source terms of WðrÞ.
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Then the equations of motion for "1, "2, and ’ are obtained as
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Then the equations of motion for "1, "2, and ’ are obtained as
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functions ψ0 and ψ1. Then all the LECs are obtained
through the master formulas given in Eq. (35), which
contain the mass scale MKK , the ’t Hooft coupling λ (or
GYM), and the integrals of the warping factor K(z) and
the wave functions ψ0 and ψ1. In the present work, we
consider two hQCD models, the SS model and the BPS
model.

In hQCD models, MKK and GYM are free parameters.
In the present work, we fix them by using the empirical
values of fπ and mρ:

mρ = 775.49 MeV,

fπ = 92.4 MeV. (61)

Then we have complete information to calculate all LECs
of the HLS Lagrangian through the master formulas.
Note, however, that the master formulas can determine
only the product of ag2 = m2

ρ/f
2
π , and, therefore, a or

g remains unfixed. However, as discussed in the previ-
ous section, the physical quantities are independent of
a (or g). To be specific, we will first work with a = 2,
which is widely used in the model of the O(p2) HLS La-
grangian [9, 10], and then examine how each components
of the soliton mass and the moment of inertia behave as
the value of the HLS parameter a is varied. This verifies
numerically how the a independence comes about.

In the present work, we consider three versions of the
HLS model induced from each hQCD model. The first
version is the model that includes the pion, ρ meson, and
ω meson. The second one is the model without the hWZ
terms, i.e., the model that includes the pion and the ρ
meson. The third one is obtained by integrating out the ρ
meson in the second version of the model. Therefore, this
corresponds to the original Skyrme model but with the
Skyrme parameter determined by the hQCD model. In
this section, we will examine the three versions of the SS
model and of the BPS model. The obtained results will
be compared with those of the O(p2) models, such as the
ρ-stabilized model of Ref. [19] and “the minimal model”
of Ref. [20] that includes the ω meson in a minimal way.

A. Skyrmion in the HLS induced from the
Sakai-Sugimoto model

In this subsection, we first consider the Sakai-Sugimoto
model [30, 31] to determine the LECs of the HLS La-
grangian. This model is characterized by the following
warping factor:

K1(z) =
(
1 + z2

)−1/3
,

K2(z) = 1 + z2. (62)

Since MKK and GYM are determined by fπ and mρ, all
LECs except a or g can be determined. This will be
called HLS1 model [5]. As we discussed above, we take
the commonly used value a = 2 as a typical example and
then we will test the results by varying the value of a.

0 1 2 3
 r (fm)

−2

−1

0

1

2

3 F(r)
G(r)
W(r)

FIG. 1. The soliton wave functions obtained in the
HLS1(π, ρ,ω) model with a = 2. F (r), G(r), and W (r) are
given by the solid, dashed, and dot-dashed lines, respectively.
Here, F (r) and G(r) are dimensionless, but W (r) is in unit
of 1/fm.

The values of the LECs obtained with a = 2 are given in
the first row of Table. I.
Equipped with the numerical values of the LECs given

in Table I, the equations of motion for the soliton wave
function and for the soliton excitations can be solved nu-
merically, which allows us to calculate the soliton mass
and the moment of inertia. The main results of the
present work are summarized in the columns of HLS1
of Table II. The results of two models with the HLS of
O(p2) are also presented for comparison.
The obtained soliton wave functions for the

HLS1(π, ρ,ω) model are shown in Fig. 1 and Fig. 2.
This model results in the soliton mass Msol ≈ 1184 MeV
and the moment of inertia I ≈ 0.661 fm that leads
to ∆M ≈ 448 MeV. These numbers should be com-
pared with the empirical values, Msol = 867 MeV
and ∆M ≈ 292 MeV. Compared with the widely used
“minimal model” of the HLS up to O(p2) [20, 32, 33],
this shows that the HLS1(π, ρ,ω) model improves the
soliton mass.
We then consider the HLS1(π, ρ) model that is con-

structed from the HLS Lagrangian without the hWZ
terms. In other words, we set c1 = c2 = c3 = 0 and
remove the ω meson mass term and its kinetic energy
term in the HLS1(π, ρ,ω) model to obtain the HLS1(π, ρ)
model. Therefore, this model is very similar to the model
studied in Refs. [16, 34]. In addition to the soliton
mass, however, we also calculate the moment of iner-
tia which was not given in Refs. [16, 34]. And then we
finally consider the HLS1(π) model that is defined with
the Lagrangian (56) with the Skyrme parameter given in
Eq. (59). All the results are summarized in Table II and
here are several comments made in order.

1. As claimed in the literature [16, 27, 28, 34], we
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TABLE I. Low energy constants of the HLS Lagrangian at O(p4) with a = 2.

Model y1 y3 y5 y6 z4 z5 c1 c2 c3
SS model −0.001096 −0.002830 −0.015917 +0.013712 0.010795 −0.007325 +0.381653 −0.129602 0.767374
BPS model −0.071910 −0.153511 −0.012286 −0.196545 0.090338 −0.130778 −0.206992 +3.031734 1.470210

TABLE II. Skyrmion mass and size calculated in the HLS with the SS and BPS models with a = 2. The soliton mass Msol and
the ∆-N mass difference ∆M are in unit of MeV while

√
〈r2〉W and

√
〈r2〉E are in unit of fm. The column of O(p2) + ωµB

µ is
“the minimal model” of Ref. [20] and that of O(p2) corresponds to the model of Ref. [19]. See the text for more details.

HLS1(π, ρ,ω) HLS1(π, ρ) HLS1(π) BPS(π, ρ,ω) BPS(π, ρ) BPS(π) O(p2) + ωµB
µ [20] O(p2) [19]

Msol 1184 834 922 1162 577 672 1407 1026
∆M 448 1707 1014 456 4541 2613 259 1131√
〈r2〉W 0.433 0.247 0.309 0.415 0.164 0.225 0.540 0.278√
〈r2〉E 0.608 0.371 0.417 0.598 0.271 0.306 0.725 0.422
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FIG. 2. The excitations of the soliton profile, ξ1(r) (solid line),
ξ2(r) (dashed line), and ϕ(r) (dot-dashed line) calculated in
the HLS1(π, ρ,ω) model with a = 2. Here, ξ1(r) and ξ2(r)
are dimensionless, while ϕ(r) is in unit of fm.

found that the inclusion of the ρ meson reduces
the soliton mass. In the present work, the soli-
ton mass reduces from 922 MeV in the HLS1(π)
to 834 MeV in the HLS1(π, ρ), which confirms the
claim that the inclusion of the ρ meson makes the
Skyrmion closer to the BPS soliton. However, when
we include the ω meson, the soliton mass increases
to 1184 MeV. This is in contrast to the naive ex-
pectation that including more vector mesons would
decrease the soliton mass. Since the ω meson inter-
acts with the other mesons through the hWZ terms,
this observation shows the importance of the hWZ
terms in the Skyrmion phenomenology. The role of
the ω meson in the Skyrmion mass and size can also
be verified by comparing the soliton wave functions
shown in Fig. 3. This figure shows that the ρ me-
son shrinks the soliton wave functions, which can
be seen by comparing the results from the HLS1(π)
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FIG. 3. Comparison of the soliton wave functions F (r)
and G(r) in the three models, HLS1(π), HLS1(π, ρ), and
HLS1(π, ρ,ω), which are represented by the solid line, dashed
lines, and dotted lines, respectively.

and the HLS1(π, ρ) models. However, as can be
seen by the dotted lines, inclusion of the ω meson
expands the wave functions. All these behaviors
can be found in the rms sizes

√
〈r2〉W and

√
〈r2〉E

in Table II. Therefore, we conclude that the ρ me-
son decreases the soliton mass while the ω meson
increases it.

2. In the moment of inertia, or in the ∆-N mass dif-
ference ∆M , through the collective quantization,
the role of the ρ and ω mesons are the opposite to
the case of the soliton mass. The mass difference
∆M increases by the inclusion of the ρ meson, i.e.,
from 1014 MeV in the HLS1(π) to 1707 MeV in
the HLS1(π, ρ), which worsens the situation phe-
nomenologically. Furthermore, in the nucleon and
∆ masses, the rotational energy at O(1/Nc) is even
larger than the soliton mass that is of O(Nc). This

HLS(π, ρ, ⍵) model
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functions ψ0 and ψ1. Then all the LECs are obtained
through the master formulas given in Eq. (35), which
contain the mass scale MKK , the ’t Hooft coupling λ (or
GYM), and the integrals of the warping factor K(z) and
the wave functions ψ0 and ψ1. In the present work, we
consider two hQCD models, the SS model and the BPS
model.

In hQCD models, MKK and GYM are free parameters.
In the present work, we fix them by using the empirical
values of fπ and mρ:

mρ = 775.49 MeV,

fπ = 92.4 MeV. (61)

Then we have complete information to calculate all LECs
of the HLS Lagrangian through the master formulas.
Note, however, that the master formulas can determine
only the product of ag2 = m2

ρ/f
2
π , and, therefore, a or

g remains unfixed. However, as discussed in the previ-
ous section, the physical quantities are independent of
a (or g). To be specific, we will first work with a = 2,
which is widely used in the model of the O(p2) HLS La-
grangian [9, 10], and then examine how each components
of the soliton mass and the moment of inertia behave as
the value of the HLS parameter a is varied. This verifies
numerically how the a independence comes about.

In the present work, we consider three versions of the
HLS model induced from each hQCD model. The first
version is the model that includes the pion, ρ meson, and
ω meson. The second one is the model without the hWZ
terms, i.e., the model that includes the pion and the ρ
meson. The third one is obtained by integrating out the ρ
meson in the second version of the model. Therefore, this
corresponds to the original Skyrme model but with the
Skyrme parameter determined by the hQCD model. In
this section, we will examine the three versions of the SS
model and of the BPS model. The obtained results will
be compared with those of the O(p2) models, such as the
ρ-stabilized model of Ref. [19] and “the minimal model”
of Ref. [20] that includes the ω meson in a minimal way.

A. Skyrmion in the HLS induced from the
Sakai-Sugimoto model

In this subsection, we first consider the Sakai-Sugimoto
model [30, 31] to determine the LECs of the HLS La-
grangian. This model is characterized by the following
warping factor:

K1(z) =
(
1 + z2

)−1/3
,

K2(z) = 1 + z2. (62)

Since MKK and GYM are determined by fπ and mρ, all
LECs except a or g can be determined. This will be
called HLS1 model [5]. As we discussed above, we take
the commonly used value a = 2 as a typical example and
then we will test the results by varying the value of a.
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FIG. 1. The soliton wave functions obtained in the
HLS1(π, ρ,ω) model with a = 2. F (r), G(r), and W (r) are
given by the solid, dashed, and dot-dashed lines, respectively.
Here, F (r) and G(r) are dimensionless, but W (r) is in unit
of 1/fm.

The values of the LECs obtained with a = 2 are given in
the first row of Table. I.
Equipped with the numerical values of the LECs given

in Table I, the equations of motion for the soliton wave
function and for the soliton excitations can be solved nu-
merically, which allows us to calculate the soliton mass
and the moment of inertia. The main results of the
present work are summarized in the columns of HLS1
of Table II. The results of two models with the HLS of
O(p2) are also presented for comparison.
The obtained soliton wave functions for the

HLS1(π, ρ,ω) model are shown in Fig. 1 and Fig. 2.
This model results in the soliton mass Msol ≈ 1184 MeV
and the moment of inertia I ≈ 0.661 fm that leads
to ∆M ≈ 448 MeV. These numbers should be com-
pared with the empirical values, Msol = 867 MeV
and ∆M ≈ 292 MeV. Compared with the widely used
“minimal model” of the HLS up to O(p2) [20, 32, 33],
this shows that the HLS1(π, ρ,ω) model improves the
soliton mass.
We then consider the HLS1(π, ρ) model that is con-

structed from the HLS Lagrangian without the hWZ
terms. In other words, we set c1 = c2 = c3 = 0 and
remove the ω meson mass term and its kinetic energy
term in the HLS1(π, ρ,ω) model to obtain the HLS1(π, ρ)
model. Therefore, this model is very similar to the model
studied in Refs. [16, 34]. In addition to the soliton
mass, however, we also calculate the moment of iner-
tia which was not given in Refs. [16, 34]. And then we
finally consider the HLS1(π) model that is defined with
the Lagrangian (56) with the Skyrme parameter given in
Eq. (59). All the results are summarized in Table II and
here are several comments made in order.

1. As claimed in the literature [16, 27, 28, 34], we
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TABLE I. Low energy constants of the HLS Lagrangian at O(p4) with a = 2.

Model y1 y3 y5 y6 z4 z5 c1 c2 c3
SS model −0.001096 −0.002830 −0.015917 +0.013712 0.010795 −0.007325 +0.381653 −0.129602 0.767374
BPS model −0.071910 −0.153511 −0.012286 −0.196545 0.090338 −0.130778 −0.206992 +3.031734 1.470210

TABLE II. Skyrmion mass and size calculated in the HLS with the SS and BPS models with a = 2. The soliton mass Msol and
the ∆-N mass difference ∆M are in unit of MeV while

√
〈r2〉W and

√
〈r2〉E are in unit of fm. The column of O(p2) + ωµB

µ is
“the minimal model” of Ref. [20] and that of O(p2) corresponds to the model of Ref. [19]. See the text for more details.

HLS1(π, ρ,ω) HLS1(π, ρ) HLS1(π) BPS(π, ρ,ω) BPS(π, ρ) BPS(π) O(p2) + ωµB
µ [20] O(p2) [19]

Msol 1184 834 922 1162 577 672 1407 1026
∆M 448 1707 1014 456 4541 2613 259 1131√
〈r2〉W 0.433 0.247 0.309 0.415 0.164 0.225 0.540 0.278√
〈r2〉E 0.608 0.371 0.417 0.598 0.271 0.306 0.725 0.422
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FIG. 2. The excitations of the soliton profile, ξ1(r) (solid line),
ξ2(r) (dashed line), and ϕ(r) (dot-dashed line) calculated in
the HLS1(π, ρ,ω) model with a = 2. Here, ξ1(r) and ξ2(r)
are dimensionless, while ϕ(r) is in unit of fm.

found that the inclusion of the ρ meson reduces
the soliton mass. In the present work, the soli-
ton mass reduces from 922 MeV in the HLS1(π)
to 834 MeV in the HLS1(π, ρ), which confirms the
claim that the inclusion of the ρ meson makes the
Skyrmion closer to the BPS soliton. However, when
we include the ω meson, the soliton mass increases
to 1184 MeV. This is in contrast to the naive ex-
pectation that including more vector mesons would
decrease the soliton mass. Since the ω meson inter-
acts with the other mesons through the hWZ terms,
this observation shows the importance of the hWZ
terms in the Skyrmion phenomenology. The role of
the ω meson in the Skyrmion mass and size can also
be verified by comparing the soliton wave functions
shown in Fig. 3. This figure shows that the ρ me-
son shrinks the soliton wave functions, which can
be seen by comparing the results from the HLS1(π)

0 1 2 3
 r (fm)

−2

−1

0

1

2

3 HLS1(π)
HLS1(π,ρ)
HLS1(π,ρ,ω)F(r)

G(r)

FIG. 3. Comparison of the soliton wave functions F (r)
and G(r) in the three models, HLS1(π), HLS1(π, ρ), and
HLS1(π, ρ,ω), which are represented by the solid line, dashed
lines, and dotted lines, respectively.

and the HLS1(π, ρ) models. However, as can be
seen by the dotted lines, inclusion of the ω meson
expands the wave functions. All these behaviors
can be found in the rms sizes

√
〈r2〉W and

√
〈r2〉E

in Table II. Therefore, we conclude that the ρ me-
son decreases the soliton mass while the ω meson
increases it.

2. In the moment of inertia, or in the ∆-N mass dif-
ference ∆M , through the collective quantization,
the role of the ρ and ω mesons are the opposite to
the case of the soliton mass. The mass difference
∆M increases by the inclusion of the ρ meson, i.e.,
from 1014 MeV in the HLS1(π) to 1707 MeV in
the HLS1(π, ρ), which worsens the situation phe-
nomenologically. Furthermore, in the nucleon and
∆ masses, the rotational energy at O(1/Nc) is even
larger than the soliton mass that is of O(Nc). This

HLS(π, ρ, ⍵) model
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TABLE I. Low energy constants of the HLS Lagrangian at O(p4) with a = 2.

Model y1 y3 y5 y6 z4 z5 c1 c2 c3
SS model −0.001096 −0.002830 −0.015917 +0.013712 0.010795 −0.007325 +0.381653 −0.129602 0.767374
BPS model −0.071910 −0.153511 −0.012286 −0.196545 0.090338 −0.130778 −0.206992 +3.031734 1.470210

TABLE II. Skyrmion mass and size calculated in the HLS with the SS and BPS models with a = 2. The soliton mass Msol and
the ∆-N mass difference ∆M are in unit of MeV while

√
〈r2〉W and

√
〈r2〉E are in unit of fm. The column of O(p2) + ωµB

µ is
“the minimal model” of Ref. [20] and that of O(p2) corresponds to the model of Ref. [19]. See the text for more details.

HLS1(π, ρ,ω) HLS1(π, ρ) HLS1(π) BPS(π, ρ,ω) BPS(π, ρ) BPS(π) O(p2) + ωµB
µ [20] O(p2) [19]

Msol 1184 834 922 1162 577 672 1407 1026
∆M 448 1707 1014 456 4541 2613 259 1131√
〈r2〉W 0.433 0.247 0.309 0.415 0.164 0.225 0.540 0.278√
〈r2〉E 0.608 0.371 0.417 0.598 0.271 0.306 0.725 0.422
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FIG. 2. The excitations of the soliton profile, ξ1(r) (solid line),
ξ2(r) (dashed line), and ϕ(r) (dot-dashed line) calculated in
the HLS1(π, ρ,ω) model with a = 2. Here, ξ1(r) and ξ2(r)
are dimensionless, while ϕ(r) is in unit of fm.

found that the inclusion of the ρ meson reduces
the soliton mass. In the present work, the soli-
ton mass reduces from 922 MeV in the HLS1(π)
to 834 MeV in the HLS1(π, ρ), which confirms the
claim that the inclusion of the ρ meson makes the
Skyrmion closer to the BPS soliton. However, when
we include the ω meson, the soliton mass increases
to 1184 MeV. This is in contrast to the naive ex-
pectation that including more vector mesons would
decrease the soliton mass. Since the ω meson inter-
acts with the other mesons through the hWZ terms,
this observation shows the importance of the hWZ
terms in the Skyrmion phenomenology. The role of
the ω meson in the Skyrmion mass and size can also
be verified by comparing the soliton wave functions
shown in Fig. 3. This figure shows that the ρ me-
son shrinks the soliton wave functions, which can
be seen by comparing the results from the HLS1(π)
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FIG. 3. Comparison of the soliton wave functions F (r)
and G(r) in the three models, HLS1(π), HLS1(π, ρ), and
HLS1(π, ρ,ω), which are represented by the solid line, dashed
lines, and dotted lines, respectively.

and the HLS1(π, ρ) models. However, as can be
seen by the dotted lines, inclusion of the ω meson
expands the wave functions. All these behaviors
can be found in the rms sizes

√
〈r2〉W and

√
〈r2〉E

in Table II. Therefore, we conclude that the ρ me-
son decreases the soliton mass while the ω meson
increases it.

2. In the moment of inertia, or in the ∆-N mass dif-
ference ∆M , through the collective quantization,
the role of the ρ and ω mesons are the opposite to
the case of the soliton mass. The mass difference
∆M increases by the inclusion of the ρ meson, i.e.,
from 1014 MeV in the HLS1(π) to 1707 MeV in
the HLS1(π, ρ), which worsens the situation phe-
nomenologically. Furthermore, in the nucleon and
∆ masses, the rotational energy at O(1/Nc) is even
larger than the soliton mass that is of O(Nc). This
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FIG. 4. Same as Fig. 3 but for ξ1(r) and ξ2(r).

raises a serious problem to the validity of the col-
lective quantization method in these models. How-
ever, inclusion of the ω meson reduces ∆M and
the rotational energy appreciably. The compar-
ison of the soliton wave functions obtained from
the O(1/Nc) rotational energy can be found in
Fig. 4. This shows that ξ1,2(r) are expanded in the
HLS1(π, ρ,ω) model than in the HLS1(π, ρ) model.
This leads to a larger value for the moment of in-
ertia in the HLS1(π, ρ,ω) model, which leads to a
smaller ∆M through the relation given in Eq. (25).

3. The contributions from each term of the La-
grangian (7) to the soliton mass and the moment
of inertia are also analyzed as functions of the HLS
parameter a. The results are summarized in Fig. 5.
The contributions from the O(p2) terms, O(p4)
terms, and the hWZ terms are represented by the
dotted, dashed, and dot-dashed lines, respectively,
while the solid lines are their sums. We first verify
that the contribution from the O(p2) terms to the
soliton mass increases with a. On the contrary, the
contribution from the O(p4) terms has a negative
slope with a and its magnitude is smaller than the
O(p2) terms,6 which shows that this order counting
is reasonable in the Skyrmion mass and size. How-
ever, the contribution from the hWZ terms that are
connected to the ω meson is highly nontrivial. In
particular, its contribution is stable as a becomes
smaller while the O(p2) contribution decreases. As
a result, when a → 1, which corresponds to the
value in nuclear medium7 [10], the contribution of
the hWZ terms is close to that of the O(p2) terms.

6 The magnitude of the O(p4) contribution is about 15% of the
O(p2) contribution at a = 2.

7 1/Nc corrections are expected to be highly important in medium,
so this feature should be taken with caution.
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FIG. 5. Dependence of the soliton mass and the moment of
inertia on the HLS parameter a in the HLS1(π, ρ,ω) model.
Dotted, dashed, and dot-dashed lines are the contributions
from the O(p2), O(p4), and hWZ terms. Solid lines are their
sums.

This evidently shows that the role of the ω me-
son may be even more addressed in nuclear matter.
Therefore, it is highly desirable to investigate the
role of the ω meson in more detail in Skyrmion
matter. Our analysis shows that the three com-
ponents of the Skyrmion mass represented by the
dotted, dashed, and dot-dashed lines in Fig. 5 have
very different behavior with a, but their sum is in-
dependent of the parameter a. Similar conclusions
can be drawn from the decomposition of the mo-
ment of inertia as well. Here, we found a slight
dependence on a, which might be related to the ap-
proximate method adopted by the collective quanti-
zation method. More detailed studies on the quan-
tization method is, therefore, desirable.

All these observations show the importance of the ω
meson in Skyrmions. The ω meson increases the soli-
ton mass and decreases the moment of inertia, which is
exactly the opposite to the role of the ρ meson. Further-
more, only when the ω meson is included, the rotational
energy is smaller than the soliton mass and thus the stan-
dard collective quantization can be justified.

B. Skyrmion in the HLS induced from the BPS
model

It was claimed in Refs. [27, 28] that the BPS Skyrmion,
i.e., the soliton in the flat space 5D YM action, has the
potentially important feature in the Skyrmion structure.
In this subsection, we determine the LECs of the HLS
with the flat space 5D YM action, which we call the BPS
model. To investigate the warping factor effect we con-
sider a gauge theory in flat 5D Minkowski space-time. In
the sense of large ’t Hooft parameter λ expansion, the flat
space-time means that we are going to consider the O(λ)
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TABLE I. Low energy constants of the HLS Lagrangian at O(p4) with a = 2.

Model y1 y3 y5 y6 z4 z5 c1 c2 c3
SS model −0.001096 −0.002830 −0.015917 +0.013712 0.010795 −0.007325 +0.381653 −0.129602 0.767374
BPS model −0.071910 −0.153511 −0.012286 −0.196545 0.090338 −0.130778 −0.206992 +3.031734 1.470210

TABLE II. Skyrmion mass and size calculated in the HLS with the SS and BPS models with a = 2. The soliton mass Msol and
the ∆-N mass difference ∆M are in unit of MeV while

√
〈r2〉W and

√
〈r2〉E are in unit of fm. The column of O(p2) + ωµB

µ is
“the minimal model” of Ref. [20] and that of O(p2) corresponds to the model of Ref. [19]. See the text for more details.

HLS1(π, ρ,ω) HLS1(π, ρ) HLS1(π) BPS(π, ρ,ω) BPS(π, ρ) BPS(π) O(p2) + ωµB
µ [20] O(p2) [19]

Msol 1184 834 922 1162 577 672 1407 1026
∆M 448 1707 1014 456 4541 2613 259 1131√
〈r2〉W 0.433 0.247 0.309 0.415 0.164 0.225 0.540 0.278√
〈r2〉E 0.608 0.371 0.417 0.598 0.271 0.306 0.725 0.422
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FIG. 2. The excitations of the soliton profile, ξ1(r) (solid line),
ξ2(r) (dashed line), and ϕ(r) (dot-dashed line) calculated in
the HLS1(π, ρ,ω) model with a = 2. Here, ξ1(r) and ξ2(r)
are dimensionless, while ϕ(r) is in unit of fm.

found that the inclusion of the ρ meson reduces
the soliton mass. In the present work, the soli-
ton mass reduces from 922 MeV in the HLS1(π)
to 834 MeV in the HLS1(π, ρ), which confirms the
claim that the inclusion of the ρ meson makes the
Skyrmion closer to the BPS soliton. However, when
we include the ω meson, the soliton mass increases
to 1184 MeV. This is in contrast to the naive ex-
pectation that including more vector mesons would
decrease the soliton mass. Since the ω meson inter-
acts with the other mesons through the hWZ terms,
this observation shows the importance of the hWZ
terms in the Skyrmion phenomenology. The role of
the ω meson in the Skyrmion mass and size can also
be verified by comparing the soliton wave functions
shown in Fig. 3. This figure shows that the ρ me-
son shrinks the soliton wave functions, which can
be seen by comparing the results from the HLS1(π)

0 1 2 3
 r (fm)

−2

−1

0

1

2

3 HLS1(π)
HLS1(π,ρ)
HLS1(π,ρ,ω)F(r)

G(r)

FIG. 3. Comparison of the soliton wave functions F (r)
and G(r) in the three models, HLS1(π), HLS1(π, ρ), and
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lines, and dotted lines, respectively.

and the HLS1(π, ρ) models. However, as can be
seen by the dotted lines, inclusion of the ω meson
expands the wave functions. All these behaviors
can be found in the rms sizes

√
〈r2〉W and

√
〈r2〉E

in Table II. Therefore, we conclude that the ρ me-
son decreases the soliton mass while the ω meson
increases it.

2. In the moment of inertia, or in the ∆-N mass dif-
ference ∆M , through the collective quantization,
the role of the ρ and ω mesons are the opposite to
the case of the soliton mass. The mass difference
∆M increases by the inclusion of the ρ meson, i.e.,
from 1014 MeV in the HLS1(π) to 1707 MeV in
the HLS1(π, ρ), which worsens the situation phe-
nomenologically. Furthermore, in the nucleon and
∆ masses, the rotational energy at O(1/Nc) is even
larger than the soliton mass that is of O(Nc). This

�M ⌘ M� �MN
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FIG. 4. Same as Fig. 3 but for ξ1(r) and ξ2(r).

raises a serious problem to the validity of the col-
lective quantization method in these models. How-
ever, inclusion of the ω meson reduces ∆M and
the rotational energy appreciably. The compar-
ison of the soliton wave functions obtained from
the O(1/Nc) rotational energy can be found in
Fig. 4. This shows that ξ1,2(r) are expanded in the
HLS1(π, ρ,ω) model than in the HLS1(π, ρ) model.
This leads to a larger value for the moment of in-
ertia in the HLS1(π, ρ,ω) model, which leads to a
smaller ∆M through the relation given in Eq. (25).

3. The contributions from each term of the La-
grangian (7) to the soliton mass and the moment
of inertia are also analyzed as functions of the HLS
parameter a. The results are summarized in Fig. 5.
The contributions from the O(p2) terms, O(p4)
terms, and the hWZ terms are represented by the
dotted, dashed, and dot-dashed lines, respectively,
while the solid lines are their sums. We first verify
that the contribution from the O(p2) terms to the
soliton mass increases with a. On the contrary, the
contribution from the O(p4) terms has a negative
slope with a and its magnitude is smaller than the
O(p2) terms,6 which shows that this order counting
is reasonable in the Skyrmion mass and size. How-
ever, the contribution from the hWZ terms that are
connected to the ω meson is highly nontrivial. In
particular, its contribution is stable as a becomes
smaller while the O(p2) contribution decreases. As
a result, when a → 1, which corresponds to the
value in nuclear medium7 [10], the contribution of
the hWZ terms is close to that of the O(p2) terms.

6 The magnitude of the O(p4) contribution is about 15% of the
O(p2) contribution at a = 2.

7 1/Nc corrections are expected to be highly important in medium,
so this feature should be taken with caution.
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FIG. 5. Dependence of the soliton mass and the moment of
inertia on the HLS parameter a in the HLS1(π, ρ,ω) model.
Dotted, dashed, and dot-dashed lines are the contributions
from the O(p2), O(p4), and hWZ terms. Solid lines are their
sums.

This evidently shows that the role of the ω me-
son may be even more addressed in nuclear matter.
Therefore, it is highly desirable to investigate the
role of the ω meson in more detail in Skyrmion
matter. Our analysis shows that the three com-
ponents of the Skyrmion mass represented by the
dotted, dashed, and dot-dashed lines in Fig. 5 have
very different behavior with a, but their sum is in-
dependent of the parameter a. Similar conclusions
can be drawn from the decomposition of the mo-
ment of inertia as well. Here, we found a slight
dependence on a, which might be related to the ap-
proximate method adopted by the collective quanti-
zation method. More detailed studies on the quan-
tization method is, therefore, desirable.

All these observations show the importance of the ω
meson in Skyrmions. The ω meson increases the soli-
ton mass and decreases the moment of inertia, which is
exactly the opposite to the role of the ρ meson. Further-
more, only when the ω meson is included, the rotational
energy is smaller than the soliton mass and thus the stan-
dard collective quantization can be justified.

B. Skyrmion in the HLS induced from the BPS
model

It was claimed in Refs. [27, 28] that the BPS Skyrmion,
i.e., the soliton in the flat space 5D YM action, has the
potentially important feature in the Skyrmion structure.
In this subsection, we determine the LECs of the HLS
with the flat space 5D YM action, which we call the BPS
model. To investigate the warping factor effect we con-
sider a gauge theory in flat 5D Minkowski space-time. In
the sense of large ’t Hooft parameter λ expansion, the flat
space-time means that we are going to consider the O(λ)

a independence of the 

Skyrmion properties
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Discussions

1. The role of ρ meson
• reduction of the soliton mass: from 922 MeV to 834 MeV
• increase of the #-N mass difference: from 1014 MeV to 1707 MeV
• shrink the soliton profile: from 0.417 fm to 0.371 fm

2. The role of ⍵ meson
• increase of the soliton mass: from 834 MeV to 1184 MeV
• decrease of the #-N mass difference: from 1707 MeV to 448 MeV
• expand the soliton profile: from 0.371 fm to 0.608 fm

3. Without ⍵ meson
• the #-N mass difference of O(1/Nc) > the soliton mass of O(Nc)

4. The independence of a
• Direct consequence from hQCD
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Nuclear Matter: Skyrme Crystal

48

Skyrme Crystal (FCC)
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I. Klebanov, Nucl. Phys. B262, 133 (1985)
M. Kugler et al., Phys. Lett. B208, 491 (1988)
H.-J. Lee, B.-Y. Park, D.-P. Min, M. Rho, and V. 
Vento, Nucl. Phys. A723, 427 (2003)

Half-Skyrmion Phase
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Skyrme Crystal
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• Skyrmion number density n = 1/(2L3)
• normal nuclear density n0 : 0.17 fm-3 

corresponds to L ∼ 1.43 fm

n0

n ~ 2n0

n ~ n0

binding energy per baryon
~150 MeV, ~100 MeV, ~50 MeV (too big!)

transition to the half-Skyrmion phase
<σ> = 0
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Change of Meson Properties
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Summary

54

1. The nontrivial role of the $ meson
2. The presence of topological change from Skyrmions to half-Skyrmions   
     at slightly above the normal nuclear density of higher density
3. Problems: minimal energy occurs at too high density with too high 
binding energy
4. The structure may be robust, but the numbers?

1/Nc corrections: Casimir energy 

F. Meier and H. Walliser, Phys. Rep. 289, 383 (1997)438 F. Meier, H. Walliser / Physics Reports 289 (1997) 383-448 

Table 4.1 
Tree and one-loop contribution to various quantities for parameter set A (e = 4.25, 9 ~ -  0) 

Tree One-loop ~ Exp. 

M (MeV) 1629 -683 946 939 
(MeV) 54 -22  32 45 4- 7 

{r2) s (fin 2 ) 1.0 +0.3 1.3 1.6±0.3 
9A 0.91 --0.25 0.66 1.26 
(r2)a (fin 2) 0.45 --0.04 0.41 0 a9 +°'Is 

" - - -  - - 0 . 0 8  

(r2) s (fm 2) 0.62 -0.11 0.51 0.59 
/t v 1.62 +0.62 2.24 2.35 
(r2) v (fill) 2 0.77 --0.13 0.64 0.73 

(10 -4 fm 3) 17.8 --8.0 9.8 9.5 ± 5 

Table 4.2 
Tree and one-loop contribution to various quantities for parameter set B (e = 4.5, 9~.o - 1.0) 

Tree One-loop ~ Exp. 

M (MeV) 1599 -646 953 939 
cr (MeV) 58 - 1 4  44 45 ± 7 
(r2) s (fm 2) 1.1 +0.3 1.4 1.6 4- 0.3 
9A 0.96 --0.15 0.81 1.26 
(r2)A (fro 2) 0.44 -0.01 0.43 0/19+°18 

. . . .  - - 0 . 0 8  

(r2) s (fm 2) 0.64 -0.09 0.55 0.59 
/~v 1.69 +0.88 2.57 2.35 
(r2) v (fro 2) 0.76 -0.17 0.59 0.73 

(10 -4 fm 3) 19.4 -5 .3  14.1 9.5 4- 5 

Table 4.3 
Tree and one-loop contribution to various quantities for parameter set C (e = 5.845, g~)= 2.2) 

Tree One-loop ~ Exp. 

M (MeV) 1490 -539 951 939 
t7 (MeV) 67 +13 80 45 i 7  
(r2) s (fm 2) 1.1 +0.4 1.5 1.6 4- 0.3 
9A 1.03 --. 11 0.92 1.26 
(r2)A (fm 2) 0.40 +0.16 0.56 0.42+°0.J088 
(r2)Se (fm 2) 0.68 --0.06 0.62 0.59 
#v 1.75 +1.38 3.13 2.35 
(r2) v (fm 2) 0.72 -0.19 0.53 0.73 

(10-4 fm 3 ) 21.8 +5.4 27.2 9 .5± 5  

m e s o n  spec i e s  i n c l u d e d  in the  mode l .  Th is  is a l so  obv ious  f rom Tab le s  4 . 1 - 4 . 3 ,  w h e r e  the  t ree  
leve l  m a s s  is s h o w n  to be  in the  1 5 0 0 - 1 6 3 0  M e V  range  for  the  three  mode l s .  

• W i t h  va lues  b e t w e e n  54 and  67 M e V  aga ins t  e x p e r i m e n t a l  45 M e V ,  the  o- t e rm  is a l so  ove r -  
e s t i m a t e d  in t ree  for  al l  p a r a m e t e r  c o m b i n a t i o n s  under  c o n s i d e r a t i o n  here.  This  is not  a c o m m o n  
fea ture  o f  al l  S k y r m e - t y p e  m o d e l s  and  d e p e n d s  on our  u sage  o f  the full  C h O  4 l a g r ang i an  
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Outlook

1. The role of vector mesons
• previous works: more VMs lead to the Bogomolny bound
• the inclusion of the ρ meson confirms it
• but, the ⍵ meson has the opposite role: 

important from both the theoretical and phenomenological views
2. Issues

• next order corrections: O(Nc0) pion fluctuation
• next order terms in the HLS: in Nc and in p

3. Final goal
• few-nucleon systems ⇒ semi-empirical mass formula?
• nuclear matter, Skyrmion crystal
• equation of state, nuclear symmetric energy
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