
T H E O R Y  O F  Z E E M A N  L E V E L  W I D T H S  

S P I N S  IN  S O L I D  O R T H O H Y D R O G E N  

K.  W a l a s e k  a n d  A . L .  K u z e m s k i i  

OF NUCLEAR 

The Zeeman level widths of nuclear  spins in solid orthohydrogen a re  calculated. The t r ea t -  
ment is based on an equation for the nonequilibrium mean values of the opera tors  cha rac -  
ter iz ing the nonequilibrium state of the spin sys tem,  which interacts  with the libron sys tem 
(treated as a thermal  bath). This equation is derived by the method of Zubarev ' s  nonequili- 
b r ium stat is t ical  operator .  The corre la t ion  functions for the l ibron subsystem that occur 
in the express ion for the widths are  calculated in the Bose approximation. 

1.  I n t r o d u c t i o n  

An isolated sys tem of noninteracting nuclear  spins of a molecular  orthohydrogen crysta l  in a con- 
stant external magnetic  field has a d iscre te  Zeeman energy spectrum. As a resul t  of the interaction with 
the other degrees of f reedom of the c rys ta l  the Zeeman levels become quasidiscrete ,  acquiring a finite 
width F, which is re la ted  to the lifetime by the equation I" , - . 1 / r .  We should mention that the notion of 
quas is ta t ionary  states is justif ied when the widths of the quasidisere te  levels a re  small  compared with the 
distance between the levels.  A broadening of the Zeeman levels in solid orthohydrogen at low tempera tures  
m a y b e  due to several  physical  fac tors  (interactions with lattice vibrat ions,  with the l ibron subsystem,  
e t c . ) .  Es t imates  show that at low tempera tures  the interaction with the lattice vibrations can be neglected 
and one need only allow for the interact ion with the l ibron sys tem.  

At low t e m p e r a t u r e s t h e  sys tem of orthohydrogen molecules ,  which form a r igid face-centered  cubic 
latt ice and are  bound only by the e lec t r ic  quadrupole--quadrupole interaction, is described by the Hamil-  
touian [1] 

~,-_ ~ Y, ,m'~"o:o/'. (z) 

Here,  the f i r s t  sum is over all the sites of the face-centered  cubic lattice and ~ij ran, the coupling con- 
s tan tsof the  quadrupole -quadrupole  interaction,  are  determined in [1]. The opera tors  o i m  are  related to 
the opera tors  of the quadrupole moment  components of the molecule and are  equal to 

O? = 3(L~) z - -  2, 
O~• = J:L• + L~:I:' (2) 

O: = (~,~) ~, 
1~ = J :  ::t= iL ~, 

where Ji  is the operator  of the angular momentum of the i- th molecule (J = 1), the quantization axis zi 
being taken along the s y m m e t r y  axis of the molecule i. In the ground state the molecular  lattice of solid 
orthohydrogen consists  of four simple cubic sublatt ices in each of which the molecules  are  t ranslat ionally 
and orientationally equivalent. The symmet ry  axes of the molecules  are  directed along the four different 
threefold s~Tnmetry axes of the crystal ,  which coincide with the principal diagonals of the cube of the face-  
centered cubic latt ice.  In the molecular  field approximation it has been found [1, 2] that the state with Ji z 
= 0 lies below the states with Ji z = • 1 and is the ground state. Calculations show [1, 3-5] that near the 
ground state, i.e., in the orientationally ordered phase, there exist collective excitations, known as l ibrons,  
which are  associa ted with the t ransi t ions (Ji z = 0) --~ (Ji z= • 1). Because of the anisotropic nature of the 
e lec t r ic  quadrupole--quadrupole interaction the gap in the l ibron energy spec t rum is approximately equal 

Joint Institute of Nuclear Research .  Transla ted  f rom Teoret icheskaya i Matematicheskaya Fizika, 
Vol.6,  No . l ,  pp.109-122, January,  1971. Original ar t ic le  submitted June 1, 1970. 

I 
�9 1971 Consultants Bureal,., a division of Plenum Publishing Corporation, 227 West 17th Street, New York, 
N. Y. 10011. All rights reserved. This article cannot be reproduced for any purpose whatsoever without 
permission of the publisher. A copy o[ this article is available [rom the publisher [or $15.00. 

78 



to 10~ The width of the libron band is about 5~ [note that the energy of the transi t ion (Ji = 1) ~ (Ji = 3) 
is 860~ 

In the present  paper we shall calculate the Zeeman level widths of the nuclear  spins ar is ing f rom the 
interaction with the libron sys tem,  t rea ted  as a thermal  bath. As in the study of the longitudinal nuclear  
spin-- l ibron relaxation [5-7] in solid orthohydrogen,  we shall assume that the interaction between the spin 
and l ibron subsys tems is m a d e u p  of  the in t ramotecutar  dipole--dipole interaction between the nuclear 
spins of the protons and the I i ,J  i i n t e r ac t ion ,  both interact ions being modulated by the quadrupole inter-  
action. The in termolecular  dipole--dipole interact ion wilt be neglected (see also [7]). 

Now it is c lear  that the problem can be solved on the basis  of per turbat ion theory for the Green 's  
functions [8]. However,  we shall calculate the Zeeman nuclear  level widths by means of equations for the 
nonequilibrium mean values since it is well known that the equations for the nonequilibrium mean values 
are  equivalent to the equations for the corresponding equilibrium Green ' s  functions. This is an expression 
of Onsage r ' s  principle,  which is widely employed in the theory  of nonequilibrium p rocesses .  In the inves-  
tigation [9], Zubarev and the present  authors used the nonequilibrium stat is t ical  operator  method [10-12] 
to obtain the corresponding equation for the nonequilibrium mean values of the operators  character iz ing 
the nonequilibrium state of a subsys tem interact ing with a thermal  bath. Using this equation, one can ve ry  
easi ly  calculate the energy  shift and the damping; this will become apparent in the present  investigation. 

2 .  H a m i l t o n i a n  o f  t h e  S y s t e m  

We shall consider  a nuclear  spin sys tem in an external  constant magnetic  field interacting vdth a 
l ibron sys tem.  We write the Hamiltonian of the complete sys tem in the form [6] 

~ = a e , + ~ +  IT. (3) 

Here,  ~ = -- a~,  Ii* is the Zeeman Hamiltonian of the nuclear  spins; Ii z is the operator  of the z compo- 
i 

nent of the total nuelear  spin of the molecule (I = 1) at the site i; the quantization axis is along the external 
magnetic  field H0; a = 7H0, where 7 is the gyromagnet ie  rat io;  9~  is the Hamiitonian of the libron sys -  
tem (1). The interact ion operator  has the form 

V -~ V** + Vt.,, (4) 
where 

V'~ = ~ (--d'l~S'Ji~ + --~ d (li'J~) + 3d (l~'JO ~} (5) 

is the operator  of the in t ramolecular  interaction of the protons of the molecule.  Note that in contras t  to 
(1) the quantization axis f o r J  i in the express ion  (5)is the external  magnetic field H0; 

V,.~ = -- e ~ I~. J~ (6) 
i 

is the operator  of the I-J interaction,  Ji  in (6) also being quantized along H 0. We shall use the notation 

the definition and the numerica l  value of these quantities can be found in [6]. The interaction operator  V 
in (4) can be represen ted  in the form 

3 
v :-r Z Z y,x, j,, (7) 

where by analogy with (2), we have introduced the opera tors  qim: 

q,o = 2[(1,') 2 --  2]~], 

q,*--' = I,~I,~ + I,'I~*-, 
q+i = (IA)~ (8) 

I,*-- = I ,  ~ -4- ilY, 

We must  emphasize  once more  that the opera tors  Oi m in (7) have the form (2) but the quantization axis 
for Ji is along the external  magnet ic  field H 0. In calculating the Zeeman level widths in the present  paper 
we shall r e s t r i c t  ourselves  in (7) to t e r m s  that do not lead to a mixing [13] of s tates  with different Ii z-- 7t, 
w h e r e  1 ~  k_< 1. 
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Since 
tion [5]. This  co r r e sponds  to a r e s t r i c t i on  to e las t ic  sca t t e r ing  of l ibrons  by  the nuclear  spins and is 
phys ica l ly  just i f ied s ince the gap in the l ibron spec t rum is much g r e a t e r  than the dis tance between the 
Zeeman  nuclear  leve ls .  Using the equation 

I ,  = Y,  = 
X 

it is convenient  to introduce a i t  + and a i k ,  the ope ra to r s  of c rea t ion  and annihilation of a spirt at si te i 
with z component  equal to 1 .  One can show that  these  opera to r s  sa t i s fy  the commutat ion re la t ions  

[a~x, a~ol = Ia~x +, aj,+l = 0, 

[a,x, aj, l=6u~Sx~( t - -~ ,  

where  a i x .  a t  + = 0 for  t #  or; a i x + - a i ~  = a i x  "a i~= 0.  Using (10) we r ewr i t e  ~ ,  and V in the fo rm 
(see [9]) 

3 (9) V = --~d q~oO? -- c 
�9 i 

[Ii z, V] = 0, the in te rac t ion  in the fo rm (9) does not lead to longitudinal nuclear  s p i n - l i b r o n  r e l a x a -  

(I0) 

(11) 

where  

= x ( , )  a , ,+a ,x ;  (,) = _ ( 1 2 )  

O, 

V = ~ ~x (i) aix+aix, (13) 
O. 

i ~  % ( 0  - - d ' O i  ~ (13a) ~ : l  = - ~  d . O i  -+- = 

3.  E q u a t i o n  f o r  t h e  N o n e q u i l i b r i u m  M e a n  V a l u e s  

In o rde r  to obtain an equation for  the nonequi l ibr ium mean values [9], we shall  use Z u b a r e v ' s  non- 
equi l ibr ium s ta t i s t i ca l  opera to r  method [10-12]. Our s t a r t ing  point will be  the Hamil tonian (3), in which 
gg,, g$~., and V a re  taken, r e spec t ive ly ,  in the fo rm (12), (1), and (13). We shall  take the mean  values of 
the ope ra to r s  n ix , "  a l l+ ,  and n i t  [9] as the se t  of va r i ab l e s  descr ib ing  the nonequil ibr ium sta te  of the spin 
s y s t e m  with the Hamil tonian ~ , .  We shall  r e g a r d  the l ibron sy s t em,  which is in equi l ibr ium at the t e m p e r -  
a ture  0 = 1 / f l ,  as a t he rma l  bath  and desc r ibe  it by means  of the Hamil tonian ~L (1). 

We introduce the quas iequi l ibr tum distr ibution [10-12] 

o~(t, O) = e-S( '. 9 ,  (14) 

where  

S (t, 0) = r (t) Jr ~ {/ix (t) nix + / i x"  (t) aix § Jr Fi~ (t) nix} Jr f i~L,  (15) 
iX  

r = In Sp exp {-- ~ix (fix (t) aix Jr ],x" (t) aix + Jr Fi,. (t) nix) - -  fi~L}. (15a) 

The f i r s t  a rgument  of pq(t ,  0) indicates  the impl ic i t  dependence of this quantity on the t ime  and the second 
i ts  dependence through the He i senberg  represen ta t ion ;  f i l  (t), fix* (t), and FiX (t) a r e  the p a r a m e t e r s  con- 
jugate to ( a l l  + >q, < a i h  + >, and < n i l )  q in the sense  of nonequi l ibr ium the rmodynamics  [10-12]; < . . .  > q 
= Sp ( p q . . . ) .  We may  call  S(t, 0) the ent ropy opera tor ,  since <S(t, 0)>q is the entropy.  

We const ruct  the nonequi l ibr ium s ta t i s t i ca l  opera to r  p (t, 0) as  follows: 

where  
p(t, 0) ~-~ exp { - - S ( t ,  0)}, (16) 

0 0 

~ 8 I dt~ea'Ut'S (t Jr tx, O) Ut, + = - -  8 I dt lea'U" In Pa (t + t D 0) Uh + (16a) 
- - o o  - - c o  

is the quas i - inva r i an t  pa r t  of the ent ropy opera to r ;  g ~ +  0 a f t e r  the the rmodynamic  pa s sage  to the l imit  
in the calculat ion of the mean  values;  and U t = e x p ( - t ~ )  is  the evolution opera tor .  The p a r a m e t e r s  
fix (t), fix* (t), and FiX (t) can be found f rom the conditions 
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<an> = <a,~)q; <a~,. +) =~ <a,~+)q; <n~s) ---~ <n~)~, (17) 

where  < . . .  > -- Sp(p (t, 01. . .  ) denotes averag ing  with the nonequi l ibr ium s ta t i s t ica l  opera to r  (16). Fulf i l -  
ment  of the conditions (17) ensures  conserva t ion  of the normal iza t ion  a f te r  the quas i - inva r i an t  pa r t  has  
been taken. The ent ropy of the sy s t em is 

S (t) = < S (t, 0)) = (I) (t) + ~ (<alx) fix (t) + <a~x+> f~a* (t) + <nix) Fix (t)} + (~g~) g. (15b) 
iX 

One can the re fo re  show that the mean  values  in (15b) can be in te rp re ted  as genera l i zed  the rmodynamic  
coordinates  and f ix ,  f ix* ,  and FiX as  t he rmodynamic  fo rces .  

Averaging  the equation of mot ion for  a i k  with the nonequi l ibr ium s ta t i s t i ca l  opera to r  (16): 

d~x t 
i --~/- = [ai~,, 9~] = Ex (i)aix + -7= [aix, V] 

and r e s t r i c t i n g  ourse lves  to the second o rde r  in the weak interact ion,  we obtain, as in [9, 14], 

. d <a~x~ i 
t d-----i--- = E~,(i) (at~> + - 7 -  f <[[aix, V] V(t~)])~e~t, dt~. (18) 

--r 

H e r e ,  V(t 1) denotes a r e p r e s e n t a t i o n  of the in te rac t ion  opera to r  V. Note that  in der iving Eq. (18) we used 
the condition (Ck( i )  )q  = 0. This  can always be  achieved as follows. To the Hamil tonian ~ = ~ ,  A - ~ r  
+ V add and sub t r ac t  <r k (i)> q. In addition, introduce the quanti t ies  Oi ~ = Oi ~ - (Oi  ~ >q and J i  zT = J i  z - 
< J i  z )q .  Equations (12) and (13) a r e  then r ep l aced  by  

gCs= ~,Ex" (i)ai~§ Ex' (i) = -- a.X -~ (q~(i)}~', 
ix (191 

V = ~x'(i)a~x+aix; r (i) = Th(i) -- <(P~(il)q, 
iX 

a n d h e n c e ,  <~ox'(i)) q = 0. T h e r e f o r e ,  we can a s sume  that we a re  dealing with r e n o r m a l i z e d  quanti t ies,  
whose p r i m e s  we shall  omit  to shor ten  the notation. In addition, the r enorma l i za t ion  (19) enables us to 
find the dis tance between the peaks  of the NMR resonance  line in solid or thohydrogen.  It is read i ly  v e r i -  
fied that the dis tance 6u between the peaks  is 

8v = I - ~  d ( 3 c o s ' 0 - - 1 ) ( O 0 , 1 ,  

where  O ~ = 3(JZlZ --2, and 0 is the angle between the quantizat ion axis for  gi z and the di rect ion of the ex -  
t e rna l  magne t ic  field. Averaging  fit, over  all d i rec t ions ,  we obtain 

3 
~ - =  - ~ - d ( 2  - -  ( j z ) ~ ) ,  

which a g r e e s  with the value of ~ v given in [151 (see a lso  [17]). 

4 .  Z e e m a n  L e v e l  W i d t h s  

We shall  follow [9]. We expand the double commuta to r  on the r ight  side of Eq. (18): 

i = E~ (i) (ai~> %- --[- dtle "t' (r (i), ~ (i, tl)>q (nix> 

o (201 

~- + ~i ~ -~i driest' <[~x (i), ~.(], ix)]> q (aia+a,~aix),. 

Following [91, we r e s t r i c t  ou r se lves  in [20] to the l inear  t e r m  in ( a i x )  (this approximat ion  is d iscussed  
in [9 ] ) :  

0 

i =Ex( i ) (a ix )  -~ ' - [ - I  d t le 'q(~( i ) '~( i ' t l ) )q<ai~)"  (21) 

Introducing the spec t r a l  intensi ty < ~0~. (i)l ~X (t))~o (see [8, 161) 

( ~ ( i ) t ~ ( i ) ) ~  = ~ (q~( i ) ,~ ( i ,  t)>~e~tdt, 
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we t r a n s f o r m  Eq.  (21) to  the  f o r m  

w h e r e  

Note tha t  < ~a x (i) I ~P k (i) > w - 0. 

d <a,x> 
- - d V -  = Ex (i) <a,~> + K~ (0 <a,~>, 

K x ( i ) =  ~ do) 
-o0 0 + is 

W e  now i n t r o d u c e  the  e n e r g y  sh i f t  zXEx (i) and the  d a m p i n g  F X (i) of the  
Z e e m a n  l e v e l  k b y  m e a n s  of the  equa t i ons  

ir~ (i) 
Kx(i) = AEx(i) 2 ' 

00 

AE~ (i) = P I 
do 

--~-ff <,~ (i) I ~ (i)>. ~ E~ (i), 

r , (0  = 2 z < ~ ( 0  I~,(0 >..o. 

(22) 

(23) 

(24) 

(25) 

I t  i s  e x p e d i e n t  to  r e p l a c e  r x  (i) b y  the  a v e r a g e d  q u a n t i t y  

i 

1u i (26) 

w h e r e  N o = 4N i s  the  t o t a l  n u m b e r  of m o l e c u l e s  in  the  c r y s t a l  and N i s  the  n u m b e r  of uni t  c e l l s .  Us ip~  (13) 
and  (13a),  we ob t a in  e x p r e s s i o n s  fo r  the  d a m p i n g  (26): 

2n 
< Oi~ [ O~~ o, (27) r0=  ~ .d ~ . 

2~ xl~ d ~ 
r+,  = ..o.~rz~ T <o,, i o,o>.~ ~- ~ <o,01 ~,'>~ + ~ <4' l d**>.=o}. (28) 

T h e s e  e x p r e s s i o n s  a r e  w r i t t e n  down in c o o r d i n a t e  s y s t e m s  in which  the  e x t e r n a l  m a g n e t i c  f i e ld  H o i s  the  
q u a n t i z a t i o n  a x i s  for  the  n u c l e a r  sp in  m o m e n t  I i and fo r  the  m e c h a n i c a l  a n g u l a r  m o m e n t u m  J i .  In the  
o r i e n t a t i o n a l l y  o r d e r e d  p h a s e  the  q u a n t i z a t i o n  ax i s  z of the  a n g u l a r  m o m e n t u m  J i  z c o i n c i d e s  with one of 
the  four  p r i n c i p a l  d i a g o n a l s  of the  cube of the  f a c e - c e n t e r e d  c u b i c  l a t t i c e .  We m u s t  t h e r e f o r e  go ove r  f r o m  
a s y s t e m  of  c o o r d i n a t e s  a s s o c i a t e d  with  the  e x t e r n a l  m a g n e t i c  f i e l d  to  a s y s t e m  of c o o r d i n a t e s  a s s o c i a t e d  
wi th  s u b l a t t i c e s .  One  can  show tha t  the  e x p r e s s i o n s  (27) and (28) can  b e  w r i t t e n  in  the  fo l lowing  f o r m  in  a 
s u b l a t t i c e  c o o r d i n a t e  s y s t e m :  

2 
2~ ~ m 

a,na m,~=-~ (29) 

r• = ~o ~,~ | ~  ~.~_~ R . .  (~)  <o = (R~) I O- (R~)>.=o 

1 2 1 ] 

~cd ~,, ~ S~(o,~)<O~(R~)Ij~(R~)>~=o+a ~, T~=(o~)<J~(R~)IJ~(R~)>~=o ,] (30) 

w h e r e  a = 1, 2, 3, 4 i s  the  l a t t i c e  s u b s c r i p t  and i ~ (a ,  R a ) .  The  t r a n s f o r m a t i o n  m a t r i c e s  have  the  f o r m  

R,,., ,((~,) -~  k,,kmDo.2*(o)~)Do,,,z'(o)~.), a (5 x 5) matrix, 

S . ~  (eaa) ~ - -  l,,kmDo.,'" (me,) Do., 2" (o}~), a ( 3 • 5) matrix, 

T.~,. ((a,~) ~ l,,l,.Do,,"(o)c,)Dom"((a.~), a (3 • 3) matrix, 

Do,~"(o~) = / 2 - ~ - T )  (-- i ) '~Y'm(Oa,  0) �9 

T h e  c o e f f i c i e n t s  k m and l n have  the  v a l u e s :  k 0 = - 1 ;  k .  1 = - 4 ~ ;  k . 2  = - ~ ;  l0 = 1; l:et = ~ I / 2 ;  oJ(z = (O~,  
ga s )  a r e  the  a x i a l  and  a z i m u t h a l  ang l e s  of the  q u a n t i z a t i o n  ax i s  in the  s u b l a t t i c e  (~ in the c o o r d i n a t e  s y s t e m  
a s s o c i a t e d  wi th  t h e  e x t e r n a l  m a g n e t i c  f i e ld .  
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5 .  C o r r e l a t i o n  F u n c t i o n s  f o r  t h e  L i b r o n  S u b s y s t e m  

i n  t h e  B o s e  A p p r o x i m a t i o n  

We now tu rn  to  the ca lcu la t ion  of  the  s p e c t r a l  in tens i t i e s  of the l ib ron  s u b s y s t e m  c o r r e l a t i o n  func-  
t ions  in the e x p r e s s i o n s  for  the damping  (29) and (30). 

We s t a r t  f r o m  the Hami l ton ian  (1) 

z e , . = Y ,  Y, v , ~ ' " o # o ~ - .  
lj m,n=--S 

a~---- (I/~2)[i- (L ' )~ ] I ,  - ,  

b, = (i/~2) [i - (~ , , ) , ]~ ,§  

Fol lowing  [1], we in t roduce  the o p e r a t o r s  

(31) 

and the complex  conjugate  o p e r a t o r s  a i  + and bi +. If  these  o p e r a t o r s  ac t  on a s ta te  with J i  z = 0, they  map  
it to  a s t a te  with J i  z = ~- 1: 

a,+lJ,  ~ = 0 >  = IL" = q-!>, 

b , + l ] ,  �9 = 0> = II ,  ~ = - - t > .  

One can show that  these  o p e r a t o r s  s a t i s fy  the  c o m m u t a t i o n  r e l a t i o n s  [1] 

[a,, aj +1 = (t - -  2n~l -  nb,)8,e, 

[b,, be +] = (1 - -  n ~ , -  2n~,)~,, 

[a~, be +] ---- --b,+a,.8,~; [b,, aj +] ---- --a,+b,8,j,  (32) 

[a,, b~] ----. [a, +, b j] = 0. 

The  o p e r a t o r s  J i  • and Ji  z can  be e x p r e s s e d  in t e r m s  of  a i and bi:  

1," .----- a~+a, - -  b~+bg (1~) 2 = a+a~ _.~ b~+b~, 

1, + = ~t2-(a,+ -~- b,); 1,- = " ~ ( a ,  q-  b,+), (33) 

and thus ,  by  v i r tue  of (2), 

O, ~ -~- 3 (a,+a, + b~+b~) - -  2, 

O, +, = ~2(a, + - -  b,); OC t = (0 ,  +~) +, 

0~+ z ~__. 2a,+bd O~ -z _-- (O,+Z)+. 
(33a) 

In ca lcu la t ing  the s p e c t r a l  in tens i t i es  in (29) and (30) we shal l  r e s t r i c t  o u r s e l v e s  to the approx ima t ion  
when a i ,  a i  +, bi,  and bi + can be  r e g a r d e d  as  o p e r a t o r s  that  s a t i s fy  Bose  commuta t i on  re l a t ions :  

[a,, a ? ]  = [b,, b?] = 8,e, 
[a,, b~§ = [b,, a ? ]  = [a~, b,] = in,+, b?]  = 0 (34) 

This  c o r r e s p o n d s  to the a s s u m p t i o n  (ha><< 1 and <rib> <<1, which is val id  at low t e m p e r a t u r e s .  Subs t i -  
tu t ing the o p e r a t o r s  (33a) into the Hami l ton ian  (1) and r e s t r i c t i n g  o u r s e l v e s  to b i l i nea r  t e r m s ,  we obtain 

$r = 2 ~ {y~0o [2 - -  3 (a/*a~ q-  bj+bl)] -}- y~L-1 (ai~ _ b0 (a) - -  b) +) -1- u247 (af+ _ bi) (aj + - -  bj)} + Hermitian conjugate. (35) 

We now go over  to the F o u r i e r  r e p r e s e n t a t i o n  for  a i and bi:  

t ~k elkRaaa(k)' 

(36) 
b ( a ~ ) =  i _  y ,  ~ ' ~ b ~  (k). 

1 / N k  

We a l s o  have 

d-1,-l.~n, tOF t x-~ _~(Ra_R . ) 
,/a~ ~ n a - - B ~ ' )  = - T -  W - ~  e / ~ ( k ) ,  

~ ~.'-'~a--Rp') 4 N 

(37)  
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where  we have r e s t r i c t e d  ourse lves  to the nea re s t -ne ighbor  approximat ion  and 

19r = �9 

Using (36) and (37) we can r e p r e s e n t  the Hamil tonian (35) as 

~ ( , )  = t 9 r  Y, {a.* (k) a. (k) + b. § (k) b. (k)} + ior  y, {g.~ (k) Is. '(--  k) 
a,k 2 a,~,k 

-- ba (k)] [a$* (k) -- b~ ( - -  k)] -{- gaa* (k) [an (k) -~. b~ + ( - -  k)] [aa ( - -  k) 
- -  b 2 (k)]  -}- ~ (k) [a~ + ( - -  k) - -  b~ (k)] [% (--  k) - -  b~ § (k)l  + ] ~ *  (k) 

• [a~ (k) - -  b~* (--  k)] [a~ + (k) --  bs (--  k)]}. 

(38) 

This  Hamil tonian can be diagonalized [8] and one can then find the spec t rum of the collect ive exci tat ions 
known as l ib rons .  Using Wick ' s  t heo rem,  one can calcula te  the n e c e s s a r y  co r re la t ion  functions for the 
l ibron subsys t em.  This  can b e  done as follows. The canonical t r ans fo rma t ion  

an (k) = ~ ,  { u ~  (k) e~ (k) -F v ~  (k) c~* ( - -  k)}, 

b. (k) = ~, (u.~* (k) r (k) q- va~* (k) c~ + ( - -  k)}, 
(3 9) 

where  c# (k) and c~+(k) a r e  new Bose  ope ra to r s ,  reduces  the Hamil tonian (38) to the diagonal fo rm 

$~L (s) = ~ ~ (k) c~* (k) % (k) + Eo, (40) 
t~,k 

where  

e~(k) = i g r [ ,  + 2 % ( k ) ]  ,h = tor<o.(k) (40a) 

is the l ib ron  spec t rum;  w~z (k) a re  the l ibron f requencies ,  /~ = 1, 2 . . . . .  8. 

e .  _ _ i y ,  = 2 ~.k s~ (k) - -  - -  ,0 r .  

The quanti t ies  u a #  (k) and v c ~  (k) have the fo rm 

t V, o)~(k) - -  t u ~  (k) = - y  .~ (k) V ~  ' 

' V ~ ( k )  - - ,  
va~ (k) = ~- a~ (k) ~ . ~  (k) 

Here  Va#  {k) a r e  the e lements  of a uni ta ry  m a t r i x  and they sa t i s fy  the equations 

ct  

Y,  vo v; . = y ,  = y ,  = o, 
F. F. F. 

and also 

~{V~ (k) Vex (k) f~ (k) -- V~ (k) V~x (k) ga~ (k) 
a~ 

+ V a~ (k) V~ (k) jr (k) -- Va~ (k) V~x (k) g~ (k)) = ~x (k) 8~. 

The operators as(k) and b~(k) can be expressed in terms of c#(k) and c#+{k): 

an(k) ---- ~- ~ Va~ (k) {lo~ (k) + i l  % (k) -}- [o~ (k) - -  i]  c~* ( - -  k)}, 

b~(k) = ~- ~ g ~  (k) {[o~ (k) + ,1 c~ (k) + [(% (k)--  i] c~+ (-- k)}. 
(41) 

We shall  now show how the co r r e l a t i on  functions a re  calculated.  As an example ,  consider  (O~ 

lO~ co= 0 
oo 

( 0  ~ (Ra) I0  ~ (Ra)),.=o = ~ (Oa ~ (k) { 0r ~ ( - -  k)),~=o = ~ ,  I do) {(aa + (It) [ a~ § ( - -  k ) )_ .  (a,~ ( - -  k~) l aa (k,)),.  
RQ k k, kt--o~ 
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-{- <act (k) { ar + (k)>~ <aa + (k~) {act (k,.)>,,, 
-{- <b~ § (k) I br (-- k)>~ <ba (-- k~) I br (k,)>= 

n L- <b~ (k) l ba + (k)>_= <ba + (k,) } ba (kl)>= 
-{- <ar + (k) { b,z + ( - -  k)>...= <ar ( - -  k l )  { ba (kl)>,= 

A- <aa (k) { ha* (k)>~ <act + (k~) I ba (k~)>= 
-{- <bet + (k) l a,, + (-- k)>_= <ba (-- kz) { aa (k~)>= 

-{-- <ha (k) { ao~ + (k)>--o, <ba + (k~) { aa (k~)>=}. 

Going over to the operators c~(k) and c/~+~), one can calculate the spectral intensities in (42). 
example, we shall give the two following spectral intensities: 

As an 

(42) 

<an + (k) { aa + ( - -  k)>,.,, = ~ <an + ( - -  k) aa + (k, t)> e t''' at 

<an (k) { br + (k)>=, = ~-- ~ V~ (k) [)(~ ~(k)(k) -~ t)~ 8( e~*~ (k) - t ) ( ~  -- e~ (k)) ~_ (o~ (k)o)~ (k)-- t)* e~'~ (k) 8(~_.(~ Z 1--)} " ( c ~  -~ e~ (k)) 

(43) 

(43a) 

6 .  R e s u l t s  

One can ver i fy that the expressions (29) and (30) for the damping F0 and F. ,  in which the spectral  
intensit ies a re  calculated according to type by (42), (43), and (43a), have the form 

where  

r 2~ds o = ~ ~, ~,~(+),,. (~) ,-~.p.,,~,, kx)G~.(k, k~), 
k, k, FW 

(44) 

and 

o ~ ( k )  ~ ,  (kl) + i 
~(+) (k, kt) = 6 (e~ (k) - -  
-~F, e~, (kx))(%(k) o~, (kx) (ep=~(k) - -  i )  (ePt~ '(~") - i )  

X { ( ~  (k) + i ) ( ~ ,  (k~) + 1 )e~'~ (~) + (o)~ ( k ) "  t) ( ~ ,  (k0 - -  t )  e ~  ' (=')} (45) 

G(1) ,t. kx)= i =~(9 12 Vr 2 I t" " k ~"~="' T ~-Reo(a~)[IV~(k) I Jr ~ (k)V~, (  t)] 

+ 6R,,0 (=,,) [1 v ~  (k){' (V~. (kl) + V;,~., (k,))] 
't_ ,~ 

-}-- -~- .R.ta, +, ((an) [Ifz~F (k) p-s, (kz) + Vr (k) Wa~., (k~.) ] -1- R_r .~ (~a) [l Va~ (k ) I '  {Va~ ' (k~.) [~1} 

is the factor that takes into account the sublattice s t ruc ture  of the orthohydrogen crystal :  

F:EI = ~ ~ ~ F ~  ), (k, kx) (~(') (k, kl) -~ /~(-)"b ~_(s) /t- kl ) 
k, k, i~, F" 

whe re 

and 

F ~  ~, (k, kl) = 8 (e~ (k) - -  e,, (kl)) ~ (k) + o~, (kl) 
~a~ (k) o)~, (kl) (e ~ (k) __ i) ie~'~" (k,) __ i) 

• {(0~ (k) Jr  1) (w~, (kx) ~- l) e~'~ (k) _~ (o)~ (k) - -  1) (o)~, (k) - -  t)  e ~  ' (k,)} 

1 
Too (a )  [Va~ (k) V;~. (kl) -- {Va+ (k)I ~ { Va=. (k,) I'] a ~ . ( k , k , ) = V ~  ~ ~ " 

(K 

is a factor that depends on the latt ice , ~structure" To separate  explicitly the tempera ture  dependence we 
shall assume that the dependence of G~,',~l~,kt) on k and k 1 can be neglected. We introduce the spectrum 
density (see also [5, 7]) whose numer ica l  values a re  given in [4]: 

(46) 

(47) 

(48) 

i ~ ~ dS 
g (o) = .~- ~ =v- (k),,=,, { Vkab (k) I ' 

where  ~2 is the volume of the unit cell .  Going over f rom summation to integration in (45) and (47): 

(49) 
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w h e r e  ~* is the volume of the f i rs t  Brillouin zone, we finally obtain 

ro = ~ ~,~' 

r 2 ~  

w h e r e  

(50) 

(51) 

F~.(p) = 2 ~ d ~  I t jg~(o~jg~,(o~), (52) 

(Wma x - w rain)is  the width ofthe band of l ibron waves [4]; F ~ ( f l )  a re  functions that ref lect  the t emper -  
a ture  dependence of the Zeeman level widths of the nuclear  spins; G (1, 2) are  quantities that take into ac-  ~ ,  
count the complicated sublatt ice s t ruc ture  of the orthohydrogen crys ta l  (see [5]). At low tempera tures ,  
(52) b e c o m e s  

F~,~(a)=2 I d.~-~-,-~ " - " . "  '~m:n ( i ~g~( ) g~, (o)). (52a) 

Here,  ~(• ~(l, 2) �9 "/z#' and ~#/z' must  be calculated numerical ly .  

7 .  D i s c u s s i o n  

The physical  content of our resul t  is the following. If a sys tem of nuclear  spins ceases  to be i so l -  
ated, the L a r m o r  frequencies become spread  out. This means that the line of the magnetic  resonance 
absorption acquires a cer tain width, approximately equal to 5v. The tempera ture  and s t ructure  depend- 
ence follows from (44) and (47). It should be noted that the in termolecular  dipole--dipole interaction and 
the interact ion with the phonons should also be taken into account in a r igorous calculation of the width 
and form of the nuclear  magnet ic  absorption line and not only the interact ions which we have considered. 
In the considered t empera tu re  range (well below the phase transi t ion point which is approximately at 1.5~ 
the interaction with the l ibrons is s t ronger  than the in termolecular  dipole--dipole interaction. It is well 
known that solid hydrogen belongs to the group of substances with a so-ca l led  fine s t ructure  of the reson-  
ance line ([17, 18] Ch.VII). In fact, the distance between the protons in the H 2 molecule is 0.75.10 -8 cm 
and the distance between the molecules  in solid hydrogen is 3.75.10 -8 cm. Since the dipole--dipole in- 
te rac t ion decreases  with the distance as R -3, the hydrogen molecule can be assumed to be isolated 
in a f irst  approximation and then one can calculate its energy levels in a constant magnetic field. 
The order  of magnitude of the interaction between the nuclear  sys tem and the l ibrons is determined 
by the quantities d and c, which charac te r ize  the in t ramolecular  d ipole-d ipole  and spin--orbit  in- 
teract ion responsible for the fine s t ruc ture  of the resonance line. For  a r igid lattice these interactions 
are  much s t ronger  than the in termolecular  dipole--dipole interaction. It has been found experimental ly 
([18], see also [15]) that at fa i r ly  high tempera tures ,  when the molecules  rotate almost  freely,  there is a 
single absorption line; this is evidently connected with averaging of the in t ramolecular  interact ions.  With 
decreas ing tempera ture  the rotational motion of the orthohydrogen molecules becomes ordered,  the inten- 
si ty of this line decreases ,  and a fine s t ruc ture  begins to appear [15, 17-22]. Note that the intermolecular  
dipole--dipole interaction can be taken into account in the same way as the interaction (7). 

Thus, using the nonequilibrium stat is t ical  operator  method, one can fair ly simply calculate the 
energy shift and the width of the Zeeman levels of the nuclear  spins in solid orthohydrogen. It is clear 
that s imi lar  calculations can also be made for a number of other specific problems.  

I should like to express  my thanks to D. N. Zubarev and N. M. Plakida for helpful discussions.  
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