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Introduction



At the end of Inflation the Universe
was empty, cold and bare...



After reheating a very slight excess
of matter was somehow generated
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Current universe




he observed




Dark Matter?

heic1506 — Science Release
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The Standard Model

leaves many questions unanswered...



Why is the Higgs mass light!?

Quarks M << M Planck

)))))))

ooooo

electron neutrino muon neutrino tau neutrino



Unlflcat|0n7

Strength of Force

o
e
)

Forces Merge at High Energies

| | 1 1 1 I | 1 | I | | I |

srong. SIS Mol

104 108 1p!2 1018

Energy in GeV

l1020




Flavour

 Why three families?
Why these masses!?

-




Leptons

Neutrinos

.AAV’?; i

&




Origin of quark and lepton masses!




Orlgm of quark and
lepton mixing?

PMNS

[Stone, 1212.6374]



Neutrinos have tiwg masses (mueh less thaw electron)

Neutrinos mix a Lot (unlike the gquarks)
UPp to 9 new params: 3 masses, 3 angles, 3 phases

Orlgin of mass and MLXLNG LS unkmnown




O origin of neutrino mass >

O wnification of matter, forces and flavour
SUSY, QUTs, FamiLg Sywmmetry, ...

(] ®Baryon asymmetry of the universe?
Leptogenests
[0 park Matter?

warm dark watter

O wnflation?

Sweutrino tnflation

DY
RGa10msao

] rark eEnergy? A ~ mi
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Neutrino
Masses and
Mixings




A Brief (and incomplete) History

of Neutrino Mass and Mlxmg

—f
Atmospheric v, disappear, large 623 (1998) @ SK

Solar v, are converted to v, +v  (2002)  SNO

Reactor anti-ve disappear/reappear (2004) Kamland

Accelerator v, converted to v, (2010) OPERA
Accelerator v, converted to Ve, 613 hint (2011) T2K

Reactor anti-v¢ disappear, 613 meas. (2012) DB, Reno



The 6 observables In
neutrino oscillations

*The atmospheric mass squared difference Am%l
X The solar mass squared difference Amgl

X The atmospheric angle 023

XThe solar angle 912

XThe CP violating phase 5



2 Mass Squared Differences

| solar7.5 x 107° eV?

atmospheric —
2.5 x 1073 eV?

atmospheric

T — 2.5 x 1077 eV*
1 solar 7.5 x 107 eV?
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The 3 Lepton Mixing Angles




The oscillation observable
CP Violating Phase




PMNS Lepton mixing matrix

Standard Model states ’
(v ) (\/ PMNS mat”’)( Neutrino mass states
e s T ) 2

Powntecorvo T — N\ Normal zr Inverted
Mélkei |
NakRagawa
Spkata

atmospheric
~2x1073eV?

rReactor

e l
Oscillation phase 2 masses + 3 angles + 3 phases =

; h o1, O
Majorana phases 21, (31 WEW 'PaVa meeters ‘fOV SM
dq—__ B e - - et




PMNS and CKM mixing

—10
S - S ; i
1 (/
_512023_012523313?5 CoSosEs Dol 3 o3

= 1 > = /)
512993 7 C19C935,3€ C195937519C93513€ Co3C13

For Majorana neutrinos - X diag(1, Sl

Same form for quarks and leptons
(but very different angles)




Quark vs Lepton mixings

DS

15 24 0% 720

e e +0.05"

34° | 45° @ 8.5° —90°
110 Al l +0.15° 1+50°




Latest NuFIT Fit 3.0

NUFIT 3.0 (2016) |

Normal Ordering (best fit)

Inverted Ordering (Ax* = 0.83)

Any Ordering

bfp £1o

30 range

bfp £1o

30 range

30 range

0.306790015
B8 s
0.441%5 051
Alia
002166=0000
SllaE e
26157

(D

< GonEr e

0.271 — 0.345
31.38 — 35.99

0.385 — 0.635
38.4 — 52.8

0.01934 — 0.02392
7.99 — 8.90

0 — 360

7.03 — 8.09

+2.407 — +2.643

0.30670015
SR
0580
SO
IRt s
SHONEEE
e

TS0t

o) kRO

0.271 — 0.345
31.38 — 35.99

0.393 — 0.640
38.8 — 53.1

0.01953 — 0.02408
8.03 — 8.93

145 — 391

7.03 — 8.09

S e oo e 00

0.271 — 0.345
31.38 — 35.99

0.385 — 0.638
38.4 — 53.0

0.01934 — 0.02397
TSR b= O

0 — 360

7.03 — 8.09

+2.407 — +2.643
—2.629 5 — 2:405




Lisi etal 1703.04471

Parameter

Ordering

lo range

20 range

30 range

ém?/107° eV?

NO, 10, Any

7.21 — 7.54

TR T4

6.93 — 7.96

sin? 912/10_1

NO, 10, Any

2.81 - 3.14

2.65 - 3.34

2.50 — 3.54

[ A a0 eV

NO
(@)
Any

2.495 — 2.567
2.473 — 2.539
2.495 — 2.567

2.454 — 2.606
2.430 — 2.582
2.454 — 2.606

2.411 — 2.646
2.390 — 2.624
2.411 — 2.646

sin? 913/10_2

NO
(@)
Any

D B2 0
2.07 - 2.24
2MO08=2 0800

P RE =5l
kel =
1559 95 220

1.90 — 2.40
1.90 — 2.42
1.90 - 2.40

sin® fa3 /107"

NO
IO
Any

4.10 — 4.46

4.17 —4.48 & 5.67 — 6.05

4.10 — 4.46

3.95 - 4.70
3.99 - 4.83 & 5.33 — 6.21
3.95 —4.70 @& 5.75 — 6.00

3.81 - 6.15
3.84 — 6.36
3.81 — 6.26

(S0 =P=00 76052
0-0.15 6 0.69 — 2
) sl RN GameD

5/ NO e 1.00 — 1.90
10 o=ty 0.92 — 1.88
Any iL IRk Gl 1.00 — 1.90




parameter

best fit + 1o

20 range

30 range

Ao l0w eV

| Am3y| [10~36V?] (NO)
Am3,| [10-%eV?] (10)

Sin2 912/10_1
912/O

sin® f23/10~" (NO)
623 /°

sin® f23 /107" (10)
623 /°

sin” 013/107% (NO)
iyl

sin” 013/1072 (10)
013/°

6/m (NO)
6/°
o/ (10)
6/°

7.0610.19

2.551+0.04
2.4910.04

0.18
3.2170 16

LS

G ie
AL
SO

50.5%+1.0

sl e
SN LS
A

SAHE

A0
5P
1447575,

25 Oeia

7.20-7.95

2.47-2.63
2:41=2 57

2.89-3.99
32.9-36.8

3.98-4.78 & 5.60-6.17
39.1-43.7 & 48.4-51.8
4.04-4.56 & 5.56-6.25
39.5-42.5 & 48.2-52.2

2082831
S =
1.97-2.30
8.0-8.7

0.85-1.95
153-351

1.01-1.93
182-347

7.05-8.14

2.43-2.67
2.37-2.61

e (e
31.5-38.0

3.84-6.35
38.3-52.8
3.88-6.38
38.9-93.0

1.89-2.39
(1939

1.89-2.39
TS e,

0.00-2.00
0-360

0.00-0.17 & 0.79-2.00
0-31 & 142-360




Open Questions

Is CP violated in the leptonic sector? (Probably)

@] Are neutrino masses NO or 1O ? (NO preferred)

ﬁ What is the lightest neutrino mass!?
Are neutrino masses Dirac or Majorana!




Dirac or Majorana?

VL SFK 0712.1750

Dirac

_\gu- mplUr, VR

VL Majorana
-'l 1 0
\@ mri, Uy, VZC—J
C
VR Majorana

ﬂ@ll# MREE:{VR



Experimental determination
of neutrino mass

(no signal if

Tritium beta decay Neutrinoless double beta decay Dirac)

Excluded at 90% confidence level | Guzowski

/////////////////////////////////////////////////////////////////////////J'/5 9 4/9 8}
//

Combination (CUORICINO, EXO-200, GERDA, KamLAND-Zen, NEMO-3)

LLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLL L L L L LLL L

Inverted Hierarchy

Planck

> 959% limit

_ Normal Hierarchy d! > drp

Present Mainz < 2.2 eV
KATRIN ~(0.3beV




Majorana

mass sum rules

King, Merle, Stuart 1307.2901

Rule 1

Disfavoured by OvSf

GERDA 1

mi + Mg = M3

Glve restricted
regLons

Disfavoured by Cosmology

0.01

Miightest [GV]
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Is Majorana mass renormahsable"
Renormalisable where A is light Higgs triplet with [
AL =2 operator 7\\, LLA VEV < 8GeV from p parameter

Non-renormalisable 7\.\, TLHH = 7\v <HO> v v
el

AL =2 operator M M e Weinberg

This is nice because it gives naturally small Majorana neutrino
masses m;, ~ <H>2/M where M is some high energy scale

The high mass scale can be associated with some heavy
particle of mass M being exchanged (can be singlet or triplet)

5t H
See-saw

mechanisms
L




Roadmap of neutrino mass

DLrac

MaJ orana

prn———
e
s
e

565
ges




Planck
brane

Extra dlmensmns

e

Overlap
wavefunction of
fermions with
Higgs gives
exponentially

suppressed Dirac
masses,
depending on the
fermion profiles




Roadmap of neutrino mass

Dlrac
q

Majom nWa
Yyes
q
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o
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Loop Models of Neutrino Mass

X
I

Hy(H,),

Zee (one loop) Babu (two loop)

1406.4137

la (lb)c

Ny

Scotogenic model Cocktail moodel Effective theory




Roadmap of neutrino mass

= _
565

MaJ orana

prn———
e
e
e

Yyes [—
_
Wwo /




R-Parity Violating SUSY
O Majorana masses can be generated via RPV SUSY

O Scalar partwners of Lepton doublets (slepton doublets) have same
quantum numbers as Higos doublets

e R—parl’ca Ls violated then sneutrinos ma Y get (small) VEVs
induciing a mixing between neutrinos and neutralinos




Roadmap of neutrino mass

DLrac

565

MaJ orana




Type I see-saw mechanism  Type II see-saw mechanism (SUSY)E

P. Minkowski (1977), Gell-Mann, Glashow,
Mohapatra, Ramond, Senjanovic, Slanski,
Yanagida (1979/1980), Schechter and Valle
(1980)...

Lazarides, Magg, Mohapatra, Senjanovic,
Shafi, Wetterich, Schechter and Valle...

?j’ U

Heavy
triplet




Type ITI see-saw mechanism
Foot, Lew, He, Joshi; Ma...

Supersymmetric adjoint SU(5)
Perez et al; Cooper, SFK, Luhn,...

SU(2), fermion triplet

|
—
- b

See-saw w/extra singlets S

Inverse see-saw
Wyler, Wolferstein; Mohapatra, Valle

D=0
M0

0 MT ) M=TevaLHC
M, = MpMT uM—1MZT

Linear see-saw

0 MD ML

7 S (R
M{ WEEGE0)

Malinsky,
Romao, Valle

Type IIT

LFV predictions
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Predictivity



Quark mixing matrix Vg m
e 0 h A o O A0
VuyWbUhth -0 m oV YRVE*v=0 m O
0 0-m, 0Oy

Definedas Ve =V "V™" 5 phases removed

Lepton mixing matrix Uppyns

Light neutrino Majorana mass matrix

(000 | m O 0)
VooV alve= @ im0 e VeV B s RO e e O
20 0= ) 200 S0 m

Definedas U

s =V VT 3 phases removed




Bt —ihe

O Tri-bimaximal Urs =

Grot =l

O Goldewn ratio

/5
9

=




Tri-Bimaximal Deviations |

0710.0530

y = reactor




Tri-Bimaximal-Cabibbo Mlxmg

1205.0506, 1304.6264

TBC aorrespowols to
s5—@=0,@=0¢




O Tri-maximal1 s~ 0, @ ~@cos )

O Tri-maximal2 s=0,@~ —Q‘COS5




— —— — —

|
- o

Upyns =V VT Cabibbo-like

e Eote =
s S 12 ()
i5f2 e

T AT (&
Upmns = —S5q19€ C19

\Uﬂ\ poot \812523 e C12813C23€i5| 1

‘Urz‘ = ‘ S Gl e 812813023€i5| = \/§

= N

|
-

- - e - e

1410.7573

PRy

2

3

R =

/6
e
6

o
jewixewliqg-1J |

SFK,
Antusch,

(912 ~ 35.26° + (913 COS 0

T

tossTy + S25C35 /b3 — 5(tas + S73/tas)

S1n 2(912813




]

Bimaximal 019 ~ 45° + 013 cosd

Tri-bimaximal 015 ~ 35° 4+ 013 cosd

C

015 ~ 32° 4+ 613 cos 0

- Atm. sum rules (TML or TM2)

Trimaximals 0oz ~ 45° + V2015 cos §

TYLV%Q)(LVM«QLQ 923 > 450

‘Uel‘ = \/%

Ue2| = |Up2| = |Uxr2]




Almost excluded!

COS 0 ~ ((912 o 450)/913

35 0
34.0
33.0
32.0
31.0

:Solar Sum Rules

tosStg + ST3Cla/t2s — sY5(taz + 513/t23)

sin 2912813 |
Ballett,SK,Luhn,Pascoli,Schmidt
1410.7573

Useful approximation

COS 0 ~ ((912 — 52)/(913

COS 0 =




Atmospheric Sum Rules

1308.43 14

-1

B

0] 9

S 85

SR Onl S =0,

1 -0.05

1406.0308

1 O 1

9.5 I

8_

75—l L

1 I 1 | 1 I
29 30 31 32 33 34 35 36 37 38
true 64, (deg.)

5 sigma allowed
regions after JUNO




Questions?



= = N - 1 [ o N

¥ - =N

utorial Questions

1. The PMNS matrix for Dirac neutrinos is [1],

- e

i
C12C13 512C13 513€
e ) id
(i —S812C23 — C12513523€ C19C23 — 512513S523€ C13523

i0 id
512523 — C12513C23€ —C125923 — S12513C923€ C13C23

where s13 = sin 63, etc.

(a) Show that tri-bimaximal mixing defined by

1 1
813:0, OB RO A=t —

V3 V2

implies the tri-bimaximal (TB) mixing matrix,




(b ) Consider the reactor, solar and atmospheric parameters r,s,a which parame-
terise the deviations from tri-bimaximal mixing [2],

r el ) _(1—|—a).

8§13 = —, 813 = o —
13 /2 12 /3 23 /2

By expanding the PMNS mixing matrix to first order in the small parameters
r, s, a, it is possible to show (although you do not need to do this) that,

(4)

NETEED 1(1+s) Lpe
(= udrremsa) - 2=l = 15—@—%7“(:055) +a
1+S+a—rcosc5) (1—ls+a,+ ST oS 0) — a)

- (5)

Verity that for TB mixing r = s = a = 0, the mixing matrix reduces to Urg.

Show that, for s =& 0, a = rcoso, the first column of the mixing matrix approxi-
mately corresponds to that of TB mixing (TM1 mixing).

Similarly show that for s &~ 0, a ~ —(r/2) cosd, the second column of the mixing
matrix approximately corresponds to that of TB mixing (TM2 mixing).




(¢ ) Show that the relations a = r cos d and a =~ —(r/2) cos ¢ imply the approximate
“atmospheric sum rules” of the form,

@23 = 5= R 613 COS 0 (6)

and find the constant C' in each case. [Hint: take the sine of both sides of the
Eq.6, assuming sin 013 = 3, then expand sin(fs3 —45°) and use definitions of r, a.]|

Then discuss how well these so called “atmospheric sum rules” are satisfied by cur-
rent data on the atmospheric and reactor mixing angles and how future precision
measurements of these angles will fix the CP violating phase § [3].




(d) If the charged lepton mixing matrix has a Cabibbo-like mixing angle [1],

e e o105
(312.5 sia€ 12 0 E
s EEAT0Y e ;
o e ) C12 0 i
0 0 1

calculate the (1,3), (3,1) and (3,3) elements of PMNS matrix U = U.,Urg (you
don’t need to calculate the whole matrix). Comparing the absolute value of the
(1,3) element to that of the standard parameterisation of the PMS matrix, find
s13 in terms of s{, and show that choosing 6, = 6o ~ 13° (the Cabibbo angle)
gives a reasonable value for the reactor angle [7]. Comparing the absolute value of
the (3,1) and (3,3) elements to that of the standard parameterisation of the PMS
matrix, find relations between PMNS parameters. By combining and expanding
these relations show that they lead to the approximate “solar sum rule”,

012 — 35° = 6,5 cos 9, (12)

Hint: take the sine of both sides of the Eq.12, assuming sin 613 &~ 6,3 as well as
sin 35° ~ 1/+/3.] Discuss the resulting prediction for the CP phase d [7].
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Minimality
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Minkowski; Yanagida;
Gell-Mann, Ramond,

Seesaw mechanism ..o e

Schechter, Valle;...

Ty, — 0
_ _ 0 1103p VS :
¢ L) One famil
(v, U%) (mp MR) (We) y

Eigenvalue equation for 7Trl;, (up to phases)

m7, = m, Mg +m?
m2
m, < Mp my~—=2 ~0.1eV
Mp

Classic seesaw



The seesaw Ilne Myirac

(GeV?)

E W 5 B 5 N EEEEEESEEEEEEEEESEEESEEEEEEEEEEEEEEER

. TeV sterlles
Nu-MSM,

DM,GeV s:éterlles MR (GGV)

keV steriles

eVsterlles 10~ ~ 105 1010 1015




'R EERL 2___________
Classm seesaw: i, ~ —2irsc — () 1eV |

M
(GeV?) i

leraC

\f/anilla
Leptogenesis
suggests
|V|R~§1 0'° GeV

MR(GGV)

10 10* 107 1010 1013 106

1076,




Minkowski; Yanagida;
Gell-Mann, Ramond,

Seesaw mechanism ..o e

Schechter, Valle;...

_ . 0 mp VE Three
( ) mp Mp VR families

m T

atm’'’“atm

]V[amn




Sequential dominance

= N‘;}

| normal |
\_ ordering

\\ =
S - _ . ) _




SFK

Littlest Seesaw i

Two right-handed neutrinos (RHN) V%‘?m V%?l

Diagonal Mo — M atm 0 completely
& ( 0 Msol> decoupled Vi
Diagonal (me,my,m;)

Constrained Sequential Dominance (CSD3):

0 b 0 b
mp = |a 3b or mp=|a b
a b a 3b

SFK, Luhn

Enforced by symmetry (see later) 16075051



| | | I | [ | [ | | I | I I I
N N . = o

The thtlest Seesaw

Low energy neutrino mass matrices after seesaw:

00O =
Miga =Mg |01 1] +mpe’ | 393

011 151

000 B3
e =ma 01 1] tmpe®{ F 1S
011 330

SD ma>>my predicts NO with m1=0
Depends on 3 parameters: ma, mb, eta




0.025 0.050 0.075 0.100 0.125 0.150 0.175 0.025 0.050 0.075 0.100 0.125 0.150 0.175
Mp/My Mp/My

mb/ma 612 M 6,3 B 6,; B my/m; B 6 mb/ma




‘]
ok
3

Best F|t LS Predlctlons © NO with mi=

LSA LSB NuFIT 3.0
n free nfixed niree nfixed global fit

27.19 26.74 26.95 26.75
2.654 2.682 2.668 2.684
0.6807 27w/3 —0.6737 —2m/3

34.36  34.33 34.35  34.33
kS 8.46  8.60 8.54  8.60
fa3 [° 45.03  45.71 44.64  44.28

-89.9  -86.9 91.6  -93.1
Ans, [l057eVAF 7499  =7.379 7.447  7.390
Aan  [10E eVE[E = 2500 = =0u5ii) 2.500  2.512

Ax? /d.o.f il Ies o P Be Ea




Renormalisation Group Correctlon

S e = (D C N e ey — B (e 150:

=

1
-
.

;;,:

NGuT

IVlatm

I\/Isol

New

613(deg)

7.62574

7.81215

8.47979

8.4798

612(deg)

34.5348

34.4977

34.3575

34.3572

623(deg)

45.1425

42.9816

42.3751

42.3744

my(meV)

13.537

12.2035

12.1317

8.73113

ms(meV)

87.6802

75.4657

69.8112

50.2431

Ocp(deg)

-89.2885

—-88.0086

-90.3508

-90.3507

dcp(deg)

-38.9558

-40.649

-38.9917

-38.9917

o)
)

Geib, SFK (to appear)

Mixing Angles [deg]
Do W W

[—
)

|
|
[
[
!
[
I
[
[
f
[
I
[
[
[
[
|
[
I
[
[
I
[
|
|

G g 1

Log[u/GeV]

14216

CPV Phases [deg]

100
50

o

~50

Neutrino mass [meV]

S @p) @e]
) ) )

N\
-

Log[u/GeV]
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Robustness
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. 4 X rotatlon by 120° cIockmse (seen from a vertex) T—type rotatlons
* 4 x rotation by 120° anti-clockwise (ditto) T-type rotations
- 3 x rotation by 180° S-type rotations

12 rotations (“group elements”)
generated by products of S, T
(“generators”)
= Sere g
(ST)° =
Block diagonal
(rotate about first vertex)

s =i

0 0 0
0 0 1
0 0

Since S, T are block diagonal, the 4 dimensional matrix of
vertex transformations is equivalent to a triplet plus singlet 4 > 3 @ ]-
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Froggatt-Nielsen

Up-type quarks




Charged Leptons
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Neutrinos with
Littlest Seesaw

X4
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Summary of A4x SU(5)

Explains quark mass hierarchies, mixing angles and the CP phase.
Reproduces Littlest Seesaw model predictions

Zo flavour symmetry fixes the phase n to be 2pi/3

_eptogenesis fixes Maim ~ 1010 GeV

Renormalisable at GUT scale, SU(5) breaking potential,
spontaneously broken CP.

The MSSM is reproduced with R-parity from discrete Z4R .

Doublet-triplet splitting via the Missing Partner mechanism.

mu term is generated at the correct scale.

Proton decay is sufficiently suppressed.

Solves strong CP problem through the Nelson-Barr mechanism .
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Tutorial Questions

2. Consider a Dirac neutrino mass model involving one right-handed neutrino v3™
with Yukawa couplings [4],

VB @iy A0 B (7)

where L. = (v.,€e)r, etc., H is the Higgs doublet and d, e, f are real Yukawa
couplings.

(a) When the Higgs gets a VEV in its first component, explain why this model
leads to one massive Dirac neutrino, together with two massless neutrinos.

(b) If we interpret the massive neutrino as the atmospheric neutrino, show that
left-handed component can be parametrized in terms of two angles #;5 and 653 as

atm
Ve =" CHiYoll, A SOl ity - oAy (8)

where v3*™ is correctly normalised (s13 = sin b3, etc.). Then, by comparing the
above parametrisation of %™ to the third column of the PMNS matrix (with zero
CP phase), explain why 6,3 is the reactor angle and 6,3 is the atmospheric angle.




DN, E el Al B

= S13Vel T S23C13V4uL + C23C13Vr L.

(¢ ) Using Eqgs.7 and 8, find expressions for the sine of the reactor angle sin 63
and the tangent of the atmospheric angle tan 653 in terms of the Yukawa couplings

dee il
(d) If the solar neutrino is identified as one of the massless neutrinos, explain why
the solar angle 6,5 is not well defined in this model.




3. Consider a see-saw neutrino model involving two right-handed neutrinos 5" and

atm

vy™ with Yukawa couplings [5],
vl (aLe + bL, + cL.)H + v¥™(dL. +eL, + fL,)H, (9)

and heavy right-handed Majorana masses,

Mo (VR + Mt (V™) (10)

(a) After the Higgs gets a VEV in its first component, write down the Dirac mass

IO s

(b) Write down the (diagonal) right-handed neutrino heavy Majorana mass matrix
MRR.

(¢ ) Using the see-saw formula, m” = (mB, )T M,rmZE, . calculate the light effective
left-handed Majorana neutrino mass matrix m" (i.e. the physical neutrino mass
matrix).

(d) Assuming that the determinant of m” vanishes (which you may if you wish
check by explicit calculation) what is the physical implication of this?




(e) Imposing the constraints d = 0 and e = f, with a = b = —c known as

“constrained sequential dominance” [6], show that the resulting physical neutrino
mass matrix m” is diagonalised by the tri-bimaximal mixing matrix, Uigm”Urg.
What is the physical interpretation of this result if the charged lepton mass matrix

is diagonal?




Tutorial Questions

1. The PMNS matrix for Dirac neutrinos is [1],

C12C13 S12C13 S13€
_ 6 is
U= —8512C23 — C12513523€ C12C23 — 512513523€ C13523 ) (1)
) 1)
512823 — C12513C23€""  —C12823 — S12513C23€"  C13C23

where s13 = sin f,3, etc.

(a) Show that tri-bimaximal mixing defined by

1 1
—F=, 823 = —=,
V3 TR T2

implies the tri-bimaximal (TB) mixing matrix,

s13 =0, s12 =

\/E L 0
13 \{g 1 3
V6 VB V2

(b ) Consider the reactor, solar and atmospheric parameters r,s,a which parame-
terise the deviations from tri-bimaximal mixing [2],

r (14 5) _(1+a).

S$13 = —=, S19 = ——=—, So3 =
13 /s 12 73 23 /3

By expanding the PMNS mixing matrix to first order in the small parameters
7, 8, a, it is possible to show (although you do not need to do this) that,

(4)

Vi -49) S(1+s) Jore
(1+a) |- ()
(1-a)

~

U~ —%(1+s—a+rcos<5) %(1 13—61—17"‘3055)
(I1+s+a—rcosd) ——=(1—3s+a+ 3rcosd)

S-Sl

L 11
V6 V3

Verify that for TB mixing r = s = a = 0, the mixing matrix reduces to Urg.

Show that, for s = 0, a = rcosd, the first column of the mixing matrix approxi-
mately corresponds to that of TB mixing (TM1 mixing).



Similarly show that for s = 0, a ~ —(r/2) cosd, the second column of the mixing
matrix approximately corresponds to that of TB mixing (TM2 mixing).

(¢ ) Show that the relations a ~ r cos § and a &~ —(r/2) cos 0 imply the approximate
“atmospheric sum rules” of the form,

923 —45° ~ (' x 913 cos 0 (6)

and find the constant C' in each case. [Hint: take the sine of both sides of the
Eq.6, assuming sin 03 ~ 613, then expand sin(fa3 —45°) and use definitions of r, a.]

Then discuss how well these so called “atmospheric sum rules” are satisfied by cur-
rent data on the atmospheric and reactor mixing angles and how future precision
measurements of these angles will fix the CP violating phase ¢ [3].

(d) If the charged lepton mixing matrix has a Cabibbo-like mixing angle [1],

e e ,—id¢
iy . s{e€e %12 ()
Ue = | —sip€e"2 Clo 0 (7)
0 0 1

calculate the (1,3), (3,1) and (3,3) elements of PMNS matrix U = U.,Urp (you
don’t need to calculate the whole matrix). Comparing the absolute value of the
(1,3) element to that of the standard parameterisation of the PMS matrix, find
s13 in terms of s§, and show that choosing 0{, = - =~ 13° (the Cabibbo angle)
gives a reasonable value for the reactor angle [7]. Comparing the absolute value of
the (3,1) and (3,3) elements to that of the standard parameterisation of the PMS
matrix, find relations between PMNS parameters. By combining and expanding
these relations show that they lead to the approximate “solar sum rule”,

012 — 35° =~ 05 cos 0, (8)

[Hint: take the sine of both sides of the Eq.8, assuming sin 613 =~ 613 as well as
sin 35° &~ 1/4/3.] Discuss the resulting prediction for the CP phase 6 [7].



2. Consider a Dirac neutrino mass model involving one right-handed neutrino v&™
with Yukawa couplings [4],

v (dL, + eL, + fL,)H, (9)

where L, = (ve,€)r, etc., H is the Higgs doublet and d,e, f are real Yukawa
couplings.

(a) When the Higgs gets a VEV in its first component, explain why this model
leads to one massive Dirac neutrino, together with two massless neutrinos.

(b) If we interpret the massive neutrino as the atmospheric neutrino, show that
left-handed component can be parametrized in terms of two angles 613 and 6,3 as

Vfaftm = S13VerL T S23C13V,L + C23C13VrL- (10)
where 3™ is correctly normalised (s13 = sin 3, etc.). Then, by comparing the
above parametrisation of 3™ to the third column of the PMNS matrix (with zero
CP phase), explain why 6,3 is the reactor angle and 63 is the atmospheric angle.

(¢ ) Using Eqs.9 and 10, find expressions for the sine of the reactor angle sin ;3
and the tangent of the atmospheric angle tan #53 in terms of the Yukawa couplings

d7€7f‘

(d) If the solar neutrino is identified as one of the massless neutrinos, explain why
the solar angle 615 is not well defined in this model.



3. Consider a see-saw neutrino model involving two right-handed neutrinos v§" and

atm

vy™ with Yukawa couplings [5],
v aLe 4 bLy, + cL)H + v (dL, 4+ eL, + fL.)H, (11)

and heavy right-handed Majorana masses,

Mg (V)" + Maemlg™ (V™))" (12)

(a) After the Higgs gets a VEV in its first component, write down the Dirac mass
matrix mgL.

(b) Write down the (diagonal) right-handed neutrino heavy Majorana mass matrix
M RR-

(¢ ) Using the see-saw formula, m” = (mB, )T MyrmPZ; | calculate the light effective
left-handed Majorana neutrino mass matrix m” (i.e. the physical neutrino mass
matrix).

(d) Assuming that the determinant of m” vanishes (which you may if you wish
check by explicit calculation) what is the physical implication of this?

(e) Imposing the constraints d = 0 and e = f, with a = b = —c known as
“constrained sequential dominance” [6], show that the resulting physical neutrino
mass matrix m” is diagonalised by the tri-bimaximal mixing matrix, Ufzm” Urg.
What is the physical interpretation of this result if the charged lepton mass matrix
is diagonal?
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Solutions

1. (a) This is simply a matter of substituting the expressions into the PMNS matrix,
using c13 = (1 — s%;)'/2, etc.

(b ) For r = s = a = 0 the mixing matrix reduces to the TB matrix,

2 1L 9
LY |
V6 VB V2

Assuming s =~ 0, a =~ rcosd, we find the TM1 matrix,

Urvii = | — - — |- (2)

5
S
Q
|
5|H%|H§|“
|
©

(¢ ) Following the hint, one finds,
a4 22 1 CcoS 0 — Og3 — 45° 2 /20,5 cos & (4)

CL%—(T/Q)C085<—>023—450%—%COS(S (5)

V2

ie. C=+2and C = —1/\/5.

Current data may involve for example fb3 = 40° — 50° and 6013 = 8° — 9°, leading
to |63 — 45°| < 5° and hence constraints on the two sum rules, which can be solved
for cosd in terms of the measured angles. (This is a rather open ended question
which the students can discuss in various ways in detail).



(d) If the charged lepton mixing matrix involves a Cabibbo-like mixing, then the
PMNS matrix is given by,

Cla 5 sfae” 2 0 % \/L§ 0 %ee_iéi
= | —s%,e 1 1 1 - . . Y2
UPMNS S1o€7712 Cig 0 _76 7§ 75 73
0 0 1 1 1 11 1
V6 V3 V2 Ve V3 V2
Comparing to the PMNS parametrisation we identify,
S@
si3 = 2 (6)

i6
523512 — 513C23C12€ ’ =

C13C23 =

SEPNEES

The first equation a reactor angle 013 ~ 9.2° if 0, ~ 6 ~ 13° [7]. The second and
third equations allow to eliminate f3 to give a new relation between the PMNS
parameters, called a solar sum rule, which may be expanded to first order to give
the approximate relation,

912 —35° ~ 913 COS 5, (9)
or,

bro — 357 . (10)
913

cosd ~

This highlights the importance of an accurate measurement of the solar angle in
order to predict the CP phase. Current data on the solar and reactor angles seems
to predict cosd =~ 0 or § ~ £90°, consistent with the experimental hint for the CP
phase  ~ —90°.



2. (a) Inserting the Higgs VEV, v4™ only couples to one linear combination of left-
handed neutrinos,

V™ o dver, + evur, + frer, (11)

and the two orthogonal combinations must therefore be massless because they
have no couplings to the single right-handed neutrino.

(b) To check the normalisation we consider the product,

atm _ atm
v vE™ = (S13Ver, + S23Ci3Vur + Co3C13V7L) . (S13Ver, + S23C13V0uL + C23C13V71L)

= 833 + (823013)2 + (023013)2 =1, (12)

where we have used results like ver.ver, = 1 and v.p.v,, = 0, etc. Comparing to
the PMNS matrix, one can see that the third column with zero phase 6 = 0 is
identical to the parameterisation in Eq.??, hence we can identify 6,3 as the reactor
angle and #,3 as the atmospheric angle.

(¢ ) Including a normalisation factor we have from Eq.??,

1
o = (dver, + evur + frrr). (13)

\ A%+ e? + f?

Comparing the coefficients of v.r,, v,1,, V-1, to those in the parametrisation in Eq.?7?,

atm
vV = S13Ver + S23C13V,1 + Co3C13VrL, (14)

we read-off the results,

- d - c = / 15
S13 = Eret 2 fQ’ 523C13 = Eret 2 fQ’ C23C13 = Brt 2 fZ'( )
Taking the ratio of the last two terms,
e
tog = —. 16
7 (16)

(d) The solar neutrino state v5°' is not uniquely specified, since it is degenerate

with another massless state, hence the solar mixing angle 6,5 is not well defined.



3. (a) In the basis, with rows (v}, ™)™ and columns (Ver,, V.1, V- 1), the Dirac mass

matrix is,
D a b c
L = (d e f) | (17)
(b) The Majorana mass matrix with rows (5, 787 and columns (v, vaim),
My, 0
Mop — S0 ] 18
n ( 0 Mun (18)
(¢ ) Then by multiplying the matrices we find,
_a? d? ab de _ac_ df
D T 1 D Msi)ol M;tm ]Vé%c’l Ma2tm Jwbsol Ma]ttm
14 — a € € C €
m-= (mRL) RRmRL - Msol Matm Msol Matm % + Matm : (19)
_ac_ df e ef 2 b

Msol Matm Msol Matm Msol Matm

(d) By explicit calculation, one can check that det m” = 0. Since the determinant
of a real symmetric matrix is the product of mass eigenvalues

det m” = mymaoms, (20)

one may conclude that one of the masses is zero, which we take to be the lightest
one m; = 0.

(e) Setting d = 0 and e = f, with a = b = —c¢, one finds,

a2 a2 —a2
Mo Mo Mso)
X 2 SO o 2 % o
v __ a a € —a €
mY = +a— |- (21)

M., 1 M. 1 Matm M, 1
Voo Mgl aym M 4

+ &
Mo Mso Matm Msor Matm

By explicit calculation one finds,

0 O 0
a2
U%BWLVUTB = 0 % 02 . (22)
0 O ]é:tm

If the charged lepton mass matrix is diagonal, the interpretation is that these
constrained couplings lead to TB mixing, with the lightest neutrino mass m; = 0,
the second lightest neutrino identified as the solar neutrino with mass my = 1\3;?;1
and the heaviest neutrino identified as the atmospheric neutrino with mass ms =
Aﬁ:jm Note that each of the right-handed neutrinos contributes uniquely to a
particular physical neutrino mass. This general feature is known as sequential
dominance and the particular example with constrained couplings is known as

constrained sequential dominance [5].
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