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QCD Phase Diagram in the µB -T plane

Explored by Heavy Ion Collision experiments at RHIC and LHCin future: FAIR and NICA 5 / 36

[BNL web page℄



QCD Phase Diagram µB=0
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Nf = 2 + 1: Nf = 2:Argued to be in universality 
lass ofO(4) 3-dim spin modell[R. D. Pisarski, F. Wil
zek, 84℄Compatible results with O(4) in:e. g. [V. Bornyakov et al., 2009℄,[S. Ejiri et al., 2009℄However, 1st order not ruled out:e. g. [C. Bonati et al., 2012℄,[C. Bonati et al., 2009℄



Heavy Ion Collisions
◮ Expansion of Quark Gluon Plasmades
ribable by relativisti
 hydrodynami
s

ǫ̇ = −(ǫ+ p)(∂ · u) u̇µ =
∇µp
ǫ+ pṅB = −nB(∂ · u) plus : ǫ(p)

◮ ǫ(p) a

essible on the latti
e (at small nB)
◮ Most pre
ise results from Nf = 2 + 1staggered quarks (physi
al masses)[HotQCD, Budapest-Wuppertal℄
◮ This work: Nf = 2,extension toNf = 2 + 1 + 1 possible 7 / 36

[STAR Collab.℄
z 

t

strong fields classical dynamics

gluons & quarks out of eq. viscous hydro

gluons & quarks in eq. ideal hydro

hadrons kinetic theory

freeze out

[F. Gelis, 2010℄
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Path Integral at Finite TemperatureStarting point:Grand 
anoni
al partition fun
tion in 
ontinuum (with kB = 1)t → −iτ ⇒ Eu
lidean path integralZ (V ,T , µ̃) = Tr(e−(Ĥ−µ̃N̂q)/T)
=

∫ DψDψ̄DA e−(Sg [A]+Sf [ψ,ψ̄,A])with gluon and quark a
tion:Sg [A] =

∫ 1/T0 dτ ∫V d3x 14F a
µνF a

µνSf [ψ, ψ̄,A] =

∫ 1/T0 dτ ∫V d3x ψ̄ ( /D + mq − µ̃γ0)ψImpose in τ -dire
tion periodi
 BC for A, anti-periodi
 BC for ψLatti
e dis
retization ⇒: 1/T ≡ Nτa 9 / 36



Twisted Mass Latti
e Regularization
◮ Nf = 2 Wilson twisted mass a
tion at maximal twist:Sf [U, ψ, ψ] =

∑x χ(x) (1− κH[U] + 2iκaµγ5τ3)χ(x)
ψ =

1√2 (1 + iγ5τ3)χ and ψ = χ
1√2(1 + iγ5τ3)

◮ Advantage: when κ tuned to 
riti
al value κ
 :Automati
 O(a) improvement
◮ Disadvantage: expli
it �avor symmetry breaking (mostly small, buthas to be 
he
ked)
◮ Tree level improved gauge a
tion:Sg [U] = β

(
0∑P [1− 13ReTr (UP)] + 
1∑R [1− 13ReTr (UR)]
) 10 / 36

[R. Frezzotti, G.C. Rossi, 2004℄



Phase Diagram & Simulation Setup

11 / 36
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◮ Simulations: β-s
ans parallel to κ
(β), µ adapted for mπ = 
onst
◮ Pier
ing the �
one� at T

◮ Rely on κ
(β), a(β) and mπ± from ETM Collaboration[R. Baron et al., 2010℄



Simulation Points
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Observables
◮ Polyakov-Loop L:Order parameter for de
on�nement for mq → ∞:Re (L) =

13Re〈 1N3
σ

∑

~x Tr(Nτ−1∏

τ=0 U0(τ,~x))〉 =

{ 0 T = 0
> 0 T > T


◮ Chiral 
ondensate 〈ψ̄ψ〉:Order parameter for 
hiral symmetry breaking for mq → 0:
〈ψ̄ψ〉 = Tr(D−1) =

{
> 0 T = 0
→ 0 T > T


◮ Intermediate mq: look at �u
tuations (sus
eptibilities), expe
tmaximum around T

◮ Renormalized Polyakov loop and 
hiral 
ondensate 14 / 36



Signals for the Crossover: Polyakov Loop
◮ Polyakov loop sus
eptibility (no 
onvin
ing signal)

χRe(L)χRe(L)

β
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0.055 15 / 36

mπ ≈ 400 MeV:



Dis
onne
ted Chiral Sus
eptibility

16 / 36

σ〈ψ̄ψ〉 = V /T (〈ψ̄ψ2〉− 〈ψ̄ψ〉2) mπ ≈ 320 MeV:
Gaussian fit

A12
σ2

ψ̄ψ

β
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Renormalized Re(L), 〈ψ̄ψ〉
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R〈ψψ〉 =
〈ψψ〉(T , µ) − 〈ψψ〉(0, µ) + 〈ψψ〉(0, 0)
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Renormalized Re(L), 〈ψ̄ψ〉
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R〈ψψ〉 =
〈ψψ〉(T , µ) − 〈ψψ〉(0, µ) + 〈ψψ〉(0, 0)
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Results

19 / 36

Ensemble B12 C12 D8T
 [MeV], σ2
〈ψ̄ψ〉

: 217(5) 229(5) 251(10)T
 [MeV], 〈Re(L)〉R : 249(5) 258(5) 266(11)
Signals for de
on�nement and restoration of 
hiral symmetry atdi�erent lo
ations in 
rossover region



O(4) Magneti
 EoS
◮ Near 
riti
al point of a 2nd order transition: universality
◮ Expe
t data to 
ollaps on universal 
urve [J. Engels & T. Mendes, 99℄
◮ 〈ψ̄ψ〉 = h1/δ
 f (d z) + aττh + b1h + . . .

︸ ︷︷ ︸s
aling violating terms
τ = β − β
hiral, h = 2 a µ, z = τ/h1/(β̃δ)

◮ Conne
tion to spin model:
〈ψ̄ψ〉 ∼ M (magnetization)
µ ∼ H (external �eld)
β ∼ T (temperature) 20 / 36
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[S. Ejiri et al., 2009℄



O(4) Magneti
 EoS

21 / 36

Pion Mass:C12: 480 MeVB12: 400 MeVA12: 320 MeVC12
B12
A12

z

〈ψ̄
ψ
〉/
h

1
/
δ

43.532.521.510.50

0.13

0.12
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0.1
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0.05

0.04 C12 corr.
B12 corr.
A12 corr.

z

〈ψ̄
ψ
〉/
h

1
/
δ

-
(s

ca
li
n
g

co
rr

.)

3.532.521.510.5

0.035

0.03

0.025

0.02

0.015

0.01Result: β
hiral ≈ 3.76(2) →T
(mπ = 0) ≈ 166 MeV



Chiral Limit S
enarios from Spin Models

22 / 36

◮ From universal fun
tion h1/δf (z) one 
an show:T
(mπ) = T
(0) + Am2/(β̃δ)
π

1st : T
(0) = 182(14) MeVO(4): T
(0) = 152(26) MeV 140

 160

 180

 200

 220

 240

 260

 0  100  200  300  400  500

T
c 

(M
eV

)

mπ (MeV)

1st order

O(4)

mπ,c = 0 MeV

mπ,c = 200 MeVZ(2)



OutlineIntrodu
tionLatti
e QCD SetupT
 and Chiral S
enariosThermodynami
 Equation of StateCon
lusions 23 / 36



Integral Method
◮

ǫ =
TV ∂ lnZ
∂ lnT ∣∣∣∣V p = T ∂ lnZ

∂V ∣
∣
∣
∣T

◮ Tra
e anomaly (intera
tion measure):I = ǫ− 3p = −TV d lnZd ln a
◮ Starting point for p(T ) and ǫ(T ) viaIT 4 = T ∂

∂T ( pT 4) pT 4 − p0T 40 =

∫ TT0 dτ ǫ− 3p
τ5 ∣

∣
∣
∣LCPon lines of 
onstant physi
s (LCP) 24 / 36

But: V = N3
σ aT = 1Nτ a



Tra
e Anomaly
◮ IT 4 =

ǫ− 3pT 4 = − TT 4 V 〈d lnZd ln a 〉sub
= N4

τ

(adβda )(
03 〈ReTrUP〉sub +

13 〈ReTrUR〉sub

+
∂κ

∂β

〈χ̄H[U]χ〉sub − (2aµ∂κ
∂β
+ 2κ
 ∂(aµ)

∂β

)
〈
χ̄iγ5τ3χ〉sub)

◮ Starting point for p(T ) and ǫ(T ) by integral method
◮ Subtra
ted expe
tation values: 〈. . .〉sub ≡ 〈. . .〉T>0 − 〈. . .〉T=0

→ interpolations for T = 0 data
◮ Preliminary results for mπ ≈ 400 MeV and mπ ≈ 700 MeV 25 / 36



T = 0 Subtra
tions & Interpolations

26 / 36

example: plaquette:
ReTr〈UP 〉0.64
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β-Fun
tion
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[M. Cheng et al.: Phys.Rev. D77:014511, 2008℄
“a dβda ”

= −
` rχa ´

„ d( rχa )dβ

«−1
` rχa ´

(β) = 1+n0R(β)2d0(a2L(β)+d1R(β)2)
R(β) = a2L(β)a2L(3.9) r0 = 0.420(15) fm

Interpolation
r0/a
rχ/a

β
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Lines of Constant Physi
s, 
onstant mπ
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mπ ≈ 700 MeV: presently ful�lled up to 10 %
D8
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Tra
e anomaly - Latti
e Artifa
ts

29 / 36

mπ ≈ 700 MeV:
Nτ = 4
Nτ = 6
Nτ = 8
Nτ = 10ǫ−3p

T 4
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Tra
e Anomaly, Tree Level Corre
tions
◮ Observe large latti
e artifa
ts in IT 4
◮ Latti
e pressure in the free limit pLSB known: [P. Hegde et al., 2008℄
◮ Twisted mass a
tion: [O. Philipsen & L. Zeidlewi
z, 2010℄
◮ Corre
ted by division by pLSB/pCSB [S. Borsanyi et al., 2010℄

30 / 36
mπ ≈ 700 MeV: mπ ≈ 400 MeV:
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Tree Level Corre
tions (
loser look), SB (Free) LimitLatti
e:pLF (µ)T 4 = 3∫
[0,2π)3 d3k

(2π)3 1Nt Nt−1∑n=0 lnDet (|G (k)|2 + (aµ)2)G (k) = (am) + 2r∑
µ

sin2(akµ2 )+ i∑
µ

γµ sin(akµ)Continuum: pCF (µ/T )T 4 = 278 π290g(µ/T )g(µ/T ) =
3607π4 ∫ ∞

µ/T dx x√x2 − (µ/T )2 ln(1 + e−x)Corre
tion: Nτ 4 6 8 10 12pLSB/pCSB 2.586 1.634 1.265 1.134 1.084 . 31 / 36



Corre
ted Tra
e Anomaly & Interpolation
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mπ ≈ 700 MeV:
Nτ = 6
Nτ = 8
Nτ = 10

Interpolationǫ−3p
T 4
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mπ ≈ 400 MeV:
Nτ = 4
Nτ = 6
Nτ = 8
Nτ = 10
Nτ = 12

Interpolationǫ−3p
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orre
ted I/T 4 [S. Borsanyi et al., 2010℄ :IT 4 = exp `

−h1t̄ − h2t̄2´

·

„h0 +
f0 {tanh f1t̄ + f2}1 + g1 t̄ + g2 t̄2 «



Pressure and Energy Density
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pT 4 − p0T 40 =

∫ TT0 dτ ǫ− 3p
τ5 ∣

∣
∣
∣LCPmπ ≈ 700 MeV:
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Con
lusions & Outlook
◮ Con
lusions:- T
 for pion masses in the range 300 - 700 MeV- Chiral limit so far in
on
lusive- O(4) s
aling 
ompatible up to s
aling violation terms- Thermodynami
 equation of state for two pion masses- Have to further improve pre
ision at T > 0 and T = 0
◮ Outlook:- Nf = 2 + 1 + 1 35 / 36
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Comparison with DIK-Collaboration
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(G. S
hierholz et. al) from σ〈ψ̄ψ〉:
our data (tmfT)

DIK: arXiv:1102.4461
DIK: arXiv:0910.2392

r0Tc

r0mπ

1.81.61.41.210.80.60.40.2

0.75

0.7
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0.6

0.55

0.5
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0.4

0.35

0.3



Renormalization of Re(L)
〈TrL̂†(~x)TrL̂(~0)〉 = e−Fq̄q (~x,T )−F0(T )T →T→0 e−V (|~x|)T

38 / 36



Renormalization of 〈ψ̄ψ〉
〈ψψ〉ren = ZP(〈χ̄iγ5τ3χ〉bare +

µ 
P(β)a2 )

+ . . .

39 / 36
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