
Generalised Beth-Uhlenbeck description 
for the hadron-to-quark matter transition 

Facets of Strong-Interaction Physics
TU Darmstadt & U Wrocław

Daniel Zabłocki
David Blaschke

Michael Buballa



• introduction
• model
• quarks
• diquarks
• mesons
• baryons

roadmap



introduction

Beth-Uhlenbeck bound + scattering states: phase shifts
generalised medium modifications of bound states 

and phase shifts: Mott effect, ...

very general approach



introduction

Beth-Uhlenbeck bound + scattering states: phase shifts
generalised medium modifications of bound states 

and phase shifts: Mott effect, ...

very general approach

• atomic gases Beth, Uhlenbeck: Physica 3 (1936) 729 & 4 (1937) 915 



introduction

Beth-Uhlenbeck bound + scattering states: phase shifts
generalised medium modifications of bound states 

and phase shifts: Mott effect, ...

very general approach

• atomic gases
• Coulomb plasmas

Beth, Uhlenbeck: Physica 3 (1936) 729 & 4 (1937) 915 

Ebeling et al.: Metal-to-Nonmetal Transitions, Springer (2010)



introduction

Beth-Uhlenbeck bound + scattering states: phase shifts
generalised medium modifications of bound states 

and phase shifts: Mott effect, ...

very general approach

• atomic gases
• Coulomb plasmas
• solid state physics

Beth, Uhlenbeck: Physica 3 (1936) 729 & 4 (1937) 915 

Ebeling et al.: Metal-to-Nonmetal Transitions, Springer (2010)

Zimmermann, Stolz: Phys. Stat. Sol. B131 (1985), 151



introduction

Beth-Uhlenbeck bound + scattering states: phase shifts

Weinhold, Friman, Nörenberg: Phys. Lett. B433 (1998) 236

generalised medium modifications of bound states 
and phase shifts: Mott effect, ...

very general approach

• atomic gases
• Coulomb plasmas
• solid state physics
• nuclear physics

Beth, Uhlenbeck: Physica 3 (1936) 729 & 4 (1937) 915 

Ebeling et al.: Metal-to-Nonmetal Transitions, Springer (2010)

Zimmermann, Stolz: Phys. Stat. Sol. B131 (1985), 151



introduction

Beth-Uhlenbeck bound + scattering states: phase shifts

Weinhold, Friman, Nörenberg: Phys. Lett. B433 (1998) 236

generalised medium modifications of bound states 
and phase shifts: Mott effect, ...

very general approach

• atomic gases
• Coulomb plasmas
• solid state physics
• nuclear physics
• quark-hadron phase transition

Beth, Uhlenbeck: Physica 3 (1936) 729 & 4 (1937) 915 

Ebeling et al.: Metal-to-Nonmetal Transitions, Springer (2010)

Zimmermann, Stolz: Phys. Stat. Sol. B131 (1985), 151



model

L = L0 + LS + LV + LD

L0 = q̄(i/∂ −m0 + µγ0)q

LS = GS

[
(q̄q)2 + (q̄iγ5τq)

2
]

LV = −GV(q̄γµq)
2

LD = GD

∑

A=2,5,7

(q̄iγ5τ2λAq
C)(q̄C iγ5τ2λAq)



model

L = L0 + LS + LV + LD

L0 = q̄(i/∂ −m0 + µγ0)q

LS = GS

[
(q̄q)2 + (q̄iγ5τq)

2
]

LV = −GV(q̄γµq)
2

LD = GD

∑

A=2,5,7

(q̄iγ5τ2λAq
C)(q̄C iγ5τ2λAq)

Wang2, Rischke: Phys. Lett. B704 (2011) 347

LB = GBd
†q̄qd

Reinhardt: Phys. Lett. B244 (1990) 316



gen. Beth-Uhlenbeck

ΩX(T, µ) = Tr lnS−1
X (izn,p) = dXT

∑

n

∫
d3p

(2π)3
lnS−1

X (izn,p)

X = {D,M,B}

Abuki: Nucl. Phys. A791 (2007) 117



gen. Beth-Uhlenbeck

ΩX(T, µ) = Tr lnS−1
X (izn,p) = dXT

∑

n

∫
d3p

(2π)3
lnS−1

X (izn,p)

S−1
X (izn,p) = G−1

X −ΠX(izn,p)
X = {D,M,B}

Abuki: Nucl. Phys. A791 (2007) 117



gen. Beth-Uhlenbeck

ΩX(T, µ) = Tr lnS−1
X (izn,p) = dXT

∑

n

∫
d3p

(2π)3
lnS−1

X (izn,p)

S−1
X (izn,p) = G−1

X −ΠX(izn,p)
X = {D,M,B}

SX(izn,p) =

∫ ∞

−∞

dν

2π

ρX(ν,p)

izn − ν

Abuki: Nucl. Phys. A791 (2007) 117



gen. Beth-Uhlenbeck

ΩX(T, µ) = Tr lnS−1
X (izn,p) = dXT

∑

n

∫
d3p

(2π)3
lnS−1

X (izn,p)

S−1
X (izn,p) = G−1

X −ΠX(izn,p)
X = {D,M,B}

ΩX(T, µ) = −dXT
∑

n

∫
d3p

(2π)3

∫ ∞

−∞

dν

2π

2ΦX(ν,p)

izn − ν

SX(izn,p) =

∫ ∞

−∞

dν

2π

ρX(ν,p)

izn − ν

Abuki: Nucl. Phys. A791 (2007) 117



quarks

Z =

∫
DΨ̄DΨ

∫
DσD"πDωµD"ρνD∆AD∆∗

A e
−

∫
d4x

{
σ2+"π2

4GS
−

ω2
µ+"ρ2ν
4GV

+
∆A∆∗

A
4GD

−Ψ̄S−1Ψ

}

=

∫
DσD"πDωµD"ρνD∆AD∆∗

A e
−

∫
d4x

{
σ2+"π2

4GS
−

ω2
µ+"ρ2ν
4GV

+
∆A∆∗

A
4GD

−ln detS−1

}



quarks

ln detS−1 = Tr lnS−1

= Tr ln
(
S−1
MF +Σ

)

= Tr lnS−1
MF +Tr ln

(
1 + SMFΣ

)

≈ Tr lnS−1
MF +Tr

(
SMFΣ− 1

2
SMFΣSMFΣ

)

Z =

∫
DΨ̄DΨ

∫
DσD"πDωµD"ρνD∆AD∆∗

A e
−

∫
d4x

{
σ2+"π2

4GS
−

ω2
µ+"ρ2ν
4GV

+
∆A∆∗

A
4GD

−Ψ̄S−1Ψ

}

=

∫
DσD"πDωµD"ρνD∆AD∆∗

A e
−

∫
d4x

{
σ2+"π2

4GS
−

ω2
µ+"ρ2ν
4GV

+
∆A∆∗

A
4GD

−ln detS−1

}



quarks

0 100 200 300 400
! [MeV]

0

50

100

150

200

T
 [

M
e
V

]

2SC

C
o
e
x

is
te

n
c
e!SB

B
E

C
-B

C
S

 c
ro

ss
o
v
e
r

"
D

= 1.30

"
D

= 1.00

"
D

= 0.75

NQM

DZ, Anglani, Blaschke: AIP Conf. Proc. 1038 (2008) 159

ln detS−1 = Tr lnS−1

= Tr ln
(
S−1
MF +Σ

)

= Tr lnS−1
MF +Tr ln

(
1 + SMFΣ

)

≈ Tr lnS−1
MF +Tr

(
SMFΣ− 1

2
SMFΣSMFΣ

)

Z =

∫
DΨ̄DΨ

∫
DσD"πDωµD"ρνD∆AD∆∗

A e
−

∫
d4x

{
σ2+"π2

4GS
−

ω2
µ+"ρ2ν
4GV

+
∆A∆∗

A
4GD

−Ψ̄S−1Ψ

}

=

∫
DσD"πDωµD"ρνD∆AD∆∗

A e
−

∫
d4x

{
σ2+"π2

4GS
−

ω2
µ+"ρ2ν
4GV

+
∆A∆∗

A
4GD

−ln detS−1

}



diquarks

ΠD =
1

2
Tr (SMFΣDSMFΣD)

Kitazawa, Koide, Kunihiro, Nemoto: Phys. Rev. D65 (2002) 091504
Kunihiro: Nucl. Phys. B351 (1991) 593



diquarks

S−1
D (k0,k) =

1

2GD
−ΠD(k0,k)

ΠD =
1

2
Tr (SMFΣDSMFΣD)

Kitazawa, Koide, Kunihiro, Nemoto: Phys. Rev. D65 (2002) 091504
Kunihiro: Nucl. Phys. B351 (1991) 593



diquarks

S−1
D (k0,k) =

1

2GD
−ΠD(k0,k)

SD(k0,k) =

∫ ∞

−∞

dω

2π

ρD(ω,k)

ω − k0

ΠD =
1

2
Tr (SMFΣDSMFΣD)

Kitazawa, Koide, Kunihiro, Nemoto: Phys. Rev. D65 (2002) 091504
Kunihiro: Nucl. Phys. B351 (1991) 593



diquarks

S−1
D (k0,k) =

1

2GD
−ΠD(k0,k)

SD(k0,k) =

∫ ∞

−∞

dω

2π

ρD(ω,k)

ω − k0

ΠD =
1

2
Tr (SMFΣDSMFΣD)

0.8 1.0 1.2 1.4 1.6 1.8 2.0
!

D
 = G

D
/G

S

0

300

600

900

[M
e
V

]

E
thr

m
D

2m
2"

DZ, Blaschke, Anglani, Kalinovsky: APPB Suppl. 3 (2010) 771

Kitazawa, Koide, Kunihiro, Nemoto: Phys. Rev. D65 (2002) 091504
Kunihiro: Nucl. Phys. B351 (1991) 593



diquarks

S−1
D (k0,k) =

1

2GD
−ΠD(k0,k)

SD(k0,k) =

∫ ∞

−∞

dω

2π

ρD(ω,k)

ω − k0

ΠD =
1

2
Tr (SMFΣDSMFΣD)

0.8 1.0 1.2 1.4 1.6 1.8 2.0
!

D
 = G

D
/G

S

0

300

600

900

[M
e
V

]

E
thr

m
D

2m
2"

DZ, Blaschke, Anglani, Kalinovsky: APPB Suppl. 3 (2010) 771

keep diquark coupling low enough 
to avoid bound diquarks

Kitazawa, Koide, Kunihiro, Nemoto: Phys. Rev. D65 (2002) 091504
Kunihiro: Nucl. Phys. B351 (1991) 593



diquarks: spectral

Wang2, Rischke: Phys. Lett. B704 (2011) 347

T!0.03 GeV
Μq!0.25 GeV

#2 #1 0 1
#25
#20
#15
#10
#5
0

5

10

15

20

25

Ω !GeV"

Ρ
!GeV

#
2
"

T!0.03 GeV
Μq!0.36 GeV

#0.6 #0.4 #0.2 0.0 0.2 0.4 0.6
#20
#15
#10
#5
0

5

10

15

20

Ω !GeV"

Ρ R
,3
!GeV

#
2
"



diquarks: spectral

Wang2, Rischke: Phys. Lett. B704 (2011) 347

T!0.03 GeV
Μq!0.25 GeV

#2 #1 0 1
#25
#20
#15
#10
#5
0

5

10

15

20

25

Ω !GeV"

Ρ
!GeV

#
2
"

T!0.03 GeV
Μq!0.36 GeV

#0.6 #0.4 #0.2 0.0 0.2 0.4 0.6
#20
#15
#10
#5
0

5

10

15

20

Ω !GeV"

Ρ R
,3
!GeV

#
2
"

T!0.03 GeV
Μq!0.36 GeV

#0.6 #0.4 #0.2 0.0 0.2 0.4 0.6
#30

#20

#10

0

10

20

30

Ω !GeV"

Ρ I
,3
!GeV

#
2
"

T!0.03 GeV
Μq!0.36 GeV

#2 #1 0 1

#20

0

20

40

60

80

Ω !GeV"

Ρ i
,1
!
Ρ
j,
2
!GeV

#
2
"



mesons



mesons

Zhuang, Hüfner, Klevansky: Nucl. Phys. A576 (1994) 525
Hüfner, Klevansky, Zhuang, Voß:  Ann. Phys. 234 (1994) 225



mesons

Radzhabov, Blaschke, Buballa, Volkov: Phys. Rev. D83 (2011) 116004 
Rößner, Hell, Ratti, Weise: Nucl. Phys. A814 (2008) 118 & arXiv: 0712.3152v1

Zhuang, Hüfner, Klevansky: Nucl. Phys. A576 (1994) 525
Hüfner, Klevansky, Zhuang, Voß:  Ann. Phys. 234 (1994) 225



baryons = quark + diquark

S−1
B (P0,P) =

1

2GB
−

∫
d4k

(2π)4
SQ(Q0,Q)SD(k0,k)

Q = P − k



baryons = quark + diquark

S−1
B (P0,P) =

1

2GB
−

∫
d4k

(2π)4
SQ(Q0,Q)SD(k0,k)

Q = P − k

S−1
B (P ) =

1

2GB
−

∫
d4k

(2π)4

∫ ∞

−∞

dω

2π

ρD(ω,k)

ω − k0

/Q+m

Q2
0 − E2

Q



baryons: pole approximation

Ω(2)
B = dB

∫
d3P

(2π)3

∫ ∞

0

dν

π

{
ν + T ln

[
1 + e−β(ν−3µ)

]
+ T ln

[
1 + e−β(ν+3µ)

]} dΦB(ν,P)

dν



baryons: pole approximation

Ω(2)
B = dB

∫
d3P

(2π)3

∫ ∞

0

dν

π

{
ν + T ln

[
1 + e−β(ν−3µ)

]
+ T ln

[
1 + e−β(ν+3µ)

]} dΦB(ν,P)

dν

1−GBΠB(ν,P) = (ν2 − E2
P,B)

dΠB

dν2
∣∣
ν2=E2

P,B
= const · (ν2 − E2

P,B)



baryons: pole approximation

Ω(2)
B = dB

∫
d3P

(2π)3

∫ ∞

0

dν

π

{
ν + T ln

[
1 + e−β(ν−3µ)

]
+ T ln

[
1 + e−β(ν+3µ)

]} dΦB(ν,P)

dν

1−GBΠB(ν,P) = (ν2 − E2
P,B)

dΠB

dν2
∣∣
ν2=E2

P,B
= const · (ν2 − E2

P,B)

dΦB

dν
= πδ(ν − EP,B)



baryons: pole approximation

Ω(2)
B = dB

∫
d3P

(2π)3

∫ ∞

0

dν

π

{
ν + T ln

[
1 + e−β(ν−3µ)

]
+ T ln

[
1 + e−β(ν+3µ)

]} dΦB(ν,P)

dν

1−GBΠB(ν,P) = (ν2 − E2
P,B)

dΠB

dν2
∣∣
ν2=E2

P,B
= const · (ν2 − E2

P,B)

dΦB

dν
= πδ(ν − EP,B)

Ω(2)
B = dB

∫
d3P

(2π)3

{
EP,B + T ln

[
1 + e−β(EP,B−3µ)

]
+ T ln

[
1 + e−β(EP,B+3µ)

]}



baryons: bey. pole approximation

ΩMF =
(m−m0)2

4GS
− (µ− µ∗)2

4GV
+

∆2

4GD
− 4IΩ ,

Ω(2)
D = T

∑

m

∫
d3k

(2π)3
ln

[
1

2GD
−ΠD(iΩm,k)

]

=

∫
d3k

(2π)3

∫ ∞

−∞

dω

2π

{
ω + T ln

[
1− e−β(ω−2µ)

]
+ T ln

[
1− e−β(ω+2µ)

]} dΦD(ω,k)

dω
,

Ω(2)
B = dB

∫
d3P

(2π)3

∫ ∞

0

dν

π

{
ν + T ln

[
1 + e−β(ν−3µ)

]
+ T ln

[
1 + e−β(ν+3µ)

]} dΦB(ν,P)

dν



phase shifts

Schmidt, Röpke, Schulz: , Ann. Phys. 202 (1990) 57 
Horowitz, Schwenk: Nucl. Phys.  A776 (2006) 55



summary & next steps



summary & next steps

• generalised Beth-Uhlenbeck to describe bound 
state (baryon) dissociation in medium

• qualitatively: Walecka model in pole 
approximation



summary & next steps

• many extensions
• colour superconductivity
• Polyakov loop

• ...

• generalised Beth-Uhlenbeck to describe bound 
state (baryon) dissociation in medium

• qualitatively: Walecka model in pole 
approximation


