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Preamble

We start with de�nitions of the twist (in a nutshell):

• geometrical twist: τ = d − j de�ned for local quark-gluon

operators.

• collinear twist-t for non-local quark-gluon operators associated

with the behaviour on the light-cone or within the in�nite

momentum frame (ψ± = P±ψ with

P± = (γ0∓ γ3)(γ0± γ3)/4):

t = 2⇒ (ψ̄+ ψ+) ,

t = 3⇒ (ψ̄+ ψ−) , (ψ+ ψ+ ψ+) ,

t = 4⇒ (ψ̄−ψ−) , (ψ+ ψ+ ψ−) etc.

• the light-cone basis: nµ = (1/2,0T ,−1/2),
ñµ = (1/2,0T ,1/2) with n2 = ñ2 = 0 and n · ñ = 1/2.
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Matching:

leading twist-t⇐⇒ leading twist-τ

next-to-leading twist-t⇐⇒ τ ≤ next-to-leading twist-t

That is, any �amplitude" can be presented as

(L-twist-t operator)⊕ (NL-twist-t operator)⊕ ....

where

(NL-twist-t operator) 3 (L-twist-τ operator) ,

or

Onl−tw = (∂O l−tw )+ �genuine higher twist"

Onl−tw
WW

def
= (∂O l−tw ) .
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see, for example, Balitsky-Braun`88, Ball-Braun'96

• Geometrical twist 2:[
ψ̄(x)γµ [x ,−x ]ψ(−x)

]τ=2

=

∑
k

1

k!
xµ1 . . .xµk

S′all ψ̄(0)γµ

←→
Dµ1 . . .

←→
Dµk

ψ(0) =

1∫
0

du
∂

∂xµ

[
ψ̄(ux)x̂ [ux ,−ux ]ψ(−ux)

]
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• Geometrical twist 3:[
ψ̄(x)γµ [x ,−x ]ψ(−x)

]τ=3

=

∑
k

1

k!
xµ1 . . .xµk

S′µ1...µk
Aµ µ1ψ̄(0)γµ

←→
Dµ1 . . .

←→
Dµk

ψ(0) =

−iεµαβσ

1∫
0

du u xα∂β

{
ψ̄(ux)γσ γ5 [ux ,−ux ]ψ(−ux)

}
+

(ψ̄Gµαxα x̂ψ)+(ψ̄G̃µαxα x̂γ5ψ)
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see Efremov-Teryaev`86, Anikin-Teryaev`01

An alternative way to derive the WW-relations (or to extract the

WW-type contributions) based on the n-independence condition:

d

dnβ

(
factorized physical amplitude

)
= 0

and the QCD equation of motions.
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Spinor/Twistor Formalism

see, for example, Braun-Manashov,`10

The Dirac bispinors read

q =

(
ψα

χ̄ β̇

)
≡
(

ϕL

ϕR

)
, q̄ ≡ q†

γ0 = (χ
β

ψ̄α̇)

where

(0,
1

2
) =⇒ ϕ

′
R ≡ ϕR(p) = eσ ·φ/2

ϕR(0)≡MϕR ,

(
1

2
,0) =⇒ ϕ

′
L ≡ ϕL(p) = e−σ ·φ/2

ϕL(0)≡ NϕL ,

N 6= SMS −1 but N = CM∗C−1 ,

with

an arbitrary matrix S ∈ SL(2,C) , C = iσ2
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some de�nitions

• For any matrix A = aµσ µ ∈ SL(2,C) with

(σ µ)
α β̇

= (1,~σ) , (σ̄ µ)α̇ β = (1,−~σ) = (σ µ)β α̇

and aµ =
1

2
trD(Aσ̄µ) =

1

2
trD(Āσµ);

• Using ε12 = ε12 =−ε1̇2̇ =−ε 1̇2̇ = 1, we have

uα = ε
αβuβ , uα = uβ

εβα , ūα̇ = ū
β̇

ε
β̇ α̇ , ūα̇ = ε

α̇ β̇
ūβ̇ ;

• (u)∗ := ū , (u v) := uα vα =−uα vα ;

• (u v)∗ = (v̄ ū) and ūα̇ v̄
α̇ =−ūα̇ v̄α̇
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• The γµ matrices take the forms

γ
µ =

(
0 (σ µ)

αβ̇

(σ̄ µ)α̇β 0

)
, â =

(
0 A

αβ̇

Āα̇β 0

)
and

γ5 =

(
−δ

β

α 0

0 δ α̇

β̇

)
.
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Let us introduce the so-called twistor basis:

λα ∼
(
0

1

)
λ

α ∼
(
1

0

)
µα ∼

(
−1
0

)
µ

α ∼
(
0

1

)
with λαλ α = µα µα = 0 and (µλ ) =−(λ µ) = 1. Within this basic,

we are able to expand the spinors as

ψα = λαψ−−µαψ+ χ̄
α̇ = χ̄

+
λ̄

α̇ + χ̄
−

µ̄
α̇ .

P.S.We also remind

ξ
+ 1

2
α (φ ,θ) =

(
e−iφ/2 cos θ

2

e iφ/2 sin θ

2

)
, ξ

− 1
2

α (φ ,θ) =

(
−e−iφ/2 sin θ

2

e iφ/2 cos θ

2

)
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Within the twistor representation, the light-cone basis read

nαα̇ = λα λ̄α̇ , ñαα̇ ≡ pαα̇ = µα µ̄α̇ .

The equation of motions for nucleon

mN n̂N
+(P) = 2(P.n)N−(P)

(
p̂N−(P) = mNN

+(P)
)

will take the following form

2(p.n)ψ− =−mN(µλ )χ̄+
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Conformal Group and its Collinear Subgroup

see, Braun,Korchemsky,Muller`03

Among the general co-ordinate transformations that conserve

ds2 = gµν(x)dxµdxν there are the transformations that change

only the scale:

g ′µν = ω(x)gµν

and conserve the angles and the light-cone invariant.

The full conformal algebra in d = 4 includes 15 generators:

• Pµ =⇒ 4 translations;

• Mµν =⇒ 6 Lorentz rotations;

• D =⇒ 1 dilatation;

• Kµ = IPµI =⇒ 4 special conformal transformations;
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We remind the special conformal transformation (for an arbitrary a):

x ′µ = I PI xµ =
xµ +aµx

2

1+2a · x +a2x2

and the special case is

x ′− =
x−

1+2a+ · x−
,where x2 = 0 ,a = a+ .

The collinear subgroup generates (Φ(z) = Φ(zn)):

z ′ =
az +b

cz +d
, ad −bc = 1 ,

Φ′(z) = (cz +d)−2jΦ
(az +b

cz +d

)
, j =

d + s

2
.
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Consider now the realization of conformal group. First, we

introduce the raising and lowering operators:

L± = L1± iL2 ,

L0 =
i

2
(D+M−+) , E =

i

2
(D−M−+) ,

where L+ =−iP+ and L− = i/2K−. Working with the function

Φ(z)≡ Φ(zn), we have

[L+,Φ(z)] =−∂zΦ(z)≡L+Φ(z) ,

[L−,Φ(z)] = (z2∂z +2jz)Φ(z)≡L−Φ(z) ,

[L0,Φ(z)] = (z∂z + j)Φ(z)≡L0Φ(z) .

Here, Li act on the Hilbert space while Li � on the �eld

representation.
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Conformal Tower

Consider the Taylor expansion of Φ(z):

Φ(z) = ∑
k

zk

Γ(k +1)
∂
kΦ(0) = ∑

k

ckz
kOk(0) ,

where

Ok = [L+, ...[L+,Φ(0)]...] =−(∂ )kΦ(z)
∣∣∣
z=0

.

can be referred to the conformal tower.
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Notice that Φ(0) is a conformal operator, i.e.

[L−,Φ(0)] = 0 and [L0,Φ(0)] = jΦ(0) ,

∑
i

[Li , [Li ,Φ(0)]] = j(j−1)Φ(0)≡L 2Φ(0) .

Moreover, any local composite operator can be speci�ed by a

polynomial:

Ok(0) = Pk(∂ )Φ(z)
∣∣∣
z=0

where Pk(u) = (−u)k .
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The sl(2,R)-algebra can be realized by di�erent representations.

Indeed, we are able to introduce the operators L̂i acting on the

polynomial space instead Li acting on the �eld:

Pk(∂ )L±Φ(z)
∣∣∣
z=0

= L̂∓Pk(∂ )Φ(z)
∣∣∣
z=0

.

That is, we deal with the adjoint representation:

L̂+Pk(u) = (u∂
2 +2j∂ )Pk(u) ,

L̂−Pk(u) = (−u)Pk(u) ,

L̂0Pk(u) = (u∂ + j)Pk(u) .
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However, the above-mentioned repres., in not convenient one owing

to ∂ 2. To avoid the problem, we use the following trick based on

the observation that the derivatives of Φ map into the vector space

spanned by |n〉 (n means the number of derivatives):

|n〉 ≡ Zn =
∂ nΦ(0)

Γ(n+2j)
.

In other words, we can say that the polynomials zn determine

completely the structure of the local composite operator On:

zn(or Zn)
map⇐⇒ ∂

nΦ(0) .
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De�ne the generator operators which act on the polynomials space:

[G,Zn] =
∂ n

Γ(n+2j)
[L+,Φ(0)] = (n+2j)Zn+1 = S+Zn ,

where S+ = 2jZ+Z2∂Z.

Thus, to summarize we conclude that

Φ(z) = ∑
n

cn{SN
+ I}{∂NΦ(0)} .

P.S. Going over to the most general case, the trivial local conformal
operator Φ(0) should be replaced by the local conformal composite
operator Om(0) with m− number of (covariant) derivatives:

[L−,Om(0)] = 0 and [L0,Om(0)] = (J+m)Om(0) .
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Nucleon DAs

The leading twist DA is de�ned as

〈0|ε ijku↓i+(z1n)u
↑j
+ (z2n)d

↓k
+ (z3n)|P〉=

=−1

2
(pn)N↓+

∫
Dx e−i(pn) ∑xi zi Φ3(x) .

The integration goes here over the simplex, i.e.

Dx = dx1 dx2 dx3 δ (1− x1− x2− x3) .
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The nucleon DAs of twist−4, Φ4, Ψ4, Ξ4 are de�ned as

〈0|ε ijku↓i+(z1)u
↑j
+ (z2)d

↓k
− (z3)|P〉=

=
1

4
(µλ )mNN

↑
+

∫
Dx e−i(pn)∑zkxk Φ4(x) ,

〈0|ε ijku↑i+(z1)u
↓j
− (z2)d

↓k
+ (z3)|P〉=

=
1

4
(µλ )mNN

↑
+

∫
Dx e−i(pn)∑zkxk Ψ4(x) ,

〈0|ε ijku↓i− (z1)u
↓j
+ (z2)d

↓k
+ (z3)|P〉=

=
1

4
(µλ )mNN

↓
+

∫
Dx e−i(pn)∑zkxk Ξ4(x)
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WW term for twist four

To the one loop accuracy , the expansion of nonlocal operators in

terms of local multiplicatively renormalized operators reads

O3(z) = ∑
N,k,q

aNk S
k
+ΦNq(~z) ∂

k
+ Ot=3

Nq ,

where ∂+ = (n∂ ) and S+ = S1,+ +S2,+ +S3,+ is the sum of

one-particle generators.

The similar expansion can be written for the twist-4 operator:

O4(z) = ∑
N,k,q

bNk S
k
+ΨNq(~z) ∂

k
+ Ot=4

Nq .

P.S. Here the coe�cients are aNk = Γ(2N+6)/(k!Γ(2N+6+k)) and

bNk = Γ(2N+5)/(k!Γ(2N+5+k))
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Schematically, the local twist-4 operators can be formed by the

following combinations:

Ot=4,(1)
N ∼ ψ+ ψ+ ψ− ,

Ot=4,(2)
N ∼ ψ+ ψ+ (∂T

ψ+)⊕ψ+ ψ+ (∂+ψ−) .

More exactly, we have

Ot=4,(1)
Nq (µ) =

1

N +2
(µ∂λ )Ot=3

Nq ,

Ot=4,(2)
N+1,q (µ) =

1

4(N +3)2

(
i
[
P

µλ̄
,Ot=3

Nq

]
− N +2

2N +5
i
[
P

λλ̄
,Ot=4,(1)

Nq (µ)
])

.
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Notice that the non-local twist-4 operator can be expressed as

λ∂µO4(~z) = O3(~z) .

Therefore, we have the following relation:

∑
N,k,q

aNk S
k
+ΦNq(~z)∂

k
+ Ot=3

Nq = ∑
N,k,q

{
bNk S̃

k
+Ψ

(1)
Nq(~z)∂

k
+ Ot=3

Nq

+
bN+1k

2(N +3)(2N +5)
S̃k

+Ψ
(2)
N+1q(~z) ∂

k+1
+ Ot=3

Nq

}
,

where S̃+ = S+− z1.
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We now derive the recurrent relations:

• for k = 0,

Ψ
(1)
N (~z) = ΦN(~z) ;

• for k = 1,

Ψ
(2)
N+1(~z) =

(
aN 1S+−bN 1[S+− z1]

)
ΦN(~z)

= −
[
S

(111)
+ −2(N +3)z1

]
ΦN(~z) .
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Thus, we derive the following expression for the contributions of the

descendants of the twist−3 operators to the light-ray operators

O4(z):

OWW
4 (z) = ∑

N,k,q

bNk S
k
+

{
Ψ

(1)
Nq(z) ∂

k
+ Ot=4,(1)

Nq (µ)

+Ψ
(2)
Nq(z) ∂

k
+ Ot=4,(2)

Nq (µ)
}
.
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In order to �nd ΨWW
4 (x), we take the nucleon matrix elements of

both sides of the above-mentioned equation. By de�nition

〈0|OWW
4 (z)|P〉= 1

4
(µλ )mNN

↑
+

∫
Dx e−i(pn)∑zkxkΨWW

4 (x2,x1,x3).

In its turn, for the matrix elements of the operators Ot=4,(1)
Nq (µ),

Ot=4,(2)
Nq (µ) one derives

〈0|Ot=4,(1)
Nq |P〉= 1

4
(µλ )mNN

↑
+

(−ipn)NφNq

N +2
,

〈0|Ot=4,(2)
N+1q |P〉=−

1

8
(µλ )mNN

↑
+

(−ipn)N+1φNq

(N +3)2(2N +5)
.
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After some algebra, one can bring the matrix element to the form

1

4
(µλ )mNN

↑
+ ∑
Nq

Γ(2N +5)φNq

∫
Dx x2x3 e

−i(pn)∑zkxk

×

{
1

N +2
P

(1)
N,q(x)− 1

N +3
P

(2)
N+1,q(x)

}
,

where the polynomials P
(1)
N,q(x), P

(2)
N+1,q(x) are given by the sl(2)

Fourier transform

P
(k)
N (x) = 〈e∑

3
i=1 xi zi |Ψ(k)

Nq 〉 1211 .

Here 〈∗,∗〉 stands for the sl(2) invariant scalar product.
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We now have to express all polynomials in terms of PNq which

enter the expansion for twist−3 nucleon DA, Φ3(x). It follows that

cNqPNq(x) = Γ(2N +6)〈e∑
3
i=1 xi zi |ΦNq〉111 .

And, one gets for P
(1)
Nq ,

P
(1)
Nq (x) = rNq ∂x1x1PNq(x) ,

where rNq = cNq/Γ(2N +6).

Since the generators S j
+ and S

j
− (here j is multiindex j = (j1, j2, j3))

are conjugated with respect to the corresponding scalar product,

〈Ψ|S j
+Φ〉j =−〈S−Φ|Ψ〉j , we obtain

P
(2)
N+1,q(x) = rNq

[
(2N +5)− x123∂x1

]
x1PNq(x) ,

where x123 = x1 + x2 + x3.
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Finally, we derive the following expression

ΨWW
4 (x) = −∑

Nq

cNqφNq

(N +2)(N +3)

× [N +2−∂x2 ]x1x2x3PNq(x2,x1,x3)
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