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» 1960s:

» spin-density waves in nuclear matter
(Overhauser)

» crystalline superconductors
(Fulde, Ferrell, Larkin, Ovchinnikov)

» 1970s — 1990s:
> p-wave pion condensation (Migdal)
» chiral density wave (Dautry, Nyman)
» after 2000:
» 141 D Gross-Neveu model (Thies et al.)

» crystalline color superconductors
(Alford, Bowers, Rajagopal)

» quarkyonic matter
(Kojo, McLerran, Pisarski, ... )
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L =i — myy + Gs [(0)? + (DirsT)?]

bosonize: o (x) = p(x)¥(x),  T(x) = P(X)irsT(X)

v

= L= (i)— m+2Gs(o +iys7 7)) ¢ — Gs (0 + 7?)
mean-field approximation:

o(x) = (o(x)) = S(X), ma(x) = (ma(X)) = P(X) 0as

v

» S(X), P(X) time independent classical fields
» retain space dependence !
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» bilinearinyand¢ = quark fields can be integrated out!
» inverse dressed propagator:
S7(x) = i) — m+2Gs (S(X) + insT3P(X)) = v° (i00 — Humr)

» effective Hamiltonian (in chiral representation):
Hume = HurelS, P] = o .5

v = HurlS, P] ( MR QG-

» constituent mass functions: M(X) = m — 2G[S(X) + iP(X)]

» Hwur hermitean = can (in principle) be diagonalized ( eigenvalues E))
> Huyr time-independent =- Matsubara sum as usual
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» remaining tasks:
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» Calculate eigenvalue spectrum Ex[M(X)] of Hur for given mass function M(X).
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» crystal with a unit cell spanned by vectors &;, i=1,2,3
— periodic mass function: M(X + &;) = M(X)
» Fourier decomposition: ~ M(X) = 3~ M, e/%*
G
> reciprocal lattice: ‘7g—f’ €Z

» mean-field Hamiltonian in momentum space:

=0 Pm 5ﬁmaﬁn Z: Mak 6,6”7,5/1*'6}(
Hp, 5, = ¥,
PmsP; T . [
e Z qk pm Pn— 0 Pm 5pm,pn

» different momenta coupled by M;, = 7 is nondiagonal in momentum space!
» g discrete = H is still block diagonal
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» general procedure:
» choose a unitcell {4} = {qgk}
» choose Fourier components Mj;
» diagonalize Hur — Quwr
> minimize Qur w.r.t. My

> minimize Qur w.r.t. {3}

— still very hard!

— further simplifications necessary
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» popular choice: M(z) = M;e'% (chiral density wave) &
» &  S(X)=Acos(gz), P(X)=Asin(gz)
» Hcow can be diagonalized analytically
» important observation: [D. Nickel, PRD (2009)]
The general problem with 1D modulations in 3+1D
can be mapped to the 1 + 1 dimensional case
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» consider only one-dimensional modulations: M(X) = M(z) = 3 My e*%
» popular choice: M(z) = M;e'% (chiral density wave) &
» &  S(X)=Acos(gz), P(X)=Asin(gz)
» Hcow can be diagonalized analytically
» important observation: [D. Nickel, PRD (2009)]
The general problem with 1D modulations in 3+1D
can be mapped to the 1 + 1 dimensional case
» 1+ 1D solutions known analytically: M. Thies, J. Phys. A (2006)]
M(z) = \/vAsn(Az|v) (chiral limit), sn(|v): Jacobi elliptic functions
» remaining task:

> minimize w.r.t. 2 parameters: A, v
> (almost) as simple as CDW, but more powerful
» m<#0: 3 parameters
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Phase diagram (chiral limit)
[D. Nickel, PRD (2009)]

including inhomogeneous phase
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» 1st-order line completely covered by the inhomogeneous phase!

» all phase boundaries 2nd order
» critical point coincides with Lifshitz point (NJL specific)
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Mass functions and density profiles (7 = 0)
[S. Carignano, D. Nickel, M.B., PRD (2010)]
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Free energy difference
[D. Nickel, PRD (2009)]
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» soliton phase favored, when it exists

» homogeneous chirally broken
» solitons

» chiral density wave:
Mcow(2) = A &%

> §Qsoliton =~ 20Qcow = CDW never favored
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Including vector interactions
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> Py = (Pyp) = n(X) 64 (density!)
» (1)) possible for inhomogeneous phases, but neglected

v

» mean-field Hamiltonian: Hue — ¢ = Huelgy=0 — (X)
» ji(X) = p —2Gy n(X) “shifted chemical potential”
» further approximation: n(X) — (n) = const. = i = const.

» questionable in the inhomogeneous phase at low . and T
» ok near the restored phase (including the Lifshitz point)
» advantage: known analytic solutions can still be used

» additional parameter: ji, fixed by constraint agg,F =0
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> consider two shapes:

» square lattice (“egg carton”)

M(xy) /M

M(x,y) = M cos(Qx) cos(Qy)

» hexagonal lattice

M(xy) /M

M(x,y) =¥ [2 cos (Qx) cos (% Qy) + cos(%oy)]

» minimize both cases numerically w.r.t. M and Q
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Two-dimensional modulations: results

[S. Carignano, M.B., arXiv:1203.5343]
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Two-dimensional modulations: further results
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Two-dimensional modulations: further results
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> rectangular lattice: » higher chemical potentials
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» 450 MeV < p < 900 MeV:
= “egg carton” local minimum egg carton favored

> 1 > 900 MeV: hexagon favored
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» NJL model with one- and two-dimensional modulations of (gqqg):
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» inhomogeneous phase rather stable w.r.t. vector interactions

» number susceptibility always finite (for Gy > 0)

» 1d modulations favored at “moderate”
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» Inhomogeneous phases must be considered!
» NJL model with one- and two-dimensional modulations of (gqqg):

» 1st-order line and critical point covered by an inhomogeneous region
» inhomogeneous phase rather stable w.r.t. vector interactions

» number susceptibility always finite (for Gy > 0)

» 1d modulations favored at “moderate”

» 2d modulations might be favored at higher p

» competition with color superconductivity must be taken into account

» experimental signatures?

» to be worked out ...
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