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More on holographic duals for QCD, towards finite chemical potential
Introduction

= Holographic dictionary

DW/CFT dualities ltzhaki et. al.'98, Boonstra et. al."98;Skenderis'99
» AdS < DW, CFT< QFT, AdS isometry group < Poincaré
isometry group of DW
> a restoration of the conformal symmetry only at UV and/or IR fixed
points

1
S = /d$5\/ —g |:R — 5(8¢)2 — V(¢) —|— SYH~
The domain wall solution

ds?® = 62A<r>77ijdxidmj +dr?, ¢ =o(r)

» The scale factor e* — measures the field theory energy scale
» The scalar field e? — the running coupling A

» The S-function
_
~ dlogE  dA

B
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Introduction

Holographic dictionary

N

Figure: by Francesco Nitti
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More on holographic duals for QCD, towards finite chemical potential
Introduction

= Holographic dictionary

Improved holographic QCD Gursoy,Kiritsis' 07, Gubser'08

For asymptotically AdAS UV A =0 V(A\) = Vo+wumA+ v A2+ ...
For confinement in the IR XA — 0o V(\) ~ A9(log)\)”

> V(¢) from IHQCD model, Kiritsis et al'07'11'14'17'18
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= Holographic dictionary

Improved holographic QCD Gursoy,Kiritsis' 07, Gubser'08

For asymptotically AdS UV A =0 V(\) = Vo+uvd+uA+...
For confinement in the IR XA — 0o V(\) ~ A9(log)\)”

> V(¢) from IHQCD model, Kiritsis et al'07'11'14'17'18

> :) allows to reproduce the behaviour of S-function
> :( no exact solutions for the model
» Toy model V(¢) = ¢
> :) has good behaviour in the IR-limit (can study conformal

anomalies, apply to deconfined phase of QCD ) Policastro’15
> :( UV-fixed point is not the AdS
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» Toy model V(¢) = ¢
> :) has good behaviour in the IR-limit (can study conformal

anomalies, apply to deconfined phase of QCD ) Policastro’15
> :( UV-fixed point is not the AdS

» V =Y Cie*? | in particular, V(¢) = C1eF1? + Cyek2? - 7
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More on holographic duals for QCD, towards finite chemical potential
Introduction

Holographic dictionary

RG flow at finite temperature
Thermal gas solution

ds® = eQA(T)nijdxida:j +dr?, ¢ =¢(r).

AdS boundary uv

The black hole

dr? 4(1-x2)

, r)=1—Cy\"~ 3%
f(T) f( ) 2
Gubser's bound for singular solutions (2000)

Vion) <0, V(on) < Viouv).

ds® = A7) (= f(r)dt? + 6;jda’da?) +
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More on holographic duals for QCD, towards finite chemical potential
Introduction

Holographic dictionary

Lattice calculations show that QCD exhibits a quasi-conformal behavior
at temperatures T' > 300MeV and the equation of state ~ E = 3P (a
traceless conformal energy-momentum tensor).

stout HISQ
(e-3p)T* W .
pT! N .
g/4T4 . Wm
T [MeV]

I S SR S S S SN A S S S A S S S S S S A A

130 170 210 250 280 330 370

0

Figure: The comparison of the HISQ/tree and stout results for the trace
anomaly, the pressure, and the entropy density

Pic. from Bazavov et al.'14
8 /42



More on holographic duals for QCD, towards finite chemical potential
L The holographic dual

Outline

The holographic dual
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More on holographic duals for QCD, towards finite chemical potential

L The holographic dual

]
The action reads

S = % /d%/du\/—_g <R - %(8(;5)2 + V(¢)) — % 8/d4:c —,

V(p) = C1e?k19 4 Cye?F2? Oy, k;, i = 1,2 are some constants.

Figure: The behaviour of the potential V' (¢) for C1 < 0, C2 > 0.

16

b=k k=g
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More on holographic duals for QCD, towards finite chemical potential
L The holographic dual

The general solution

9k2 18k2

ds? = FlﬁF22(l6—9k2) (—€2aludt2+€ Zal ud—»2) +F9k2 16F16 9k2d 2
9k 9k
= ———logF + ——logF
¢ ok? — 16 8" T gpz — 16 08

with F and F> given by

3E 16
P o= 1/‘ sinh(p1 [u — wo1l), 1 = ‘—l(kQ——>‘,

2 9
Fy, = 1/‘ sinh(p2 |u — wozl), Ho =

where 0 < k < 4/3 and u is positive and u > uo1.
Moreover, one has the constraint

2 1\2
Ei + Es + (Oé) =0, F1<0, E»>0.

11/42



More on holographic duals for QCD, towards finite chemical potential

L The holographic dual

Constraints

2(051)2

Ei + Ey + =0.

1. a! = 0 Vacuum solutions, Poincaré invariant, |E;| = | Es|
2. a! = 0 Non-vacuum ones, no Poincaré invariance |E;| # | Es|

» Conditions from the V(¢): C; < 0,C2 > 0,0 < k < 4/3.
» Constants of integration ugs < ug1

left: u < up2
middle: uge < u < Ugy
right: U > Uugy

» The degenerate case with ug; = ug2 = ug ,

left: u < Ug

right: U > Ug.
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More on holographic duals for QCD, towards finite chemical potential

L The holographic dual

Holographic RG flow Kiritsis et al."0812.0792

Solution in domain wall coordinates

2 2A(w) (_ 2 i dw?
ds“=e (= f(w)dt* + 6;;dz*da’) +

£
fwy
é(w), X = e® — the running coupling, A = e
The B-function
_dAgrr _ dA
BN = dlogE dA
The X, Y-variables:
_BM _ 14 _
dX 4 3 dlogV
— = ——(1-X%4Y)(1+ =
do 3 ( * )<+8X do >
dy 4 Y
— = ——(1-X24Y) <.
a9 3 ( ) % )



More on holographic duals for QCD, towards finite chemical potential
|—Hmlagraphi«: dual at T =0

Outline

Holographic dual at T'=0
Holographic RG flow at T'=0
Running coupling
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More on holographic duals for QCD, towards finite chemical potential
L Holographic dual at T = 0

Behaviour of solutions uy; # 0, a! =0

9k2 18k2

dS _F9k2 16F2(16 9k2)( dt2+dy1+dy2+dy3) F9k2 16F16 9k2d 2

P = ‘2Ell sinh(uy (u — ue1)), Fo= ’2E2 sinh(po(u — ug2)),
E, = —E;, E1<0, Ex>0, p= ETRE
The dilaton
PO L
T o216 ° R
and its potential
2 18k2 2 32
Qk 16 Qkéflﬁ
V = Cre?h 4 0o/ O0 — ¢y (2 +Cy (= :
F1 Fy

15 /42



More on holographic duals for QCD, towards finite chemical potential

L Holographic dual at T = 0

The dilaton

¢

| 2 4 6 8 10 12 1 u

. C
Figure: A) the dilaton for u < wo2,B) the dilaton for up2 < u < ug1 C) the
dilaton for u > U1 D) u > uo1, o1 = Ugz. For all By = By = —1

Ci=-Co=—1k=04,1,12.
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More on holographic duals for QCD, towards finite chemical potential

L Holographic dual at T = 0

—— 5001, up1 =0, z=-1
— E20.15,0010, boz=-1

C

Figure: The behaviour of A as a function of ¢ for the vacuum solutions, we fix
values of ug1 = 0 and up2 = —1 and varying |E1| = |E2|, denoted as E: A)
the dilaton for u < ug2,B) the dilaton for ug2 < u < uo1, C) by organge

u > up1, uo1 = 1; by the brown curve ug1 = uo2 and E = 0.01.
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More on holographic duals for QCD, towards finite chemical potential
L Holographic dual at T = 0

Boundaries for ug; # g9

The middle solution uga < u < ug; (conformally flat )

kz
> IR U — ugy + € ds? ~ z -7 (—dt? + dy? + dy3 + dy3 + dz?) ,

64—9k2
_64—9k% 2(16—987) 36k
z 4(16—9k2) (U - U’02)4(16 ok )7 ¢ ~ T G1—9k2 IOgZ‘ — +400.

> UV u — upp — € ds? ~ e (—dt?* + dy? + dy3 + dy3 + dz?),

2
ok 16—9k2 A—9k”
¢~ 1oz logz — —00, z ~ g (U — ugy ) 16952

The right solution u > ug; (conformally flat )

» UV u — ugy + € the same as at u — ug; + €

> IR u— 400 ds? ~ 223 (—dt? + dy} + dy3 + dy3 + d=?),
¢ ~logz — —o0
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More on holographic duals for QCD, towards finite chemical potential
L Holographic dual at T = 0

Boundaries: ug; = uge = ug, o' =0

» In the UV u — wug we obtain the AdS-spacetime
1
ds?® ~ Z—2(—dt2 +dy? + dy3 4 dyE + d2?), 2~ dul/t

The dilaton is constant in the UV

9k 3k 9k

:—1 _ -
1690k ® 1 " 316 —om)

&

¢ G

log

» In the IR u — 400 we obtain the conformally flat spacetime
3pqu
ds? ~ 223 (—dt? + dy} + dy3 + dy2 + dz?), 2~ e TESE,
The dilaton in the IR

¢ ~logz - —
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L Holographic dual at T = 0

Boundaries: ug; = uga, o' =0
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More on holographic duals for QCD, towards finite chemical potential
Holographic dual at T = 0
= Holographic RG flow at T = 0

RG equations at T'= 0
1

16 9k2

. . 2 _ —9k2
The domain wall coordinates dw = F**"~*° F;,°*~*" du.

The running coupling
9k<—16
A=e?= (2 :
‘ <F1>

4 9k2
A= eA _ F9k2—16 F4(16—9k2)
- - -1 2 .

The energy scale

The X-function o
To—ornZ )/
¥ — } & 6—9k )\7
3\ [ A’
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More on holographic duals for QCD, towards finite chemical potential
|—Ho|ograp|'1ic dual at T =0
|—Ho|ographic RG flow at T = 0

¢

o C

Figure:XonqSA)u02<u<u01, B)u>u01750C)u>u01:u02:0
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L Holographic dual at T = 0
Holographic RG flow at T = 0
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More on holographic duals for QCD, towards finite chemical potential
L Holographic dual at T = 0

Running coupling
:

— E=0.01,u91=0, p=-1 s

e £205.0010, ugpet — E=0.01,up1=0, upz=0

— E=4,up1=0, ugz=-1 —— E=0.01,ug=0, ugp=-1
— E=12,u01=0, ugp=-1 05 —— E=0.15,u1 =0, Upz=-1
— E=0.35,u01 =0, ugp=-1

—— E=06,u01=0, ugp=-1

[ 0.
e AR AC

Figure: The dependence of the coupling constant on the energy A on the
dilaton plotted using the solutions for A and ¢: A) the branch 0 < u < ug1; B)
the branch u > ug1. For all plots kK =1, C1 = —2, Cy = 2, different curves on
the same plot corresponds to the different values of |E:| = | E2|, labeled as E
on the legends and different up1 and o1 also indicated on the legends.
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More on holographic duals for QCD, towards finite chemical potential
|—Hu:alcwgraphi«': dual at finite T'

Outline

Holographic dual at finite T'
Non-vacuum solutions, black holes
Holographic RG-flow at finite T’
The running coupling at finite T
Free energy
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More on holographic duals for QCD, towards finite chemical potential
L Holographic dual at finite T

Non-vacuum solutions, black holes

Non-vacuum solutions, black holes

s 912 3
9k2_16 —9k2 1 — 241 _ ﬁ
d82 — Flgk 16 F22(16 9k )(_eza udt2+6 Fa u} :dyf)—l— Qk 16F16 9k d

=1
9k 9k
Y R Ty
T T R T R
= ‘2%1 sinh(p1(u — uo1)), Fo = ’2%2 sinh(p2(u — uo2)),
3By /16, \/@ 16 _ Q_i\/E
Y LIV Ly T K= oy o

2
E1 —|— EQ —|— g(a1)2 = O
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More on holographic duals for QCD, towards finite chemical potential
L Holographic dual at finite T

Non-vacuum solutions, black holes

Dilaton at boundaries o # 0

> Ugr 7 Up2
® U —> Uy + €

C By sinh(u2 (uo1—uo2))
¢u—>u01—6 ~ T 16— 9k2 log [ C1E>

M1 €
® u — +00 ¢u—>oo ~ T 16— gkz I:(N“Q - :ul) U+ 3 3 IOg | C2E1 |]
> Up1 = Up2

| = .

¢|u—>:too ~ =

9k 1 CoFr
— (s — -1
o (2 — ) ut 5 o5l G g ]

9k 42 1 C1E;
~ 2

6k2(al)?

= E = .
® i1 M2, 2 16 — 9%2
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More on holographic duals for QCD, towards finite chemical potential
Holographic dual at finite T

- Non-vacuum solutions, black holes

Black hole solution
The absence of conic singularity
> Lo = U]

> seiza'f = 27, Hawking temperature: 4 =T =

ds? = C X( — e 2nug? 4 dgj'z) + CH xte 2 qu?,

2
X = (1 e 2mu) TomerE (1 — ¢ 2ulu—uo2)) To-or

@
|

__16 1 s _/Cy 2 41(1(?%;2) D=L
9 (16—9k2) (3u)§ |Cl|2(9k2—16) (?6_ Mu02> (]_6 — 9k )_Z~

9k

-
0= 957 _16 %

FE1Cy
E,Cy

sinh(pu)

sinh(pu(u — UOQ))] '
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More on holographic duals for QCD, towards finite chemical potential
L Holographic dual at finite T

Non-vacuum solutions, black holes

Special case: 5d AdS-Schwarzschild solution

U1 = Uo2

ds*=C (1- 6_2‘“‘)_%

(_

A 4 dg?) +ct (1 -

—2 -2 _2 2
e M) e M du?,

9k?2
4, 1o e Oy 4(6-9k2)
= —_—— 2 / N
p=—get c= () (2
The dilaton
= 9k o C1E, )
~ (16 — 9k2) BlCyE, I
The curvature )
o
R _F
1
Z =z (]_ _ e_QNU) 4' C = Z}:Q, d52 — ZLZ (—f(z)dt2 + d372 + fdz:))y

f=1-(2

Zh

)
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More on holographic duals for QCD, towards finite chemical potential
L Holographic dual at finite T
Holographic RG-flow at finite T

Holographic RG-flow at finite T’
The scale factor of the domain wall for the finite temperature case is
1 1
A= 3 log(C) + 3 log(X)
the energy scale A reads
A=t =Cixt,
The change of the coordinate
dw = C* X (u)?e™ 2" du.
A = e? — the running coupling, The B-function

d\
BA) = qA
The X, Y-variables:
_ B _lg
X(QS)_Wv Y(¢)_4 70 g—logf,
f o ef2uu
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More on holographic duals for QCD, towards finite chemical potential
|—Hmlcwgraphi«': dual at finite T'
LHo|ographic RG-flow at finite T

Holographic RG-flow at finite T°

3.0
-0.2

25
-0.3

20
-04

i
05

1.0
06
07 05
R E R S b

Figure: a) The dependence of the scalar function X on ¢. b) The dependence
of the scalar function Y on ¢. For both plots a! < 0, u > uo1,
Cl = —02 = —2, k‘ = 1, up1 = 0, up2 = —1.
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More on holographic duals for QCD, towards finite chemical potential
|—Hu:alographi«': dual at finite T'
The running coupling at finite T°

The running coupling A on the energy scale

0.130,
0.125|
0.120]
0.115|
0.110]

0.105|

.
A e e AR

Figure: A) The dependence of A on the energy scale A= e**. In all cases
constants that the potential is fixed with k =1, C1 = —2, C3 = 2 and we vary
o', uo1 = 0 and up2 = —1. B) A zoomed region of A).
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More on holographic duals for QCD, towards finite chemical potential
L Holographic dual at finite T

Free energy

Free energy through the holographic on-shell action

on—shell /
o = (o + T

BVs fw)
The expansion of A near u~ 0 A~ — 2 logu+ Ao + Aju+ ...,
with
1 4 9k?
= =1 - log(2 7" log(1 — e2Huo2
AO 2 Ogc 16 — 9]€2 Og( ,U’)Jf_ 4(16—9k2) Og( € )7
A —
LR TR (16 9k2) —MDZ -1
Leg , 2T
BVs 16— 9k2 <_ (8 — I o = 1)) '

The counterterm (Papadimitriou'11)
Iy = —8?7 /d4x\/ﬁek¢.

The asymptotics of ¢ is given by ¢ ~ % logu+ ¢o + pru+ ...
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More on holographic duals for QCD, towards finite chemical potential
L Holographic dual at finite T

Free energy

9k 4 [Cy sinh(—pugz)
= ——1 J— —_= N v e
%0 16— 9k2 8 <3k Ve [ ’

9k
¢1 == —mﬂ COth(-,U/U/()2>.

24 1 24 1
s (A kgL ) =~

The renormalized action is then

Ien  Ipeg + 1. 1 27k>
=g~ (M—m\/Az—f-Mz),

Ect

BVs BVs 2

where the UV scale is & = sinh(—pugz2) . The difference between the FE
of the black brane solution and the FE of the vacuum at =0, is

1
~ —— 2 —
d 2<”‘ 16 — 9k2vA+“ A)
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More on holographic duals for QCD, towards finite chemical potential
L Holographic dual at finite T

Free energy

Free energy through black hole thermodynamics

dF = —sdT.
The black brane entropy density reads
Vs s
s = Z sz
Vs Vs (p/dl
T=_2 = [sdr=-2 [ —
s on 1Y 4 /8 2m ) T du' a
The temperature
2 3 a4 2 g V2 174 ——2T82 _arcsinh(£)
T = 371—62—3/2 Zu| / e 4(16—-9k2) , T = W’u / e 4(16-9k2) &
Vs 27k?
=——|p— —=(/A2 2—A
F =% (“ T6—orz (VA*Hu )>’
ugz — 0, A — 0 the free energy F = —Xiﬂu.
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More on holographic duals for QCD, towards finite chemical potential
L Holographic dual at finite T

Free energy

Free energy
F

0.5
0.4
0.3
0.2

0.1

0.2 0. 0.6 0.8 1.0

-0.1

Figure: The dependence of the free energy F' on the temperature T for the
different shapes of the potential (different k, C1 = —2, C2 = 2).

36 /42



More on holographic duals for QCD, towards finite chemical potential
|—Hmlagraphi«: Wilson loops in RG flow

Outline

Holographic Wilson loops in RG flow
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More on holographic duals for QCD, towards finite chemical potential
L Holographic Wilson loops in RG flow

Holographic Wilson loops

The expectation value of WL calculated on the gravity side:
w[C] = e~ Sstring[C]

The action of the string is the so-called Nambu-Goto action
SNG = /d01d026% AV |g\,

g is the determinant of the induced metric on the worldsheet and ¢! and

o2 are coordinates on the worldsheet.

Jap = GMNaaXMaﬁXNa

M, N are indices of the embedded space X%, ie. M,N =0,...,4, o, 3
are indices on the string worldsheet 0%, a, 5 =0, 1.
We parametrize the worldsheet as
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More on holographic duals for QCD, towards finite chemical potential
L Holographic Wilson loops in RG flow

Holographic Wilson loops

W Te
Sng = /dl'l ( ) \/62"4(62"4 + 68Au’2),

The equation of motion for the turning point

S5 b e~ 3AV A _ (20—
c
hence the distance between quarks is
05 ce3A
2 ue? A _ 20
For the Nambo-Goto action we have
CTA+SE

Sia=T
4¢
€4A+ 3 C2
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L outlook

Outline

Outlook
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More on holographic duals for QCD, towards finite chemical potential

L Outlook

The bottom line

» Vacuum and non-vacuum holographic RG-flows (new solutions) were
constructed

» Holographic running coupling mimic QCD
» Holographic RG flows can have AdS fixed points.
» Studies of RG flow based on analytic exact solutions
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More on holographic duals for QCD, towards finite chemical potential
—outlook

The bottom line

» Vacuum and non-vacuum holographic RG-flows (new solutions) were
constructed

» Holographic running coupling mimic QCD
» Holographic RG flows can have AdS fixed points.
» Studies of RG flow based on analytic exact solutions

» The form of the potential is the same as in the more complicated

model with chemical potential (see Aref'eva&Rannu'18)

» Analysis of confinement-deconfinement phase transition
(Polchinski-Strassler model?).

» Holographic c-theorem?
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outlook

Thank you for attention!
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