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Broniowski et al., Acta Phys. Pol. B (1991)
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» QCD phase diagram

» frequent assumption:
(aq), (qq) constant in space

» inhomogeneous phases:
> pion condensates
> chiral density wave
» Skyrme crystals
» crystalline (color) superconductors
> 1+1 D Gross-Neveu model
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WA > chiral density wave

» Skyrme crystals
Nakano, Tatsumi, PRD (2005) » crystalline (color) superconductors
> 1+1 D Gross-Neveu model

» This talk:
inhomogeneous xSB in the NJL model
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» NJL model:

L = (i — myy + Gs ((01)? + (VinsTY)?)

(X)h(x), T(x) = P(X)irsTY(X)
= L= (i9— m+2Gs(o +iys7 7)) ¢ — Gs (0 + 7?)

<

» bosonize: o(x) =

» mean-field approximation:

» S(X), P(X) time independent classical fields
» retain space dependence !
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» mean-field Lagrangian:  Lyr = ¥(X)S~"(x)1h(x) — Gs (S?(X) + P*(X))
» inverse dressed propagator:
S7'(x) = ip— m+2Gs (S(X) + ivsmsP(X))
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» inverse dressed propagator:
S7'(x) = iD— m+2Gs (S(X) + ivsm3P(X)) = ° (i00 — Hur)

> Hwur = Hur[S, P]:  hermitean, time independent

» thermodynamic potential:

Qur(T, 1,8, P) = —%Trln (lT(iao — Hur + u)) + GT/S / oPx (32()?) + PZ()?))
v
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» mean-field Lagrangian:  Lyr = ¥(X)S~"(x)1h(x) — Gs (S?(X) + P*(X))
» inverse dressed propagator:
S7'(x) = iD— m+2Gs (S(X) + ivsm3P(X)) = ° (i00 — Hur)

> Hwur = Hur[S, P]:  hermitean, time independent

» thermodynamic potential:
Que(T, 1, S, P) = T tti l(iao —Hur + ) ) + —s/de’x (32(55) + PZ()?))
e 4 T 4

G
= VZ{ +TIn(1+eAT7 )} /d3 7()_262,”'2

» mass function:  M(X) = m — 2Gs(S(X) + iP(X))
» E, = E\[M(X)] = eigenvalues of Hur
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» remaining tasks:
» calculate eigenvalue spectrum of Hur for given mass function M(X)
> minimize w.r.t. M(X)
extremely difficult!
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» remaining tasks:
» calculate eigenvalue spectrum of Hur for given mass function M(X)

> minimize w.r.t. M(X)
extremely difficult!
» simplification:
» consider only one-dimensional modulations M(z)
» important observation: [D. Nickel, PRD (2009)]
problem can be mapped to the 1 + 1 dimensional case

» solutions known analytically: [M. Thies, J. Phys. A (2006)]
M(z) = \/vAsn(Az|v) (chiral limit),
sn(&|v): Jacobi elliptic functions
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» remaining tasks:
» calculate eigenvalue spectrum of Hur for given mass function M(X)
> minimize w.r.t. M(X)
extremely difficult!
» simplification:
» consider only one-dimensional modulations M(z)
» important observation: [D. Nickel, PRD (2009)]
problem can be mapped to the 1 + 1 dimensional case

» solutions known analytically: [M. Thies, J. Phys. A (2006)]
M(z) = \/vAsn(Az|v) (chiral limit),
sn(&|v): Jacobi elliptic functions
> remaining task:
minimize w.r.t. 2 parameters (m # 0: 3 parameters)  much easier!
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Phase diagram (chiral limit)
[D. Nickel, PRD (2009)]

homogeneous phases only including inhomogeneous phase
100 f 100 ~
80 80 \\
< 60 < 60
[ Q
=3 =3
= 40 r— 40
20 20
0 : : : : : 0
240 260 280 300 320 340 360 240 260 280 300 320 340 360
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v V.

» 1st-order line completely covered by the inhomogeneous phase!
» all phase boundaries 2nd order

» critical point coincides with Lifshitz point
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> M@) = VvAsn(Azly) - {ﬁAsin(Az) for v—0
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Including vector interactions
[S. Carignano, D. Nickel, M.B., PRD (2010)]
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» additional interaction term:
Ly = —Gy(PyH1)?
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» homogeneous phases:

» inhomogeneous regime:

Gv=Gs 80
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1 (Mev)

strong Gy-dependence of the critical point

stretched in w direction, Lifshitz point at constant T
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» homogeneous phases:
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» additional interaction term:
Ly = —Gy(PyH1)?

T-(n) phase diagram:

120 Homogeneous, broken
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o ",
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» independent of Gy/!

strong Gy-dependence of the critical point

us regime: stretched in u direction, Lifshitz point at constant T
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» signature of the critical point: homogeneous phases only:
divergent susceptibilities 31 Cuem St

» e.g., quark number susceptibility:

= _9%Q _ on
Xnn = "3 = 34

[K. Fukushima, PRD (2008)]
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T (MeV)

» signature of the critical point:
divergent susceptibilities

» e.g., quark number susceptibility:

= _9%Q _ on
Xnn = "3 = 34

» including inhomogeneous phases?

» expectations:

100

300 350 400 450 500

homogeneous phases only:

3 Quark Num. Suscept.

u[mev]

[K. Fukushima, PRD (2008)]

» Gy=0:

CcP =
ﬁ

Lifshitz point
no qualitative change
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= _9%Q _ on
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[K. Fukushima, PRD (2008)]

» expectations:

100
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» Gy=0:
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» e.g., quark number susceptibility:
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» including inhomogeneous phases?
> results:
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» signature of the critical point:
divergent susceptibilities

» e.g., quark number susceptibility:

= _9%Q _ on
Xnn = "3 = 34
» including inhomogeneous phases?
> results:
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320
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0280

homogeneous phases only:

3 Quark Num. Suscept.

[K. Fukushima, PRD (2008)]

» Gy=0:
Xnn diverges
at phase boundary
(hom. broken - inhom.)

» Gy >0:
no divergence
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Including Polyakov-loop effects
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» PNJL model: L =)D — myp + Gs ((1/31/))2 + (1/3i75ﬁ/z)2) + U, )
» simplifying assumption:
¢, 7 space-time independent, even in inhomogeneous phases

phase diagram:

2
%0 NJL

PNJL s

» Polyakov loop:

suppression of thermal effects
— phase diagram stretched in T direction

T (MeV)

0 50 100 150 200 250 300 350
1 (Mev)
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Two-dimensional modulations TECHNISCHE
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> consider two shapes:

» square lattice (“egg carton”)

Mixy) /M

M(x, y) = M cos(Qx) cos(Qy)

» hexagonal lattice

M(xy) /M

M(x,y) =¥ [2 cos (Qx) cos (% Qy) + cos(%@y)]

» minimize both cases numerically w.r.t. M and Q
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» amplitudes and wave numbers:
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Two-dimensional modulations:
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[S. Carignano, M.B., arXiv:1203.5343]

» amplitudes and wave numbers: free-energy gain at T = 0:
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Two-dimensional modulations: results CECHNISCHE
: . UNIVERSITAT
[S. Carignano, M.B., arXiv:1203.5343] DARMSTADT
» amplitudes and wave numbers: .
P free-energy gainat T = 0:
» egg carton:
500 0
Q ---- &
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3 800 Pt i S Lo !
= T [}
2 200 i EH -2 ,"
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o : o ~ cos 1d
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Two-dimensional modulations: further results
[S. Carignano, M.B., arXiv:1203.5343]
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» rectangular lattice:
M(x, y) = Mcos(Qxx) cos(Qyy)
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Two-dimensional modulations: further results
[S. Carignano, M.B., arXiv:1203.5343]
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» rectangular lattice:
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» free energy:
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Two-dimensional modulations: further results

TECHNISCHE
[S. Carignano, M.B., arXiv:1203.5343] g,/\\ILV/\E\ESng
> lar lattice: . . .
rectangular lattice » higher chemical potentials
M(x, y) = Mcos(Qxx) cos(Qyy) W7
:, !

» free energy: 51 S
0.05 = /
005 3 O

E s
01 S =
015 2 9 5
0.2 square-hex
025 E jacobi-hex -----
03 ¢ -10 I jacobi-square - - - - -
-0.35 400 500 600 700 800 900 1000
100 200 300 400 1 (MeV)
Q, (MeV)
> 450 MeV < 1 < 900 MeV:
= “egg carton” local minimum egg carton favored

> 1 > 900 MeV: hexagon favored
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Competition with color superconductivity

[D. Nowakowski et al., MSc thesis]
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» additional quark-quark interaction: Lgq = H(q' CivsTada Q) (GivsTara CGT)

» allow for homogeneous u-d pairing (py = ftg)
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» additional quark-quark interaction: Lgq = H(q' CivsTada Q) (GivsTara CGT)

» allow for homogeneous u-d pairing (py = ftg)

» phase diagram: H =0.6Gs » typical result:
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» additional quark-quark interaction: Lgq = H(q' CivsTada Q) (GivsTara CGT)

» allow for homogeneous u-d pairing (py = ftg)
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» Inhomogeneous phases must be considered!

» NJL model with one- and two-dimensional modulations of (gqqg):

v

1st-order line and critical point covered by an inhomogeneous region
» inhomogeneous phase rather stable w.r.t. vector interactions

» number susceptibility always finite (for Gy > 0)

» 1d modulations favored at “moderate”

» 2d modulations might be favored at higher p

» competition with color superconductivity must be taken into account

» experimental signatures?

» theory: calculate mesonic correlations (— dilepton spectra)
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