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MeanMean Field Field MethodsMethods for for 
NuclearNuclear StructureStructure

Part 1: Part 1: HartreeHartree--FockFock andand HartreeHartree--
FockFock--BogoliubovBogoliubov for for GroundGround

States States 

Part 2: RPA Part 2: RPA andand QRPA for QRPA for 
ExcitationsExcitations
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OutlineOutline ofof part 1part 1

-- IntroductionIntroduction
-- EnergyEnergy densitydensity functionalfunctional
-- HartreeHartree--FockFock (HF) (HF) andand HartreeHartree--
FockFock--BogoliubovBogoliubov (HFB)(HFB)
-- QuasiparticleQuasiparticle continuum: exact continuum: exact andand
approximateapproximate treatmentstreatments
-- Illustrative Illustrative examplesexamples
-- SummarySummary
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MicroscopicMicroscopic approachesapproaches to to manymany--
bodybody, , finitefinite nuclearnuclear systemssystems

TheoreticalTheoretical modelsmodels basedbased on effective on effective 
interactions interactions betweenbetween nucleonsnucleons::
-- NuclearNuclear shellshell modelmodel
-- MeanMean fieldfield approachesapproaches ((andand beyondbeyond))
-- molecularmolecular dynamicsdynamics

* * goinggoing awayaway fromfrom stabilitystability regionsregions, , wewe needneed a a 
theoreticaltheoretical frameworkframework whichwhich cancan bebe predictivepredictive
andand able to able to handlehandle new situationsnew situations ((continuum, continuum, 
pairingpairing correlationscorrelations in continuumin continuum).).
* * thethe HartreeHartree--FockFock--BogoliubovBogoliubov + + QuasiparticleQuasiparticle
RandomRandom Phase ApproximationPhase Approximation cancan bebe usedused fromfrom
unstableunstable nucleinuclei to neutron star to neutron star crustcrust..
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HartreeHartree--FockFock andand HFHF--BogoliubovBogoliubov
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EnergyEnergy DensityDensity FunctionalFunctional in in 
HartreeHartree--FockFock
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Effective Interactions Effective Interactions 

particle-hole channel:                       particle-particle channel:
Skyrme interaction                                           zero-range
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DensitiesDensities

Normal Normal densitydensity, or , or 
densitydensity matrixmatrix

AbnormalAbnormal densitydensity, , 
or or pairingpairing tensortensor

†
j iij

a aρ = Φ Φ

j iij a aκ = Φ Φ

†ρ ρ=
†ρ ρ=

Tκ κ=−
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OneOne--bodybody densitiesdensities in in HartreeHartree--FockFock
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GeneralisationGeneralisation to to HartreeHartree--FockFock--
BogoliubovBogoliubov
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HFB HFB densitiesdensities in in sphericalspherical casecase

NuclearNuclear densitydensity

AbnormalAbnormal (or (or 
pairingpairing) ) densitydensity

KineticKinetic energyenergy
densitydensity

Spin Spin densitydensity
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TheThe HartreeHartree--FockFock--BogoliubovBogoliubov
EquationsEquations
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HartreeHartree--FockFock fieldfield andand pairingpairing fieldfield
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Finite-Temperature HFB

fi=(1+eEi/kT)-1

∆T(r) = VpairκT(r)

N.S, Phys.Rev.C70 (2004) 025801

where :
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4
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QuasiparticleQuasiparticle continuumcontinuum
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TreatmentTreatment ofof quasiparticlequasiparticle
continuum (1)continuum (1)
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TreatmentTreatment ofof quasiparticlequasiparticle
continuum (2)continuum (2)
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TreatmentTreatment ofof quasiparticlequasiparticle
continuum (3)continuum (3)
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DensitiesDensities withwith continuumcontinuum
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DiscretizationDiscretization by box by box boundaryboundary
conditioncondition

AlternativelyAlternatively, , oneone cancan enclose enclose thethe
systemsystem in a box in a box ofof radius R.radius R.
TheThe quasiparticlequasiparticle spectrumspectrum isis
calculatedcalculated withwith thethe boundaryboundary
condition condition thatthat thethe wavewave functionfunction
vanishesvanishes atat r=r=R.R.
One One thusthus obtainsobtains a a discretediscrete set set ofof
states states formingforming a a completecomplete basis in basis in 
thethe box.box.
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illustration: Ni isotopesillustration: Ni isotopes
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E. Khan, 
N. Sandulescu
Nguyen Van Giai
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Inner Crust Matter
~ ρ0 ~ 0.001ρ0~ 0.5 ρ0

Crystal lattice structures
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Elementary cells

Wigner-Seitz cell Elementary cell Lattice
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Density  in the Wigner-Seitz Cells 

N.Sandulescu, Nguyen Van Giai,R.J.Liotta, Phys.Rev.C69(2004)045802
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Pairing Field  in the Wigner-Seitz Cells

N.Sandulescu, Phys.Rev.C70 (2004) 025801
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Can Can oneone relate relate SkyrmeSkyrme force to a force to a 
nuclearnuclear mattermatter microscopicmicroscopic theorytheory??

DensityDensity MatrixMatrix Expansion (DME) Expansion (DME) 
methodmethod ofof NegeleNegele--VautherinVautherin (1972)(1972)

FromFrom BruecknerBrueckner TheoryTheory to to SkyrmeSkyrme
EnergyEnergy FunctionalFunctional, , L.G.L.G. Cao, U. Cao, U. 
Lombardo, Lombardo, C.W.C.W. ShenShen, NVG (2005): , NVG (2005): 

fit fit ofof EBHF EBHF resultsresults in in nuclearnuclear mattermatter to to 
determinedetermine thethe force force parametersparameters..
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Effective MassesEffective Masses
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SkyrmeSkyrme parametersparameters fromfrom EBHF EBHF 
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FiniteFinite NucleiNuclei

DensityDensity profilesprofiles Energies Energies andand RadiiRadii
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SUMMARYSUMMARY

A A selfself--consistentconsistent theorytheory ofof nuclearnuclear
groundground states.states.
PairingPairing andand continuum continuum effectseffects are are 
treatedtreated..
Applications to Applications to thethe description description ofof
unstableunstable nucleinuclei..
Applications to Applications to thethe physicsphysics ofof thethe
innerinner crustcrust ofof neutron stars.neutron stars.
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MeanMean Field Field MethodsMethods for for 
NuclearNuclear StructureStructure

Part 1: Part 1: HartreeHartree--FockFock andand HartreeHartree--FockFock--
BogoliubovBogoliubov for for GroundGround States States 

Part 2: RPA Part 2: RPA andand QRPA for ExcitationsQRPA for Excitations
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OutlineOutline ofof Part 2:Part 2:

1.1. LinearLinear responseresponse theorytheory: a : a briefbrief reminderreminder
2.2. NonNon--relativisticrelativistic RPA (RPA (SkyrmeSkyrme))
3.3. Extension to QRPAExtension to QRPA
4.4. Illustrative casesIllustrative cases
5.5. SummarySummary
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LinearLinear ResponseResponse TheoryTheory

In In thethe presencepresence ofof a  a  timetime--dependentdependent externalexternal
fieldfield, , thethe responseresponse ofof thethe systemsystem revealsreveals thethe
characteristicscharacteristics ofof thethe eigenmodeseigenmodes..
In In thethe limitlimit ofof a a weakweak perturbingperturbing fieldfield, , thethe linearlinear
responseresponse isis simplysimply relatedrelated to to thethe exact exact twotwo--bodybody
Green’s Green’s functionfunction..
TheThe RPA RPA providesprovides an approximationan approximation schemescheme to to 
calculatecalculate thethe twotwo--bodybody Green’s Green’s functionfunction. .. .
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AddingAdding a a timetime--dependentdependent externalexternal fieldfield::

.
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FirstFirst orderorder responseresponse as a as a functionfunction
ofof timetime

.
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TwoTwo--bodybody Green’s Green’s FunctionFunction andand
densitydensity--densitydensity correlationcorrelation functionfunction 11

.
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LinearLinear responseresponse functionfunction andand
StrengthStrength distributiondistribution
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Main Main resultsresults::

TheThe knowledgeknowledge ofof thethe retardedretarded Green’s Green’s functionfunction
givesgives accessaccess to:to:
Excitation Excitation energiesenergies ofof eigenmodeseigenmodes ((thethe polespoles))
Transition Transition probabilitiesprobabilities ((residuesresidues ofof thethe responseresponse
functionfunction))
Transition Transition densitiesdensities (or (or formform factorsfactors), transition ), transition 
currentscurrents, , etcetc… … ofof eacheach excitedexcited state .state .
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TDHF TDHF andand RPA (1)      RPA (1)      11
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TDHF TDHF andand RPA (2)      RPA (2)      44

And by comparing with p.6
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ResidualResidual pp--hh interactioninteraction
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AnalyticAnalytic summationsummation ofof singlesingle--
particleparticle continuum       continuum       33

1) u, w are regular and irregular solutions satisfying appropriate asymptotic conditions

2) This analytic summation is not possible if potential U is non-local . 
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ApproximateApproximate treatmentstreatments ofof
continuum continuum 

CalculateCalculate positivepositive--energyenergy s.p.s.p. states states withwith
scatteringscattering asymptoticasymptotic conditions, conditions, andand sumsum
overover an an energyenergy gridgrid alongalong thethe positive positive 
axis, axis, upup to to somesome cutcut--offoff
SumSum overover discretediscrete states states ofof positive positive 
energyenergy calculatedcalculated withwith a box a box boundaryboundary
condition .condition .
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FiniteFinite temperaturetemperature 22

Applications: evolution of escape widths and Landau 
damping of IVGDR with temperature .
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RPA on a RPA on a pp--hh basisbasis
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A A andand B matricesB matrices
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RestorationRestoration ofof symmetriessymmetries
ManyMany symmetriessymmetries are are brokenbroken by by thethe HF HF meanmean--
fieldfield approximation: approximation: translationaltranslational invariance, invariance, 
isospin isospin symmetrysymmetry, , particleparticle numbernumber in in thethe case case ofof
HFB, HFB, etcetc……
If RPA If RPA isis performedperformed consistentlyconsistently, , eacheach brokenbroken
symmetrysymmetry givesgives an RPA (or QRPA) state an RPA (or QRPA) state atat zerozero
energyenergy ((thethe spuriousspurious state)state)
TheThe spuriousspurious state state isis thusthus automaticallyautomatically
decoupleddecoupled fromfrom thethe physicalphysical RPA excitationsRPA excitations
This This isis notnot thethe case in case in phenomenologicalphenomenological RPA .RPA .
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SumSum rulesrules 11

For For oddodd k, RPA k, RPA sumsum rulesrules cancan bebe
calculatedcalculated fromfrom HF, HF, withoutwithout performingperforming a a 
detaileddetailed RPA RPA calculationcalculation..
k=1: k=1: ThoulessThouless theoremtheorem
k=k=--1: 1: ConstrainedConstrained HFHF
k=3: k=3: ScalingScaling ofof HF .HF .
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PhenomenologicalPhenomenological RPARPA
TheThe HF HF meanmean fieldfield isis replacedreplaced by a by a 
parametrizedparametrized meanmean fieldfield ((harmonicharmonic oscillatoroscillator, , 
WoodsWoods--SaxonSaxon potentialpotential, …), …)
TheThe residualresidual pp--hh interaction interaction isis adjustedadjusted ((LandauLandau--
MigdalMigdal formform, , mesonmeson exchangeexchange, …), …)
UsefulUseful in in manymany situations (situations (e.g.e.g., , doubledouble--betabeta
decaydecay))
DifficultyDifficulty to relate to relate propertiesproperties ofof excitations to excitations to 
bulkbulk propertiesproperties (K, (K, symmetrysymmetry energyenergy, effective , effective 
massmass, …) ., …) .
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FiniteFinite rankrank formform ofof SkyrmeSkyrme HFHF--RPARPA
((V.VoronovV.Voronov, Ch. , Ch. StoyanovStoyanov et et alal.).)
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QRPA (1)QRPA (1)

TheThe schemescheme whichwhich relates RPA to relates RPA to linearizedlinearized
TDHF  TDHF  cancan bebe repeatedrepeated to to derivederive QRPA QRPA fromfrom
linearizedlinearized TimeTime--DependentDependent HartreeHartree--FockFock--
BogoliubovBogoliubov (cf. E. Khan et (cf. E. Khan et alal., Phys. ., Phys. RevRev. C 66, . C 66, 
024309 (2002))024309 (2002))
FullyFully consistent QRPA consistent QRPA calculationscalculations, , exceptexcept for 2for 2--
body body spinspin--orbitorbit, , cancan bebe performedperformed (M. (M. 
YamagamiYamagami, NVG, Phys. , NVG, Phys. RevRev. C 69, 034301 . C 69, 034301 
(2004)) .(2004)) .
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QRPA (2)QRPA (2)
If If VppVpp isis zerozero--rangerange, , oneone needsneeds a a cutcut--offoff in in qpqp
spacespace, or a , or a renormalisationrenormalisation procedureprocedure a la a la 
BulgacBulgac. . ThenThen, , oneone cannotcannot sumsum upup analyticallyanalytically
thethe qpqp continuum continuum upup to to infinityinfinity
If If VppVpp isis finitefinite range (range (likelike GognyGogny force) force) oneone
cannotcannot solvesolve thethe BetheBethe--SalpeterSalpeter equationequation in in 
coordinatecoordinate spacespace
ItIt isis possible to possible to sumsum overover an an energyenergy gridgrid alongalong
thethe positive axis ( Khan positive axis ( Khan -- SandulescuSandulescu et et alal., ., 
2002) .2002) .
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TheThe QRPA Green’s QRPA Green’s FunctionFunction
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ExternalExternal fieldfield andand StrengthStrength
distributiondistribution
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2+ states in 120Sn2+ states in 120Sn
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2+ states in 120Sn, 2+ states in 120Sn, withwith smearingsmearing
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33-- states in 120Sn, states in 120Sn, withwith smearingsmearing
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Evolution Evolution ofof pairingpairing in N=20 in N=20 
isotonesisotones
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EffectEffect ofof pairingpairing on 2+ stateson 2+ states
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E. Khan, 
N. Sandulescu
Nguyen Van Giai
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Wigner-Seitz cells

Wigner-Seitz cell Elementary cell Lattice
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SupergiantSupergiant resonances resonances 

L=1

L=0

L=2

71%  EWSR 

QRPA
HFB

Effect on specific heat ?
E.Khan,N.Sandulescu,Nguyen Van Giai, Phys.Rev.C

71,042801 (R) (2005)

Z=50
N=1750
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ConcludingConcluding RemarksRemarks

TheThe RPA RPA andand QRPA QRPA approachapproach in in 
coordinatecoordinate spacespace hashas itsits ownown advantageadvantage..
But: But: veryvery complicatedcomplicated to to includeinclude 22--body body 
spinspin--orbitorbit!!
NecessaryNecessary to to workwork in configuration in configuration spacespace
((matrixmatrix formform) for full ) for full selfself--consistencyconsistency..
To To bebe exploredexplored: : deformeddeformed RPA RPA andand QRPA QRPA 
withwith SkyrmeSkyrme forces.forces.
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PairingPairing windowwindow methodmethod

K. Hagino, H. Sagawa, Nucl. Phys. A 695, 82 (2001)  .




