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How to calculate nuclear reactions in dense medium?

1. Green’s function method
equilibrium diagram techniques
non-equilibrium diagram techniques

2. Double counting problem
Optical theorem

3. Fermi liquid approach
guasiparticles
effective charges

4. Ward identities and current conservation

5. Fermi systems with pairing



(Green’s functions

N-body system: wave function of the whole system ¥(x;,X5,...,Xy)
encodes the dynamics of all particles and is very complicated

Introduce the object which describes the dynamics of the reduced number of particles of interest

one-particle propagation

Amplitude of particle transition from a point (x,t) to a point (x’,t")

U(x',t") = /da: G U, )V (x,t) ¢ >t



fort!=t+0 Y(x/,t+0)= /da: G(&' t+0; 2, 1)U (x, )
G t+ 0.2, t) = d(x' — x)

If ‘A(x,t) obeys the Schrédinger equation 10, — H(x)| V(x,t) =0
10, — H(x)] G (@, t: &', t) =id(t — ) d(x — o)
for homogeneous system :  GD(x! ¢, t) = G (& — )%t —t > 0)

eigenfunctions:  H pa(x) = ex(x) p(x)

G<+><213 T, =1 —t Z/i —16790)\ >gp)\< >
A

) e—e€x+10

G Uz, t) =< N|U(z',t) Ul(w, t)|N >

or(x)aye "N IN >=dalalal.. al|0>

a;, a,Jr annihilation and creation operator



Green’s function of non-interacting fermions

iG(z, b2, V) =< N|T{¥(z,t) Uiz, ) }|N >
i I N, ) U@ )N > 0, p— < N ) U, O)|N > b,

-

no interaction
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G(e,p)

particle
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Full Green’s function

particle-line

. diagonal in spin-space
. 1
GO<€7 p> —

e —p?/2my +10sign (e — ep)

analogously for the hole-line

> <«——— particle-particle, particle-hole hole-hole interactions




Diagram technique

Ground state:

iG(x,y) = < NIT{U(2)V (y)}|N > =< N|ST{T(2)¥}(y)}S|N >

in interaction picture: 1G =< N\f{\/ﬁ](x)@}(y)}g\]\f >< 5>

transition from the ground state to the ground state under action of evolution operator

S =Texp { "y / @<t>dt} Vi(t) = Holp) 1y =i Ho(ut
T - HO(:“) = Hy — ZM@Na

time ordering

Only one type of Green'’s functions




Diagram technique ”out of non-equilibrium”

For a non-equilibrium state | N >

iG (2,y) =< N|T{U(@) ¥ ()} [N > = < N| S T{0(2) T ()} S|V >

4 < NIT{U(2) T N §IN><§ ' >

non-equilibrium ground state at -0 does not transit to the same ground state at +«

due to possible decays 4 Green’s functions
iG (z,y) =< N| T{T(2) B ()} IV > iGH(2,y) =< N| TH{T(2) T (y)} |V >

inverse time ordering
Wigner densities (no time ordering operations)

iG () = F < N|U () U() [N > iGT(2,y) =< N|B(@) T () |V >

Green functions are not independent !

G +GT=GT"+G.



Diagram technique “out of equilibrium”

Assume suppression of initial correlations (t>>t Wick theorem

COF)

averaging of equations of motion for operators we obtain
coupled Schwinger-Dyson equations

for G, G, G, G

G(z,y) = G'(z,y) +/GO(:C, (z,2)G(Z,y)

matrix of matrix of matrix of

full G.F. bare G.F. self-energies _
For Green’s functions

o.0) +< ) and self-energies
F(z,y) I " (x,y
generfaltrs]tructtjre F(z,y) = - ) - ) F ={G,II,>}
of the matrix Fr(a,y) FH(x,y)
“covariant metric” Fij = O'Z']ngj, Oik = <U3>z‘k7 Uf — 5z'l<:7 2, k= {_7 +}
[lvanov, Knoll, Voskresensky. NPA 657 (1999); NPA 672 (2000)]

different notations compared with LP (different signs in G% and I1¥) and KB text books (>, <)

Factor (—2) for 7 —7 vertex and (44) for ” + 7 vertex is used.



retarded Green’s function GR — G -G

decouples and defines excitation spectrum

R AOR 0.R 1R R
Gy =Gy + Gy - gy Gy

e No Wick rotation

e Same diagrams as for ground-state system



Thermal equilibrium

In equilibrium only one Green’s function (self-energy) (GR,ZR)is required :

Fip) FELif(E)A +i f(F)A for Green’s functions A = A
2 —i(1F f(E))A By f(E)A for self-energies A = I
F={G,II,>} |
ticl tion factors: f E) = Wigner densities:
particle occupation factors: J () E/T) 1
I’
P _ R _ - . R
spectral function: A(p) = —2Im G™ = VEESEIN width ['= —2ImlI

no relation between energy and momentum

2 L
_ 1 : ___ P non-relativistic
mass operator M Q(p) + Re with () =¢ 5 particles

9 9 relativistic
Q=p —m bosons

=) specific role of G

G x f(F)!




Thermal equilibrium

s fEEEEETTEEE T -0 A —270(M)

that fixes in-medium mass-shell M = —Q<p> + Rell =0

T2
in quasiparticle limit ' << Er eachextra (" line brings a factor X —5

Eg

“perturbation series” in number of (- +) Green functions (T-counting)

® gas limit particles are on mass-shelland Re [T% — ()

Gt =+27mi f(E)S(E+pu—E,) Gi =-271i(l— f(E)SE +u— E,)



In equilibrium, the usage of “+-” notations is a matter of taste

TRANSPORT EQUATION FOR A DEGENERATE SYSTEM OF FERMI PARTICLES

G. M. ELIASHBERG

rl(sm En%} “’m) =T 2 G (8,,")0(8,,'f' gt W) — E,,")

n*

E,,:mm Epttidy
XD (&, — €q=) D (E,0 — Ex).

sponding to the interaction. If is most convenient
to study the analytic properties of this diagram
by substituting for the summation over n” an in-
tegration:

r] (Em .3 wm) o e

" { der{th & (Gr (")
rl (an En, mm) - ;‘l—' Sdz th 227.‘ G (Z) G (Hrl + Epr Arti —Soo { 2T
C

(il

o G.—I(E!I)IG(E” + £’ +mm reach 8”)
% D (en — ¢*) D (¢" — &n) + th 37 [GA (— &)
= (— 8”)10(8" -+ € + &p¢ - (-Um)D(— g’ — 5,:'—(1).'1:)

+ Wy — 2) D (8,, PR 2) D (Z o Sn') + T [G (En) G (8”'

+ @m) D (0) D (e, — Enr) T G (en) G (ea + ©m)
xD (511 s an') D (0)]' (7)

%D (8" + & + wm) +cthi= (DA (— &)

— DR (— e")] G (&" -+ €3) G (en +om— €°) D (&" +&x
—ex) +cth 5 (DR (e”) —DA4 (e")] G (&" + &)

X G (8n + 0m — ) D (8n — e — &)} (8)




Kinetic equations f(t,r,p) distribution of particles in the phase space

9,
e Boltzmann KE a—J; + ’vvwf + Floxt fo — I[f]

drift term

Between collisions “particles” move along characteristic determined by an external force F .

collision term (binary collisions):

Ilf] = /dp’dpldpiW(p,pllp’,pi)[f(t;'r,p’) ft,r, ) — flt,r,p) f(t, 7, py)]

e Quantum KE ﬁ F(X’ p) — {Fin(X, p), %GR(X, p)} — C(X: p)
(X;p) — (t?q}‘Ei‘p)

- - ORIH(X 0  ORYE(X,p) O
drift operator:  D(...) = |v, — (X, p) 4 (X, p)
| OpH J(?Xu HXH Ip,.
W ,L(f _
21 (Xp) vt =(1,p/m)

for non-relat. part.

collision term: (X, p) = I'™(X, p) F(X, p) — (X, p) F (X, p)

Gain term (production rate): FiH(X’ p) = q:fgz}—ﬂX’ p)
Loss term (absorption rate): I (X, p) =27 (X, p)



DOUBLE COUNTING PROBLEM
(diplopia)

\




How to calculate reaction rates in medium?

Let a lepton pair (4,,4,) be coupled to a boson (B) or to a fermion pair (@,, @)

-;” 2' \22 %
0 Mﬁ(: B o
104 e N\

Lepton production rate in medium consisting of the bosons and fermions is given by
- fez .4

28
d 2_
-
et
{rRY
summation over the phase space of initial particle (occupation factors)

- . Fz
Introduce a coupling among boson and fermions: P ,\,\(
F

4 -~ - ""e,
M VACUUW Z é’f‘; £ " 5

{E)ﬁ.} E FZ F Fz- 1

Feynman diagrams

l

2 |~

‘ J.

{B}




m medium

P

consisting of fermions @, the boson propagator is

W=W+\/\-©\N+\/\©/\©/\,+--' :/\/\_+,\/\©~’

resummed diagrams

polarization operator

Spectrum of excitations with the quantum numbers of bosons B

-3

Me,- Mg,

two characteristic mass gaps

-



To calculate the lepton production rates we cannot use Feynman
diagrams with in-medium (dressed propagators).

.... additional complications due to vertex corrections



OPTICAL THEOREM



Optical theorem. Closed diagrams

Perturbative diagrams are irrelevant for calculation of in-medium processes.

In general case one should deal with
closed diagrams in terms of dressed Green's functions

[Voskresensky, Senatorov, Sov. Nucl. Phys. 45 (1987); Knoll, Voskresensky, Ann. Phys. 249 (1996)]

1%

one-nucleon reactions

two-nucleon reactions

Series in number of full {—, 4} Green’s functions

for T' < ep each G~ brings a factor (T'/er)?

for superfluid systems: [Kolomeitsev, Voskresensky, Phys. Atom. Nucl. 74,1316 (2011)]



Optical theorem in non-equilibrium diagram technique

7 0

" p+q

v €
Let us calculate self-energy o \\Z
with free Green’s functions 7\\
e U

p 707
p

il = ) [ SR T, G, -+ 0) (+i2,) G5 () (-1}

- r—+ 9
= <Ly D M )b wtu— B —2mi(l— KB SE - By

spin

the loop function / dE

—iLly " = /% ful@+aq)[1 = fu(p)]27[E" (p+q) —w — EY(p) — i + 1)

Cutting the diagram means removing of dE integration due to &function



Comparing with standard expression for emissivity

DU _ d’p, d*p B d*qe B d*qy wy s D 2
2 [ B g S (= ) e (1= ) 5 () S0P — P) S

spins

d3q, gy o
2 / 2we<;]7r)3 (1= /) 2wy (C]27T)3 wp [y " (g + ¢v)]

to calculate Direct Urca emissivity

we need only (no medium effects) simple free W boson "~ +" loop

R . :
i+ = — 2 Imll we may calculate cross-sections as an integral of

ew/T — 1 |M|? over the phase space OR as an imaginary part
of W”- boson self-energy

Using relation

perturbative expansion: second-order term in weak coupling
and zeroth-order term in strong coupling

Terms of higher order in strong couplings must be included! Ha+ — I

[Voskresensky, Senatorov, Sov, J. Nucl. Phys. 45 (1987)]



Bose occupation number out of fermion loop

—iLy "

Je(Er) |1 — fr(E2)] = |[fr(E2) — fr(Er)] fo(Er — Es)

-/ (;j;’ Foulp + @)1= fr ()27 3B (p+ q) — w — EY(p) — o + )

fp(w) / %{ﬁp(m — fralp + @] 27 [E" (P4 q) —w — EP(p) — fn + 1)

- AT d*p frp(p) — frn(P +q)
2 fplw)l /(2#)3 EMp+q) —w— EP(p) — pn + pp — 10

_fB (w) 2 Im Lffp
rh_ / d°p fra(P +q) — fr(p)
v (27m)3w + E'(p) — BEp + q) + pta — pp + 20

Lindhard function

very sharp function of ® and K



Optical theorem for modified URCA reactions
MU _ /dgqe (L — fe) d?)QE
g 2w, (27)3 2wy (27m)3

To get correct 2-order II™" one should add diagrams with 7~
corresponding to np — pper reaction. They should be added coherently.
/

€

wy (=il (ge + gv)]

/ p
thick pion line (here up to 2"d order):

+W\;+I-+++ --+
! /

1
one-nucleon two-nucleon process
process with pion




Neutrino emissivity

G* [ (1= fi)dgp (1 - f)
— AR _
lept. spin 4
| | X d
¢=(w,q)=aq+e t AN
vy )
weak current susceptibility vector (V) and axial (A) currents

x(q) = / d'ze T (Vy(2)"(z) — Au(@)I(2)) (VI ()l (y) — A ()l (y))

x(q) = xv(q) + xa(q)

xv(9) o< (V)" (@) V" ()1} (y)) > (Vo(@)lo(2)Vo(w)l(y))
non-relativistic limit
xa(q) o< (Au(@)l () A" (y)l}(y)) > ((Al() (All(y))

relativistic corrections can be large !



INCLUSION OF STRONG INTERACTIONS



”Strong” Self-Energy

S, | —




Particle-particle interaction

7
—iT,(p,P'; q) :% = I VI + (v
A _

P

S

[2-p, b [2-p’, d 5 : :

4= P 4ep [V(pa pla qﬂ cd,ab — %(pa pla Q> <7'0-2>d0<7’0-2>ab
v +Vi(p, P, @) (0io9 )ac(i020 ) ap
q/2+p,a A~ q/2+p’, c
\W Fiertz >
two-particle irreducible
interaction
“\

R R d4p// . .
Top(p:0',q) = Vip, ', q) + / (27T>4Z.V(p,p”,q) Gla/2+ ") Glg/2—1") T, 9. q)




Particle-hole interaction

TRy Sufon. o
. > <
p-q/2, a\{_ﬁ p’-q/2, c particle-hole irreducible interaction
U [U<p7 p/7 qﬂ de,ab — U0<p7 p/7 Q> 5dc5ab
+Ui(p, 1, q) 4 O

T T

R R d4p// N R N R
Ton(p,0',q) = Ulp,p',q) + / 27 Ulp,p",q) Gla/2+p") G"(q/2 = ") Tu(0". V', q)



_—

I

2p-, 2h-irreducible interaction

\ v VT
OO
—7

~

JOg

y

A

>

=

f

pp

N ————

S

vacuum NN potential

P
<«

/

Ton

[Wambach, Ainsworth,Pines NPA555]
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Landau Fermi liquid approach

system of quasi-particles

Interacting fermions _ o _
quantized excitations Iin the system

guasi-particles =/= original “bare” fermions [constituents of the system]

dn On . On on

Landau wrote the Boltzmann eq. — = —4i—+p-—=1In)
for .p distribution function: n.(x, p,t) a ot Oz op
equations of motion for g.p. Tr = Oe(p. a:)’ p = _8é(p’ z)
op ox

“generalized” velocity = Newton’s law

On Oe(p.x) On Oé(p,x) On

o op oz oz op W
d’p OF on o & de On 0 on] d°
.’F/pn oFr _ _np/ p_/ e on 0e on D
(2m)? ot Poinp ) P ari = | P lapax ~ 0z ap| n)p
momentum flux density B _i/ nﬁ d’p n@ d*p
= o, ) Pl op, o) oz (27)
0 _@ d*p

_ 2 Tv
oz, T | € oz iy




momentum conservation (y — Q/j.-dzax :/
(9t (9513_7'

[G.E. Brown, RMP 43, 1]

- on d®p
IV J4° 3 5
d:c+/d:c 68:13(277)3
3
on d°’p 0 >
ox (2r)3 Oz
_
OF = | eon E = energy of the system
(2m)°
OF B
=X
) (p)

single particle mechanism of excitation



T'< epy,erp and € ~ ep, p ~ prp

A 4

a

— poleresidue a '=1— —Y(¢0,T)

0

Oe

EXeER

Ge, p) =
g.p. energy
. _ P = 2mypy Pt —pp ~ vr (p — pr)
Y 2m’, 2m’,
g.p. effective mass
a
— ‘|—2a, —22(€,p,T>
my  MN Op p=0,exep

€ — €, + 1y €2 signe

=+ Greg(ﬁap)

|— g.p. width

v = —lim Im X*(e, p* = 2mypun, T) /€

e—0

small for T<<[]- /\
S

Greg<€,p) complicated background part



Fermi surface is a topological object.

1
iw — vp(p — pr)

In 4D space (w,p) there is a singularity at (0=0,p=pg) [singular hyperline]
where this function is not defined!

ideal gas Golz = iw,p) = vF = pr/mn

Fermi surface
as vortex ring
in p-space

o normal 3He

The phase of the Green’s function changes by 2p
when one goes along a contour encircling this

p‘T (p:) singular line. One can define a topological

invariant [see book y G.E. Volovik, The Universe in

P | ahelium droplet] The singular-line is topologically

/ D protected and thus robust against perturbations
13

a

iw —vp(p — pr)

(normal) Fermi liquid G(z = iw,p) = vp = pr/miy



R siaGoy.

To(p, v q) = Ulp, 1, Q)+/(27£ Ulp,p",q)Glg/2+ ") G"(q/2 — ") Ton(@", 1. q)

N

G(q/2+p)G"(q/2 — p) = Glg/2+p) G(p — q/2)

a a -
. . . . —|—B ]
e+ w/2 —€piq+10sign (e +w/2)] [ —w/2 — €p_g/0 + 1 0sign (€ — w/2)] (p:4)

1 1
~ g? B
¢ 5(6>/d6 € +w/2 —€piq2 +10sign (e +w/2)| [e —w/2 — €p_g/o +10sign (e — w/2)] +Bip.q)

_ onigts P te2 —Ip—a/?

W — €piq/2 T €p—q2 + 10

+ B(p, q)



Fermi liquid approximation

particle-hole propagator .... for ¢ — 0

n=p/p

v gn
w — vpqgm + 10

G(q/2+ p) Gh(q/2—p) ~ 2mi a” (c) o(p — pr) + B(p, q)

singular pole term

complicated
background

—t Tph(]?a p/; CI> %E—— |

N



S
N

for |p| ~ pr >~ |P/| and |gp| << w << €p

N

_— dQ /]~ o~
Town,n' q) = T¥n,n’) —/ PT¥mn,n’) Aln,q) Ton(n,n' q)

47
| m* pp UF gT
Aln = a?
(m,4) 2 w—ovpgn +10

T

complicated dynamics is here:

~ R d4p// R q ~
ph<n7 n /> — U("’? n /> - / <27T>4 ZU<n7 n /> B<p7 W — 07 ; — O> ph<n7 n />
|
parameterize Landau-Migdal parameters

‘ = 1%2 — f1A2<’n<7/ /> -+ gé(n,n’) 0109

extracted from experiment



a?NT¥(0) = f(0) =5, fiPi(cos ) N = vm* pp/n*

a’NT¥(0) = g(0) = >, g1 Pi(cosb) density of states at the Fermi surface
0= Z(n,n) v =1,2 number of fermion types  n = vp3 /37°
neutron matter: f = fun g = 9nn (1 parameter in each channel)

nuclear matter:  fun, fups fop  Gnn, 9nps Ypp (3 parameters in each channel)

In matter of arbitrary isospin composition these parameters are independent.
Fermi-liquid renormalization is different for these parameters.

small isospin disballance ~ frnn = fop = f + [’ fop=1—f

a*NIY = f+ f'm1 - 15 (2 parameters in each channel)

In nuclear physics one uses also the normalization on the nuclear Fermi surface

~—

f(n',n) =a* NoI'¥(n', n) gn',n) =a* NgI%(n', n)
No = N(n=mng)  constant, independent of density (N, ' =300 MeV fm?)

Density dependence? Residual momentum dependence I'(n', n; q) ?



There are relations between some Landau parameters and bulk properties of the system

effective mass ~ m* =m (1 + % f1)

2
compressibility K = 62E (1+2 fo)
m*

1 2
symmetry energy L, = . 2]9F <1 n fé)

*k

In general Landau parameter are to be fitted to empirical information (nucleus properties)

[Saperstein,Fayans, et al. 1995, 1998]
Fo0 f'05—-06 g~ 005401, ¢ ~1.14+0.1



Resummed NN interaction

Graphically, the resummation is straightforward and yields:

I _ 1 <«——— full pion propagator
1+ @ X < > L
dressed vertex

Poles yield zero-sound modes in scalar and spin channels

>




® pion softenning in neutrino production  enhancement factors w.r.t. MU emissivity

medium MU reactions

FMMU(?’Z) _— 3(2) 10/3 [F(n)/r(no) 6 (a)

no

:ZU
b - n +..
70 4 1b
. . 10 W.0. & cond.
- == Ww.ncond.
o (PN ()/T(no)]°
Fup(n) = 3 (n_o) w(n)/ma®

vertex correlation function

1
1+ 1.6(n/ng)t/3

['(n)



Vertex renormalization in FL

Coupling of an external field to a particle

T

' = pole parts of
-»A»:_»._»Jr., - Green’s functions only
w

T

1

“bare” (FL renormalized) vertex

A

Effects: Reduce couplings. “A shield” against pion condensation

o

<=7
I . i +
Produce sound modes contributing to response functions P
n P
v
v

Enhance reactions in some channels

e v
v

i~



Vector current conservation

vl t full vertex Current is conserved if 11" g, = 0
--Q fulc | V" >-
bare vertex 1 T /d4p Tr {7” G(p + C]/2> Vy<p, —C]> G(p . C]/2>}

If the relation q, V"(p,q) = G Hp+q/2) — G Hp—q/2) Isifulfilled

IVW¢/“:/}#pTY{W”KHP'—Q/ZW_(;@*+Q/Zﬂ}::O

The Ward identities impose non-trivial relations
between vertex functions and Green’s functions,
which synchronize any modification of
the Green’s function with a corresponding change in the vertex function.

in non-relativistic limit for free G and vertices: 7 = (1,v) G(p) = (e — p*/2m) "

- - ¢ m=w-vg=Gy(p+q/2) —Gylp—q/2)

The Ward identity is fulfilled and the current is conserved



e "Bare” vertices

"bare" vertex after the Fermi-liquid renormalization 7, =[1+T5(GLG)] TC?
Vi & guxh(o) (1, v) xa(p)

2 4
B =(G,G_)* = lim / 24P oo

g—0 ) (2m)43
A = gaxp() (o - v,0) xa(p) '

. ey ev
TIQ;ZQV(T%O[O—T({J/,J) 7-{}’70:;, Tuf/,lzz’v

- €A €A

Th = —9a (Tu/)l,la' lo—Thp O'l) Tho = P Ta1= a0

ea ey effective charges

ey =1 Wiy —ariy = G p+g/2) = G p — g2

e, =08 0095 experiment: Gamov-Teller transitions in nuclei g3 ~ 1



SUPERFLUID MATTER
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Possible Analogy between the Excitation Spectra of Nuclei and Those
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The evidence for an energy gap in the intrinsic exdtation spectrum of nuclei is reviewed. A possible
analogy between this effect and the enengy gap observed in the clectronic excitation of a superconducting

metal is suggested.
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Nuclear Physics 13 (1959) 655—674; @ North-Holland Publishing Co., Amstevdam

SUPERFLUIDITY AND THE MOMENTS
OF INERTIA OF NUCLEI

A, B, MIGDAL
Atemic Energy Inmstifule of USSR, Academy of Sciences, Moscow

It should be noted that superfluidity of nuclear matter may lead to some
interesting cosmological phenomena if stars exist which have neutron cores.

A star of this type would be in a superfluid state with a transition tempera-
ture corresponding to 1 MeV.



Pairing gaps in nuclear matter

¢/ nucleon-nucleon interaction
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¢/ medium polarization effects on superfluidity

U. Lombardo and H.-J. Schulze, astro-ph/0012209

><><Ez

q’hh"

Ae [MeV]

., PLB222, 173 (1989)

Medium effects

1.8 2 strongly suppress

triplet pairing!
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¢/ 7. in the neutron star matter

1 for HDD Eo0S from
[Blaschke, Grigorian, Voskresnesky PRC 88, 065805(2013)]

neutron 1S0
TF proton 180

For the s-wave paring

T, = 0.5669 A(T = 0)
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—

1 Ta
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L] .I .

'
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Fermi system with pairing

Ground state Excited state

unpaired paired pair “exciton”

fermions fermions breaking

- - - -
@ ‘ A ”I ________________

0 _edee —e0—— —eo—Y-

-— - ——e .. -— - -— -

-— - —o—o PAINNGQAD o o -— -

-— - -— - -— - -— -

-— - -— - -— - -— -

-— - -— - -— - -— -
quasiparticle spectrum e excitation spectrum

p2

~ o T E, = £,/ + A? €>2A €~ w, <2A
~ vy (p — pr) “AB mode”

excitation spectrum »  emission spectrum



Superfluid Fermi liquid

Green’s functions

normal Green’s function anomalous Green’s function
particle  § ( = ce—pp— particle > hole  jF(?) — cpo——
~ . . — 1
hole (1 — e hole Dparticle (V) — g

Number of excitations is not conserved !

. 2 A 1
i AD = e LNIN o AL - LAUN
amplitude of 2 particle annihilation amplitude of 2 particle creation

Fs, Gs and As are connected by the Gorkov’s and gap equations

N N N

S wave pairing AL = A® = Aj oy FO = F@ = Fioy

a(e+e€p) —a A

G — F —
(p) ¢ — EZ +10sgne (p) ¢ — EZ +10sgne




® Gor’kov equations

—— 4 é(p) — én.s.(p) —|_ éﬂ-s-(p) A(l)(p) F(z)(p)

7(2) () — (b A (2) 2
. = AUN F9(p) = Gy (p) A (p) G(p)
e Gap equation
A (1) d'p o / A NA D N AR
[A ]Cd — (27T)4’L [V(pJP )] cd,ab [G(p )A (p )Gns(p )] ab AL

N

[V} cdab — Vo (102)ac (102)ap + Vi (1020 )4 (0 i09) 'ﬂ Vv

attractive interaction in paired
particle-particle channel




Superfluid Fermi liquid

quasiparticle interaction

T<<gg Only particles on the Fermi surface take part in reactions.

particle-hole interaction:

b > d
r : / /
deab = v | =15, n)dada + IT (0, 1) (0)de (0)ab
-t -
particle-particle interaction:  |nteraction in this two channels can be essentially different !
b > > d
D=1 | v = T5(n, ) (i09)ac(i2)ab + T§ (0, 1) (002 ) de (1026 ) b
i - - ] ]
spin zero spin one
expansion in Legendre polynomials Landau-Migdal constants:

1“E) () n) Z F“’(g P(n'n).

QNroz—fzw Qerl:gl

empirical info., calculated from a> NFS.Z - fzg a2 NFgl _ gl‘é
NN potential — ’



Fermi liquid approximation

integration over the internal lines is reduced to the Ferm surface

2d4 +o00 de +o00
dd —
Jami=T2xfo Jameof 55 e

can be taken explicitly for 7=0

p = 5 density states at Fermi surface
m

B

e Gap equation for T' < 2A
A(n) = —Ag (Th(n, n)) A(R)) <...>n/%(...

A = [ 4%, Gualp) G () — ) ~ a? p n(26/2)

'S in an effective parameterization of a pairing gap



Superfluid system
e Coupling to an external field

to particle to hole

)
|

p+q/2 p—q/2 —p—q/2 —p+q/2

equations for vertices

; |
In normal system INC ! LT
- —-——— =

In superfluid systems new type of couplings:

AN DN

p+q/2 —p+q/2 —p—q/2 p—q/2

ext. field create 2 holes ext. field create 2 particles



® "Dressed” vertices

v = gv(tvolo—Tval)
-F/T\>- TA = —g4 <TA,10' lo — Tao 0‘l)
p+q/2 p—q/2
#*(n,q) = [7(-n,9)|"
: Oo0 0y = —0
.
£I> 7'19 = gv <7'V,olo+7'v,1l)
—Pp—a/2 —p+aq/2 TZ = —94 < — TA,lo'T lo—Tap O'Tl)

A NG = i = gy (Froly —Fual)ion,

1 ~ ~ :
T/<1> = 194 <TA,10'lo—7'A,oGl)z02,

PN = —guion (Faroly—Fagol)
- ,7_(2 -




Neutrino emissivity in superfluid Fermi liquid

Consider pure neutron matter at T<<24

W Nhos(W) 23 Z x(q)

lept. spin 4

@2 / I g
(

Evp =
2 2m)3 2wy (27)3 2 we

»

produces leading exponential term e 28T

closed diagrams calculated with Green’s functions for T=0



Superfluid Fermi liquid

® susceptibility

bare vertices: X (1, vp, o, oUR)

dressed vertices

v I

|
Y
e
|
Y
L
Y
Y
o
i
Y

. Fw‘ . I‘-Lu‘

= >

! ! ! ! ext. field create 2 particles

é) e Jeel el T ext. field create 2 holes

Y

Without vertex corrections the current conservation is violated !






Superfluid Fermi liquid

e Larkin-Migdal equations +1) = (%(QJ)T = —7
bare vertices dressed vertices
ey =~
Lt _ o~ o~ .
Vo= 1 Tvol, Tvo(toa)
ey
W o ~ .
Tvag — —- U o | Tvi, Tva(ioz)
ae —p | Larkin-Migdal equations | m——p
A
)t _ o~ .
Tao0 — ?‘7 TAQ O, TaoO (109)
€A
wt _ o~ .
(T%,.0) = o (ov) (Ta10), Ta10(io9)

For T=0 and S-pairing written by Larkin, Migdal 1963 [Sov.Phys.JETP 17, 1146].
For finite T and S-pairing re-derived by Leggett 1965-6 (no I'® terms!).
[Phys.Rev. 140, A1869 (1965), Phys.Rev. 147, 119 (1966)].

Applied to weak interactions in [Sedrakian, Muther, Schuck, PRC 76, 055805 (2007);

EEK, Voskresensky, Phys.Rev.C 77, 065808 (2008)].
Equivalence of Leggett's and Larkin-Migdal’s approaches for finite T

[EEK, Voskresensky, Phys.Rev.C 81, 065801 (2010)].
General structure for arbitrary pairing and non-equlibrium systems

[EEK, Voskresensky, Phys. Atom. Nucl. 74 ,1316 (2011)].



e Coupling to an external field

Fw

\
+
)
}1
S
}1
S
}1
S

|
| Il T
|
=
i
+
w P
=
i >
+
|
|
|
+
v
|
)y

71 T2 T Th

S

A
Y

Cannot be written in matrix form in Nambu Gor’kov space since 1 ya [



® equations for dressed vertices for s-wave pairing

Ta0(1,q) = 720(n, @) + (I¥(n,n') [L(0, ¢; Pao) Tap(n'.q) + M(n',q) Tun(n', q)]) ,
%a,O(nz Q) — _<Fg(n? (n’,) [(N(an Q) + AO) ATJa,O (n,? Q) + O(n’: q; 75&,0) Ta,D(n’a Q)] >nf

Tar(n,q) =74 (n,q) + (T%(n,n') [L(W, q; Pay) Taa(n.q) + M(0,q) Tan(n',9)]),,

!

%a?l(na Q) — <F§1(na n,) [(N(n,? Q) + AO) %.a,l(nlﬁ q) + O(n,:' q; 7?)@,1) Ta_.l(n ) Q)] >n"

a=V,A (...)n—/ (),

® loop functions GL=0Gp*q/2)

L(n,q; P) = /dcpp [G+G_ — (G+G_)°" _ F+F_P} p-h channel

N(n,q) = / AP, [G+GE — (G,GIY0(E —€¢)) + F F_} h-h channel

O(n,q, P) = — / 1D, [G+F_ yaNed P} M(n,q) = / 1D, [G+F_ _F,G.

properties of vertices under time inversion Pv,o = —PV,1 — —PA,O = PA,l =1




The loop functions L,N,M,O can be expressed
algebraically through one function g-

® loop functions

O(n,q;P>—a2p[ A A P\ gr(n,q) vV =Uprmn
+oo

A2 (Ey — E_) (n(E2) —n(Ey))  (By+E) (1 —n(E-) —n(E))

gr(n,q) = A& / Y\ TE B (B, —E): B B, o= (L, TL.)
E:I: — Ep:l:q/? n(m) — 1/(6Xp($/T) + 1)
11/2
for T=0 gr(m, q) — g(2%) = / drfdz?a® — 22+ 14407 2@ (%v>2 > 1
—~1/2 4 A

For finite number of harmonics in I's the LM equations can be solved algebraically

[EEK, Voskresensky, Phys.Rev.C 81, 065801 (2010)]. [EEK, Voskresensky, Phys.Rev.C 77, 065808 (2008)]



G- .

e weak currents correlators L= == (V¥(@) = A¥(2)) [u(2)
2v2
lepton current nucleon currents v, = gy (N v, N) & gy X;;(gy)(l, v) Xn(p)
L= ulqr) yu(1 = 75) ulga) Au = 94N 2 25N) = gax ) (o), o) x

gV = 1 ga = 1.26
xv(g) = —i [ d'ae™(N|(1-V)(@)(L- V)(0)|N)

= gv <(»;r{;i’,0 lo— Tyl ) (lo Xvo(n,q) — Xya(n,q)1 )>n

xalq) = —i [ dlwe (N[ A)(2)( - A)(O0)|N)

(T ﬁ,l lo — TA,ol ) (lO X A, (1, q) — xa0(n, g)l )>n

|
)
b
T

a=V,A

Neutrino emissivity can be expressed through s
[EEK, Voskresensky, Phys.Rev.C 77, 065808 (2008)]



Solution for correlators

XG,O(nv Q) — ’Y(L(q; Pa,O) L"(n; q. Paj()) —iX = - - +--C>— +——®- +--®_

_________________ I | |
7@ P) = 1= T3 (L(n,q; P | \ \
:
|
|

normal Fermi liquid correlations

[y =% “=TY Py — oy O, ¢ Py
_________________ E(na% P) - L(”’aQa P) <N(n,Q)>n ]\/[(n,q)
(L(n, q;+1))n = —g(w?/A?) <1 + O(v%q2/w2)> (L(n,¢;+1)n =0+ O(gvpq*/u’)
X1, 9) = Ya(q; Pap) v L0, q; Py1) + 0X,1(0, Q)
5o (1,0) = D)7 4 B,y (0 — )

(N1 ) ’
+ L"(na q, Pa,1> ’ya(q; Pa,1> F(; <£(n,7 q; Pa,l)(’vl — P >>n'

~ (M(n




W __ €y

. - T _ ——

® vector current concervation j{; gy (T('{} 0 1-%/’,1) v,0 a
1 K w 6V

effective charge

11.S.

ey =1 Wty —qTi, = G p+q/2) =GR (p — q/2)

Ward identity for non superfluid GF

In-medium current (Xv,o(C], n), Xv,1<617 n))
Im(ri? (xX{7 gv))n = O(f* g g ° vp/u”)
Re(ri (¥ @) +_ Q= O(f* 9" vi /")

gauging of nucleon kinetic energy

1

qg~T, wn~2A

(V- V )y
2m Lot = 144/ (a®p(ng))



Anderson Bogoliubov mode

w — () anomalous vertices
. Fro = — 2Aw{gr(n,w,q))n W
i ’ (lw? — (gv)?]gr(n,w,q))n "
AN T — _2A(( v)gr(n,w,q)(nng))n (nr Vm
| ([w? = (qv)’lgr(n,w, q))n s

1
for w, vg < 2A <[W2 —(q 'U)Q] gr(n,w,q ))n = w? — §’02q2 — iwy(w, vq)

. 2Aw N
Tvo— — T
Ve w? — 202¢? — iwy(w, vq) vi0

- 2 Aw

(qual) — QAT‘C/L’:O 9 1..9..9 . WT‘C;:,O

w? — 3v2q? —iw y(w, vq)
T A w? T dy e~ TY
Y(w, vq) = 2T o 0(vqg — w) (2 1) Wwidth of the AB mode

vy
q2

2 02

[Aronov Gurevich (1976)]



S-wave pairing with a residual spin interaction

e Simple model Consider axial weak currents (dominate the emissivity)

€A w €

H A w w w €4 €4
Ja ™~ ga (O'TA,p O'TA,O) TA0 — &w TA1— L VUF

particle-particle interaction:

s-wave paring:  a’plg=f5 <0  —1/f5 —In(2ep/A)  spin zero channel
next possible harmonics fg , which is expected to be much smaller!
a?plS (n,n') — ¢;(nn) spin one channel

next possible harmonics gg , which is expected to be much smaller!

particle-hole interaction: 1w does not contribute to the axial channel

a*pl'y = g¥ +|g¥ (n'n)|«<— drop here for simplicity ©

|_> corrections ~ v = neglect

F : :
p = b density states at Fermi surface



e solution of Larkin-Migdal equations Normal vertices remains non-renormalized

TAl— Tﬁu,l TAO — Tio

(vg) |,

solutions for anomalous vertices: Ta0(72,q) = — oA TAo ’Vﬁ(Q) (gr(n') (ngn')*)p
~ - W w 13 / 1 N2
Faalng) = —5 i L@ )51 = ()] (n =1, (n7,)
E(q) S 1 q
I )1~ (o g
N ] T llq
= @) (G - 5))wmy (nny)| (—
A = 50 e - ),
w? — (vq)* T
= o (N i, 9%



Exciton-like collective modes

@l = ot T - ), 3 4L
1 w? — (vq)* 9i /ol

[’Yﬁ(Q)]_l = §C+< A2 gr(n)(n'n,)?) ,

£ -1
["?%(9')] =0 __, transversal exciton-like modes

[”Y” (Q)]_l — 0 longitudinal

For ¢ = 0: two modes are degenerated, since ~5 (w,0) = *}/ﬁ(O)



®/2A

Collective mode spectrum

4o

1 dy  th(y/%2 + 1A/2T)
s+|fo|+22§R9T( z)=10 gT(Z)i_ Pl 2 1—221i0
¢ 2z =w/2A ~ _amtan(x/lz—ﬁ) ~ oy
/ go(z) 7 VI 22 QD(O) =1
2.0 EE—
=  (diffusive modes
8 iz " C<0 exciton modes for m<2A
150 Sgr £04 i ]
8 7
' Z 7/
:: "( /// |C| + 402
1.0 ooz s {4 wo ¢ 97 (0) © 7Zeh(A/4AT)
TSl 2A C] 102
NN A \ L+ oo T =y
I — T=
0.5 excitodn-like : e T=A/3 £ x 1
modes - -T=A
00 L . l , . i
-2 1 0 1 > C>0(0) diffusive modes for m>2A




Pair breaking and formation (PBF) reactions

on the axial current

G [ wSKA(W) i T ’ 2
P d with K 4(w) = dlq|q” Ka(w,q)
AT 4R /0 C el _ 1 ( 0 (

® neutrino source function

Kalg w ¥
0 (3 20 (o xan( ) + 02 Xos ()
A

- W <TX,O q XA,l(na q))n — w ((7';10,1 q)Xa0("q))n

[EEK, Voskresensky, Phys.Rev.C 77, 065808 (2008)]



® neutrino source function

Kalg) <9:r('na (vq).9)

Bﬁgip w—vq—1i0 [(UQ) (qQUI% +(3w2_2q2))_2w(0q)2]>

sound! Imaginary part only for W < ¢ UFr ; do not contribute to PFB

T

- <9T£"_’Z’qq) a%viw 1 (vg)((3u —2¢%) —w® —w(vq))])

the standard term [Yakovlev,Kaminker Levenfish AA343,650;
present form from EEK,Voskresenksy PRC77, 065808]
2
v 1
2 YF 2 & / N2\ 2
s | @) (gr(w, )51 — (g )2

H? = g7 () (gr(n,w,q)(ngn)) |

new terms induced by the spin interaction gf in the particle-particle channel

Tn

+ q

All three terms contribute to neutrino scattering processes



® neutrino source function for vp << 1 We keep only the leading term.

47 6 Cw’ gr(w)
Kailw) ~ — e 02
A( ) 359A €ap FC'Jr%QT(w)

21 A0 (w — 2 A)
wVw? — 4 A2

W

4T)

To calculate imaginary part we use ~ Sgr(w) = — tanh ( 0

and find two contributions:

2

— 96 5 5 w _
SK p(w) =~ 357rgA ‘pvi A [ (QA,C)Q(w 2A)+C 4A35(C TA? éRgT(w))]
continuum exciton mode for C<0
2,4 /o2 @
with the modified F(y,C) — Yy “j‘“h
“continuum functions”: (y2 = D(C +y’Regr(y)) + % T y2 tanh?(42)

the standard result

! tanh (42
gi = 0,0 =00, F(y,C) = Foly) = —— (21)

y2_



® neutrino emissivity in pair-formation breaking processes

A(T)~31T.(1 —T/T.)"/?

new emissivity

standard emissivity

We could be not aware about a factor of ~100.



The parameter ¢ can be negative and C' < 0

¢/ pairing gaps

e } Amundsen, Oestgaard NPA442, 163 (1985)
RSC
Yatt
Vot |
OPEG
10“:—
[ nuutrur.
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with PU prc:ce.::- PR without PU processes
L. =0.265 ‘14 £, =0220

M =1.390 M, 1_ M = 1.506 M,

T@«%

M =1.421 M,
M = 1.463 M,
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Conclusions ....

THEORY OF SUPERFLUID FERMI LIQUID, APPLICATION TO THE NUCLEUS

A. 1. LARKIN and A. B. MIGDAL

5. Fermi liquid approach is an effective low-energy theory for

i strongly interacting fermion systems

A Interactions in ph and pp channels can very different

ak

th Fermi liquid approach can be applied to superfluid systems
di

ﬁ‘ It respects the current conservation

I)I VNN ALAVAWN WA VAVWVA vlllubuvvxv VA GWAAN AVLVIAN 113 MWWV AV L,

I. INTRODUCTION superconductors, the Debye temperature). Here
one must introduce, in addition to T%, one other
IN all real many-particle systems the interaction  function of the angles between the momenta of the
is not small, and therefore in the derivation of quasi-particles, I'¢; the spherical harmonic of
quantitative relations one cannot proceed, as is this function is connected with the width of the
often done, by combining some part of the diagrams energy gap. It is natural to expect that the func-

of perturbation theory. tions T'% and T'$ depending on the angles between



