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Thedynamicalpropertiesofthesingle-impurityAndersonmodel (SIAM) is studiedusinga novelirreducibleGreenfunction
method(IGF). A new solutionfor theone-particleOF,interpolatingbetweenthestrongandweakcorrelationlimits, is obtained.
Theunifiedconceptof relevantmean-fieldrenormalizationsis indispensablefor thestrongcorrelationlimit.

1. Introduction

Thesingle-impurityAndersonmodel (SIAM) hasbeenproposedmanyyearsago [1] to describehighly di-
lute randomalloys [2,3]. In practice,this modelis usedto imitateothersystemstoo. Forexamplemorere-
centlythismodelhasbeenwidely usedtodescribemixedvalenceandheavyfermionsystems[4—7].Although
it is a simplified model,neverthelessit containsmostof the relevantphysicsanda greatdeal of interesting
work hasbeendoneon it [2—7].But it still remainsonlypartially solved.The elegantBethe-ansatztechnique
asappliedto the reducedAndersonmodel [3] leadsto the exactstatic solutionof SIAM only. Thegeneral-
ization of this approachfor a realistick2 electronspectrumhasnot beendoneyet.

In the pastyearsmanyeffortshavebeenmadeto calculatedynamicalpropertiesof SIAM usingvariousad-
vancedmethodsof many-bodytheory [4—151.Unfortunately,the proposedsolutionsare,asa rule, limited in
severalways;they arevalid fora rathernarrowintervalof relevantparameters.Moreover,nogeneralconcept
for constructionof the interpolatingdynamicalsolutionof SIAM hasbeenproposed.In sucha situationthe
unified self-consistentapproach,which permitsone to obtain a solution interpolatingbetweenthe weak and
strongcorrelationlimits, is highly desirable.

In thispaperwepresenta unified self-consistentcalculationof theone-electronGreenfunction(GF) which
gives the correctresultsboth for the weak andthe strongCoulombcorrelations.The approachwe suggestis
foundedon the sametype of conceptwhich hasprovedto be valuablefor the Hubbardmodel [16,171 and
which hasbeensuggestedasessentialfor variousmany-bodysystemswith complexspectrumandstrongin-
teraction[16—21].We believethat the solutionswhich are derivedbelow bearthe realphysicsof SIAM.

2. Outline of the method

TheirreducibleGF (IGF) methodallowsoneto describecompletelythequasiparticlespectrawith damping
in a very generalway. It is basedon the notion of the “irreducible” partsof GFs (or the irreduciblepartsof
the operators,outof which the GFis constructed)in termsof which it is possible,without recourseto a trun-
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cationof the hierarchyof equationsfor the GFs, to write down the exactDyson equationandto obtain an
exactanalyticalrepresentationfor the self-energyoperator.Therefore,in contrastto thestandardequation-of-
motion approach,the decouplingis introducedin theself-energyoperatoronly. Thegeneralphilosophyof the
IGF methodlies in the separationandidentificationof elasticscatteringeffectsandinelasticones.The irre-
ducibleGFsaresodefinedthat theycannotbereducedtothe lower-orderonesby anywayof decoupling.This
procedureextractsall relevant(for theproblemunderconsideration)mean-fieldcontributionsandputsthem
into the generalizedmean-fieldGF. It is worth emphasizingthat, in general,the mean-fieldrenormalizations
canexhibit a quite nontrivialstructure.To obtainthisstructurecorrectly, onemustconstructthefull GFbuilt
ofthe completealgebraof relevantoperatorsanddevelopa specialprojectionprocedurefor higher-orderGFs
inaccordancewith thealgebrafound.Themostimportantfeatureof thisapproachis averynontrivialstructure
of the mean-fieldrenormalizationsasfound in thecasesof theHubbardmodel in the strongcorrelationlimit
[16] andthe magneticpolaronproblemat finite temperaturesandanarbitraryvalueof s—f exchange[19,20].
It is importantto note that thereis a possibilityof generalizingtheschemedescribedaboveintroducingIGFs
for higher-orderequationsof motion [21].

3. SIAM, weak correlation

Let us considerthe standardone-impurityAndersonHamiltonian [1]:

H ~ ekc~,jcka+ed > d~d0~+~U>nSanS_a+~ ~ (1)
ka a a ka

Thisis the basicHamiltonianwhich will be discussedhere.The simplestwayof dealingwith (1) is to apply
the Hartree—Fock(HF) theory [1]. But,as waspointedout in the review paper[3], it is a fairly roughap-
proximationwhich hasno regionof applicability.Nevertheless,from theformalpointof viewweconsiderthat
the validity regionof it is limited to weak correlation (U—+0) only. In this limit, dueto the mixing of d and
s states,the resonancelevel exhibitsa finite width. Wewill give belowthe IGF calculationsfor U—.O.

For thecalculationof theelectronicquasiparticlespectrumof the modeldescribedby the Hamiltonian(1)
let usconsiderthe equationsof motion for one-electronGFs

I.’ I \ +1 ‘\\\_ ~flI ‘\/F I \ +1 ‘\l

\\Ckak~,ICka~ j//——1v~~i—t )\LCkakt),Cka’~ 11+

<<~a(t)d~i(t’) >> = ~O(t~t’ ) < [d00(t),d~a(t’) ]+ > . (3)

Becauseof c—dcouplingthe GFs(2) and (3) are elementsof the matrix GF,

/4/ +\\ // d+\\
.~ \\C/~ Ckal/w \\Cka “Oa//w

+\\ //d ,~+\\
\\\ Oa Cka//w \\ Oa Oa//~

Performingfirst time t differentiationof (4) andintroducingthe irreducibleGFby the definition [16,17]

,J+\\ —/id d+\\ _/ \//A d+\\
\\ Oa~O—a Oa//w\\ OaflO—a Oc//w \flO_0/\\ Oa Oa//w,

we obtainthe following equationin matrix form,

~ ~~(w)O(w,p)=I+U13
1’~(w), (6)

whereall definitionsare ratherevident.In orderto calculatethehigher-orderGFon ther.h.s.of (6) wehave
to write the equationof motion obtainedby meansof differentiationwith respectto thesecondtime variable
t’. Definition (5) allowsusto removethe inhomogeneoustermin thisequation.If one introducesirreducible
partsfor the r.h.s.operatorsby analogywith expression(5), the equationof motion (6) canbe exactlyre-
written in the form of the Dysonequation
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O=O°+O°~O. (7)

Thegeneralizedmean-fieldGF O°satisfiesthe equation

~ ~~(w)O°(w,p)=I. (8)

The explicit solution of (8) for diagonalelementsis

/ 2 \~‘
k

<<CkaIC~>>tW_(k I j (9)
W�dUfl_aJ

/ V 2\~
<<doaId~,>>~~WfdUfl_a ~ ~° ) . (10)

,,

Theseexpressionscoincidewith Anderson’sHF result [1] andin the limit U= 0 leadto exactresultsforGFs.
The self-energyoperatorM, which describesinelasticscatteringprocesses,hasthe following matrix form:

~~), (11)

where

M~=U
2<<doaflo_aIdt~aflo_a>>. (12)

Thus,by introducingirreduciblepartsof GF (or the irreduciblepartsof the operators,out of which the GF
is constructed)theequationsof motionfor the GF (4) were exactlytransformedinto theDysonequation(7)
with an exactrepresentationof the self-energyoperator,expressedin termsof higher orderGF. It should be

emphasizedthat for the weakcorrelationcase,U—~0, the functionalof the mean-fieldrenormalizationcanbe
representedin termsof meandensitiesof electrons(seeeq. (5)).

Theformal solution of the Dyson equation(7) canbe written as

~ [(~O)—1_~r]_I . (13)

From (13) one immediatelyobtains

/ V 2\_1<<doaId~j>>w dUfl~~aM&~ ~ .° )p/ V2<<CkaICi~>>w (\W—Ck— k ) (14)Wfd ‘-‘~—a~~O0In orderto calculatethe self-energyoperatorin aself-consistentway, we haveto expressit approximately
by lowerorder GFs.Let us start in analogywith the Hubbardmodel [16] with a pair-typeapproximation

Mg
0(w) U

2 J W+WI—W2-~)3 {n(w~)[1 —fl(W2) —fl(~~)]

+n(w
2)n(w3)}go~(wi)gog(w2)go.~(w3) , (15)

where

go~(co)=—-~-Im<<doaId~>>w.

If wetake for the first iterationstep
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goa(w)—’ô(w—~a—Un_a), (16)

we immediatelyobtainM°~= 0. Thisresult reflectsthe factthatonlyone impurity site is present.Forthe pe-
riodic Andersonmodel the pairapproximation(15) shouldwork quite well.

Let us try (againin analogywith the Hubbardmodel [161) anothertypeof approximationfor M. Owing
to thewell knownspectraltheoremtheGFin ther.h.s.of (12) canbe expressedin termsof correlationfunc-
tions.Theapproximationwhich wewill usenow reflectstheinterferencebetweenthe one-particlebranchand
the collectiveone:

,J+ ,J (,,\,J± (t\d (t\\ ~ ~ /d+ d\ 0—a 0—a Oa 0a~ / 0 —a\ 1 0 —a~/ / \ 110 —a
110 —a~1/ \ Oa Oa

L,d+d .4+ 1 \d I ~\/A+ .4 1 ~\i_4A+.4+ .4 1 \A I ~\/d .4+
~

If we retainonly the first term in (17) (cf. ref. [12]) andmakeuseof the samefirst iterationas (16), we
obtainfor the self-energyoperator

Ala I \ TT2 l dLT?t_a) /
rr \flO—aflO—a~0-~d— ~-~—a

It is very interestingthat whenretainingthe secondterm in (17) we obtain

/ V 2\~
<<d

0~Id~>>~=(~w—~d—Un~—M~o(w)—~ “ ) , (19)
p

/ V 2\~
<<dotIdo~>>w (\W—Q—Ufl~—M~iO(W)—~ ‘ ) , (20)

p

where

Mg0(w)=U
2 Jdwi dw

2 l+N(w1)_n(w2) (_ !~m<<~isa: >>~~)(—!Im<<doaIdo~>>w2), (21)

with S0
4~=d~d

01andS~=d~d01,or, in moreconvenientform (cf. ref. [12]),

M~(w)=U
2Jdwi (coth0~~’+tanh~)(_ ~Imx~(w_wi))goa(oi). (22)

The essentialfeatureof this approximationis connectedwith the fact that spin up andspin down electrons
are correlatedwhentheyoccupythe impurity level. So this really improvestheHF theoryin which just these
correlationsare missed.Thescatteringof thed-electronwith thebandelectroncausesthe impurity level tobe
shifted andbroadened.But by including the correlationeffectsfor the weak correlation casewe obtain ad-
ditional shift and broadeningdue to electron—electroninelasticscatteringprocesses.This,of course,leadsto
small correctionsfor shift andwidth andinfluencemainly the line form of the spectraldensity.The role of
electron—electroncorrelationbecomesmuchmorecrucial for the caseofstrongcorrelation.In theregionwhere
U is very large,but finite, the theoryfacesthe mostseriousdifficulties [14].

4. SIAM, strong correlation

To depictthebehaviorof thesystemin thecaseof strongCoulombcorrelationswhenthescatteringbetween
the bandandd electronsis presentweneeda moresophisticatedapproachthan theoneproposedin refs. [8—
15].Therelevantalgebraof theoperatorsusedfor thedescriptionof thestrongcorrelationhasa similar form
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asfor the Hubbardmodel [16]. Let us representthe matrix GF (4) in the following form,

O c~j—( ~ ~$a0~i>~~ “i 23)a \~a~<foaaIC~>~w~ap&foaaIf~pa>~wJ

where

— a .4 1 —+‘~ ~_ —_1
JOaa

110—a”Oa ~ —1~ floafl0a, ~0a ~

The equationof motion for the auxiliaryGF~,
/ /4 + \\ /4 (+ \\ 4/ 1 + \\
I \\Cka Ckallw \\Cka j 0+a/lw \\Cka J 0—a/lw

ft 1 \_ I 4/1 + \\ 4/f f+ \\ 4/f f+ \\
\\J0+a Ckallw \\JO-4-a J 0+a//w \‘JO+a ~1 0—a/lw

\<<fo_aIC~,>>w <<f~_aIfo~+a>>w <<fo_alfot-a>>w

in matrix notationreads

E&(o))115, (26)

where

/W—�,. —Vk —Vk \ U—U —+

E= ( 0 w—�,.~-—u+ 0 J, —o 1 ‘ (27)

\ 0 0 W~dUj — ‘

and

/1 0 0\ /0 0 0\

1 ( 0 fl~a 0 J, 15 (D
2~ D22 D23 J. (28)

\O 0 110_aJ \D31 D32 D331

Here.t5 is a higher-orderGF. As an examplewe give now two matrix elements

~ //I j~.4+ .4 ÷ .4 ~i \ 1+ \\

‘-‘22 \\ ~CpafloamUoaCpaUoaCp..a~o —a”Oa) J 0+al/w,

D33 = << (Cpa( 1 — ?bo_a)— dotaCp_adoa+ Ct_ado adoa) I f ct—a>>w~ (29)

Let us introducethe matrix irreducibleGF151r in accordancewith the definition givenin ref. [16],

j5ir.....j5 O~), (30)

wherethe coefficientsA~are determinedfrom the condition

,rj5ir + 1 \=Ø (31
\L a$,JO$aJ+/— . ‘.

ThecorrespondingexactDyson equationis

(32)

where~ is the generalisedmean-fieldGF. It is very importantto showthe explicit form of the mean-field
renormalizations,

A~~=<(d~..acp...a+c~do...a)(noa_flo..a)> (33)
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A~= — <(dct..aCp_a+Cado_a)(1+flooflo..a)> (34)1~O—a

A+=_A++, A+=_A~.

Thegeneralizedmean-fieldGFof the d-electronshastheform

/ ‘. / V TJA—+
,/.4 .3+ \\0 \110—a/ f ~ f~~pV~~~fl\\ L40a U Oa /1 w = v 1.’ A + + ~ i -r

W—Cd—L.1÷ L.p rpIl \ W�d —

+ 1<flOa> (1+ ~ (35)
W—EdU~>PVpA~\ W(dU+J

For V,,,= 0 we obtainthe exactatomicsolution

<flO—a> ± l<fl~.a>

— WadU+ WfdU_

The conductionelectronGF in this approximationreads

ii + ~x0 r yj 2i’atj \1—I

\\C~ Ck

0//~LW�k ‘k I ~,(Ojj

This form of solution alsogives the correctexpressionfor Vk=0. The self-energyoperatorhasthe form

i~i=i’(y VpVq<<~I(2+)ir>>)I1.

This equationis an analogueof the equationfor the self-energyoperatorin the Hubbardmodel [16] so we
are not goingto write it explicitly hereespeciallybecauseof its complicatedstructure.But it is importantto
note that the self-energyoperatorfor the periodicAndersonmodel is much moresimilar to the self-energy
operatorof theHubbardmodel.

5. Conclusions

In summary,wehaveobtaineda newinterpolationsolution— theone-particleGFfor theSIAM in theframe-
work of the IGF formalism.In the weakcorrelationcasethefunctionalof thegeneralizedmean-fields(GMF)
dependsonly on the meanelectrondensitiesandthissolution improvesthe HF solution[1] andallows one
to incorporatethe correlationof the spin-upandspin-downelectronsoccupyingthe impurity level, in a self-
consistentway. Forthe caseof strongCoulombcorrelationweobtainedanessentiallynewsolutionconfirming
the statement[16—21]that in this casethe mean-fieldrenormalisationshavea quitenontrivial structureand
cannotbereducedtothemeandensityfunctional.Thetheorywesuggestallowsonetofind explicitly thedamp-
ing of quasiparticleexcitationsin a self-consistentwayas was demonstratedin detailherefor the weak cor-
relationcase.And lastly, it shouldbe emphasizedthat SIAM andthe periodicAndersonmodel (PAM) will
havea very different structurefrom GMF aswell asfrom the structureof inelasticscatteringcorrectionsdue
to the self-energyoperator.A moredetailedanalysisof the obtainedsolution anda comparisonwith the so-
lution for PAM will be publishedelsewhere.
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