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In the Wannier  r ep re sen ta t ion ,  a s y s t e m  of equations of the superconduct ivi ty  is obtained 
for s t rongly  bound e lec t rons  in a t rans i t ion  meta l ,  which is descr ibed  by the Hubbard 
Hamil tonian .  The e l ec t ron -phonon  in terac t ion  is wr i t ten  down using the r ig id - ion  model .  
A closed s y s t e m  of equations is obtained when the r enorma l i za t ion  of the ver tex  in the 
m a s s  ope ra t o r  is ignored.  

1 .  I n t r o d u c t i o n  

In r ecen t  y e a r s ,  there  has  been much in te res t  in the investigation of the superconduct ing p rope r t i e s  
of t rans i t ion  me ta l s ,  the i r  a l loys ,  and compounds [1]. In con t ras t  to s imple  meta l s ,  t rans i t ion  meta ls  have 
not only a broad s band but a lso  a par t ly  filled r e l a t ive ly  nar row d band. It has been shown on a number  
of occas ions  [2-5] that  s t rongly  bound d e lec t rons  a r e  to a la rge  degree  respons ib le  for the superconduct ing 
p rope r t i e s  of t rans i t ion  m e t a l s .  Even in the case  of s t rong co r re l a t ion ,  the Coulomb in terac t ion  betweer~ 
s t rongly  bound e lec t rons  can lead to the fo rmat ion  of Cooper pa i r s  in a Mot t -Hubbard  semiconductor  [6]. 

The s imp le s t  model that d e s c r i b e s  the co r re l a t ion  of s t rongly  bound e lec t rons  in t rans i t ion  meta l s  
and the i r  a l loys is the Hubbard model [7], by means  of which it is poss ible  to explain numerous  e lec t r ic  and 
magnet ic  p r o p e r t i e s  of t rans i t ion  meta l s ,  the i r  a l loys ,  and compounds [8, 9]. It should be noted that the 
Hubbard Hamil tonian is a s t rongly s implif ied va r i an t  of the Shubin-Vonsovski i - ]3ogolyubov polar  model of a 
meta l  [10] and in this sense  is a f i r s t  s tep in the cons t ruc t ion  of a sys temat ic  mic roscop ic  theory  of t rans i t ion  
meta l s  and the i r  compounds .  

In the p r e s en t  paper ,  we der ive  a s y s t e m  of equations of the superconduct ivi ty  for  s t rongly bound 
e lec t rons  of a t rans i t ion  meta l  in teract ing with the phonons. The equations of superconduct ivi ty  a re  wri t ten  
down in a bas i s  of local ized Wannier  wave functions.  Such a r ep re sen ta t i on  emphas i zes  the s t rongly  bound 
nature  of the d e l ec t rons  and, in addition, is n e c e s s a r y  to desc r ibe  the superconduct ing p rope r t i e s  of d i s -  
o rde red  a l loys  of t rans i t ion  meta l s  [1,11-14] and amorphous  superconduc tors  [14, 15]. 

To der ive  the superconduct iv i ty  equations,  we use the equations of motion for the two- t ime  G r e e n ' s  
functions [16], in which the decoupling p rocedure  is c a r r i e d  out only for  approx imate  calculat ion of the 
m a s s  ope ra to r  of the m a t r i x  e lec t ron  G r e e n ' s  function. A closed s y s t e m  of equations is obtained when the 
r eno rma l i za t i on  of the ve r t ex  in the e l e c t r o n - i o n  in teract ion is ignored,  as in [17, 18]. The obtained s y s t e m  
of superconduct iv i ty  equations for s t rongly  bound e lec t rons  in the local ized bas i s  is analogous to ~ l i a shbe rg ' s  
equations [18] for  Bloch e lec t rons  and makes  it poss ib le  to study the superconduct ing p rope r t i e s  of t rans i t ion 
me ta l s  and the i r  a l loys  in the f r a m e w o r k  of a unified s y s t e m  of equations.  

2 .  H a m i l t o n i a n  o f  t h e  E l e c t r o n - I o n  M o d e l  

o f  a N a r r o w - t ~ a n d  M e t a l  

We r e p r e s e n t  the total  Hamil tonian of the e l e c t r o n - i o n  s y s t e m  in the f o r m  of the sum 

H=H~+ Hi+ He-~, 

where  H e is the e l ec t ron  par t  of the Hamil tonian r ep re sen t i ng  the Hubbard ope ra to r  [7]: 
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The ope ra to r s  a~ + and a~ a r e  the F e r m i  o p e r a t o r s  of c rea t ion  and annihilation of e lec t rons  at si te ~; U is 

the energy  of the Coulomb repuls ion  of the e lec t rons  with opposite spins at one site,  t ,~=N-~'~ e~ exp[ik(R,-R~)] 
k 

is the hopping integral ,  and e k is the band energy .  

The ion s u b s y s t e m  is descr ibed  by the ope ra to r  

n n m  

where P~ is the momentum ope ra to r ,  M~ is the m a s s  of an ion, and u~ is the d isp lacement  of the a tom 
f rom the equi l ibr ium posit ion at the lat t ice s i te  1~ .  

The ope ra to r  of the e l e c t r o n - i o n  in teract ion has the fo rm 

where  
n , i ~  

Z V,~(R. ~ u, ~ = .  0t'~(R~~ (u,-u~). (5) 
OR~ ~ 

It is convenient  to r ewr i t e  the o p e r a t o r s  (2) and (4) by means  of Nambu ope ra to r s  and Pauli  
m a t r i c e s :  

U 
go = E t~+~$~ (6) 

where  

H~-~ -~ Z ViJ"~+~3~u"' (7) 

[ 0-, t 
, , . _ .  ( 8 )  

1 t  

Note that in the model of a meta l  cons idered  he re  the s e lec t rons  a re  not taken into account 
expl ici t ly .  Instead of two bands of s and d e lec t rons ,  as in the Hubbard model ,  we consider  a single 
"effect ive"  band of e lec t rons  in terac t ing  with phonons. However ,  the influence of the s e lec t rons  is taken 
into account indirect ly .  It is a s sumed  that  all  th ree  no rma l  f requenc ies  of the phonons w~ without 
al lowance for the d e lec t rons  co r re spond  to acoust ic  f requencies ,  and the magnitude of the Coulomb repuls ion 
U is r e n o r m a l i z e d  by the sc reen ing  by the s e l ec t rons  [3,191. 

~ .  E q u a t i o n s  f o r  t h e  E l e c t r o n  G r e e n ' s  F u n c t i o n s  

We cons ider  the equations of motion for the e lec t ron  G r e e n ' s  functions, which we r e p r e s e n t  in the 

ma t r i x  fo rm 

Different iat ion of GO 
motion 

[ ((a'tlaJl '+>)~' <(a~t]a~>>,~ 
G~j((o) = t((a~ +]ajt+>>o, ((a,,+laj+>>, ~ ] =((%15r (9) 

(t - t ' )  with r e s p e c t  to the f i r s t  t ime  gives for the Four ie r  components  the equation of 

Z (oT08,j--t,jx3) <<~1r + Z  V'~"<<u~176 (~'+~')~35'15"+>>~ (10) 
j nJ 

As in [17], we sepa ra t e  the r eno rma l i za t ion  of the e lec t ron  energy in the H a r t r e e - F o c k - ] 3 o g o l y u b o v  ave rage  
field approximat ion  (with al lowance for anomalous  mean values) f r o m  the r eno rma l i za t ion  in higher  o r d e r s  
due to inelast ic  sca t t e r ing .  For  this ,  we introduce i r reduc ib le  (Jr)  pa r t s  of the Green ' s  functions in a c c o r -  
dance with the definition (as an example ,  we take two of the four G r e e n ' s  functions) 

+ + ((ai~aq aqlai~ >)~=(<(a~tn~,)'~Ia~ + + + (11) 

{a,~a,.+a,,[a,,,)}~,=(((a,tn~) ~r [ a~,,)>,~ + (n,~)(<a,#la,,+)>~,--(a,~a~.> ((a~,+ [ a,,~)),~. (12) 
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The choice of the irreducible parts of the Green's functions in (II) and (12) is specified by the conditions 

<[(a,,n,~) '~, ~p,+]+>=0. 

The re la t ion (13) makes it possible to introduce unambiguously the i r redueib le  par ts  and make the inhomo- 
geneous t e rms  in the equations for them vanish. Using (11) and (12), we r ewr i t e  Eq. (10) in the form 

where 

Here ,  Z~ a 

p,~=Up~6~+Z V,~a~(t-6,~), p , = ~ + - ~ $ ~ = Z  a~,,+a~,,= Z n~. 
n " " o c~ 

is the mass opera tor  in the average  field approximation:  

a ( ~-~ Z,~= U _<a~+_~ m,, +> 

In the represen ta t ion  of the Nambu opera to rs  

(13) 

(14) 

(15) 

--<a,oa~-o> ) . (16) 

/ a i - ~  \ + + 

the mass opera tor  (16) can be wri t ten in the fo rm 

a + U 
X,o=-- U~i~._o~p~ _o>T~ + -~-(T0+~). (17) 

To calculate  the i r reducib le  mat r ix  Green ' s  function in (14), we wri te  down for it the equation of 
motion with r e spec t  to the second time t '  (see, for  example,  [17]). For  the Four ie r  component of the 
Green ' s  function, we obtain the equation 

ir V l <<(p,~,,)'~l,~,+>>o(co.0~,,~,-t,.,,.~) =y~ vj.,.=~(p~.~,j) I,j.+.~>>~+T<<(p..~%) ~l (,,,+.,p,,+p,,,,.+~)>>o. (18) 
J' mj' 

The procedure  for separat ing the i r reduc ib le  par t  with r e sp ec t  to the opera to rs  on the r ight-hand of the 
Green ' s  function in (17) can be done in the same way as in [14]. This  gives 

f .r 

To solve the sys tem of equations (14), (19), we introduce the zero th  Green ' s  function 

Using (20) in 

(19) 

(14) and (18), we obtain 

Z (0z06~j--QT~ -y,a) Gj, ~ (0)) =~,,. (20) 

v,~ (co)r,~, (o)) Q,,,  (o).  V . . ( o ) ) = C . , 0 ( o ) + ~  0 0 

matr ix  is determined by the i r reducib le  par t  of the many-pa r t i c l e  Green ' s  function in (19): The S 

If we introduce the mass  opera tor  

(21) 

The' (c0) = Z  << (PhJ~$~)lrr (Ib'+z~pj'k ') ir>>~. (22) 

Mk~,, which is the connected par t  of the S matr ix ,  

T~, (o) =M~, (o) + Z M~m (o) Gm~ ~ (o) T.,, (r 
tnn 

then Eq. (21) can be r ep resen ted  in the fo rm of the Dyson equation 

(23) 
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~..  (o~) =~,,.~ (co) + ~ ,  G,:(o~)M.~, (o)) ~., .  (o~). 
k k  ~ 

The m a s s  opera to r  M~.={T~,} ~ does not contain pa r t s  that can be cut with r e s p e c t  to a G O line, which is 
indicated by the s u p e r s c r i p t  p (proper part) :  

(24) 

Mw= Z (((p~,r ~I (~,+~p~,~,) ~))~. (25) 
. i f  

Thus, the most  genera l  express ion  for  the e lec t ron G r e e n ' s  function in the localized bas i s  with al lowance for  
the e l ec t ron-phonon  interact ion in the fo rm (4) can be wri t ten  in the ma t r ix  fo rm 

G-,=G0-,_~r.  (26) 

The calculat ion of the total G r e e n ' s  function ~ is reduced to the finding of ~0 and ~ .  

4 .  A p p r o x i m a t e  C a l c u l a t i o n  o f  t h e  M a s s  O p e r a t o r  

The explicit  express ion  for  the m a s s  ope ra to r  in (26) has the f o r m  

M . , ( c o ) = Z  i do)' (e~,+i)  i d t e _ ~ . t X [  (Oj',,(t)a~,(t)a~,p~j,} p'~r : j :~ t l~  !:" ~t()~j~:+;)'::~] " (27) 
jr _ c0--c0' _ 2n --<p,,r p''" < ( ~,(  

To obtain a closed se l f - cons i s t en t  s y s t e m  of equations for  the m a s s  ope ra to r  (27), it is n e c e s s a r y  to use an 
approximat ion  in o rde r  to exp re s s  it in t e r m s  of the G r e e n ' s  function (9). The m a s s  ope ra to r  (27) desc r ibes  
inelast ic  sca t t e r ing  of e lec t rons  (the e las t ic  par t  is contained in E~, a (16)) on fluctuations of the densi ty of 
the total e l e c t r o n - i o n  charge  in the la t t ice .  By analogy with [17] (see also [19, 21]), we find an analytic 
express ion  for the m a s s  ope ra to r  in the approximat ion  of "two interact ing modes. ' r  This  approximat ion  con-  
s i s t s  of ignoring the r eno rma l i za t ion  of the ver tex ,  i . e . ,  the co r re la t ion  in the propagat ion of the dist inguished 
e lec t ron  (hole) and the propagat ion of charge  densi ty  f luctuat ions.  To this approximat ion  there  co r r e sponds  
the following r ep re sen ta t i on  in (27) of the higher  co r r e l a t i on  functions in t e r m s  of the lower:  

<pj,~. t ( t) a~, t+ ( t ) ajtp~jt ) P,~.~< p~,~, t ( t ) pijt ) (a~, t+ ( t) ajt ). (28) 

We note that the one - t ime  mean values a r e  a l ready  taken into account in the mass  ope ra to r  ~]io a (16). 

Writ ing down fur ther  spec t r a l  r ep re sen t a t i ons  for the co r re la t ion  functions in (28), we r e p r e s e n t  
the m a s s  ope ra to r  (27) with al lowance for  the definition (15) in the fo rm of the sum 

i 2 M.. (co) =M. ,  (co) +M,,, (o~), 

o~-(~,+co.) 
n n "  j j "  - - ~  

2  th-V  

i 

where  

The m a s s  ope ra to r  (30) has a f o r m  cha rac t e r i s t i c  of an in teract ing e l ec t ron-phonon  s y s t e m  [18, 19, 21]. 
contribution M~i. has a more  complica~ted s t ruc tu re :  

M..=U~ ~;~_~JJ ~ - ( o , + ~ ) r  -d(~id~ 21 ( t h ~ i + c t h ~ i ) [  A DB] ' 

C~[--~Im((n.tln,,~)).~][ --~-Im((a,,+]a~,)).,] ; 

B=[-~Im((n~r ; 
_ _  J- + 

(29) 

(30) 

The 

(31) 

where  

It can be seen f r o m  Eqs.  (30) and (31) that, in con t ras t  to the e l e c t r o n - i o n  model of a s imple  meta l  
with al lowance for the d i rec t  Coulomb interact ion of the e lec t rons  [17], the effect ive e l e c t r o n - e l e c t r o n  
in teract ion de te rmined  in (31) by the G r e e n ' s  function of the charge  densi ty f luctuations,  cannot be exp re s sed  
in s imple  approx imat ions  in t e r m s  of the total  pe rmi t t iv i ty  of the e l e c t r o n - i o n  s y s t e m  for the Hubbard model .  
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This  is a ref lec t ion  of one of the shor tcomings  of the Hubbard model - the neglect  of the exchange inferact ion 
at different  s i t es .  The permi t f iv i ty  for  the Hubbard model can be fo rma l ly  exp re s sed  for  k, ~ r 0 in t e r m s  
of the longitudinal dynamic conductivity [22]. However ,  for  k, 4, ~ 0 the resu l t ing  express ion  for the 
pe rmi t t iv i ty  is  not defined. In the polar  model of a meta l  [10], the e lec t ron  s y s t e m  is descr ibed  in a more  
cons is tent  manner .  T h e r e f o r e ,  the der ivat ion of the equations of superconduct ivi ty  for the polar  model of a 
meta l  (with al lowance for  the e l ec f ron-phonon  interact ion) is of pa r t i cu la r  in te res t .  

The well-known diff icult ies assoc ia ted  with calculat ing the f requency dependence of the co r re la t ion  
function <nio(t)n~o,> for the Hubbard model a r e  assoc ia ted  with this c i r c u m s t a n c e .  Essent ia l ly ,  these  
diff icult ies  a r e  analogous to those that a r i s e  in the calculat ion of the co r re l a t ion  function <S?(t)S~z> in an 
i so t ropic  He i senberg  f e r r o m a g n e t  [23,24]. When the G r e e n ' s  function <<S,+iSf>> is calcula ted,  the G r e e n ' s  
function <<SS'S+I6SzS->> (where 6S~=S~-<S~>) a r i s e s .  When <SS?(t)SSI>(<S+tS-}> is decoupled, the stat ic  
approximat ion  [24, 25] is usual ly employed for the co r r e l a t i on  function <5S75S?>. An approx imate  method 
for calculat ing the co r r e l a t i on  function <n~onjo,> in the stat ic  l imi t  is d iscussed ,  for  example ,  in [26]. The 
s y s t e m  of equations (26) and (29) obtained for  s t rongly  coupled e lec t rons  in a t rans i t ion  meta l  can be analyzed 
fur ther  by the well-known methods (see, for example ,  [27, 28]). 

In conclusion,  we note that for  s t rongly  bound e lec t rons  of a t rans i t ion meta l  the ope ra to r  of the 
e l ec t ron -phonon  in terac t ion  can be exp re s sed  in t e r m s  of a smal l  number  of c h a r a c t e r i s t i c  p a r a m e t e r s  of the 
t rans i t ion  meta l  [3, 19, 21]: 

~t (Ri-Rj) R~-Rj 
0 (R~-Rj) q o t ~ j ~ [  I 

Here ,  q0 is the Sla ter  coeff icient  that c h a r a c t e r i z e s  the exponential  dec r ea se  of the d functions [3]. The 
hopping integral  tij for the z nea r e s t  neighbors  can be exp re s sed  in t e r m s  of the band width W = 2tz.  Thus,  
the se l f - cons i s t en t  s y s t e m  of superconduct iv i ty  equations (26) and (29) obtained in the p re sen t  paper  in the 
Wannier  r ep r e sen t a t i on  makes  it poss ib le  to invest igate  r ea l  t rans i t ion  meta l s ,  the i r  a l loys ,  and compounds 
f rom a unified point of view. 
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I N F L U E N C E  O F  s - d  H Y B B I D I Z A T I O N  ON T H E  E L E C T B I C A L  

C O N D U C T I V I T Y  O F  L I Q U I D  T R A N S I T I O N  M E T A L S  

V . T .  S h v e t s  

Betarded Green's functions are used to develop a theory of the electrical conductivity 

of liquid transition metals with systematic allowance for the hybridization of the s 

and d states of the conduction electrons. It is shown that the conductivity can be 

represented as a sum of three terms, one of which is due to the scattering of s 

electrons by ions, including resonance scattering by d states, the second is due to 

tunneling of d electrons through d states, and the third is due to transitions of 

almost localized d electrons to delocalized s states and reverse transitions from s 

to d states. Expressions for each of the contributions are obtained in the framework 

of perturbation theory with respect to the pseudopotential of the electron-ion inter- 

action, the hybridization potential, and the resonance integral. 

1 . I n t r o d u c t i o n  

In recent  years ,  there has been an appreciable increase  in the interest  shown toward study of t r ans -  
port phenomena in d isordered sys tems .  Among the most  important sys tems of this type are  liquid transit ion 
metals ,  which occupy an intermediate  position between simple liquid metals,  whose propert ies  can be well 
descr ibed in the approximation of almost  f ree  e lectrons,  and amorphous semiconductors ,  for which the 
tight-binding approximation is more  adequate. In transit ion metals,  there are  not only almost  free s 
e lectrons but also a lmost  bound d e lec t rons .  The approaches - based on a modified Ziman formula [1,2] - 
used at the present  t ime to interpret  the experimental  data on the static conductivity take into account the 
contribution to the conductivity due solely to the s e lec t rons .  The role  of the d states is reduced mere ly  to 
resonance scat ter ing of the s e lectrons by them. In the case of [1], the modification consists  of replacing 
the pseudopotential of the e l ec t ron - ion  interaction by the s ingle-par t ic le  t matr ix;  in the case of [2], it 
consis ts  of replacing it by the potential of the s - d  hybridization.  Such an approach does not enable one to 
descr ibe  even qualitatively many propert ies  of these metals,  in par t icular ,  their e lectr ical  conductivity in 
the optical frequency range and the Hall effect. Moreover ,  it has not yet been established to what extent the 
approach is applicable even for the descript ion of the static conductivity of liquid transit ion metals .  It is 
therefore  necessa ry  to take into account more  sys temat ica l ly  all the effects associated with the presence of 

the d e lect rons .  

In the present  paper,  the e lectr ical  conductivity of liquid transit ion metals will be obtained in the 
f ramework of a model that takes into account explicitly the presence  of the d electrons and the hybridization 

of the s and d s tates .  

2 .  F o r m u l a t i o n  o f  t h e  P r o b l e m  

Apart  f rom the e l e c t r o n - e l e c t r o n  interaction of the s eIect rons ,  which makes an appreciable con-  
tribution to the res i s t iv i ty  of both simple and transi t ion metals  only at very  low tempera tures  [3,4], it is 
necessa ry  to take into account in t ransi t ion metals  the e l ec t ron -e l ec t ron  interaction of the d electrons and 
the s and d e lec t rons .  If we proceed f rom a model of d e lectrons localized at a toms,  the interaction of the 
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