Physica A 198 (1993) 606636
North-Holland “m m

SDI: 0378-4371(93)E0171-A

Non-local correlations and quasiparticle
interactions in the Anderson model

A.L. Kuzemsky' and J.C. Parlebas

IPCMS, Groupe d’Etude des Matériaux Métalliques (UM 046 CNRS), 4 rue Blaise Pascal,
67070 Strasbourg, France

H. Beck
Institut de Physique, Université de Neuchdtel, CH-2000 Neuchitel, Switzerland

Received 20 April 1993

A comparative study of real many-body dynamics of single-impurity, two-impurity and
periodic Anderson models (SIAM, TIAM, PAM) is performed using a recently developed
irreducible Green’s function method. A detailed analysis of the correct definitions of the
generalized mean field corrections is given for both weak and strong Coulomb correlations.
We find that for the strongly correlated regime the mean field renormalizations are described
by complicated correlations which do not reduce to the functional of mean densities of
electrons. The approach we suggest permits to calculate in a self-consistent way the damping
of quasiparticles in both considered limits, i.e. weak and strong correlations. Also this
approach gives a complete and compact description of many-body dynamics for the
considered system. The corresponding spectrum cousists of a broad continuous spectrum and
a few localized levels embedded in the continuum. Finally we point out the implications of
our results for the problem of interplay between single-site Kondo screening and interimpuri-
ty RKKY interaction.

1. Introduction

Intersite correlation effects in metal alloys and, especially, in anomalous
rare-earth compounds and alloys have been the topic of growing interest
recently. At low temperatures, dilute magnetic alloys show remarkable
properties, which are mainly related to the single-site Kondo effect [1,2]. In
ref. [1], however, it has been noticed that even in the typical dilute metal alloys
there are always traces of interimpurity correlations. These interimpurity
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correlation effects can lead to suppression of Kondo behaviour, formation of
clusters, etc. [3-7]. In the systems that contain rare earth ions the specific
low-temperature behaviour mainly shows large conduction electron masses [8].
For the heavy fermion systems the problem of interimpurity correlations is
related to the understanding of their magnetic properties [9,10].

Very recently a new development in the field has emerged which is related to
alloy systems in which radical changes in physical properties occur with
relatively modest changes in chemical composition [11-17]. A principle
importance of these studies is connected with a fundamental problem of
electronic solid state theory, namely with the tendency of 3d electrons in
transition metal compounds and 4f electrons in rare-earth compounds to
exhibit both localized and delocalized behaviours. The interesting electronic
and magnetic properties of these substances are intimately related to this dual
behaviour of electrons. In spite of experimental and theoretical achievements,
still a lot remains to be understood concerning such systems. A satisfactory
overall picture is still in the process of evolution.

The formation of the singlet state for the single-impurity Anderson and
Kondo problem is now very well understood within the Bethe—ansatz scheme
[1]. As for dynamical properties, even for the single-impurity Anderson model,
the problem is only partially understood at present. The dynamics of the
Anderson Hamiltonian is even more complicated than the dynamics of the
Hubbard model. However, both of them are often referred to as the simplest
models of magnetic metals and alloys. This naive perception contradicts the
enormous amount of theoretical papers which has been published during the
last decades and devoted to attacking the Anderson and Hubbard models by
many refined theoretical techniques [18-22]. As is well known now [1], the
simplicity of the Anderson and Hubbard models manifest itself in the dynamics
of a two-particle scattering. Nevertheless as to the true many-body dynamics,
there is still no simple and compact description, except in a very few limiting
cases.

The inclusion of interimpurity correlations makes the problem even more
difficult {23]. More recent calculations for two impurity Anderson and Kondo
models [24-32] conclude that an analytical solution of the problem seems
hardly possible. To attack two-impurity problems many advanced methods of
quantum statistical mechanics have been used [27]. These methods, however,
were not successful. The most interesting difficulty, which has been pointed out
in ref. [29], is that in any order of perturbation theory, logarithmically
divergent diagrams appear which cannot be generated from any divergent
diagrams in a previous order. All such diagrams appear to have the feature that
the Kondo effect at one site is interrupted by the spin flip between two sites
induced by their mutual interaction. Another method which fails for two-
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impurity problems for similar reasons is the path-integral method [29]. As to
the Bethe-ansatz method, it cannot be applied in standard form. The singe-site
regime is vital for one-dimensional Bethe parametrization of the spectrum in
terms of the rapidities, which characterize the state of a many-body system
[33].

In the present paper we propose a general theory of interimpurity correla-
tions on the basis of different points of view [26,27] in connection with real
many-body dynamics. We pay attention to the calculation of single-electron
quasiparticle spectra for the two-impurity Anderson model (TIAM), treating
exactly the mutual multiple elastic scattering by use of the irreducible Green’s
function approach [34,35]. Thus our theory for the weak Coulomb correlation
case is a natural extension of the Hartree—Fock theories to include the inelastic
electron—electron and electron—-magnon interactions in a self-consistent way.
Another important modification which has been already introduced by one of
us [36] to describe the single-impurity Anderson model (SIAM) is the matrix
formalism. The matrix form of the whole calculation procedure, which has
never been done before, reveals many very important features and hidden
difficulties of SIAM, TIAM and the cluster-impurity Anderson model
(CIAM). Because these aspects of the problem are of great importance and are
still not yet clarified completely, we briefly discuss these questions here. We
will discuss the SIAM and TIAM, and their limitations too.

Of further interest is the problem of adequate description of many-body
dynamics for the case of very strong Coulomb correlations. A number of other
approaches for the strongly correlated electronic systems have been proposed,
trying to find an answer to Anderson’s question: ““... whether a real many-
body theory would give answers radically different from the Hartree—Fock
(H-F) results?” [37]. By applying our theory to SIAM and TIAM we obtain an
essentially new (and “radically different from the H-F”) solution for the
strongly correlated case. Moreover, the general concept of constructing the
interpolated dynamical solution between SIAM and TIAM arises naturally in
the framework of our approach. It is worthy to emphasize that the approach
we suggest is founded on the same type of concept which has been proved to
be valuable for various many-body systems with complicated many-branch
spectra and strong interactions [34-36,38—40]. The unified concept of relevant
generalized mean-field is indispensable to understand the real many-body
dynamics of SIAM and TIAM. The importance of the irreducible Green’s
function (IGF) formalism lies in the fact that it gives a compact and convenient
description of the dynamic behaviour of a system of continuous spectrum with
a strongly localized perturbation (i.e., a Fermi sea of conduction electrons with
a single (s-type) impurity orbital). Since the pioneering work of Friedel [41] the
concept of virtual bound state (or resonant scattering state) is also indispens-
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able to understand local perturbations in narrow bands of transition and
rare-earth metal compounds. There are, however, several appreciable differ-
ences between Friedel’s [41] and Anderson’s [37] pictures which have been
clarified by Blandin [42]. Namely, he clearly pointed out the essence of the
whole problem: local perturbations in narrow d-bands of transition metals can
be discussed within an extended Slater—Koster model. Moreover within the
H-F approximation one can easily see evidence for bound state. The phase-
shift analysis, taking into account the symmetry of the problem, is also
particularly fruitful, but only in the single-impurity case. Outside the H-F
approximation and in the many-impurity case, big problems remain open:
among them, the basic problem of calculating the adequate parameters of
SIAM within modern band structure theory and multi-orbital impurity states.
Even for the case of SIAM this problem is quite difficult and we did not
attempt to consider it, neither for SIAM nor for TITAM. However, the detailed
presentation and discussion of the dynamical properties of TIAM we give here
will anyway be useful to understand better the limits of applicability of the
traditional models to real substances.

The present paper is divided into eight sections. In the second one the
description of SIAM, TIAM and PAM is specified and a general discussion of
the adequacy of those models is given. In the third section a brief outline of the
IGF method is presented. In the fourth section the problem of interrelations
between SIAM, TIAM, CIAM and PAM is considered. The quasiparticle
spectrum of PAM is calculated within IGF approach. In section 5 the spectrum
of the quasiparticle excitations and their damping is calculated for TIAM in the
weakly correlated case. The role of interimpurity correlations is clearly shown.
The case of very strong Coulomb correlations is considered in section 6 for
SIAM. Then this approach is used in section 7 in the case of TIAM. The
results of our comparative study of the differing Anderson models are
discussed in the concluding section 8.

2. Presentation of the model

In the case of SIAM and by including the correlation effects in the low
density case, Schrieffer and Mattis [44—45] showed that the criterion for the
occurrence of magnetic moments (which has been deduced by Anderson within
H-F approximation) does not hold. The solution is never magnetic. So arises
the problem of the role of the electronic correlation effects [44—45]. The two-
impurity Anderson model (TIAM) has been first proposed by Alexander and
Anderson [43]. They have put forward a theory which introduces the impurity—
impurity interaction within a game of parameters.
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They assume a Hamiltonian [43]

H=H+H;+H,, (1)
where
Hs = z gkCZacko (2)
ko

is the Hamiltonian of a set of conduction, quasi-free electrons and the {g,}’s
are the corresponding energies; c;, and c,, are the creation and annihilation
operators for an electron with momentum £ in spin state o,

H= 3 Egnl+s 3

”?a"?-a + 2 (Viod1,4,, +V,1d3,d,,) (3)
gi=1,2 Gi=1,2 o
where the {E;}’s are the position energies of the localized states (for simplicity
we consider identical impurities and only s-type (i.e. non-degenerate) orbitals
which we call d): E,, = E,, = E,, U is the intraorbital Coulomb repulsion, V,,
is the direct transfer integral between the two d states and d| ,d,, are,
respectively, creation and annihilation operators for a d electron of spin o at
site i; ni is the corresponding number operator. The most important term,
which contains the essence of the specific behaviour of the Anderson model, is

Hsd = 2 (Vkiclto'dio' + ‘/ikd:acko') . (4)

ika
This term describes the hybridization interaction term between the localized
impurity states and extended conduction states.

The definition of the hybridization matrix elements V,, has been given by
Anderson in his SIAM [37] as follows:

V=75 2, VR, (s)
with
V)= [ 030) H* @ ar—R,) dr (5b)

The use of H" " in the r.h.s. of eq. (5b) is notable, since it justifies the
treatment of the SIAM entirely in the H-F approximation. As for the TIAM,
the situation with the right definitions of the parameters V,, and V,, in egs. (3)
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and (4) is rather unclear. The definition of V,,, as it was given in ref. [43], is
the following:

Vi=V3 ZJ'QDT(") @,(r) Hydr (6)

(now H, without “H-F" mark). The essentially local character of H;, eq. (3),
clearly shows that V|, describes the direct coupling between nearest neigh-
bouring sites. The SIAM is rather a straightforward adaptation of the Hartree—
Fock picture for the wave functions to the language of the second-quantified
operator representation {37],

d}, =2 (nlk) cl, + (nld),d}, , (7)
k

where d|_ is the one-electron creation operator consistent with the one-
electron energy ¢, which results from the relevant H-F equations. This
scheme has not been analyzed in details for TIAM. The reason for that is
rather evident. The justification of the TIAM needs a certain generalization of
eq. (7) in the form

d:lozz <n|k>o-clia'+ <n|d1>0'd.:a'+ <n|d2>(rd;z7 * (8)
k

Going back to SIAM, it has been shown that eq. (7) actually leads to omit’.ng
many interesting terms [1] like c'ded, c'c'dd, etc. But the term c'ded just
describes the contact exchange coupling which definitively must be compared
to the V, term for TIAM. In addition, with two new indices i =1,2, the
number of omitted terms are greatly increased.

For TIAM there is a possibility of using new basis states, the so-called
“even” and “odd” parity states [46,47], e.g. d,, = (d,, = d,,))/V2 with p =e
for even (+1) and p =o for odd (—1). Then the Hamiltonian will con-erve
parity and can be expressed in terms of creation and annihilation operators
with parity. It leads to a two parity channel problem instead of a two impurity
problem [6].

Our main interest in this paper is connected with situations when the
virtual-mixing mechanism is dominant and the term V,, plays no essential role.
Also we mention only briefly the recent analysis of the applicability of the
Anderson effective Hamiltonian to the 4f-phenomena in relation to photoelec-
tron spectroscopy [48]. The claim is that the effective parameters in the
Anderson Hamiltonian should be in principle frequency dependent, because
the Anderson model is thought to be an effective Hamiltonian for the low
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frequency phenomena. In the high frequency phenomena a more general
fundamental Hamiltonian must be used. This last statement is quite interesting
(compare with ref. [49]) but it needs however a separate discussion.

To summarize this chapter we conclude that, despite the well founded
derivation of the TIAM, the latter could at most be considered as a reasonable
semi-empirical model. Rather than attempting to calculate the parameters of
the TIAM we shall give a detailed discussion of its many-body dynamics which
is of particular interest. In the next sections we shall show how the self-
consistent treatment of the dynamics yields a far better understanding of the
SIAM and the TIAM itself.

3. Outline of the method

At this point it is worthwhile to underline that it is essential to apply an
adequate method in order to solve a concrete physical problem: the final
solution should contain a correct physical reasoning in a most natural way. The
list of many-body techniques that have been applied to the Anderson model is
extensive [1,2,18-32]. In this paper it will be attempted to justify the use of a
novel IGF approach [34-36] to SIAM and TIAM. It is quite revealing to follow
the logic of development of many-body techniques. This logic is well known.
The simple Hartree—Fock or RPA treatment of the correlations between
electrons omits several essential features. One of them is the damping of
quasiparticles. Usually, this latter problem requires much larger theoretical
efforts. However, this must be a final goal towards a real understanding of
many-body dynamics in strongly correlated electronic systems.

The IGF method allows one to describe completely the quasiparticle spectra
with damping in a very general way. It is based on the notion of the
“irreducible” parts of the GF’s (or the irreducible parts of the operators, out of
which the GF’s are built). In terms of the IGF’s it is then possible, without
recourse to a truncation of the hierarchy of equations, to write down the exact
Dyson equation and to obtain an exact analytical representation of the self-
energy operator. Therefore, in contrast to the standard equation-of-motion
approach, the decoupling is introduced in the self-energy operator only. The
general philosophy of the IGF method lies in the separation and identification
of elastic scattering effects and inelastic ones. This last point is quite often
underestimated, since there are quite a lot of works where both effects are
mixed. However, as far as the right definition of quasiparticle damping is
concerned, the separation of elastic and inelastic scattering process is believed
to be crucially important for the many-body systems with complicated many-
branch spectrum and strong interactions [34-36,38—40].
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The IGF’s are defined in such a way that they cannot be reduced to the
lower-order ones by any way of decoupling. This procedure extracts all
relevant (for the problem under consideration) mean-field contributions (elastic
scattering terms) and puts them into the generalized mean-field GF’s. It is
worth emphasizing that, in general, the mean-field renormalizations can exhibit
a quite nontrivial structure. To obtain this structure correctly, one must
construct the full GF’s from the complete algebra of relevant operators and
develop a special projection procedure for higher-order GF’s in accordance
with a given algebra.

4. The hierarchy of the Anderson models

It will be quite revealing to discuss the interrelations of SIAM, TIAM and
PAM (as well as a cluster impurity periodic Anderson model (CIPAM), which
has been described in details by ref. [S0]). The basic assumption of the periodic
impurity Anderson model approach is the presence of two very well defined
subsystems, i.e. the Fermi sea of nearly free conduction electrons and the
localized impurity orbitals embedded into the preceding continuum (in rare-
earth compounds for example the continuum is actually a mixture of s, p, and d
states and the localized orbitals are f states). The simplest form of PAM,

U
H= kz Skcza'cka + 2 EOn?cr + 72 n:'ia‘n?—a
o io io
|4 —ik-R; 7% ik-R; t
b D €, et d,), ©)
ika

assumes a one-electron energy level E, and hybridization interaction V as well
as the Coulomb interaction U at each lattice site. Using the transformation

1 : 1 & ,
+ z t _ —ik+R; _ 2 ik-R;
== C,e ", Coo == Cp€ 7, 10
k . J k. \/]_V =i f] ( )
the Hamiltonian (9) can be rewritten in Wannier representation in the form
U
H=2, t,.jcl,cjg + Egnd + > 2ntnt +v> dlc,+cid,). (11)

-~ ~ ic’ti—-o ioc%io
ijo io

If one retains the k-dependence of the hybridization matrix element V, in eq.
(11) the last term of the r.h.s. in eq. (11) will be as follows:

1 .
2 ‘/ij(d:.o'citr + c?o'dle) ’ ‘/II = —]\_’ ; Vk elk-(R,_Ri) " (12)

ijo
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The on-site hybridization V,, is equal to zero for symmetry reasons. Moreover
as compared to the SIAM, the PAM has its own specific features. This can lead
to peculiar magnetic properties for concentrated rare earth systems [50] where
the criterion for magnetic ordering depends on the competition between
indirect RKKY-type interaction (not included in SIAM) and the Kondo-type
singlet state screening (contained in SIAM). Instead of carrying through such a
laborious programme in the rare earth systems for example, we will consider
here a simpler case, namely the comparison of the dynamical behaviours of
SIAM and PAM in the limit of weak Coulomb correlations. Of course, this is
not directly related to Kondo-type behaviours which show up in the strongly
correlated (U— =) regime [51]. However, this comparison procedure will be
very instructive for future analysis of TTAM. Let us consider the PAM in Bloch
representation,

U
H=2 66,6, + 2 ER) di,di + 53 2 dbey g ,d,,d; _d
ko ko

2 pare ptr—q.cpcq.—c"r,—o

+ 2 Vild) o + Chodis) - (13)
ko

For simplicity in this section we will discuss the case when U— (. The more
basic drawback of the Hartree—Fock type solution is that it ignores the
correlation of the “up” and “down” electrons. Actually we will take into
account the latter correlation for the PAM and SIAM in a self-consistent way
using the IGF method. It can be shown that the use of the matrix Green’s
function for PAM,

«Ckalcza » <<Cka'|dlto- ) :|
(dislcr.)  (dildi, )

permits to handle the relevant equations within a very compact form. The
first-time d/d¢ equation of motion for the double-time thermal GF [52],

A@ B@)) =io¢ — 1) {[A), BO)], ) , (15)
reads

|:") & —Vi ] % I:«Cka‘cza»w <<Cka|d£a>>w:|
Vi w—E(k) (diolcrs ) €disldiod

- [(1) (1)] HUNT 2 [<<A|?:L,>> <<A4(31;2,>>] ’ (16)

pq

Gyp(0) = [ (14)

where A =d d’ d

k+tp,o¥p+q,—cq,—0"
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According to refs. [34-36] the definition of the irreducible parts for U— 0 is
as follows:

ir<<dk+pad;+q - q alcko» k+p,a’d;+q,—adq0'|c;:a'>>

_8Pv0<nq,—a>(<dka|(";o>> s (17)

"(d ktp, "dT“’ ~oda, ~oldia ) ={dy., .d +q,—odqa|d;w>>
=8, 0(n,— ) disldi, ) (18)

Then we obtain after using eqs. (17, 18) in the r.h.s. of eq. (16)
[“’ & Vi ] [Gll GIZ]
Vi o-E(k)]]| G, Gy
10 0 ]
= +U ir ir . 19
Lo 1+ 08 2 [vgairy. eaiisy. (19)

The following notations have been used:
E()=E(k)-Uns,, n,=(nl,).
The definition of the generalized mean field (GMF) (which for the weakly
correlated case coincides with the Hartree—Fock mean field) Green’s function
(GF) is evident. All inelastic renormalization terms are now related to the last

term in the r.h.s. of eq. (19). All elastic scattering (or mean field) renormaliza-
tion terms are contained in the following matrix equation for GMF-GF:

w—¢ -V, G}, G 10
k , x| b T2l = . (20)
-V, w-—E/[k) G,, G,, 01
It is easy to solve eq. (20) and we find

(ol )0 = fo - By - A} 1)

W= &

7 }_1. (22)

(erolcio Vo = {w T8 TG E (k)

At this point it is worthwhile to underline the significant difference between
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PAM and SIAM, which was shortly mentioned in ref. {36]. The corresponding
SIAM equation for GMF-GF reads [36]

(@=8)8, V.0, Cepolcic)’ €epoldi, )’ 10

Pl e E) || (o) (dulaiy? |0 1

(23)
This form of matrix notation for SIAM has never been used before. However,
it clearly shows which fundamental problem has been posed by Anderson in his
famous paper [37], i.e. how to define the quasiparticle spectrum of a system
with strongly localized levels embedded in a continuum of states. Within our
matrix representation, the eigenvalue problem reveals a fundamental difficulty:
the number of states in the conduction band and in the localized orbital are
different, namely if we include the spin degeneracy the conduction band
contains 2N states whereas the localized (s-type) level contains only 2. The
comparison of egs. (20) and (23) shows clearly that this difficulty does not exist
for PAM: the number of states in both localized and delocalized subbands are
the same, i.e. 2N (see fig. 1). There are many other relevant questions
connected with the comparison between PAM and SIAM, but we believe that
in order to understand the nature of the spectrum of elementary excitations
this is the most fundamental one.

The eq. (23) for GMF-GF of SIAM is exactly solvable as well as the
corresponding eq. (20) for PAM. However, the presence of I, in eq. (23)
clearly means that this solution is simply to solve for any fixed momentum p. In
general, the compact solutions found by Anderson [37] are written in the
following forms:

® ® I — PY
SIAM  TIAM CIAM  CIPAM PAM
e .

N N N n N

1 2 n n N
Fig. 1. The hierarchy of the Anderson models (the numbers are given in the case of ‘s’ orbitals
with n < N; the upper row gives the number of conduction states per spin and the lower row gives

the number of localized states per spin). For a detailed presentation of the CIPAM, see also ref.
[65].
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)= (o5, -3 L)

(24)
V|2
«Ckalc;rm»g = . + ‘_ | 5 G(w) -
(0 — &)

The fundamental difference between SIAM and PAM plays a very essential
role when we proceed with incorporating the correlation effects, i.e. when we
include the inelastic scattering or self-energy corrections.

Let us again consider the PAM, starting from eq. (16). After second time
differentiation d/dr of the higher-order GF in the r.h.s. of eq. (16) and
introducing irreducible parts for the r.h.s operators by analogy with eqs.
(17), (18), the equation of motion (16) can be exactly rewritten in the form of
the Dyson equation,

G=G"+6G"MG. (25)

Note that no decoupling has been done till now but only identical transforma-
tion. The formal solution of the Dyson equation can be cast as follows:

G=[(G"y "' -m", (26)

where the self-energy operator M has the form

N 0O 0
-0 0], .
kv(w) 0 M22 ( )
with
22 = N p%s "<<dk+p a p+q -0 q 70‘|dr -0 r+s -0 k+s zr>>" . (28)

In order to calculate the self-energy operator in a self-consistent way, we
have to express it approximately by lower order GF’s. However, the advantage
of using the Dyson equation consists in the right functional structure of the
single-particle GF. In analogy with low density electron gas we calculate the
self-energy operator (28) in the pair approximation. With the help of the
spectral theorem {52] we express the GF by the correlation function. Then for
the correlation function we use the following so-called *trial solution’ in the
case of a low density of quasiparticles (n) <1:
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t T i
(ar,‘a-ar+s,—uak+s,crak+p,o-(t) ap+q,—zr(t) aq,—o'(t)>lr = <alt+p,aak+p,zr(t)>

<ap+q,—a'a;+q,—o(t)> <a:],fo'aq.—a(t)>6k+s,k+p6r+s.p+q6r,q ‘ (29)

After the substitution of eq. (29) into eq. (28) we find for the self-energy

dw, dw, dw,
M, (@) = fw+w_w_m,mwou () — n(@,)]
+ "(wz) 1(@3)} 8,1 g.—o(@1) Bivp.o(@2) 84 —ol(@s) (30)
where
g (w) = — % Im G, (w +i0) (31)

is the spectral density. The eq. (30) with eq. (26) form together the self-
consistent system of equations to calculate single-electron GF’s and the
corresponding density of states,

1 .
D) =—x % Im G, ,(w +i0) . (32)
If we start the iteration procedure with the simplest first iteration expression
8o ~ 8w — E,(K)) , (33)

then after integration we find the standard second-order expression for the
self-energy (cf. ref. [34]),

2 p+q,—a(1 _nk+p,o' .—n'q,fo')+nk+p,0nq,—a

M (@) =7 & T E,(p+ )~ B,k + 1) E,(9)

(34)

Here n, = [exp(BE,,) + 1]~ is the Fermi distribution function. It is interest-
ing to note that the same sort of calculation for the self-energy can be done in
the case of SIAM [36]. But then the pair approximation in eq. (29) does not
work. Actually the analogous expression for SIAM self-energy is

dw, dw, dw,

{n(w)) [1 — n(@,) = n(wy)]

w+w - w—w,

Misw) =" |
+ n(w,) n(w3)} 8- o (@) 8o,(®;) §o—o(®;) , (35)

where
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1
gOa'(w) == ? Im<<d00|dgﬂ >> w+1i0 (36)
and the first iteration expression has the form
80s(@) ~8(w — Ey—Un_,), (37)

then we immediately obtain Mg, = 0. This result reflects the fact that only one
impurity site is present. The recipe to calculate the self-energy operator for
STAM has been given by ref. [36]. We will use it for TIAM in the next section
5. In the case of PAM the same kind of approximation as in ref. [36] will lead
to the expression for the self-energy in the following form:

M, (o) =—%i§ fdwl [coth(%) + tanh(%)]
X (—%Im)(:t(w—wl))ghq,o(wl). (38)

To conclude this section we propose in fig. 1 a possible hierarchy of the
various Anderson models. Except the specific case of the SIAM we always
have the situation which corresponds to inter-impurity interactions. The
corresponding physical behaviour can then be understood looking through the
SIAM-TIAM and CIPAM-PAM complementary solutions.

5. TIAM. Weak correlation

We again consider the TIAM Hamiltonian (1). The IGF solution of this
model is obtained by analogy with the SIAM for small U.

Taking into account the first time differentiation of the relevant GF matrix,
we have

(0 — ep)apk _leapk _V2p8pk G, Gy Gis
1 . .
2 _le N(w _Eo) : Vi x| Gn Gzz: 23
2 T 1 .........
*V2p -V ﬁ(w Eo) Gy Gy Gy
1 0.0 0 0 : 0
=10 1 01+ ul (Aler ) (Alldy, )i (Allds,) | (39)

The notations are as follows:
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1n- ((cpalC;co'» ) G, = <<cp0‘d10>> > Gy = <<Cpo’|d;0>> )

G
Gy = <<dlo-lclta'>> > Gy = <<d1¢7|d;ro‘>> ) Gy = <<dla|d;cr>> ) (40)
Gy = {dy,lci, ) » Gy, = <<dza|dja>> ) Gs t+ <<d20|d;0>> ’
Ay =dn,_,, Ay=dyn,_, .

In compact form the eq. (39) can then be expressed as
2L, 6, (w)=1+UD(v). (41)
p

We thus have the equation of motion (39) which is a complete analog of the
corresponding equations for the SIAM and PAM. Let us again introduce by
definition the irreducible part of the GF’s

ir<<dla'n1—aIB »= «dlanl—crlB» —{n_,) «dwlB» >
(42)

ooty o|BY = (dyotty ,|BY — (n, ,){dy,|B)

where we expect the thermal average (n,_,) to be uniform (in principle it is
possible to consider a non-uniform solution),

<n17(7> = <n2—o'> = <n70’> . (43)
Now, if we consider the eq. (39), taking into account the definition (42), we
obtain in analogy with eq. (19) the same equation as (41); only, instead of

D, (o) it will contain D, (). Let us define as previously the GMF-GF in the
following way:

; LG, =I. (44)

After performing the second time variable differentiation in the r.h.s. of (39)
and introducing the relevant irreducible parts for the GF’s we are able to
rewrite the equation of motion in the form of a Dyson equation

G=G"+G"MG . (45)

Let us remind again that G’ is defined as follows:



A.L. Kuzemsky et al. | Non-local correlations in the Anderson model 621

(w ) Pk ‘llpapk _‘/Zpapk
1

2 le ﬁ(“’ an): Vi
[ 1

_V2p Va N (v — E,)

G G%:GY] [1 0i0
x| Gy GRiGu|=[0 110, (46)

GY, GY, G, 0 0 1

The matrix G describes the exact solution of the TIAM in the H-F
approximation. The SIAM-GF’s are shown in the left upper corner of each
matrix. We thus have a very clear representation of the essence of the nonlocal
interimpurity correlation problem in the case of two localized levels interacting
with a continuous spectrum of conduction electrons. The eq. (46) represents
the exact solution for the considered problem in the H~F approximation. After
some algebra we find the following for the diagonal elements:

Viel?

O e e IR

Il

Vil !
ld,ye = (o~ B 22— a0) 7

-1

(drld3, e

Vaul?
<“’_E00"§p: wﬁcg _433(‘”))
P

Here we have introduced the notations

Vlkvz Vkv ——-—V v -
Ak, w) = (Vzk +—1110.,)(Vz" +— - bfolg)(w —Ey, — - é;) ,

(48)
| 2pl2

1(0) = 0s(@) + V)@ + Voo~ B =S 5250 L @)

£350) = (ha©) + Vi) hs@) + Vi) — By, - 5 L2l ) o

p

where
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le‘/Zp
MM®=MNM=§—‘—— (51)

w—sp

describes the so-called ““indirect coupling” [43]. If we put V,,=V,, =0, we
obtain

_ (Alz(“’))z
A22(w) - w— EOg' _ Zp le,;|2/(‘0 _ gp) » (52)
_ (Ap(@))’
A33(w) - w — E()o' _ Zp |V1p|2/((l) _ Ep) ’ (53)
Ak, w) = I‘fkl . (54)
(w 00)

The detailed analysis of the H-F solution for two impurities has been done
previously [43,53]. Here we will consider the quasiparticle interactions by
using the Dyson equation for the TIAM.

The formal solution of the matrix Dyson, eq. (45), has the form

G=[(G") "' -m". (55)

Let us consider the explicit expression for the self-energy matrix

0 0 0
M=|0 My My |, (56)
0 M,, M
where

M,, = U’ ir<<dla'nl—a'|d11.crnl~a>>ir s M,, = U® ir<<d20'n270'|nl—o'd';0' >>ir >
(57)
M, = U’ ir<<d10”1—aln2—ad;a>>ir > M, = U? ir<<dza”zAa|”2—ad;a>> i

In order to calculate the self-energy matrix elements [57], let us perform for
the TIAM the same type of procedure as it has been done previously for the
SIAM [36]. With the help of the spectral theorem one can express the GF’s
(57) in terms of correlation functions. The natural “trial solution” for the
correlation functions can be proposed in the following way [34]:
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(d1,d}_,di_,di, (1) d]_,(0) di_ (1))
~(d]_,d\_,d}_,(t) d,_,(1))(d},d,,())
+{d]_di_,()){d],dy o\, () di ()
+{dy_,d)_ () {d1,d) 1, (1) dy,(0) (58)

<d;ad;—trd2—adla(t) d:—a(t) dl—a'(t)>
= <d;—ad2—ad1—a(t) dlfo'(t)> <d;(7dla(t)>
+ <d;—od1—o’(t) > <d;0d2_0d10(t) dI—a(t))
+ <d2—0d1—a(t)> <d;ad;—0dlo'(t) dl-o'(t)> . (59)
The terms which describe the correlations of the “up” and “down’’ spins on the

same and different sites correspond to the second terms in the r.h.s. of egs.
(58) and (59),

2 (d]_,d,_, (1) {(d],d,_,d,,(0) d]_, (1))

o

=<SIS;(t)><dIld11>+<S;SI(I)><dJ1er1T>a (60)

2 (dl_,di_, ) (d},ds_dy, (1) di_ ()

o

:<S;S;(t)><dzid1l>+<S;SI(t)><d;1d11>- (61)

Here $'=d'd,,S =d"d,.
Using eqs. (58)-(61) we find the following explicit expressions for the
self-energy matrix elements:

1+ N(w,) — n(w,)

W~ w T W,

M (w)=U" jdwl dw,
x (- 1m¢s7Isy., (- md,, lal )., ()

1+ N(w,) — n(w,)

0= W —w,

M7 (w)=U? f do, do,

x (=SS, ) (- 1mddy b)) (63)

For M, we obtain the same expressions with the substitution of index 1 by 2,
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1+ N(w,) — n(w,)

@~ W —w,

MP(w)=U? Idwl dw,
x (= Ims7Is),) (-2 Imdd, lag ), (64)

1+ N(w,) — n(w,)

w— 0 —w,

M (0)=U"> fda)1 dw,

x (2 tmsiIsT). ) (- 5 Imd, 13, (65)

Here N(w,) means Bose distribution function. For M 3& we must again change
index 1—2. Eqgs. (62), (63) and (64), (65) give the complete self-consistent
description of nonlocal correlations and quasiparticle interactions for the
TIAM. The diagonal elements of the self-energy matrices M,, and M;;
describe single-site inelastic scattering processes; non-diagonal elements M*’
and M** describe the intersite inelastic scattering processes. As well as the
non-diagonal elements of the GMF-GF GO, the latter non-diagonal matrix
elements are responsible for the specific features of the dynamical behaviour of
the TIAM and, more generally, the CIAM.

6. SIAM. Strong correlation

As for the strong correlation regime, even for the SIAM, and in spite of a
great number of theoretical efforts, a compact and closed form of the one-
particle propagator has not yet been obtained [18-20,51]. The matrix form of
our calculation as in the case of the weak correlation will help us to better
understand the essence of the difficulties.

In analogy with the Hubbard model [34], for the description of the strong
local correlations, we must use a new algebra of operators, namely {f.,} with

a=x,
— 0 I T =1 -
ana’ - nO*O'dOO' ’ nOo - nOcr ’ nOo =1 Ryy - (66)

In terms of the new operators the relevant matrix GF for the SIAM (23) can be
rewritten identically in the following form:

A,

(CrleiaYe 2 €olfipedu
G, () ‘*

= (67
2 (fouolelo Vo 2 ool Fope) )
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To calculate this GF we need to write down the equation of motion for the
auxiliary GF, G,

X Cerolciod s Caolforode  Ceolfoodu
Go(@) = {forolcioc)u {forolforodu (fovolfooda |- (68)
(fo-oleiodu Cfooolforodu €hoolfo-odu

In the matrix notation the equation of motion reads

Eéa(w) -I1=D, (69)
where

w— g, -V =V, B

E=| 0 w-E,—U, 0 , Ua={g’ a:t’(70)

0 0 w-E,—U. T

1 0 0 0 0 0

I=10 n;_, 0 |, D=|D, Dy Dyl. (71)
0 0 =n_, Dy Dy, Ds

Here D is a higher-order GF. As an example we give now two matrix
elements,

D22 = <<( Mo—o + dO a p adOU _C;—ado—adﬂa')|f(§+a->>w >
(72)

D33 = <<(cpcr(1 nO a') dO o p UdOU + Cp a'dO ¢rd017)|f0+¢7>>
Let us introduce the matrix of irreducible GF,IA)ir in accordance with the
definition given in ref. [34],
+a

b =53 (4_.)G60). (73)

24

where the coefficients A?* are determined from the condition

Alr

([Dep> fops)) =0 (74)

Similarly as in the preceding section we obtain the Dyson equation

Qe
+
Q
£

(75)
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A 0
where G is the generalized mean-field GF. The explicit form of the mean-field
renormalizations is as follows:

_ <(d(§—zrcp—¢7 + C;—zrdO—a)(nOU B n’O—a))

A" 76
(o) e
- df~0'c f0'+CT—0'd —-a 1+na—n70)>
A = <( 0-oCp P 0 X 0 0 , (77)
<n0—0'>
AT =—-A"", AT =—AT"
The generalized mean-field GF of the d-electrons has the form
L VATT
(o I}, = e (o
w—-E,~-U, —-%,V,A w-E,~U.
1- T,vA
+ — <n07¢7> —_'< + PP ) (78)
w—-E,~-U_-L, VA w—E,—U,

For V, =0, we obtain the exact atomic solution with poles at E,+ U, and
E,+U._,

<n0*o> + 1_<n0—0>
w—E,—U, " w—E,—U_"

F*(w) = (79)

The equation corresponding to eq. (78) for the conduction electron GF reads

O R (80)
Taking into account that

(@ = E, = U.)<fipler )’ = § V,({1y_0 ) {pulcio ) (81)

(@ = Eg = U ) fisolety, )’ = ; V,[(1 = (-, )){Cp0lcio )T (82)

we find the following expression for the diagonal element of the conduction
electron GF:

Ccrolcho Vo = (@ — & — Vi ’F* (@) 7" (83)

This form of solution also gives the correct expression for V, =0. The GMF-
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GF’s (78) and (83) are the essentially new solutions of SIAM in the strongly
correlated limit. The paper of ref. [54] is close to our approach; however, the
explicit form of the single-particle GF has not been written explicitly. Oh and
Doniach [55] calculated the dynamical properties of the SIAM in the context of
core-level photoemission spectra. For the mean-field GF they obtained the
following result [55]:

1-n_, n_,
Galw) = w—E,— 3 (o) + o—E,~U~3(w)’ (84)
where
5 Wl
3(w)= Ek: -5 (85)

This solution simply describes the two localized levels E, and E;+ U
broadened and shifted due to the mixing potential V,. Our theory can be
considered as a direct generalization of Oh and Doniach’s result [55] in the
framework of the IGF approach. Of course our eq. (78) is more general than
eq. (84) (obtained within the first order in V,). Also it is important to note that
in the atomic limit, when U— « and V, - 0, the correct functional form of the
solution must be recovered. Oh and Doniach [55] found that, for V, = 0.5¢V,
Im G,,(w) starts to go negative for a certain range of w values, indicating that
their decoupling procedure does not conserve probability at each value of w.
Our expression (78) contains complicated correlation functions, which, in
principle, must be calculated self-consistently; doing so, the difficulties with the
negative spectral density does not appear. For a rough estimation of the
behaviour of the correlation functions (egs. (76), (77)) at low temperatures we
can use Oh and Doniach’s expression (30) [55], for example (? meaning the
principal part)

g —E,— A
<Czud00'> = <Ckzrdz)(r> =(1- <n(]—a->)<0(—8k) Vi (¢ (—E —A)2 _2 A2
|4 i dw A
g3 f ? (0 — &) (w—EO—A)2+Az>

(5, —E,—U—4)
(g, — E; — U — A)? + A?

+(ny (02 Vi

V. do A
+? ij@(w—Sk)(w—Eo—U—A)z‘i'Az)
(86)
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and
(C;("O—Udoa> == (Ckano~ad$a>
_ _ (5 —E,—U=-4A)
= <”owg>Vk<0( &) (e, — E, — U—A)2+A2
1 I do A
+?Ajg)(w—sk) (w—EO—U—A)2+A2>’ (87)
where
So(@) = A(w) +id(w) . (88)

The set of eqs. (76)—(78) and (86)—(87) completely solve the GMF description
of SIAM in the strongly correlated case. It is worthy to note that after
substitution of (86) and (87) into (76) and (77) we obtain the GF (78) at the
second order in V,. In addition, our theory allows to calculate inelastic
scattering corrections which are described by the self-energy operator

0 0 0
M=1" > V.V, 0 M,, My |ti™' , (89)
i 0 M;, M,

where

Mzzzir«Yzz'Y;z»ir s M33:ir<<Y33|Y;3>>ir’
Y22 = Cpcrn()—a' + df ¢ dO(T - C;—ado—odﬂcr ’ (90)

O0—o~p-—0o

T t
Yy = Cpu(l = 1y_,) = dooC,slo, + €5 oty ol -

The complete solution of the Dyson equation in the form of (75) is very
complicated. Nevertheless it is possible to write down the simplest approximate
solution which includes the inelastic scattering corrections

(n,_,) I .
<<d00|d();o>>wz _ - . ++ \ 1 ( + —_ - i 1 )
w—E,~U-E%, VA" — M,(w) w — Ey— My,(w)
1—<n0—17>
w—E,—L, VA — My(w)
T VAT
><<1+ £ £ ) (91)
w=Ey= U= M(w)
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The calculation of higher-order GF’s which describe the inelastic scattering
corrections (90) can be done in the same way as in the previous sections 4 and
5.

7. TIAM. Strong correlation

In the preceding sections we have considered a self-consistent description of
the dynamical behaviours of (i) the TIAM in the case of weak correlations, and
(ii) the SIAM in the case of strong correlations. In this section we will examine
the case of the very strong Coulomb correlations for the TIAM. For this aim it
is convenient to use the relevant algebra of Hubbard’s operators X" [56,57].
The TIAM Hamiltonian takes then the following form (U— %):

H= 2 skmcltmckm + 2 E,, X" + 2 Eo X"

Z(V e el X" +he), i=12. (92)

jkm

As it has been mentioned above, a more symmetric form of the problem can be
handled by using a new set of variables,

1

2 (Xm() +Xm0)

XOIm — (XOm +X0m) X(l]m

ﬁl
ﬁl

X =—x (X'"O X% (93)

In terms of the so-called “odd” and “even’ variables the full Hamiltonian of
the TIAM can be rewritten as

H= H,+H, , (94)
where
H,= kZ EemComCiom T % Eo (X™ + X™™) + E (X2 + X2, (95)
H, = % > Vil X" +V, ¢l X" +hec). (96)
km

The new hybridization matrix element is expressed as
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th =_V(l ieik.R) ’ (97)

the two impurities being located on the z axis at —R/2 and +R/2. The
convenience of the even and odd operators representation is obvious. The
relevant matrix GF is a 3 X 3 matrix (instead of a 5 X 5 matrix by using the
same algebra of operators as in section 6),

CcrmlCind  €Cnl XY CeimlX™)
G=| XV crmy (XTIXTY (XTX™) |- (98)
(X ey €XOXTY (XX

From the comparison of eqs. (68) and (98) we can see that the new set of
variables (even and odd) somewhat allows to consider the TIAM in terms of
the SIAM. However, this “reduction” from TIAM to SIAM is only partial, as
we will see later. The equation of motion for the GF (98) can then be written
in the form

EG (w)-1=D, (99)
where
w—¢g 0 0 10 0
E= 0 w—E,, 0 , i=|l0 A 0 , (100)
0 w—E,, 00 -
A,,=(XT)+(x1"), (101)
0 0 0
=| b bn &y , (102)
¢21 ¢32 ¢)33
1 * + 1 + m
¢21 - —V—N pzn VP+ <<Amncpnlc;rcm>> s ¢22 Y pz V:+ <<Am"CP"|X+O>> 4
1 . . _
b= S VI AL XY b= BV (Al
pn
1 * - m - m
4)32 :WpEn Vp—<<Amncpn|X+0>> ’ ¢3 =TP2 <<Amncpn|X—0>> -

(103)
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The method to introduce the irreducible parts for the TIAM in the case of
strong correlations is the same as for eq. (73). We follow here the same
approach. The coefficients A*® are determined from the condition

(D

v X5°1,)=0. (104)

For example, let us calculate the coefficient A,," (compare with eq. (76)),

([D5, X721, ) = ([(Arac,n) s X701y = AL (XY, X700, )
+4+ <[Amn pn’X'-:IO]+> _ < mn(XTO_X(-)i—m)Cpn>

— — = - (105)
o AIxTL XL (45m)
The GMF Green’s function is defined as
EG'=1. (106)
From this equation one can find that
<<X(1L |X+0>>2) = mO0 Oom H (107)
[w—E _ 1 EV* <<6mn(X+ _X+ )Cpn>)]
o VN Pt (A;
(4,
X xm0)0 = i , (108
(XX [w g 1 Sy <<8mn(X’f°—X°_'")c,,n>>] (108)
VN U )
and the equation for conduction electron GF,
eumlcimV e = —+ 2V = > {ConlCion e
km Y km /i o — g, _Ek\/— Om prlVkmll w
v, _
2 V:— - pn} km» (109)

._gk

If we take in the r.h.s. of eq. (109) the diagonal elements, i.e. terms
proportional to §pk 8mn we easily find

1
& — ('Vk+|2<Ar:m> + IVk~'2<A;,m>)/(w - E,,) -

{CtmlCim Yo = (110)

In the case of V, . =0, this expression corresponds to an exact solution
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1

W — g

(Cumlcim) = (111)

Using the definition of G’ as previously considered it is then possible to derive
the approximate Dyson equation

G=G"+G"M6. (112)
The self-energy operator is given by the second order in V.,

1 o Anl
M=~5 2 X WM, W,. (113)

pn gl

The matrix 1\72: has a similar form as eq. (89) and all further considerations
(section 6) can be again performed here as for the SIAM. The difference now
consists of the non-diagonal terms of self-energy operators M,; and M;,. In
analogy with eqs. (64) and (65) they contain higher-order GF’s which describe
inelastic impurity—impurity correlations terms. In order to obtain an approxi-
mate estimation of higher-order correlators contained in eq. (113), it is
possible to use any relevant expression since the functional structure of
dynamical TIAM solutions has the right general form. A more consistent
approach would need to calculate the collective correlation function indepen-
dently, like transversal spin susceptibility {S;|S5 ). We plan to look into this
aspect of the problem in the future.

8. Concluding remarks

In summary, we have developed a new approach to describe the many-body
dynamics of SIAM and TIAM in the framework of the IGF formalism. We
have obtained a new interpolation solution, the one-particle GF’s for the
SIAM and TIAM as well as the solution for the PAM in the weakly correlated
case. In this last case the functional of the generalized mean-fields only
depends on the mean densities of electrons. Moreover our solution improves
the H-F solution; it allows to incorporate (i) the correlation of the spin-up and
spin-down electrons at the impurity level as well as (ii) the impurity—impurity
correlation effects in the case of the TIAM. As far as strong Coulomb
correlations are concerned we have obtained essentially new solutions.
Furthermore we are then able to confirm the statement [34-36,38-40] that in
this case the mean-field renormalizations have a quite nontrivial structure and
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cannot be reduced to the mean density functional. The theory we suggest
allows to find explicitly the damping of quasiparticle excitations in a self-
consistent way as was demonstrated here.

In order to give a complete picture of the role of non-local or impurity—
impurity correlations we must extract the Kondo-type peak of the spectral
density of states in the strongly correlated case for low temperatures. For the
SIAM there are a few reasonable schemes on how to do so [51,58,59]. For the
TIAM this type of behaviour has not yet been described analytically. There are
only a few numerical calculations [60,61] within quantum Monte-Carlo algo-
rithm which gives some useful insights into the considered problem. However it
is evident that for the TIAM (or for the CIAM [66]) the definition of the
Kondo effect, which is associated with the screening of a single impurity spin at
a characteristic temperature T,, must be redefined. An approach which
permits to define the renormalized Kondo temperature in the presence of
additional impurities has been proposed many years ago [23] within the
framework of a perturbation theory. The main assumption of ref. [23] is that,
at the impurity site /, the logarithmic contribution which characterizes a Kondo
system undergoes a transformation such that

In T— In(T? + W?)"? (114)

under the influence W of interacting impurities around i. So, as emphasized by
the authors of ref. [23], the single-impurity treatment is almost valid and needs
only small corrections in the dilute limit. However, a more correct way to
define the Kondo temperature in the U— o limit of the Anderson model is
related to the low temperature behaviour of the spin susceptibility [1,62]

1
X~ 2nT, (115)
where in the symmetrical case the Kondo temperature is
ZUF 1/2
T, =(—)ef"”’8r . (116)

o

In the region where T, is of the same order as Tyyxy the role of non-local
correlations is strongly increased and the correct definition of the Kondo
temperature is a very nontrivial problem. The various cluster Anderson models
confirm the necessity of adapted definitions of the Kondo temperature. For
example in ref. [31], where the Anderson cluster has been considered, the
Kondo temperature is defined to be the triplet-singlet splitting, and in this
model is given by (see also [8] and [50])
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4v'?

&~ &

T, = (117)

The nonexponential dependence of the Kondo temperature on the hybridiza-
tion follows from modeling the continuous spectrum of band energies by only a
few discrete states. In the region of interplay between RKKY and Kondo
behaviours the key point is then to connect the partial Kondo screening effect
with the low temperature behaviour of the total spin susceptibility. The
non-local contributions to the total spin susceptibility of two very well formed
impurity magnetic moments have been calculated by ref. [63] (see also [6,64]),

X )2 cos(2kgR)

p~2x —12 E(
Xpa|r X TLE T (kFR)3

(118)

The problem is how to find an interpolated expression of the susceptibility in
the region of RKKY-Kondo interplay. As it is well known, it is extremely
difficult to describe such a threshold behaviour analytically. However, progress
is expected both from analytical and numerical investigation in this fascinating
field.
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